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Phonon scattering by electrons in noncrystalline alloys
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The low-temperature thermal conductivity of noncrystalline Zr„Be, „(x—0.5) has been measured between

0.3 and 4 K. A pronounced decrease of the thermal conductivity near the superconducting transition

temperature (T, —2 K) has been observed. In the entire temperature range studied, the thermal conductivity
can be explained with the model that the Debye phonon mean free path is determined by scattering through
the electrons and the intrinsic states which appear to be characteristic for all amorphous solids. The
observed scattering of the phonons by the electrons can be explained with the theories developed for highly

disordered crystalline metals and for superconductors near T, .

I. INTRODUCTION

Phonon scattering in amorphous dielectric solids
has been a subject of intensive investigation since
the first observation by Zeller and Pohl' that the
low-temperature thermal conductivity of these
materials is an almost universal function of tem-
perature and is fairly independent of the material,
a fact since then confirmed by many investiga-
tions. ' ' It is now generally believed that the
phonons which carry the heat in these solids are
scattered by some intrinsic defects which are
characteristic for the amorphous state. It is also
widely believed that these states are associated
with some tunneling motion of atoms or groups of
atoms in the amorphous structure. ' However,
neither is the nature of these defects known nor is
it understood why they scatter the phonons almost
equally as strong in every amorphous dielectric.
One remarkable point about amorphous dielectrics
is that chemical impurities appear to have no
effect on the thermal conductivity. This-is in con-
trast to crystalline solids where certain kinds of
impurities produce low-lying tunneling motions,
and resonant phonon scattering from these levels
can reduce the thermal conductivity below that of
glasses. '

Matey and Anderson' have studied the heat con-
duction below 100 K in a number of noncrystalline
metals including one super conducting alloy. After
subtracting the estimated electronic part of the
thermal conductivity, they found that below 1 K.

the phonon heat conductivity is very similar to
that of dielectric amorphous solids. The conclu-
sion was that the intrinsic phonon-scattering
centers present in other amorphous dielectrics
are also present in metallic glasses. Matey and
Anderson did not find any evidence of scattering of
phonons by electrons. A study of the low-tempera-

ture thermal conductivity of superconducting non-
crystalline Zr, ,Pd, , by Graebner et pl. ' also
showed the existence of the universal amorphous
thermal conductivity below the superconducting
transition temperature 7,. Near T„however, the
thermal conductivity was depressed. This was ex-
plained as resulting from electron-phonon inter-
action and provided the first evidence of the oc-
currence of a phonon-scattering mechanism in the
bulk of a glass in addition to that associated with
the intrinsic defects. Previously, the only scat-
tering mechanism by which the thermal conduc-
tivity of a glass could be altered had been internal
and external surface scattering. 4

In the present investigation we have studied
the thermal conductivity in several superconduc-
ting noncrystalline alloys. We will show that the
phonon scattering by the electrons can be explained
at least semiquantitatively with the theory devel-
oped for highly disordered crystalline solids. The
superconducting properties of the Zr-Be alloys
chosen for this work have been studied in detail
by Hasegawa

esca).

' Their Debye temperatures are
expected to be low. Furthermore, these alloys
have a low average ionic mass, because of a large
atomic percentage of beryllium. It will be shown
in the discussion that due to the above two factors
the influence of electrons on the phonon thermal
conductivity should be relatively large, and hence
more readily observable than in the previously
studied alloys. "

II. EXPERIMENTAL TECHNIQUES

The alloys were made by quenching the melt into
the form of long uniform strips about 30 p, m thick
and 1-2 mm wide. The quenching rate was 10'
K/sec. The uncertainty in composition is -1%.
The low-temperature measurements were per-
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FIG. l. Experimental arrangement used for the ther-
mal conductivity measurements. The niobium titanium
filaments were kept straight and were arranged in a
fashion that would reduce vibrations of the sample.
Ge 1 and 2 are the primary germanium thermometers.

T& and T2 are secondary carbon thermometers. They
were calibrated in each run against Ge 1 and 2.
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FIG. 2. Superconducting tra. nsition of Zr„Be& „.
p //p„ is the resistivity ratio as a function of temperature.
Samples as described in Table I.

formed in a dilution refrigerator. The supercon-
ducting transition temper atur e T, was measured by
using a four-probe method. The temperature at
which the resistance was 50% of the normal state
was defined as T„and the transition width was
taken between 90/~ and 10% of the normal state
resistance. Measurements were obtained both
during heating and cooling to ensure that the
thermometer and sample were in good thermal
contact.

The thermal conductivity was measured using a
two-thermometer, one-heater technique, shown in

Fig. 1. The samples were 2-3 cm long, the heater
was a commercial metal film resistor. Thermo-
meters T, and T, were carbon resistors made by
slicing off pieces from a 220-Q Speer carbon
resistor. They mere calibrated in each run against
two germanium thermometers, one for 7& 1 K and
one for T&1 K. Owing to the small thermal con-
ductance of the samples, special care was taken to
prevent heat drain through the electrical leads.
A few filaments of 7-p, m-diameter Nb-Ti wire,
obtained by etching away the Cu-Ni matrix of a
filamentary superconducting magnet wire were
used for this purpose. ' The leads were cut to
proper size so that they remained tight and did
not produce vibrational heating. We estimated
that the total heat loss through the leads was less
than 2% of the tots. l heat input.

The uncertainty as to the absolute value of the
thermal conductivity resulted mainly from the
nonuniformity of the thickness of samples. We
estimate this uncertainty to be +10/&.

Dr. RESULTS AND DISmSS~OX

Figure 2 shows the superconducting transition
of the three samples studied. For two of the
samples the transition is quite sharp, with a width
of -0.02 'K indicating chemical homogeneity. The

transition of the third sample is not quite that
sharp, -0.1 K, implying the presence of some
chemical inhomogeneity. ' Alloy Nos. 2 and 3 have
the same nominal composition but different 7', .
This can be explained by the uncertainty in compo-
sition. (The data are summarized in Table I.)
Figure 3 shows the thermal conductivity K(T).
Below 1 K, all samples have the same thermal con-
ductivity mithin the experimental uncertainty. A
fit to the relation K=nTB results in the values of
cy and P listed in Table II. At T & 1 K the drop in
the thermal conductivity shows that electrons
are becoming involved in the scattering process.

To analyze our data we start from the fact that
the thermal conductivity in metals generally
contains an electronic part and a lattice part. For
our alloys which have residual resistivity ratios
-1 (see Table I) one cari get a fairly accurate esti-
mate of the electronic thermal conductivity by
using the Wiedemann-Franz law, "with the result
that the electronic thermal conductivity contributes
only 10-15 /z to the total observed thermal conduc-
tivity above 7,. Below 7„ the contribution decrea-
ses further with decreasing temperature. Hence,
to a good approximation, we may consider the
phonons as the sole carriers of heat in these
alloys.

In the temperature range studied, the phonons
are scattered by the lattice, by the electrons, and

by the sample boundaries. From the measured
thermal conductivity and the estimated speed of
sound it can be estimated that bouridary scattering
has a negligible effect in this temperature range.
Hence we may write

z '(z') =z„',.(7)+x,&'...(T),
where R„'»(T) and K,'„, (T) stand for the resistiv-
ity resulting from scattering of phonons by elec-
trons and by the intrinsic glassy scatterers, re-
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TAp, LE I. Summary of the data on superconducting transition temperatures and other prop-
erties of the alloys used (p: electrical resistivity).

Sample
no.
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composition

Thickness
(pm)

p(4.2 K)
(pQ cm)

p(4.2 K)
p(300 K)

Tc
(K)

AT
(K)

0 6B0.4
Z 0.55B 0.45

0.55 0.45
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FIG. 3. Thermal conductivity of the Zr-Be alloys.
The straight lines through the low-temperature part of
the data are best fitted to the relation cv T~ (see Table II).
The numbered arrows indicate the superconducting
transition temperatures as observed through electrical
resistivity measurements.

spectively.
For crystalline superconductors it is known that

phonon scattering and"hence K„'~„(T)decrease
very rapidly with temperature below T„due to
the condensation of electrons into the ground
state. " Therefore even if K,,'~„(T) and K,,'„, (T)
are comparable at or near T„we expect that at
T«T„K,,'~„(T)«K,~'„, (T) and hence, according
to Eq. (1), K(T)=Kgh„(T).

From 0.3 to 0.8 K, i.e. , T«T„all three samples
have a thermal conductivity K(T) =nTs, where p
lies in the range found for all dielectric glasses
(1.8& p& 1.9). It is noteworthy that neither the very
fast quenching rate (10' K/sec) nor the chemical
inhomogeneity suspected in one of the samples has
any influence on the thermal conductivity in these
noncrystalline metals. The values of n lie within

the upper region of the range found in dielectric
glasses. 4

The drop of the thermal conductivity near T,
can be interpreted as the onset of electron-phonon
scattering. In order to obtain quantitative infor-
mation about the phonon scattering by the electrons,
one has to extract K„~„(T)from the experimentally
measured K(T). This requires the knowledge of
K gi-. (T).

We estimated K~&„, (T), for ZrBe alloys by com-
parison to &g~„, for other glasses, we have plotted
in Fig. 4 one representative curve from our data
along with other data on amorphous solids. Below
1 K all glasses have a thermal conductivity vary-
ing almost as 7"'.". In order to see whether they
have similar shapes above 1 K, we have scaled
all the curves so that the low-temperature part of
all of them match with our data, see Fig. 5. We
find that Ti, ,Z ro,Be, 4, Ni-P, Fe-P, and also
SiO, have very similar conductivities (all of them
lie within the shaded band) even in the plateau re-
gion. The.exception, Pd-Si-Cu, will be explained
below as the result of electron-phonon interaction.

Inspection of Fig. 5 suggests a simple way of
extrapolating K,~, (T) above 1 K: It seems likely
that K,h„ for our alloys has the same form as for
all the other glasses and thus lies within the
shaded band. With this assumption we calculated
K„~h (T) for our alloys using Eq. (1). The results
are shown in Fig. 6. The bars indicate the uncer-
tainty in K„~h(T) due to the uncertainty in K,«» (T),
determined by the width of the shaded band in Fig.
5. Also shown in Fig. 6 is K„.,„(T) for Zr, ,Pd, „
which we obtained by the same procedure.

In the following, we divide our discussion into
two sections, one for the normal state (T& T,), the
other for the superconducting state (T& T,)

(a) For the normal state, K,&~h (T) is found to be
linear in T (Fig. 6). A fit of K„v„(T) to the rela-
tion yT has been obtained for several alloys.
Values of y and 5 are listed in Table II. To explain
this linear temperature dependence we refer to the
work by Lindenfeld et pl. ' and by Morton. ' The
temperature dependence of the phonon thermal con-
ductivity as limited by electron scattering K„.~„(T)
in a. normal metal depends critically on the rela-
tive magnitude of the electron mean free pa.th I,
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TABLE Q. Summary of the thermal conductivity data and expected phonon thermal conduc-
tivity in the normal state as limited by scattering from electrons. Values of K and X„&are
given in the units Wcm 'K '.

Sample

1
2
3

Zro &Pdo. 3
Pd-Si-Cu

Ni-P

1.29 x 10&
1.14 x 10&
1.21 x 10&

Ref. 7
Ref. 6
Ref. 6

1.85
1.90
1.86

Ref. 7
Ref. 6

K(T& 1 K)=nTB
Q P

K i h(T& T )=yT
~el- ph

(7.64 ~ 0.36) x 10~

(7.59 + 0.39) x 10&
(1.59 + 0.19) x 10

-6 x ].0&

0.94.

1.09
1.3

from Eq. (3)]

x ].0+

2.4-3.6 x 10&
9.5 x 10

].5.7 x ].0&

The uncertainty involved is due to the uncertainty in estimating g &„, (see text).
"Calculated using data of Befs. 6 and 7.

and the phonon wavelength. We estimate the elec-
tron mean free path l, from the electrical resis-
tivity at 4.2 K by using a free-electron model. "
For our Zr-Be alloys, assuming 4 electrons per
atom from zirconium and 2 electrons per atom
from beryllium, we obtain ),-1.4 A. For Zr»pd»,
the number of electrons per atom of palladium is
uncertain. If we use all the 10-d electrons, we
calculate l, -1.2 A. If we assume, following a
suggestion of Nagel and Tauc, "that palladium con-
tributes one electron per atom, we obtain l, -1.8 A.
If we take these two electron numbers as extreme

lo

cases, we expect l, -1.2-1.8 A. We estimate the
phonon wave vector q» with the dominant phonon
approximation (q~b = &kT/hVn, where Vn =Debye
sound velocity). Taking Hn =180 K (Ref. 7) for the
Zr, ,Pd, , alloy, we calculate q „f,-[(3-4)x 10 '/
K]T, and for Zr, ,Be, , we obtain q~b l, —(4 x10 '/K)T
with 8~ = 75 K (Ref. 17). Thus in our temperature
range of interest, q»t, «1. Since q» l, is very
small, we expect that the strong electron-phonon
interaction required for superconductivity will not
affect the inequality q „/, «1. In this limit, Mor-
ton'~ gives the following expression for Jf'„„(T):

k k~MVDHD T
+el ph (T) T &4' + 9 ) pl +3/2/2g pb5/2 I 8 +2( D/+)

(2)
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FIG. 4. Comparison of the thermal conductivities of
various amorphous solids. Q: our data on sample no. 1;
~: Zrp YPdp g after Ref. 7; Fe-P, ¹i-P, Pd-Si-Cu after
Ref. 6; Si02 after Ref. 1.

FIG. 5. Thermal conductivities of noncrystalline metal
alloys (and of silica), plotted in such a way that they
coincide below -1 K. Tip &Zrp &Bep 4, Ni-P, Fe-P, and
Pd-Si-Cu after Ref. 6; Zrp 6Bep 4, this work (sample no.
1); Si02, after Ref. 1.
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A =mass number of the alloy,
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g =average number of electrons per atom.

2

E

U

2
IO

I—

CL
I

e

5 —~

oo

0
0 ~Zlo7 Pdp p

~

Tc

zr-ee(e z)

IO
I

. &,y~ zr-ee(¹I)

~ ~get%~~

fT&(k 0
Tc{¹&)

2 5 IO

TE MPE RATUR E (K)

FIG. 6. Thermal conductivity limited by electron-
phonon scattering K,& ph (T) determined from the mea-
sured thermal conductivity K(T) as described in the
text [see Eq. (1)]. The bars indicate the uncertainty
involved in extracting Ke&-ph from the K(T) due to the
uncertainty Kg~„, . The data for alloy 1 and alloy 3 have
similar uncertainty, therefore, bars are shown only
in one. The data for alloy 2 is very close to that of
alloy 3 so only alloy 3 has been shown. 7.'~ indicate the
superconducting transition temperatures. The thermal
conductivity data for Zro 7Pdo 3 used for this calculation
were kindly provided by J. E. Graebner (Bef. 7).

Kegph (T) 'Yep&h T

=(1.82x10 ')(peD)AZ '"T(W cm 'K '),

where p = electrical resistivity (at 4.2 K) expressed
in units of p. Q cm,

where

~, (y) = f 'y'e'(e' 1) 'dy-.

In the limit of low temperatures (8D/T» 1), j,(y)
-3.25 (M =ionic mass, x'=ionic volume, m*
= dressed electronic mass, E~ = Fermi energy,
and r, =relation time of the electrons). Equation
(2) contains contributions from both the longitudinal
phonons and from the transverse phonons. By
using a free-electron model, we can simplify Eq.
(2):

It should be mentioned that we are using the free-
electron model with some caution to obtain an esti-
mate of the phonon-scattering rate. The limitations
of the free-electron model arising from the strong
electron-phonon interaction will be discussed be-
low. The value of y mph is smaller for smaller HD

and A. This explains the statement made earlier
that a smaller On and A will make K,& ~h (T) more
observable. The values of y,&ph, calculated by
using Eq. (3), are listed in Table II. (Values of
electrons per atom used in the calculation are
Zr, 4;Br, 2;Ni, 1;P, 5;Si, 4;Cu, 1;forPdwe
have used both one electron per atom and ten elec-
trons per atom and this gives us a range of y ].ph

which has 'been shown in Table II. ) The agreement
between the experimental and the theoretical y mph

is considered to be adequate, considering the fact
that we have used the simple free-electron model.
It appears to be worth noting that the theoretical

mph is always somewhat h igher than the exper i-
mental one. The reasons for this may be the en-
hanced density of states at the Fermi surface due
to electron-phonon coupling in the zirconium al-
loys. This would mean more scattering centers
and hence a lower y„ph. It is certain that there is
a fair amount of electron-phonon interaction in
these alloys as indicated by the mass enhancement
factor X-0.7 for the Zr-Be alloys and A. -0.5 for
Zr, ,pd 3, which one obtains from the Macmillan
relation. " It is not clear, however, how one can
use the experimentally observed A. in calculating
y,„„in the extreme limit q „/, «1." In any case,
the perturbations caused by this coupling are
small so that they do not affect K,& h (T), and
hence our conclusions, in a significant way.

For Ni-P we find that the estimated thermal
resistivity Q $.ph due to scattering from electrons
is much smaller than the observed total resistivity
K ' (-5% at 1 K). This may be the reason why it
was not observed by Matey and Anderson. '

For Pd-Si-Cu, the predicted thermal resistivity
Qph is expe cte d to be s om ewhat larger, and

should amount to -10% of the total thermal resis-
tivity & ' between 1 and 5 K. The fact that the
measured conductivity in this alloy bends away
from the curve followed by the other alloys, see
Fig. 5, might thus be explained by electron-pho-
non scattering. However, the percentage difference
in thermal resistivity between the curves is larger
than can be explained with Eq. (3), and is almost
independent of temperature above 2 K.
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We conclude that in the normal state a simple
theory of the scattering of phonons by electrons
provides a reasonable explanation of the experi-
mental findings, with the exception of Pd-Si-Cu.
This suggests that the basic scattering mechanism
is the same as the scattering mechanism which
occurs in highly disordered crystalline alloys
with electron mean free paths much shorter than
the phonon wavelength (q hl, «1). A detailed con-
sideration of the departure from the free-electron
model can be expected to improve the agreement.

(b) In order to investigate the scattering of
phonons by electrons in the superconducting state,
we plotted the ratio K',&vh (T)/K,"~ vh (T) as a function
of T/T, in Fig. 7. K',~ „(T) is the value of K„» (T)
for T& T, as shown in Fig. 6. IQ ph (T) is. obtained
by extrapolating Ks.~h (T) estimated for the normal
state by using the relation &„„=yT, y was ob-
tained by fitting the data above T, with the linear
relation. Considering the fact that we are already
in a limit where K„„(T)in the normal state is
linear in 7 we believe that this is a valid extrapo-
lation. The values of K',~„„(T)/K",„~„(T)as a func-
tion of T/T, for two of the Zr-Be alloys and for
Zr, ,Pd, , are very similar for T/T, &0.7. For

comparison, we have plotted in the same graph
the values of K',qvh (T)/IP„h (T) as predicted from
the Bardeen-Rickayzen-Tewordt (BRT) theory
developed for crystals" "for three values of the
ratio of gap to T„h(0)/kT„ for T/T, & 0.7, the
data points are close to the theoretical curves.
Considering the large uncertainty in the data in
this region (which arises mainly because two
almost equal numbers are subtracted), we did not
attempt to fit any theory to the data. It seems
that for Z r, ,Pd, „6(0)/kT, = 1.5 and for the
Zr-Be alloys, b, (0)/kT, lies between 1.6 and 1.8.
Note that Graebner ef al. ' obtained 6(0)/kT, =1.47
for Zro, Pd, from specific-heat measurements.
This observation agrees with the one by Tsuei
et aE."that in these noncrystalline superconduc-
tors 6(0)/kT, is not very different from the Bar-
deen-Cooper-Schrieffer (BCS) value, 1.76. For
T/T, & 0.7, the data in Fig. 7 show a deviation from
the BET theory, signifying a large drop in the
phonon attenuation rate by the electrons near the
transition-temperature region. A detailed dis-
cussion of this deviation is outside the scope of
the paper, but a careful investigation of the phonon
attenuation by electrons near the transition tem-
perature is definitely worthwhile.

50.0—
IV. SUMMARY AND CONCLUSION

—= I.8
1(Tc

20.0—
kTc

—= l.5b,
kTc

w ALLOY P5
Al LOY¹1

g Zro. r Pd

2.0—

I.O
0.4

l I I I

0.5 0.6 0.7 0.8
T/ Tc

gr
0.9 l.o

FIG. 7. K,&
ph/K",

& ph as function of the reduced tem-
perature t =7'/&, . The dashed lines are K „p„/Kpf ph

expected from the BRT theory (Ref. 12) for three values
of 4(0)/kT~ obtained from Ref. 20. For clarity, error
bars are shown on only one set of data points (alloy 1).
They are similar for alloy 3 and somewhat larger for
Zro VPdo 3,

The present investigation has shown that elec-
trons act as scattering centers for phonons in
noncrystalline solids. The scattering process can
be semiquantitatively described with the picture
that Debye phonons are carrying heat and that
both longitudinal and transverse phonons are scat-
tered by almost free electrons in addition to the
instrinsic glassy states common to all amorphous
solids. In the superconducting state the scattering
is similar to the prediction based on the theory for
crystalline superconductors with a gap-to-transi-
tion-temperature ratio 6(0)/kT, which is very
close to the BCS value of 1.76. The sharp drop of
phonon-scattering rate just below 7', requires
further investigation.

It has been pointed out in the introduction that
previously no bulk phonon scatterers has been
found in amorphous dielectric solids which can
scatter phonons strongly enough to become notice-
able against the background of the mysterious in-
trinsic states. %e can now state that in noncrystal-
line metals, at least, the free electrons represent
such additional scattering centers. This finding
suggests that there is no fundamental reason why
the thermal conductivity of dielectric glasses
should be entirely independent of defects or chemi-
cal dopants. It seems that we simply have not
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yet been able to find the dopants whose coupling
to the lattice is strong enough to alter the conduc-
tivity of a glass. Thus we conclude that a continued
search for extrinsic phonon scatterers in dielectric
amorphous solids is justified. If such defects can
indeed be identified, a study of their phonon scat-
tering may shed some light on the nature of the
intrinsic states in these solids.
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