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P-space method for the total energy applied to silicon
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(Received 29 November 1979)

We present an P-space method for calculating crystalline total energies based on our i'-space technique for
generating Wannier functions which we now call the orthogonality chemical pseudopotential method.

Applied to silicon, the method yields good results for the lattice constant and bulk modulus. This indicates
that the method should be valuable when applied to problems of lower symmetry which are dificult to treat

+
in k space. The contributions to the total energy from ion-ion, electron-electron, and eigenvalue energies are
identified separately in the traditional manner. It is emphasized that this separation is nonphysical, being
dependent on the grouping of terms in the Madelung sums. The total energy is unique, of course.

I. INTRODUCTION AND SUMMARY

For many years the interest in semiconductor
physics has centered on the problem of the band
structure of the perfect crystal. The lattice con-
stant is known from x-ray measurements, hence
the problem of predicting the lattice constant from
a priori total energy calculations could be by-
passed. Interest has now shifted to the study of
surfaces and deep defects where important atomic
displacements occur which cannot be measured
in a straightforward manner. Qne approach. is to
predict them theoretically by minimizing the total
energy. A first and crucial step in this process
is to be sure that our pseudopotentials and cal-
culational techniques are adequate to reproduce
the bulk lattice constant and bulk modulus.

A recent publication by Ihm and Cohen' has
presented a k-space method for calculation of the
total energy and has given results for silicon.
They obtain good values for the lattice constant
but find a bulk modulus which is 70/~ too large.
They use a pseudopotential which was empirically
derived to fit the band structure and have treated
exchange and correlation using Slater 's Xn (local-
density) method' with an Xn = 3 as suggested by
general arguments of Kohn and Sham. ' It is not
clear at the moment whether their poor value of
the bulk modulus is due to an inadequacy of the
assumed potential or to some approximation
made in the calculation. The calculation of the
total energy involves large cancellations which
are magnified by taking the second derivative to
obtain the bulk modulus.

We have developed an r-space method for the
total energy based on an a priori method for cal-
culating Wannier functions as described in Kane
and Kane. 4 In zeroth order the method is very
simple and should be more easily generalizable
to lower symmetry situations than is a. k-space
method based on crystal periodicity. Since r
space is closer to the language of chemistry and

intuitive-empirical arguments of a Pauling type,
our approach is a.iso valuable in that it describes
the total energy in different terms than the k-space
method.

In checking the accuracy of our method we return
to k space for the evaluation of overlap and anti-
bonding admixture corrections. These corrections
could also be made entirely in r space, but with
more effort. We find the corrections to be im-
portant but still small enough to encourage the
application of our r-space method to more com-
plex and interesting problems such as surface re-
construction and lattice relaxation around deep
defects.

We have studied silicon using the same core
pseudopotential employed by Ihm and Cohen. ' Qur
results are similar to theirs for the total energy
and lattice constant but differ considerably for
the bulk modulus. We find a lattice constant 4%
smaller than experiment and a bulk modulus which
is 13% too small, in contrast to Ihm and Cohen's
value which is 70% too large. Comparison to ex-
periment is not a satisfactory criterion for choos-
ing between the two calculations since the potential
employed may not be correct. However, we note
that in our method it is intrinsically easier to
handle the repulsive core of the pseudopotential.
The band-structure pseudopotential is generally
thought to have too soft a core, compatible with
our result, whereas Ihm and Cohen's result sug-
gests it may be too hard. More work to clear up
this discrepancy is clearly desirable.

In Sec. IIA we present the details of our r-
space method for the total energy. We review our
a priori method of calculating Wannier functions
in r space which is closely related to work first
done by Koster. ' We call our technique the or-
thogonality chemical pseudopotential method
(OCP) where by "chemical pseudopotential" we
indicate a broad class of pseudopotentials which
allow the calculation of localized orbitals in in-
finite or extended potentials. In such a system
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the ordinary potential leads to extended states.
1he orthogonality constraint prevents spreading
of the wave function. Anderson' has proposed
another type of chemical pseudopotential and there
are doubtless many other possibilities just as
there are many types of the more familiar pseudo-
potentials which elimiqite the deep core states
in the atom. This paper is the latest in a series
demonstrating the usefulness of the OCP. ' lt is
the first paper to incorporate the important in-
gredient of self-consistency.

In Sec. IIB we describe the fitting of the un-
screened core pseudopotential to a sum of Gau-
ssians plus the smeared Coulomb potential of a
Gaussian charge density. In Sec. IIC we describe
our fit of the valence charge density to a sum of
spherical Gaussian charges centered on atomic
and bond sites. 1his leads easily to a potential
which is then fit to spherical Gaussians centered
on lattice sites.

In Sec. IID we discuss the ion-ion and electron-
electron interaction energies. These interaction
energies are conveniently rendered finite by add-
ing one-half the electron-smeared ion-interaction
energy to each. The energies are then expressible
via the ionic and electronic charge densities
times a potential which is calculated from a Mad-
elung-type sum over Gaussian charges on atom
and bond sites. We group the terms in this sum
into symmetric units which are electrostatically
neutral and which have no Coulombic moments
lower than octupole. With this grouping of terms,
the sum converges rapidly to the potential. None-
theless, the potential is not unique to within a con-
stant which depends on the specific manner in
which the symmetric units are chosen. Although
the constant manifestly cancels in the total ener-
gy, it does contribute to the ion-ion energy, to
the electron-electron energy, and to the band
energies, which means that none of these three
quantities has a unique physical meaning to soithin
a volume dependent constant. We emphasize
this point because in another work' these qua, nti-
ties are treated separately and unsymmetrically,
which we think is nonphysical. The nonuniqueness
is a consequence of the long range of the Coulomb
interaction. This example shows that rapid con-
vergence (of the symmetric units) and "short
range" are not synonymous.

In Sec. IIE we describe a k-space method for
evaluating corrections to our results arising
from overlap of second-neighbor and more distant
bonds and also the admixture of antibonding wave
functions into the valence band. For convenience
we approximate the k-space sum by the value at
the Baldereschi point. '

In Sec. ID we present our results in detail. We

We follow the prescription for the a priori gen-
eration of Wannier functions via the orthogonality
chemical pseudopotential (OCP} as described in
Kane and Kane. '

In summary, we define bonding and anti-bond-
ing functions as sums of Gaussians on nearest-
neighbor atoms

b(r) = [Q(r, )+ Q(r, )]/[2(1+S)]'~ '

a(r) = [P(r, ) —P(r, )]/[2(1 -S)]'~',

where i= so. , pxn, or dxn according to the def-
initions

ar2

P~~ =xe
-ar2=yze (2)

S= Qr, fr, dr,

r =r —R r =r-R
1 1& 2 2 )

where the p (and d) functions are directed along
~ = R, —R„and R& are the atom coordinates. We
have used eight functions per bond, 3s and 3p
(n= 0.2, 0.3, 0.4 a.u. ) and 2d (n = 0.2, 0.3).

The coefficients c„are determined by mini-
mizing the usual Hamiltonian energy (b, ~H

~
b,)

plus the orthogonality chemical pseudopotential
term X(b, ~b,), where b, and b, are different
bonds with a common atom and X is a I.agrange
parameter to be determined such that (b,

~
bg = 0.

We ignore overlaps between more distant bonds
and do not incorporate antibonding functions.
These approximations are discussed at length in
Kane and Kane. ' We will correct for them later
in the present context by use of the Baldereschi
point. '

B. Ionic-core pseudopotentia1

We follow very closely the procedure of Ihm and
Cohen' except that we work in r space. We use
their ion-core pseudopotential

-16we' (a, + cosa,k}
(3)

find that most of the charge distribution is in the
bond charges (-2~e

~

per bond). These are static
charges. The dynamic charge would roughly equal
the static charge screened by the dielectric con-
stant in agreement with Phillip's bond-charge
model. "

II. r-SPACE METHOD FOR THE TOTAL ENERGY

A. Bond Kannier functions
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The total volume 'U is arbitrary. The ion cores
are then screened by the self-consistent Hartree
potential plus the Slater Xn exchange potential
with Xn = 3. At large distances (k- 0) V„,r(k)
corresponds to an ionic charge, 4 ~e ~. We fit
this ionic potential energy to a sum of Qaussians
plus the Coulomb potential energy of a Gaussian
smeared charge, 4 ~e ~.

p, rc = 4(o.„,/'m)'/'exp(-o„, r') . (4)

The fit is done by a least squares method plus a
Lagrange constraint to ensure that the average
value of the neutral potential energy V„„,(r) be
exactly satisfied; i.e. ,

V,.„,ia)= jd fV, .„I )+4 */ t/u

8me'a',

(1+ a, }'0 '

(5)

ion ionG &SC 0

V„,a= pc .(vjo. .)' 'e ' j'U,

] 6pe2
Vqsc- 2 xp 0

4&ion

The integral is over all space of the arbitrary
volume, g, even though V„,~(r} refers to a single
core. The exact satisfaction of Eq. (5) is not es-
sential. It was introduced to parallel the work of
Ihm and Cohen as closely as possible. (We use
V for the Fourier transform of V throughout. )

We have, as a least-squares equality,

and summing over all fcc lattice sites with 4 bonds
per site.

f'c tt
p, ( r) = ~&,(r —a) j'.

&r =&r 4
(8)

The calculation is done for a mesh of points in
the unit cell and the result is least-squares fitted
to a sum of spherical Gaussians centered on atom
and bond sites.

p (r) = c e ~il r0-t~l
e ply

LSQ Rr ir j
t, =0, t, =(a/8) (1, 1, 1).

We have used the values n = 0.4, 0.8, and 1.2 a.u.
for both the bond and atomic sites.

The use of a Gaussian density distribution is
very convenient because the resulting Coulomb
potential can be described in terms of error func-
tions. A larger set of sites to serve as origins
for spherical distributions could easily be used
but lattice plus bond sites appear to give sufficient
accuracy and are sufficiently simple that the
"bond" and "atom" charges may suggest physical
processes. (These are static, not dynamic
charges. Our static bond charge is very much
larger than the empirical dynamic bond charge of
lattice dynamical models. ")

The total electron density per atom site, p„t
= p„, + 2p„,~, should equal 4 and we have en-
forced this constraint via a Lagrange multiplier
in our least-squares fit. Of course, p„, and

pb d are given by

The parameters of the potential are given in Table
I.

~ ir2
atom = ~ dl C i~e

(10)

C. Crystal charge density and potential

The crystal valence electron density is calculated
using the bond wave functions of Eqs. (1) and (2)

TABLE I. Parameters of the Fourier-transformed
core pseudopotential and its fit to Gaussians plus a
smeared Coulomb potential. Symbols as in Eqs. (3)
and (7).

, = 0.790 65a,'
a3 = -0.35201
a4- -p.p18p7a 0'

dry . e0 nial pi2

A valence potential energy is then constructed
from the spherical density distribution of Eq. (9)
plus the smeared Gaussian distribution p,~ in
Eq. (4}. The potential energy is smooth because
we use p,sc rather than a point charge; hence it
can easily be fitted to a sum of spherical Gaussians
centered on lattice sites plus a constant. We
could have used a basis of lattice and bond sites
as we did for the charge but lattice sites alone
give sufficient accuracy.

We then have
a; (ina02)

0.4
0.6
0.8
1.2
1.6

+|on ' 0
2

Cg; (2AQ

2.2947
-20.3091

33.4528
-16.3800

4.9264

&t m ites
VNc'r}=

where NC refers to neutral Coulomb. In comput-
ing Vzc(r) from p„„—p sc, i.e. ,

v I) f& 4„.-.I=).*q (. )v„,l. -„,.
(11a)
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it is desirable for convergence to sum over sym-
metric units. We have chosen p,„as defined by

p„(r —R) —= -p,ac(r —R)+ p„, (r —R)

+ —,
' p„,~(r —R r—q/2),

al
(12)

with & the bond charge on each of the four bond
sites per atom. R is the atom coordinate. These
symmetric units are electrostatically neutral and
have no moments lower than octupole. It is im-
portant to emphasize that this choice is not unique.
Other equally reasonable and convergent choices
could be made which would result in different
values for c„. Furthermore, the nonuniqueness
is volume dependent. We obtain a. unique result
for the total energy, of course, but only by using
the same definition of symmetric units for the
ion-ion, ion-electron, and electron-electron in-
teractions. The care that must be exercised here
is the unavoidable consequence of the conditional
convergence of the Coulomb interaction. Even
though the sum over symmetric units converges
very rapidly the potential is not short range in
the sense of being unique. We further hasten con-
vergence by summing over shells of atoms having
tetrahedral symmetry.

The Slater exchange potential energy is derived
from the valence electron density according to'

Va„x(r)= -X ~(3/w)' e p (r)' (13)

Cr Co + CSr.X &+ C I& . (15}

The valence and Slater potentials are fit with six
Gaussians plus a constant, n, =0.2, 0.4, 0.6, 0.8,
1.2, and 1.6 in atomic units, a,'. The core poten-
tial is fit with n,.= 0.4, 0.6, 0.8, 1.2, and 1.6 and
no constant.

These Gaussians are reasonably short range so
that the wave function in Eqs. (1}and (2) can be
computed accurately by summing only those po-
tentials whose atom sites are third neighbor or
closer to one of the two atoms of the bond.

'The Slater potential is then fit to Gaussians as
in Eq. (11) for the valence potential. The total
potential energy is obtained as a Gaussian expan-
sion by combining Slater, valence, and ion-core
potentials,

atom si tee

V) t(r) cr(e ~ + era

tron-electron Coulomb energy, E,~ is the elec-
tron-electron exchange and correlation energy,
and T, is the electronic kinetic energy. We di-
vide the electronic interaction energy with the
core pseudopotential into two pieces, E,»c, the
interaction with the smeared Coulomb ionic
charge, and E„G, the interaction with the Gaus-
sian part. 'This subdivision is contained in Eq.
(7).

For a crystal, Ell and Eeec tend to infinity with
crystal volume. We can eliminate the infinity by
adding half the smeared Coulomb interaction
—,'E„sc to both pieces.

l
II II+ ~EeISC ~

1
EeeC EeeC+ ~EeISC

We use the Slater Xn potential of Eq. (13) for
E,~ and minimize E„,variationally, leading to
the usual one electron Schr'odinger equation. The
one-electron eigenvalue energy E„,(summed
over all occupied valence states) is then given by

ei = Te+ Ee ~sc + Ee ~G+ 2Eeec+ ~Eeex
(18)

Eeex = i dr pe r VSLx r

The total energy may be written
1

tot etg EeeC+ EII &EeeX ' (19)

In our Wannier function representation all Wan-
nier functions (Pauling bonds) have the same en-
ergy Eb„d. Hence

Eeia ~bond ' (20}

Eeec ~ dr pe(r VNc( (21)

EII = dr p~sc (r VNc (

Bloch sums of Wannier functions spread the indi-
vidual eigenvalues over a band, but the trace re-
mains equal to 4E„~. The energies in Eq. (19}
are conveniently represented in terms of poten-
tials.

In order to demonstrate the cancellation of
terms we carefully define our symbols as follows:
V(r) is the potential energy of an electron, and

p, (r), pr(r) are the electron and positive ion den-
sities, respectively (both positive and equal to
the absolute value of the charge density divided
by ~e ~). Then the va.rious energies may be written

D. Ion-ion and electronwlectron interactions

The total energy per atom, E„„may be written

@tot Err+ eec+Esm+ ~~+&~tsc+Eato ~

where E» is the ion-ion energy, Ee,c is the elec-

+- dr pgsc r Vgsc(r -pI(r V' r, 22

E„,= T + dr p r VNc + Vie + VSLx(r

(22}
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V„(r)=V, (r)+V, (r). (24)

dr pisc r Vrsc ps~r V' r

The prime on Vi'(r) in Eq. (22) means that the

ion self-interaction is to be excluded. Since n„,
= 1.0 ao' in Eq. (4) the interaction between two

nearest-neighbor ions is accurately point-like
so that the two bracketed terms in Eq. (22) cancel
except for the self-interaction of the smeared
Coulomb charge. 'This is easily evaluated using
Eq. (4) as

These corrections can be treated in r space
also. An initial attempt to do so is given in Kane
and Kane. ' However, we believe a k-space meth-
od is easier to handle and since our point is that
these corrections are small, we justify the use
of a "hybrid method" to prove the point.

We form k-space functions from the bonding and
antibonding functions of Eq. (1) with the help of
Bloch sums.

(r) —Q sic (a+7n/ s) b (r)kb~ fl

6(2(r /ii )i/ e (25) (r) & &i ( +v„/ )n (r) (26)

As remarked earlier, the symmetric Coulomb
potential V„c(r) is not unique within an additive
constant. The constant (which will generally be
volume dependent) depends on how the symmetric
units are chosen. The choice we have made in Eq.
(12) is mathematically convenient but not very
physical, leading as it does to large charge over-
lap between neighboring cells. Since fdr p,sc(r)
= fdr p, (r) = 4, it is easily seen that the constant
cancels between the three terms E„,-El,~+ E~l
contained in Eq. (19) for the total energy. Neither
the energy nor its volume dependence has any

physical significance for any of the individual

terms.
The above cancellation of terms in the total en-

ergy also means that contributions from distant
clusters affect the total energy much less than

they affect the potential. 'This is consistent with

the well-known fact that chemical properties are
effectively very short range.

E. Orthogonality and antibonding corrections using the
Baldereschi point

Up to this point we have computed the crystal-
line total energy entirely by using the r-space
representation. For a perfect crystal this is not
necessarily easier or more accurate than k-space
methods although our procedure so far has been
very simple and leads to a description of the
total energy in terms which are closely related
to the chemical description. 'The methods given
should also be easily generalized to systems lack-
ing translational symmetry, and this was the
motivation of the present work.

We have made the approximation of neglecting
the overlaps of our bonding functions on second
and further neighbors. We also have not allowed
for admixture of antibonding functions into the
valence band Wannier functions. Both these cor-
rections tend to spread out the Wannier functions
and hence make r-space methods more cumber-
some.

orth Ng UBstot 0 + tot A tot 4' ~
(27)

r. .. ,=-4a((1, 1, 1), (1, -1,-1),
(-1,1, -1), (-1,-1,1)) .

The bonding (antibonding) functions b„(a„)have their
bonds oriented along v„. The choice of phase
gives real matrix elements. We then have an
Sx 8 matrix which we diagonalize exactly including
the nonorthogonality from the overlap. We "inte-
grate" over k space with the use of the Balder-
eschi point, ' ks = (2v/a) (0.6223, 0.2953, 0).

'The functions b„, a„were determined from the
Schr'odinger equation including a term coming
from the variational derivative of the orthogonal-
ity constraint X(b, ~b,}. The charge density de-
termining the potential was iterated to self-con-
sistency. Call this potential and charge density
V„and p and the total energy, E«„.

Using the Bloch sums of Eq. (26) at the Balder-
eschi point as basis functions without changing

b„or a„, we diagonalize the ordinary Schr'odinger

equation with the potential V„, including overlap
exactly. The lowest four eigenfunctions then lead
to a new charge density and potential p, and V„~

We calculate the total energy, Et tQ from the
formulas of Eqs. (19)-(25) using p~ and V~. Since
the Baldereschi-point method is approximate, we
calculate the corrections in the form of differences
between the three quantities E"„,~, E"„,„and
E"„",~, where U and N denote unnormalized and

normalized, respectively. E"„",, corresponds ex-
actly to what we have just described, treating
overlap rigorously and using bonding (B) and anti-
bonding (AB) functions. E"„,~ is similar but oniy

bonding functions are used. In E"„,~ only bonding
functions are used and the overlap matrix between
the b„on different sites is taken as the identity
matrix. Thus E"„8

~ corresponds most closely
to E„,„but is not identical since the Baldereschi-
point method is only approximate. 'The correction
for orthogonality is then defined as
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TABLE II ~ Total energy per atom in eV vs lattice constant in a.u. The columns give the

band energy, ion-ion energy, electron-electron Coulomb energy, electron-electron exchange

and correlation energy, and the total energy. The symbols are those of Eq. (19). All quanti-

ties from the r-space calculations.

A (a.u.) kleig Er'r

9.070
10.263
10.8595
11.456

5.802
-0.444
-2.752
-4.557

-121.069
-115.894
-113.334
-111.024

-3.578
-5.472
-6.204
-6.896

-29.444
-27.294
-26.361
-25.587

-101.874
-101.768
-101.095
-100.156

and the antibonding correction is
~ABND —ENAB

tpt 0 tpt 4 tpt (28)

III. RESULTS

A. Total energy, bulk modulus, and lattice constant

drV„c(r)= 0 (29)

for each lattice constant. We still cannot attri-
bute much significance to the individual terms
but they show a relatively simple lattice constant
dependence. The decomposition also depends on
our choice of smearing parameter n„,= 1 a.u.
'The Slater exchange energy, E„», is meaningful,
of course, and is slowly varying with lattice con-
stant as expected from the slow p'~' dependence
of the exchange potential. The variation of the
total energy is small compared to that of the in-
dividual terms. The large effective cancellation
is what makes all total energy calculations dif-
ficult. The large absolute value of the total en-
ergy results from the fact that it contains the
binding energy of the four valence electrons in
the pseudoatom. According to our choice of con-
stant in Eq. (29), the absolute total energy comes
mainly from the ion-ion term Eri, for which a
major contribution is the volume-independent ion
self-energy correction of Eq. (25}.

The total energy from a k-space calculation is
given in Table III. We approximate the sum ~ver

We have evaluated the total energy per atom as
described in Sec. II for four lattice constants,
A= 9.070, 10.263, 10.8595, 11.456 ap The results
are given in Tables II and III for both the r-space
method, E„,„, and the k-space method, Et
using the Baldereschi point, k~. As discussed in
Sec. II, the individual components E„,Erir, and

EI,~ do not have any physical meaning separately
but depend on the choice made for symmetric units
in the Coulomb sums.

We have elected to add an adjustable constant
to the "neutral Coulomb" potential in Eq. (24) so
that it satisfies the condition

TABLE III. Corrections to the total energy per atom
in eV vs lattice constant in a.u. as estimated from a
k-space calculation at the Baldereschi point. Column
2 is Baldereschi-point total energy minus r-space
total energy. Columns 3 and 4 are orthogonality
corrections and antibonding correction energies as
defined inEqs. (27) and (28). Column 5 is the final
total energy corrected for orthogonality and antibonding
function admixture.

UB th ABNDA (a.u.) Stot i,
— tot, b tot 4Etot

9.070
10.263
10.8595
11.456

0.331
0.533
0.536
0.494

1.976
0.578
0.357
0.216

-0.329
-0.579
-0.646
-0 ~ 733

-100.227
-101.769
-101.384
-100.673

ABND
tpt +tptf + +~tpt + +@fpt

k space by the value at the Baldereschi point,
ks = (2v/a) (0.8223, 0.2953, 0). In column 2, E"„~

~

is the Baldereschi-point total energy, including
bonding functions only and setting the overlap ma-
trix equal to unity. In the k-space calculation we

always use the same bond functions b„(r}, a„(r}
[see Eq. (1)] as determined in r space, but we
recompute the charge density and the potentials
in Eqs. (21)-(24) from the k-space eigenfunctions
at kjp

If we had summed over k space instead of using

k~, E"„„would equal E„,„since the k-space and

r-space bonding wave functions are connected by
a unitary transformation when nonorthogonality
is neglected. The differences reveal the inaccur-
acy involved in using the Baldereschi point. 'The

error is about 0.5 eP, relatively independent of
lattice constant.

In column 3, we give the orthogonality correc-
tion determined as the difference of the k-space
energies using bonding Bloch sums only when the
bond overlap is properly accounted for and when
it is ignored [see Eq. (2I}]. ~e believe that this
difference is not too much affected by the error
involved in using k~. It shows the expected var-
iation with lattice constant, namely that the over-
lap correction is much more important at small
lattice constants.
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In column 4, we give the antibonding correction
defined as the difference between the energies at
k~ with overlap correctly treated, with and with-
out the addition of antibonding Bloch sums [see
Eq. (28)j. The antibonding correction decreases
at small lattice constants. It shows somewhat
less variation with lattice constant than the or-
thogonality correction and has the opposite sign.
At the equilibrium lattice constant the two terms
cancel almost exactly.

Column 5 gives our final value for the total en-
ergy which equals the r-space value plus the or-
thogonality and antibonding corrections. The cor-
rections are quite significant as will be seen in
the calculation of the lattice constant and the bulk
modulus. We believe that most of the error from
the Baldereschi point has been removed in form-
ing the differences.

In Table IV we have used the total energies to
calculate the bulk modulus 8 and the equilibrium
lattice constant A, . 'These numbers are derived
from a quadratic fit to the energy at the three
larger lattice constants. The anharmonic energy,
E,",h, , is the difference of the energy at 9.070
and the quadratic extrapolation. The differences
between the values derived from E„,„and E„,
are sizable but not overwhelming. 'This is en-
couraging for the use of the r-space method in
lower-symmetry situations where the corrections
would be less easily made. The "anharmonic en-
ergy" is very different in the two approximations.
Accordingly, we believe it is desirable to do all
r-space calculations using the OCP method for
the largest possible lattice constants and then ex-
trapolate to the true lattice constant. The limita-
tion is set by the physical anharmonicities of the
crystal. Comparison of our results to experiment
is quite satisfactory. The lattice constant is about
4f() too small and the bulk modulus 13% too small.

In column 5 we give Ihm and Cohen's' results
for comparison. In order to compare more ac-
curately we add the Nozieres-Pines correction"

energy, E„~ (in Ry), to our results as they have
done.

E„p = 4(-0.115+0.031 lm', ) .

This term makes a large difference in the total
energy, a 2/& reduction in the lattice constant
and a 1% reduction in the bulk modulus. At the
present stage of theory, we would prefer to ignore
this term as being within the uncertainties in-
volved in the proper choice of Xn.

In comparison with Ihm and Cohen' we get rea-
sonable results for the total energy and lattice
constant but a very large difference in the bulk
modulus. The greater disagreement for the bulk
modulus is not surprising because it requires
forming a second difference of numbers which
are not completely accurate. Our bulk modulus
agrees more closely with experiment, but this
cannot be taken as proof of its correctness. Cor-
rection of this discrepancy would be highly desir-
able but for the moment it must await a more rig-
orous recalculation by one or both methods.

B. Bond charge

We have made use of spherical Gaussian charge
distributions on lattice and bond sites primarily
as a. calculational tool. The Gaussians used were
c)t. = 0.4, 0.8, and 1.2. With these values there is
substantial overlap between the bond and the
atomic distributions. Indeed at most lattice con-
stants the atomic charge is negative even though
the sum of the two distributions is everywhere
positive. Nevertheless, it is interesting to study
the integrated bond charge p~, and its dependence
on lattice constant and on the computational ap-
proximations. Of course, the total charge per
atom must be 4 so that p„, + 2p~ = 4.

The values of the bond charges are given in
Table V. Most of the charges are greater than 2

so that the atomic charge is negative. The values
are very large compared to the empirical bond

charges of lattice dynamics. " This is hardly

TABLE IV. Bulk modulus J3, in 10~ dyne/cm, equilibrium lattice constant in a.u. , mini-
mum total energy and anharmonic energy in eV per atom. The anharmonic energy is the
total energy at A = 9.070 a.u. minus the value quadratically extrapolated from the three laryr
lattice constants. Comparison is made between the r-space total energy, the energy with k-
space corrections, the added correction of Nozieres-Pines as treated by Ihm and Cohen, the
experimental values, and the values of Ihm and Cohen. (Experimental values taken from
Ihm and Cohen. )

@tot r Etot tot + ENp Expt.

B
Ao

0.70
9.052

-102.316
0.301

0.86
9.857

-101.845
1.601

0.85
9.672

-107.011

0.99
10.263

1.69
10.110

-107.61
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A (a.u.) par
UB

pea pNB NAB
PgIf

9.070
10.263
10.8595
11.456

3.436
2.302
2.022
1.789

4.391
2.822
2.363
2.004

3.876
2.757
2.346
2.004

3.716
2.648
2.277
1.973

surprising. The static charges must contain four
units which can be either on the bonds or the
atom. Owing to the repulsive pseudopotential,
the charge prefers the bond site. Under a lattice
distortion, on the other hand, any shift of the
charge produces large fields which are quickly
screened out by the large dielectric constant;

TABLE V. Bond charge ps, in units of (s) vs lattice
constant in a.u. for various approximations: pz„ from

~ . UBr-space bond functions; p» from the k-space Balde-
reschi point neglecting overlap; pzq as before but in-
cluding overlap; p~~q as before but including overlap and
antibonding function admixture.

hence the effective dynamic charge is roughly ps/e.
Our values of p~

- 2 are thus in accord with the
bond-charge model first proposed by Phillips. "
The static bond charge increases monotonically
as the lattice constant is reduced. The error in
the bond charge using the Baldereschi point is
fairly large and increasing at small lattice con-
stants. The corrections to the bond charge due to
normalization and antibonding admixture are small
except for A= 9.070. Not too much physics can be
derived from the static bond charge, but the gen-
eral accuracy of the bond charge for describing
the charge distribution suggests that a phonon cal-
culation along these lines might lead to interest-
ing comparisons with Vfeber's empirical lattice
dynamical bond-charge model. "
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