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The positron inelastic scattering rate y in an electron gas is calculated in the full positron en-
ergy range within the random-phase approximation (RPA) using the Green’s-function approach.
Both particle-hole pair and plasmon excitation are taken into account. It is found that, for posi-
tron energy £ much less than the Fermi energy Eg, particle-hole scattering gives y = E2,
whereas, for £ much greater than £y, plasmon scattering dominates and y = (1/E!/2) In(E/Ey).
Interestingly, the plasmon excitation threshold energy for the positron is found to be the same
as that for an electron. These results for a positron are compared with those for an electron ob-

tained by Quinn.

I. INTRODUCTION

The recent development of energy-resolved high-
flux low-energy positron beams''? has led to some in-
terest in the possible use of positron diffraction as a
means of studying metal surfaces. This would be
akin to low-energy electron diffraction (LEED)? and
would provide information complementary to that
provided by LEED. In addition, positron-metal sur-
face scattering phenomena are of some interest in
their own right. For example, recent experimental in-
vestigation*® of low-to-medium-energy positron-
metal surface scattering has led to the remarkable
discovery that a substantial fraction of incident posi-
trons leave the surface as positronium atoms.

As with the case of LEED we expect that an accu-
rate calculation of low-energy positron-metal scatter-
ing amplitudes would have to take account of the ine-
lastic scattering by conduction electrons. This scatter-
ing is one of the most significant sources of broaden-
ing of sharp features in the reflection pattern. Furth-
ermore, the understanding of the positronium forma-
tion process®’ requires knowledge of the mean depth
of penetration of the incident positron. This is pri-
marily determined by inelastic positron-conduction
electron scattering.®

This paper presents results of a calculation of the
inelastic positron-conduction electron scattering in
metals over the full positron energy range. The
many-body field-theoretic approach is used. In Sec.
IT a positron Green’s function and proper self-energy
are defined. The imaginary part of the latter, X, is
directly related to the total collision rate of a positron
in an electron gas. In Sec. III we obtain an explicit

and manageable expression for X, within the
random-phase approximation. Two contributions to
3., are identified, one associated with particle-hole
pair excitation and the other with plasmon excitation.
These are evaluated in Secs. IV and V where useful
analytic expressions are provided in the low- and high-
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energy limits. The plasmon excitation threshold is
also discussed. Quantitative results for the total I,
and mean free path for various r; over the whole
positron energy range and a comparison between 3,
of a positron and that of an electron, are given in
Sec. VI

II. POSITRON GREEN’S FUNCTION

We consider a uniform system of a large number,
N of electrons moving in a uniform neutralizing
background and a single positron, all interacting via
the Coulomb force. The second quantized Hamil-
tonian for the system may be written in the
Schrédinger picture as®

H=Ho+Hnr , (1a)

’;'o=—2—1,; wal(i)vzwa(z)dlx
—31; 2f¢£('?)v;¢ﬁ(i)d3x . (1b)
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where yL(X) [ y.(X)] are electron field operators
which create (destroy) an electron of spin « at the
position X, and where ¢.(X)[ ¢,(X)] are positron
field operators which create (destroy) a positron of
spin «a at the position X. m is the electron and posi-
tron mass and e is the magnitude of the electron
charge.
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We seek to calculate the lifetime of the positron
quasiparticle states. To this end we introduce a posi-
tron Green’s function G .g(Xt, X't) appropriate to
the description of propagation of a single positron in
an electron gas and defined as follows:

Gap(Xt,X't)

 =in (Wl TLdna(X1) $11g(X'1)1|Wo) @
B #{Wol Wo) '

where ¢4,(X1) and ¢Lg( X 't’) are the Heisenberg
positron field operators and where |¥,) ;s denotes the
Heisenberg ground state of a uniform, fully interact-
ing, N-electron gas. T denotes the Dyson chronologi-
cal operator. In our case G,z is of the form G 8,4

By going to the Lehmann representation'? for the
Fourier transform G (K, ®) of G(X,1,X".t') =G (X
—X'.1—1') it is seen that the poles of G(k, ) in
the w plane occur at the exact values of the change in
energy associated with the addition to an interacting
electron gas originally in the ground state of a single
positron such that the final system ends up with
momentum k. For example, when the interaction
between the positron and the electron gas is set equal
to zero we find

1

Golko o) = E v

3)
where E (k) =k?/2m is the free positron energy.

In light of the form Eq. (3) we are led in the stand-
ard fashion to the following quasiparticle approxima-
tion for the fully interacting G:

G(K,0) = _Z(k) , 4)
w—[E(k) +iT(K)]
where we have written the complex-valued quasipar-
ticle energy 8(k) in terms of its real and imaginary
parts £ (k) and T'(k). Z(k) is an unimportant func-
tion related to the strength of the quasiparticle state.

The quasieigenstates behave in time as e~ The
probability density of the quasiparticle having initial
excitation energy £ (k) will decay in time exponen-
tially at a rate y(k) given by:

y(k) =2|T(k)| . (5)

For the quasiparticle concept to be useful the
damping rate must be small compared to the excita-
tion energy:

r(k) << E(k) . 6)

A straightforward application of the Feynman-
Dyson perturbation expansion scheme for G using
Hnt of Eq. (Ic) as the perturbation will lead to a
Dyson equation for G which involves a positron
proper self-energy 3:

1
w—E(k) —2(k o)

Gk, w)= @)

Upon comparing Eqs. (4) and (7), we may relate
the quasiparticle energy &(k) to the proper self-
energy 2(k, ). Denoting the real and imaginary
parts of = by 2z and X, we have in the case of long-
lived excitations (Z (k) = 1):

E(k) =E(k) +3z(k,8(k) , (8a)
-1
r(k) = 1——(I%zk(k,w)|.-s(k) 3,k 8(k)) . (8b)

Our interest here is in the damping rate 2|T'|. We
make the approximation in Eq. (8b):

(k) =2,k EC)) . 9

This is certainly valid for large k since 2(k,&(k)) —0
for kK — oo, and is likely to be valid for small k where
3z (k,8(k)) should be relatively flat.!!

IIIl. APPROXIMATE EVALUATION OF %,

We now evaluate the imaginary part of the positron
proper self-energy in an electron gas within the
random-phase approximation (RPA). By this it is
meant that the proper self-energy is approximated by
an infinite summation of bubble-type diagrams of the
form shown in the following equation:

SRPA S + + + -

= I‘lvgﬂ' (10)

A double (single) simple line denotes a free positron
(electron) Green’s function; a double (single) wavy
line denotes a bare positron-electron (electron-
electron) Coulomb interaction. We have introduced
with an obvious diagrammatic identification the effec-
tive interaction, v%y, of a positron in an electron gas.
These diagrams for 2(k, w) correspond to successive
virtual excitations of electron particle-hole pairs by
the positron. Through it it true, as with the case of
electron RPA, that this approximation for % becomes
very good (exact, in fact) only in the kinetic energy
dominated high density limit r; << 1,'? we probably
can expect qualitative, even semiquantitative validity
for r; in the metallic range ~2 < rg < ~5.

We note that the exchange diagram (Fig. 1) ap-
pearing in the electron Zgpa has no analog here since
there is only one positron in the system. Further-
more, since in all diagrams for vy there are exactly
two electron-positron bare Coulomb interaction lines,
each term is equal to the corresponding term in the
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FIG. 1. Exchange contribution to electron self-energy.

(a) (b)

FIG. 2. Contours for self-energy evaluation. (a) Original
contour C for the trequency integration. v denotes poles of

electron effective potential, viy. We thus have dielectric function. + denotes a pole of the free positron
Green's function. + occurs in the Ist quadrant when
vg”( ko) = vg”( ko) —v(k) w > E(p—k).eg. +. and it occurs in the 2nd quadrant

when E(F -K) > w. e.g., +;. Note from Eq. (15) that we
1 are able to close the contour in, e.g.. the upper hall plane.
erpa(k, @) -1 an (b) Rotate contour in (a) by +90°. A residue contribution
arises when the pole + lies in the Ist quudrant. The contour
" may be now deformed into the imaginary axis.

v(k)

where erpa(k, w) is the RPA (Lindhard) dielectric
function of an N-electron gas [given below, Eq. (18)]
and where v(k) is the bare electron-electron dance with the Feynman rules, by:
Coulomb interaction: .
_ 1 3. ’ =_ T N
ZRPA(p'w)—'(zT)“fd/\deo(p k,w w)

2
v(k) = 4T 12
k ngfr(k.w,) s (13)
The positron proper self-energy is given, in accor- which, using Egs. (3) and (11), becomes

1
w—w—E(F-K)+in

_ I 3 ' ¢ 1 -
Sreal P o) Q) fd Afcdw v(k)IERpA(k,w') :

The frequency integral appearing in Eq. (14) is along the contour C (shown in Fig. 2), so chosen so as to properly
avoid the poles of egpa(k, ).

A rather convenient form for 2, rpa is now obtained (we from now on omit the subscript RPA on Zgpa and egpa).
Note the free-positron Green’s function in the integrand of Eq. (14) has a pole at ' =w;=w—E(F —k) +in.
Note further that since

S DR

ek, o) |w'|?
we may close the contour C in Eq. (14) in the upper half plane. By rotating the resulting closed contour 90°
counterclockwise [see Fig. 2(b)], we have

(14)

;o' | =, (15)

' 1 1
3(pw)=——| | k| do' v(k) -1 =
(po (211')4If j;" @V e(k, o) ]w—w'—E(ﬁ—k)+iﬂ
—2mi o~ d%k L —1jv(K) | . (16)
0<E(F-K)<w ek,w—E(F—K)+in)

where C'is the +90° rotated version of C. The second term in Eq. (16) arises from the fact that the pole of the
free-positron propagator when in the first quadrant [i.e., when o > E(p — K)] goes from being within to being
outside the closed contour as C is rotated. .

It can be shown that the imaginary part of the term involving the line integral in Eq. (16) vanishes.'> We thus
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arrive at the useful expression

_ 1
2(pw)= Q) Im

3
J:KE(T"”TK"‘ ek, w—E(F—K) +im)

which will serve as the starting point for the subsequent development.
The real and imaginary parts €,(k, w) and €;(k, w) of the Lindhard dielectric function are given by'*:

2me’py Po om k)
(k) =1+— —— 1 - | — ——
E( m) kz [ 2k pok 2p0
2
Po 1= | _k_
2k Pk 2po
me po
€= -
€k w)= 5
e,.z_'"—g’w, * <, 0= <
k Po Po Po
where py is the Fermi momentum of the electron gas
po=0win)' | (19)

n being the electron density.

It will be seen that there are in general two types of
contributions to 2, [see Eq. (17)]: one from the in-
tegration over the region of K space where
€(k, w— E(P —K) +im) is finite (this corresponding
to the positron’s exciting particle-hole pairs) and the
other arising from any poles in the integrand (i.e.,
zeros of €) falling within the domain of integration
(this corrsponding to the positron’s exciting
plasmons).

We take for the approximate collision rate 2|T'| [see
Eq. (9)] twice the value of the imaginary part of the
self-energy 2,(p, 8( p)), evaluated at frequency
8(p) =E(p), ie., the on-shell value. We will thus
be evaluating

I 3
2(p) = )} [mj;<£<$'—?)<£(p>d k
y v(k)
e(k,ECp)—E(F—K) +in)

(20)

1+

K _1

an
om k. wm
pok 2po pok 2170
wm + _r (18a)
2p0 /l Po/\ 2[70
pom o1k _L1E (18b)
pé P02 |po
2
& , (18¢)
Po

IV. PARTICLE-HOLE CONTRIBUTION

As indicated in Eq. (18), the imaginary part of the
dlelectnc function e(k, ) is nonzero when either
pok += k2>mw | pok ——kzl or k <2py and
0<mow<kpy— Tkz. Using the fact that in the in-
tegral of Eq. (20), e(k, w) enters with frequency ar-
gument o= (1/2m) (2pk cosé — k?) (8 is the angle
between P and K), it is straightforward to show that
this set of inequalities reduces to the one simple ine-
quality:

| k —pcos8| <pg . Q@1

The region of K space specified by this inequality is
bounded by a surface known as a Pascal limacon of
revolution. For p > p, there are two branches of the
surface (one contained in the other) whereas for
p < po, there is a single branch [Fig. 3]. The re-
gion of k space in which

Ime k,L(Zpk cosf — k?)
2m

is nonzero and which contributes to the integral Eq.
(20) is then the region which is both within the Pas-
cal limacon (when p > pg this means between the

two branches) and within the sphere of radius p cen-
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tered at K =p [Fig. 3]. We have then for the particle-hole contribution,

e f‘d fszdk 1 <
w0 Jo o TG 2 ok — kD) + e,k (172m) pkx — k) " P S0 (22a)

3, (p)=]—1Im pr/pdx fszdk 1
ph ™ 0 0 e,(k,(l/2m)(2pkx~k2))+ie,2(k,(1/2m)(2pkx—kz))

+f fpm" L >po . (22b)
”0/” px=p, e,(k,(1/2m)(2pkx—k2))+ie,|(k,(1/2m)(2pkx—k2)) LA

We first consider the case p << p,. Entering into Eq. (22a) is then the dielectric function evaluated for
momentum and energy very small compared to po and the Fermi energy Eq=pd /2m, respectively:

4dmep
e[k,L(Zpk coso—kz)lz—z—o me (2pcosf—k) . 23)
2m wk
We readily arrive at
"Po
- - , 2
E,ph( p) SO [po ] rép p << po (24)

We see that the collision rate tends to zero as p —0, this reflecting the decreasing phase space available to the
scattered electrons as the energy transfer tends to zero. We note that in this small momentum regime the
particle-hole contribution to the collision rate decreases with increasing electron density. This is consistent with
the fact that at higher densities, where the kinetic energy dommates the dynamics, the electrons are less able to
respond to the presence of an external charge.

We now consider the case of high momentum p >> po. Starting with Eq. (22b) it can be shown that for this
range of p, leh( p) varies inversely with p:

Po
Z,ph( p) = 7(‘( po). p >>p, (25a)

k = p cos 8+ pg 0.7 T T T =T T T T

1z, 0

FIG. 3. Cross section of region of X space contributing to
Z, (p) @) p < pg, (b) p > pg. 0 is the origin of X space.

Shdded regions correspond to points K lying both within the p/p,
domain of integration in Eq. (20) (within the sphere of ra-
dius p centered at k =) and within the region of k space FIG. 4. Particle-hole contribution to imaginary part of

in which Ime(k. (1/2m)(2pk cosf — k?)) #=0. self-energy vs momentum.
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with

1

C( )—Eilm f”du fpo(uﬂ)dk
Pol = 1 pou=1) " ¢ (k, (1/2m) (2poku — k?)) +ie;l(k, (1/2m) (2poku — k?))

+ [l fzpoudk
o™ Jo & (k, (1/2m) Qpoku — kD)) + i€, (k, (1/2m) (2poku — k)

We present plots of |2,ph( p)/Eol vs p/p, for vari-

ous r; (Fig. 4). For intermediate momenta we have
resorted to numerical integration. The results show
that the p“ dependence for small p is valid up to
~0.1po. Increasing p further, the curves rise some-
what rapidly to a relatively broad maximum at

p ~2p, [with values of |2,ph( p)/Eo| at the max-

imum ranging from ~0.5 for r;=4 to ~0.2 for
r¢=2] and then fall rather slowly. We found that the
1/p variation for p >> po becomes discernible for

p > ~20p,.

V. PLASMON CONTRIBUTION

As noted earlier, the plasmon contribution to
3,(p) arises when the pole of €' (k,E (k)
— E(P —K) +imn) falls within the domain of integra-
tion [Eq. (20)]. The plasmon excitation energy
w, (k) solves the equation of the longitudinal reso-
nance condition: e(k, w,(k)) =0. The plasmon exci-
tation spectrum starts at k =0 with energy w, given
by
1/2

, (26)

47 ne?
W= |/
m

rises to a maximum value w,(k.) at the plasmon cut-
off momentum k., and ceases to be a well-defined
excitation for k > k.. The cutoff is determined by
the condition that it becomes possible for a plasmon
to decay into a single pair excitation, i.e., when
2
R Qn
2m m
From Eq. (20) and the comment above, we see

that the poles of the inverse dielectric function are
encountered during the k integration for 2,( p) when
both

E(p)—E(F—K) =w,(k) (28a)
and
k <k . (28b)

We neglect the small dispersion of the plasmon mode
and set

w,(k) =wp . 29)

1 (25b)

f

Then the conditions (28) for a pole become
L= 1p=KP =as . (30a)
2m
k<k?, (30b)

with the cutoff momentum in the absence of disper-
sion, k2 given by:

kd=(p¢ +2mwy)*=py . @31)

The set of points k satisfying Eq. (30a) is a sphere
centered at kK =P and of radius ( p2 —2mawg) /2
When ( p2—2mwo)? < po, points K on this sphere
are such that k > k2, and thus do not satisfy the
second requirement for a pole, Eq. (30b). There
then is no plasmon contribution to X,( p) in this
case.

On the other hand, for radius ( p2—2mwy) /2

> Ppo,

the sphere of points satisfying Eq. (30a) does at least
pass through regions of the domain of integration in
which Ime(k, E(p) —E(F —K) +in) =0, namely,
referring to Fig. 5(b), the crescent-shaped region
bounded by both the outer branch of the Pascal lima-

FIG. 5. (a), (b) Plasmon-contribution to ImZ( p). The energ)
conservation condition wp(k) =E(p)— E(B—-l:) is satisfied
for ¥ on dotted spheres in both cases. Only when its radius
is greater than py do points on this sphere lie in regions
where (b) Ime(k, (1/2m)(2pk cos® — k2)) =0 and then, only
points such as Ay, in the small oval give a zero of e(k, (1/2m)
x (2pk cos8 — k2)). [Ree(k, (1/2m)(2pk cos8 — k?))

# 0 for points such as k,.] Obviously, threshold corresponds
to the p for which the dotted sphere coincides with the
sphere centered at l—(‘=T5, and of radius p,,.
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con and the sphere of radius p, and the oval region
bounded by the inner branch of the limacon. Only in
the oval region, however, do the points on the sphere
also satisfy the additional condition for a pole, Eq.
(30b) [Ree(k,E(p) —E(F —K) +im) #0 in the cres-
cent region], and it is therefore from only this region
that we get a plasmon contribution to X,( p).

We conclude that the value of positron momentum
at the threshold for excitation of a plasmon is,
neglecting dispersion, given by

pn=02mwy+p¢)'"? . (32)

The same value of plasmon excitation threshold
momentum was found by Quinn'® (again neglecting
dispersion) for the case of an electron probe interact-
ing with an electron gas. One might offhand say that
the value py;, is reasonable for the electron case since
the external electron cannot, after exciting a
plasmon, end up with an energy less than Ey, the
corresponding states already being occupied. This
line of reasoning would seem to lead to the following
"paradox." For a positron scattering from an electron
gas, one is then tempted to say that the plasmon ex-
citation threshold should occur at E( p) = wy, with

v(k)

the scattered positron, ending up in the £( p) =0
state.

The discrepancy suggested by the last argument lies
of course in its failing to take account of the implica-
tions of momentum conservation. If a positron of
energy E( p) =w, were to excite a plasmon, it would
have to give up a momentum (2mwo)'/2. But this is
in excess of the plasmon cutoff momentum
kd=(p¢ +2mwy)'/? — py, therefore implying that
such a positron is after all unable to excite a plasmon.

Note in fact that at the actual threshold p,, [Eq.
(32)] the plasmon excited will have momentum equal
to the cutoff momentum k2. As positron momen-
tum is increased above py, it will be able to excite
plasmons with momenta ranging from a low of
Kmin=p — (p?—2mwy)'? (forward scattering) to a
high of k2 [the positron scattering at an angle
cos '( po/p) from its original direction]. These state-
ments follow simply from Figs. 5(a) and 5(b). Note
that ki, tends to zero as p tends to infinity.

For p > p., we thus have a plasmon contribution
to =,( p) which we denote by E,m(p), and which is

given by

P >Pn - (33)

1 3
- d*k 1 = .
E’P'(p) Qn)3 f‘ me(k.E(p)—E(E—k)+in)

In the oval region we approximate the dielectric func-
tion by its high frequency, low wave vector form
(i.e., again neglecting dispersion):

ek, 0) =1 —wd/o? . (34)

Upon using Eq. (34) in Eq. (33), introducing spheri-
cal coordinates with p taken along the polar axis, we
eventually find

me’w, | (pd +2mwg)'2—pg
n

2p p—(p=2muwy)'? 39

lel(p) =
P>Pn -

We remark that precisely the same result was ob-
tained for the plasmon contribution to the imaginary
part of the electron self-energy in an electron gas by
Quinn.'* Though this is consistent with our earlier
observation of the equality of the positron and elec-
tron plasmon excitation threshold momenta, the
equality of the two self-energy contributions is slight-
ly surprising. For p >> po we find

3, () =- (36)

melwg p
2p Po

0.8

0.7+

0.6

0.5

Eo

0.3

P/ po

‘FIG. 6. Plasmon contribution to imaginary part of self-
energy vs momentum.
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In view of Egs. (25) and (36), we conclude that
the total collision rate of a fast positron moving in an
electron gas decreases with increasing momentum.
Moreover, comparing Eqs. (25) and (36) we see that
the plasmon contribution to the collision rate dom-
inates at high momentum. Thus,

melayg

y(p) = ——1In A
14

Po

R AN (37)

Po

Finally, we present plots of |2,pl( p)/Eqo| vs p/p, for
relevant r; (Fig. 6).

VI. TOTAL COLLISION RATE AND MEAN
FREE PATH

The total value for 2,( p) is given by the sum
Elph( p) + E,pl( p) [Egs. (22) and (35)]. Before

proceeding to a discussion of the character of X,( p)
it is necessary that we verify the notion implicit until
this point that the probe interacting with the electron
gas forms a reasonably well-defined quasiparticle
state. More precisely put, we must verify that the
energy width of our quasieigenstates, namely X,( p)
is small compared to the excitation energy E( p).
Plots of |2,(p)/E(p)| vs p/po are presented in Fig.
7 for representative r;. It is seen that only rarely
does this ratio approach even a tolerable ~20%. For
the most part, the fractional uncertainty is consider-
ably smaller. We can be assured then that our results
are reasonably sensible.

We are now able to present the following picture

0.25 T T T T T T T
0.20f —
0.15 .
é-*fu'
0.10f —
0.05F .
rs=5
{ | | | 1 |
| 2 3 4 5 6 7
P/ Po

FIG. 7. Quasiparticle fractional uncertainty vs momentum.

0.2

0.1+

| I ! 1
| 2 3 4 5 6 7

P/ P
FIG. 8. Imaginary part of self-energy vs momentum.

,_

for the RPA total collision rate of a positron moving
through an electron gas. Plots of |Z,( p)/

Eol = %y/Eo vs p/po appear in Fig. 8 for relevant r,.
For p < po, only particle-hole pairs are excited.
|=,(p)| starts off with a ~ p*r2 dependence and in-
creases smoothly through the region p = p,. Ata

0.4 T T T T T T
Positron

0.3 Electron _
s 0.2 -

- rg=2
0.1 ]

| | | | |

| 2 3 4 5 6

P/ P

FIG. 9. Comparison between imaginary parts of electron
and positron self-energy.
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momentum p = py, ~ 2po (for r, of interest) the posi-
tron begins to excite plasmons (in addition to ph
pairs), this being manifested in a nonanalytic rise in
|2;(p)| there. There is then a rather broad max-
imum, of magnitude ranging from ~ 0.4 E, for ry =2
to ~0.9E, for r; =4, reached at p ~2—4p,. This is
followed by a relatively slow dropoff with an asymp-
totic ~ (1/p) In( p/po) dependence, originating from
the dominating plasmon excitation channel.

In Fig. 9 we present a comparison between our
result for 2;( p) for a positron and Quinn’s results
for the same for an electron. The larger magnitude
of the imaginary part of the positron self-energy is
readily understood: since the positron does not see
the Pauli restrictions operative for the electron, it has
more available phase space to scatter into, resulting
in its having a higher collision rate.

The mean free path A( p) of a positron quasiparti-
cle with excitation energy E (p) may be taken as

d & 1
=—FE(p)——— . 38
A(p) W (p) ") (38)

Now £ ( p) is given approximately by Eq. (8a). We
will here ignore the p dependence of 2z (p, §( p)) and
take simply

39)

x(p)z—p—
m

A plot of A(E) vs E appears in Fig. 10. The
correspondence between the structure in Z; described

100

MA)

1.0 Il ! 1 1 1 1
0 40 80 120 160 200 240 280

E(eV)

FIG. 10. Mean free path vs energy.

above and that in A is apparent

15V2E, 1
5 m/—zzg—/z‘, E<<E, , (40)
AME) =

L E>>E . ()

melwy IN(E/Ey)

A minimum of the order of a few angstroms occurs
at £ ~2E,.
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