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This paper reports a study using neutron scattering techniques of the spin fluctuations in the

two-dimensional diluted Ising system, Rb2Co, Mg&, F4. The explicit concentrations studied,

c =0.55, 0.575, 0.585, and 0.595 are all close to the percolation concentration for nearest-

neighbor interactions cp =0.594, so that these experiments span the percolation threshold. The

experiments were performed at.the Brookhaven high-flux beam reactor. A detailed study was

made of the dynamics for c =0.575. The results showed four dispersionless bands correspond-

ing to spin deviations on Co ions surrounded by one, two, three, or four Co ions. Calculations

of the spectra using the equation-of-motion method for computer simulations gave a good ac-

count of the results. The few minor discrepancies probably arise from the effects of those

crystal-field levels of the Co ion which have energies above the ground-state doublet. The
c =0.595 crystal has a transition at 30 K to a state of two-dimensional order with negligible or-

der in the third direction. The inverse correlation length in this system is zero to within the er-

rors at 30 K. In the more dilute systems the inverse correlation length is found to be well

described as an additive sum of a geometrical and a thermal part as observed previously in

Rb2Mn, Mg~, F4. The thermal part is given by tK](T)] ' . where K](T) is the inverse

correlation length of a one-dimensional chain of Co ions. This exponent is consistent with the

percolation exponent vp =1.35 and the theoretically calculated crossover exponent, @=1. The

intensity of the scattering is more difficult to analyze in the absence of a knowledge of the form

of the scaling function, but the behavior is consistent with the multicritical picture with @=1.

I. INTRODUCTION

In the first two of this series of papers" (hereafter
referred to as I and II), we described the spin fluctua-
tions in the random magnetic-nonmagnetic two-
dimensional antiferromagnet, Rb~Mn, Mg~, F4, in

which system the Mn —Mn interactions are predom-
inantly of Heisenberg character. In this paper we re-
port on a very similar study of the analogous system,
Rb2Co, Mg~, F4, in which the magnetic interactions
between the Co ions are of largely Ising character. '

In Paper II the theory behind the study of the per-
colation threshold in these materials was reviewed
and discussed in detail. We only briefly repeat the
description here. Basically the percolation point is
believed to be a multicritical point which may be ap-
proached in two different ways. At T =0 geometri-
cally driven behavior is observed and may be
described by exponents vp Pp yp etc. while for
e = cp thermally driven behavior is observed. The ap-

propriate temperature scale for the thermal behavior
is set by the inverse correlation length ~t( T) of the
one-dimensional chain with the magnetic interactions
of the random system. In terms of this temperature
scale the critical scattering for e = cp is governed by
the exponents, vT and yT. In the multicritical picture
the exponents vp and yp are related to vq and y T by
the crossover exponent $; v r = v~/$, y r = y~/$. This
study was commenced to test if this picture which

successfully described our results for the Mn salts, II,
was equally successful in explaining the properties of
the Co system. In particular, since our initial study4

of the percolation threshold in the Mn systems,
theoretical predictions' of the crossover exponent @
have been made for a system with Ising interactions.
These predictions are not in agreement with our
results on the near Heisenberg system as discussed in

II. Consequently it is of interest to study the Ising-
like Co salt to test if these theoretical predictions are
indeed correct.
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The arrangement of the paper is that in Sec. II we

describe the crystals used and the experimental ar-
rangements for the neutron scattering experiments.
A careful study of the spin dynamics was made for
one of the specimens and these results are discussed
in Sec. III. The quasielastic scattering associated with

the percolation threshold was studied for four speci-
mens, one of which was magnetically ordered at low

temperatures. These results are discussed in Sec. IV.
Finally the results are summarized in Sec. V.

II. EXPERIMENTAL DETAILS

A. Specimens

Single crystals of the mixed system Rb2Co, Mgi, F4
were grown by techniques similar to those described
for the Rb2Mn, Mgi, F4 system. ' Three crystals were
grown with nominal concentrations c of, A, 0.55; B,
0.57; and C, 0.59. The resulting boules were typically
about 5 cm long and shaped similarly to a dumbbell,
and consisted of several large grains. Excellent single
crystals with a volume of several centimeters cubed
were obtained by cleaving these boules. A fourth
smaller crystal, D, which was magnetically ordered at
low temperatures, was grown by the methods
described by Ikeda and Shirane' with a nominal con-
centration of 0.59.

The crystal structure of Rb2CoF4 and of the mixed
crystals is essentially similar to that of the analogous
Mn salts which was described in Papers I and II. No
evidence was found of any tendency for the Co and

Mg ions to order chemically.
One of the most difficult aspects of experiments

close to the percolation threshold is the determina-
tion of the exact concentration. All of these samples
were analyzed by chemical methods by dissolving
parts of the same boules and then using atomic-
absorption spectroscopy to determine the concentra-
tions. Measurements were made of the Co and Mg
concentrations in two portions from each boule and

the averaged concentrations are shown in Table I ~

Careful measurements were made of the lattice
parameters in the a and e crystallographic directions.
These results are listed in Table I and there is no sig-
nificant difference between the different c lattice con-
stants. A difference can be observed in the a lattice
constants which, if the variation in lattice constant
from Rb2MgF4 is linear in concentration (I —c), sug-
gests that the concentrations of crystals C and B
differ by 0.035+0.010 and C and A differ by
0.050 +0.010.

In the case of Rb2Mn, Mgi, F4 the comparison of
the spin dynamics with computer simulations, Paper
I, gave a very satisfactory determination of the con-
centration. Unfortunately this approach is less reli-
able in the Co system because the considerable ab-
sorption of the neutron beam by the Co nuclei corn-
bines with the irregular shape of the specimen to
make the intensity distribution as a function of fre-
quency less reliable than in the case of the Mn system.

We have shown in Fig. 2 of Paper II, the low-

temperature inverse correlation lengths in

Rb2Mn, Mgi, F4 and Rb2Co, Mgi, F4 as a function of
concentration. For the Mn compound the concentra-
tions were determined from the dynamical results as
discussed above and from the lattice constant mea-
surernents. For Rb2Co, Mgi, F4 we have taken for
purposes of display in Fig. 2 of II the mean concen-
tration as determined from the chemical analysis but
with error limits that include both the concentrations
of the starting material and the concentration differ-
ences inferred from the lattice-constant measure-
ments. As we have emphasized in Paper II, all of
the data are consistent with the simple law ~o(e)
=3(1 —c/0. 594)"5. If we take this law as given,
then we may invert the process and use the measured
low-temperature inverse correlation length to deter-
mine the concentration c. Indeed, if the Mn, Co,
and Mg ions occupy the sites truly randomly during
the crystal growth process, then for e ( c~ this would
be by far the most accurate method of determining
the concentration in this region. The internal con-

TABLE I. Characterization of the crystals.

Crystal

Nominal concentration
Chemical analysis

~(~c, O)a
Concentration from xa

c-axis lattice
constant

a-axis lattice
constant

0.55
0.547 +0.030
0.0893
0.550 +0.005

13.732
+0.001

4.1060
+ 0.0003

0.57
0.578 +0.050
0.0270
0.575 +0.005

13.733
+0.001

4.1088
+0.0003

0.59
0.588 +0.030
0.0120
0.583 +0.005

13.734
+0.001

4.1102
a0.0003

0.59
0.612 +0.040
0.045
0.595 + 0.020

(13.670 A, c =1)

(4.1440 A, c =1)
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INELASTIC SCATTERING FROM Rb&Cop 57&Mgp4pcF4
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FIG. 2. The scattering at 60 K from the excitations in

Rb2Co0575Mg0425F4. The experiments were performed with

a fixed outgoing neutron energy of 24 meV, and the solid
lines are guides to the eye.

anisotropic exchange between nearest neighbors;

H = $ [IS;*S;+J(S,"S,"+S~S~)I (1)
lj

with I =7.73 +0.06 meV and 1=4.27+0.17 meV. It
is of interest to note that, for the two-dimensional
(2D) Ising model, one would expect a phase-
transition temperature T~ = 1.135llka = 101.8 + 0.8
K; this is in precise agreement with the observed
value of 102.06 K.

The simplest model of the excitations in a random
system is the Ising model which in this case gives
dispersionless frequencies of 0, I, 2l, 3I, and 41cor-
responding to the frequencies of the excitations of Co
ions surrounded by zero, one, two, three, or four Co
nearest neighbors. This result is clearly an excellent
qualitative description of the results shown in Fig. 1.
The Ising model predicts that the scattered intensity
is largely independent of wave-vector transfer.

A more careful examination of the experimental
results indicates several inconsistencies with this sim-
ple model. First, the frequencies of the excitations
show a small but significant dispersion with wave
vector; the difference between the frequency of the

excitations at the zone boundary and at the zone
center are, in order of decreasing frequency:
1.0+0.4, 0.9+0.4, 0.6+0.4, and 0.4+0.4 meV.
Second, the frequencies at the zone boundary,
26.9 +0.4, 20.7 +0.4, 14.1 + 0.4, and 7.4 +0.4 meV,
are not in the predicted ratios of 4, 3, 2, 1, but in the
ratios of 3.64, 2.80, 1.91, 1. Third, the intensities
are larger at the zone center than at the zone boun-
dary by about a factor of 2; and, fourth, the highest
frequency at the zone boundary is less than that in
pure Rb2CoF4, 30.8 meV even though as shown in
Table I the a lattice parameter of the mixed system is
slightly smaller than that of the pure system.

In order to study if these features arise from the
transverse component of the exchange interaction, a
computer simulation of the system was performed
using the equation-of-motion method developed by
Thorpe and Alben. This method was quite success-
ful in describing our results for the dynamics of the
Mn system as described in Paper I. When the calcu-
lations are performed with the exchange parameters
taken to be those of pure Rb2CoF4, the calculations
give reasonable agreement with the wave-vector
dependence of the frequency and intensity of the ex-
citations. However, the predicted frequencies at the
zone boundary are 29.7, 22.1, 14.3, and 6.8 meV
which are clearly not in accord with our results.

A possible reason for this discrepancy lies in the
1

inadequacy of the effective-spin-
2

model for the Co
ion. In a cubic crystal field the ground state'" is a
Kramers doublet, j= —,, separated in energy, by

1

about 40 meV, from a quartet j= —,. The tetragonal
~ 3

distortion of the crystal field splits this quartet into
two Kramers doublets with j, = +

2
and j,= + —,. In

1 . 3

the mixed crystal the Co ions are situated in the ex-
change field produced by the neighboring ions. The
effect of this molecular field is to split the Kramers
doublets and to mix the ground state with the

1j, = + —, components of the excited state. As a

result, the splitting in energy of the two lowest states
is not linear in the molecular field but is given, for
small molecular fields, by HMF —a(HMF)', where
HMF =zl and z is the number of magnetic neighbors.
When this result was used to calculate the Ising part
of the energies in the computer simulations the fre-
quencies of the excitations at the zone boundary were
26.9, 20.9, 13.9, and 6.7 meV when I =7.5 meV and
o. =0.00008 meV '. These results are clearly in
much better agreement with our measured results.
The parameter o. was estimated from the known
properties of the Co ion in the lowest Hund's rule
multiplet and the spin-orbit coupling of the free ion'
neglecting the tetragonal distortion as 0.00006
meV '. The results of these calculations are com-
pared in detail with the experimental results in Fig. 1.
The effective experimental resolution was taken as
1.6 rneV and a single scale factor was adjusted to give
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the best overall agreement. A flat background was
subtracted from each distribution as shown in Fig. 1.
In view of the unsymmetrical shape of the specimen
and the high absorption of the neutron beam by the
Co nuclei the agreement is very satisfactory.

The calculations were repeated with n =0 and
better resolution of 0.46 meV. The distributions then
show considerable fine structure as illustrated in Fig.
3. We have not attempted to demonstrate the ex-
istence of this structure experimentally.

The only disquieting feature of our results is the
decrease in the apparent exchange constant l. If we
include the effect of the next crystal-field level the
exchange constant I for pure Rb2CoF4 is increased to
8.47 suggesting that there is an 11% decrease in the
exchange constant of the mixed crystal. Possibly this
arises because of the increased importance of zero-
point effects in the disordered system, " but we be-
lieve that this explanation is unlikely to account for
such a large effect in a predominantly Ising-like ma-
terial. A more likely explanation is again found in

the construction of the effective-spin Hamiltonian for
the Co ion. The effective interaction between the Co
ions is possibly an exchange interaction JT between
the true spins, S = —,. When this is projected into the

ground state the molecular field of one ion on its
neighbors is Jr (S') G, where (S') G is the value of S*
in the ground state. Calculations" of (S') G for
KCoF3 suggest that it increases by 40% as the molec-
ular field increases from zero to its value in Rb2CoF4.
Consequently the effective exchange interaction I in

1

the S = —, Hamiltonian increases as (S') o or the

molecular field increases. Since the average molecu-
lar field is about 60% in the mixed crystals of its
value in the pure system, this effect accounts for the
decrease in the effective exchange constant in the
mixed crystals. Unfortunately a detailed description
of these effects requires a precise knowledge of the
crystal fields of the Co ion in these crystals and this
requires considerably more study. In view, however,

CALCULATION OF INELASTIC SCATTERING IN Rb& Coo 57M' 43 F4

of the difficulties experienced ir. understanding the
Co crystal-field levels in other Co compounds, such a
study might well be rewarding.

In conclusion we believe that the spin dynamics in
these systems are well understood and can be ex-
plained in detail using the computer simulation tech-
niques of Alben and Thorpe. The slight discrepan-
cies between theory and experiment probably result
from the inadequacy of the S = —, effective-spin

Hamiltonian for describing the excitations of the Co
ion.

IV. PERCOLATION

A. Experimental results

The spin correlations close to the percolation point
were measured with the spectrometer in a two-axis
configuration to obtain the total scattering, g(Q). In
this configuration the scattering is wholly dominated
by the scattering from the longitudinal fluctuations
(S'(0)S*( r ) ); from separate triple-axis measure-
ments, this longitudinal scattering was found to be of
quasielastic character with a width in energy which
was determined by the spectrometer resolution.

A series of scans with wave vector ((,0, 0.4) were
performed to sample the scattering across the two-
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dimensional ridge of scattering (=1. Typical results
of these scans are shown in Fig. 4. Scans were also
performed with wave vectors (1,0, q) to sample the
intensity along the top of the ridge as well as with
wave vectors (~, 0, 0.4) with $ =3.0. These scans
confirmed the two-dimensional antiferrornagnetic
character of the scattering as reported in II for the
Mn system.

The results were fitted in a least-squares sense to a
two-dimensional

g(Q) - If(IQI) I'1—
(Q)2 q2+K

Lorentzian cross section, where f(~gl) is the form
factor of the Co ion" and q =Q —q is the distance
in wave-vector space of the momentum transfer Q
from the two-dimensional magnetic lattice line q;
q2=q„2+q). This form g(Q) was convoluted with
the measured resolution function of the spectrome-
ter, added to a constant background and then fitted
to the experimental results to obtain 3 and K for each
temperature and concentration by the method of least
squares.

The goodness of fit as measured by X' for the
three specimens with c & c~ in most cases was
between 0.9 and 1.5, indicating, as shown in Fig. 4,
that the two-dimensional Lorentzian form gives an

excellent description of these results. Similar success
was achieved in the near-Heisenberg system (Paper
II). The temperature dependence of the inverse
correlation length K and of the amplitude A are
shown in Figs. 5 and 6, respectively. Since the speci-
mens with different c have different volumes, the
amplitudes A have been arbitrarily scaled to be ap-
proximately constant at high temperatures. For the
samples with c & 0.59, K decreases with decreasing
temperature and becomes almost constant for T & 20
K. The minimum value of K is smaller the larger the
concentration, as shown in Table I. The amplitude
has a similar variation although the decrease with de-
creasing temperature is less marked than for the
correlation length.

Similar measurements were performed for the sam-
ple with c =0.595. A good fit to the results was ob-
tained for T & 30 K when they were fitted to Eq. (2).
At lower temperatures, however, the fit was very
poor X2 =100. %hen the points in the scan within
the resolution function width of f =1.00 were omit-
ted, good fits could be obtained to the data outside of
this region of wave vector as illustrated in Fig. 7. %e
believe that the additional intensity for f —1.0 arises
from a two-dimensional Bragg-reflection line due to
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the development of two-dimensional long-range order
below 30 K. The temperature dependence of this

Bragg scattering is illustrated in Fig. 8. Since the
concentration dependence of T, in this Ising system
is predicted'~ to vary as Iln(e —c~) I

', only very

small fluctuations in concentration should give rise to

very large changes in T, ~ Consequently it is very un-

likely, albeit unfortunate, that a reliable estimate of
the exponent P can be obtained from Fig. 8.

The result of a scan along the two-dimensional
Bragg line (1,0,g) is shown in Fig. 9. The wave-

vector dependence expected from the form factor and
geometrical factors, Eq. (1), is shown by the solid
line. Clearly the ordering is, within the errors, of
ideal two-dimensional character with negligible order-
ing in the third direction. This result differs from
that in the Mn system where for c slightly larger than

c~ the system develops two-dimensional order but
0

with some correlation, -40 A, perpendicular to the
planes. This ordering perpendicular to the magnetic
sheets is absent in the Co salts, presumably because
the magnetic dipolar interactions between the planes
are somewhat weaker in the Co system than in the
Mn system and, more importantly, because the Ising
system more readily becomes frozen at low tempera-
tures than the near-Heisenberg system which has sig-
nificant low-energy excitations.

It is also interesting to compare these results with

those of Ikeda et al. ' on the same system but with
c 0.89, 0.85, and 0.7. Their results indicated that
the correlation between the magnetic sheets de-
creased with decreasing c and was also dependent
upon the rate of cooling through TN. Our measure-
ments show that this correlation is entirely sup-

pressed for c =0.595.
The analysis of the diffuse scattering in this speci-

men yielded the inverse correlation lengths and am-

plitudes as illustrated in Figs. 5 and 6. The inverse
correlation length equals 0 A within the experimen-
tal error at 30 K where the long-range order develops
and then appears to increase with a further decrease
in temperature. The amplitude A is monotonically
decreasing until T & 20 K. Around 30 K A decreases
much more rapidly than in the case of the specimens
for c & c~.
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FIG. 9. Scattering S(Q) for Q=(1,0, q) in

Rb2Co, Mg&, F4 for c 0.595 and T 10 K. The solid line

gives the wave-vector dependence due to the form factor
and geometrical factors if the ordering is two dimensional in

character.
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B. Analysis of the experimental results

For the reasons described in Paper II, the natural
temperature scale p, (T) for describing percolation
phenomena is the inverse correlation length iii( T) of
the one-dimensional chain with the same magnetic
interactions as occur in the system. ~i may be calcu-
lated exactly for an Ising linear chain as

y( T) = Kia = [(I —u } /u]' (3)

where u - tanh(1/kT). In our calculations of ~i we
have used I -7.4 meV so that the frequency of the
excitations with lowest frequency, in Sec. III, was

given correctly. Initially we examined the form sug-
gested for the scattering by Eqs. (19) and (20) of II,
in particular that ~ is the sum of a geometrical and a
thermal part

x-x(hc, 0)+~(0, p, ) (4)

The results for ~ shown in Fig. 5 suggest that this is
indeed a reasonable approximation for c & c~ because
the curves for ~ for each concentration are displaced
from one another by an amount which is at least ap-
proximately independent of temperature. In order to
examine this hypothesis further we performed fits of
the data to Eq. (4) with

ii(0, p, }a-D p r- D(~ia)
The results are listed in Table II, and illustrated in

Fig. 5. Clearly the fit gives a good description of the
experimental results. Some fits were also performed
with v~ held fixed' at 1.33. These fits are illustrated
in Fig. 10 where ~a is shown plotted against Kia.
The results of this analysis for several concentrations
suggest that v~ 1.32+0.04 and -that D 0.96 J0.06.

The amplitude of the scattering A was analyzed in
two different ways. First, as suggested from the ar-
guments given in Paper 11, Eq. (20}, fits were per-
formed assuming that

INVERSE CORRELATION LENGTH / t I d] CORRELATION

LFNGTH IN Rb& Coc MgI-c 4

I I I I I I I I

0.8

I- 0.6
x
C9
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0 0.4
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Ko 02

LIJ
Cf)
0
UJ

z 0

~ 1
I la+ I I I I I I I

0 0.2 04 0.6 0.8
{Id] INVERSE CORRELATION LENGTH (qa)

FIG. 10. The inverse correlation length ~a for
Rb2Co, Mgi, F4 plotted against ~ia, the appropriate one-
dimensional correlation length. Note the different zeros for
the different concentrations. The solid lines are fits to
/a Di(gaia)

AMPLI TUDE/INVERSE CORRELATION LENGTH
FOR Rb2QQ Mgl- F4

q =0.377 + 0.0 I9
e =0.55

4—

or equivalently g(q) A ~"/(ii +q ) with ii given by
Eq. (4). This expression gave a good description of
our results as shown in Fig. 11 and the parameters

t

4
C)
O

~ =0.367
e= 0.575

Concentration X ~(ac, 0)a

TABLE II. Least-squares fits to mfa.

Vy'

ELI 2
Q

CL

4—

0.55
0.575
0.583

1.32 0.96 k 0.01
0.68 1.00+0.02
0.59 0.93 + 0.02

0.085 k 0.004 1.16 + 0.05
0.026 t 0.004 1.31 + 0.03
0.004 + 0.004 1.33 + 0.06

0.55
0.575
0.583

2.31 1.09 f0.04 0.092 + 0.004 1.33
0.73 1.03 t 0.02 0.032 + 0.002 1.33
0.40 0.92 t 0.02 0.007 + 0.004 1.33

0.03 O. I 0.3
INVERSE CORRELATION LENGTH (ica)

I.O

FIG. 11. The amplitude A plotted against the correlation
length xa for three concentrations of Rb2Co, Mgi, F4.
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TABLE III. Least-squares fits to A.

Concentration x2
Eq. (5)

7lT yT = v~(2-gT)

0.55
0.575
0.583

0.23
0.79
1.15

0.38 +0.02
0.38 + 0.02
0.30 + 0.01

1.88 + 0.07
2.12 + 0.06
2.26 +0.06

Concentration x
Eq. (6)

0.55
0.575
0.583

0.23
0.79
1.15

0.89 +0.07
0.87 +0.02
0.96 +0.0&

0.58 + 0.05
0.33 + 0.02
0.23 + 0.02

A =E[(ir,a) +F) (6)

This function also gave a very reasonable account of
the results as shown in Fig. 6 and the significant
parameters A. T and F are listed in Table III.

We have also fitted the reciprocal of the intensity

100

INVERSE SCATTERED INTENSITY/ INVERSE [Id]
CORRELATION LENGTH IN RbpCocMq l C F4

IOO

IO

10

CA

1000

Cf)

LLI

I 00
lA
LL
tan

c = 0.595

1000

100

q~ which are listed in Table III show that the fitted

q~ is not too dependent on concentration. As dis-
cussed in Paper II, the susceptibility exponent yT
may be obtained using the scaling relation y T

= vy(2 —qy. ); the results so obtained are listed iri

Table III.
In view of the uncertainty in the functional form of

the scattering, we also performed fits to A with the
expression

at the magnetic zone center to the form

g(q') =G[(ir,a)" +H] '

The results are shown in Fig. 12 for c & c~, and this
form also accounts well for our experimental results.
The parameters yT and H are listed in Table IV.

The diffuse scattering for the sample with c =0.595
is more difficult to analyze. At high temperatures,
7 ~70 K, the inverse correlation length K is possibly
larger than for the e =0.583 crystal as shown in Fig.
5. The dotted line shows the fit to the e =0.583 data
for T & 60 K plotted against the c =0.595 results.
The results shown in Fig. 5 show for c & c~ that K

decreases with increasing c at high temperatures. If
we assume, as seems very reasonable, that this
behavior continues for c & c~, the high-temperature
results show that the c =0.595 specimen has c very
close to c~. If we further assume that Kg(c)
-3~1 —cvl0. 594["' we obtain for this specimen
c =0.595 +0.02 as listed in Table I.

As the phase transition is approached, the system
presumably undergoes a crossover from percolation-
dominated behavior to Ising two-dimensional random
behavior. " If the measurements of the correlation
length (isa) between 35 and 60 K are used to deter-
mine an exponent v, ira = (T —T, )", then we find
T, -31 K and v -1.06+0.15. A similar analysis of
the intensity g (q') leads to an exponent for the sus-
ceptibility y of 1.8+0.3. In view of the fact that the
transition is probably smeared and that we do not

IO— IO TABLE IV. Least-squares fits to S(q ) ' using Eq. (7).

i I I I

0 0.2 0.4 0.6 0 0.2 0.4 0.6
[Id] INVERSE CORRELATION LENGTH (KIO)

FIG. 12. The reciprocal of the intensity S(q ) for four
concentrations as a function of K&(T) in Rb2Co, Mg~, F4.
The solid lines are fits to the form S(q")
-G[(K,a) '+e].

Concentration

0.55
(L$75
0.583

0.54
0.30
0.56

yT

1.53 + 0.07
1.79+ 0.04
2.17 + 0.06

0.020 + 0,002
0.0034 + 0.0015
0.0004+ 0.0004
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know the crossover temperature, the agreement with
the exponents of the two-dimensional Ising model"
v-1, y-1.75 is fortuitously good. It is clearly im-
possible to determine the exponents below T, from
these experiments. Similar results in agreement with
the two-dimensional Ising model and a smeared tran-
sition were found for c =0.82, 0.89, 0.95, 0.97, and
0.98 by Ikeda et al. '

V. DISCUSSION OF THE RESULTS

A. Percolation threshold

The multicritical-point picture of percolation was
described in detail in Paper II, and in this section we
review the extent to which the behavior described in
the preceding section is compatible with this picture.
In the Ising system the crossover exponent qb con-
necting the geometrical and thermal behavior is be-
lieved to be unity' so that the exponents describing
the geometrical and thermal behavior are equal; that
is yp y p vp v 7 etc. In the analysis of our results
we have assumed particularly simple forms for the
scaling functions such as Eqs. (3)—(6).

The results for the correlation length strongly sup-
port the validity of Eq. (4), namely, that the inverse
correlation length is the sum of a geometrical and
thermal part. Furthermore, the thermal part is given

by D(Kia) with D -0.96+0.06 and

vT =1.32 +0.04. This result is in excellent agree-
ment with the best" estimate of v» =1.356 and a
crossover exponent of unity. The constant D has not
been obtained theoretically but it is interesting that
within errror it is identical for Heisenberg-like (Paper
II) and Ising-like systems and with the exact result in

one dimension as discussed in Paper II.
The analysis of the amplitude is more complex; in

part this is because of the difficulty of reliably scaling
the intensity from one crystal to another. When it is

assumed that A —(~a), Eq. (5), we obtain, in

Table III, results which suggest that qT is possibly
concentration dependent. A reasonable estimate for
qT from our results for different concentrations is

qT -0.32+0.08 which is in excellent agreement with

gT for the Mn system 0.30 + 0.15, and is in fair
agreement with the best estimate' of g» =0.204.
The situation is, however, less satisfactory if we con-
sider the fits done to Eq. (6). In this case h. r is

roughly independent of concentration and
A, r -0.91+0.05. Since A» =qpvp, the best theoretical
estimate of A» is 0.28 which is very different from
our results. This difference arises because Eq. (6) in-

troduces independent geometrica) and thermal contri-
butions to A, while in Eq. (5) the ratio of these two
contributions is assumed to be the same as in the in-
verse correlation length. The difference between the
exponents derived from these two forms illustrates
the difficulty of reliably extracting the exponents near

a multicritical point without a detailed knowledge of
the scaling functions.

Finally, the exponent yr was obtained in two dif-
ferent fashions; the two sets of results are listed in
Tables III and IV. For both assumed functional
forms for $(q'), the fitted yr(c) increases mono-
tonically with c as c approaches cp; clearly this shows
that neither Eq. (5) nor Eq. (7) is adequate for c
away from cp and once more this highlights the need
for a more complete theory of magnetism near the
percolation multicritical point. We should emphasize
that at c =cp both Eq. (5) and Eq. (7) reduce to

g (q') —(Eia ) which is almost certainly correct to
leading order. This suggests on a heuristic basis that
one should extrapolate the values deduced from
y~(c) to c = c». From a simple linear extrapolation
we deduce yr(c~) =2.4+0.1. This is in agreement
with the /=1 theoretical value of yT = yp =2.43+0.03.

B. Summary

The excitations in the mixed two-dimensional
near-Ising model Rb2Co, Mgi, F4 with c =0.575 were
measured at 6.5 K. The results show four almost
dispersionless branches which are qualitatively in
agreement with the predictions of a simple Ising
model. Computer simulations have been performed
to include the transverse interactions but some small
discrepancies still remained between experiment and
theory. We believe these arise from inadequacies in
the effective S =

2
model for the lowest levels of the

Co ion due to the mixing with higher crystal-field
levels. More work is needed to determine the crystal
fields in detail before a quantitative theory of these
effects is possible.

Detailed quasielastic measurements were made of
four specimens with c close to the percolation limit
cp. These measurements could all be described by a
two-dimensional Lorentzian except for c & c» at low
temperatures where, in addition, the measurements
showed a Bragg line from the two-dimensional long-
range order. The correlation length diverged at the
onset of long-range order and the divergence in both
the intensity and correlation length were consistent
with the behavior of the two-dimensional Ising model.

The behavior of the scattering close to cp provides
strong support for the multicritical picture of the per-
colation point. The inverse correlation length can be
expressed as the sum of a geometrical and thermal
part, and the thermal part behaves as the inverse
correlation length of a linear chain of Co ions to the
power 1.32+0.04. This is in excellent accord with a
crossover exponent @=1 as obtained for Ising sys-
tems theoretically. The results for the amplitude or
intensity are also consistent with this picture. This
statement is, however, weaker than that for the in-
verse correlation length because there are a variety of
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descriptions of our results, and in the absence of a
knowledge of the appropriate multicritical point scal-
ing functions it is difficult to choose between these
descriptions. Nevertheless, with an optimistic extra-
polation to c -c~, we deduce y~=2.4+0.1 in agree-
ment with the qh =1 theory. We hope that these
results will stimulate further work on this aspect of
the problem.
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