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A scaling theory and a related conjecture presented recently by de Gennes and Fisher to
predict the effects of walls inserted in two near-critical binary fluid mixtures, are checked
theoretically by exact analytic calculations for # X oo, two-dimensional Ising model strips with a
surface field, ), imposed on the first layer; exact calculations with a second surface field, hj,
imposed on the nth layer are also reported. It is verified, in particular, that the effects on prop-
erties observed close to one wall of a second wall at distance D decay, at the critical point, as
1/D4, where d is the spatial dimensionality. In addition to the scaling limits, the leading correc-
tions are calculated explicitly and presented graphically.

I. INTRODUCTION

Recently, de Gennes and Fisher! have discussed
theoretically phenomena associated with the presence
of a plane wall or pair of parallel walls in a binary
fluid mixture 4B near its demixing or critical point.
Various experiments were suggested, and predictions
for their outcome were made on the basis of a scaling
analysis. The composition, ®(z), at distance z from a
plane wall, measured, say, by the local mole fraction
of species A, will deviate from the overall or mean
composition, ®, since the wall will be more attractive
to one species than to the other. This attraction may
be represented by a surface field

h1=[(u,4—[Ls)l—(;LA—[.LB)]/kBT B (1.1)

in which u, and up are the chemical potentials of the
two species, while the subscript 1 denotes a molecule
in contact with the wall (say with its center close
toz=a.

In the vicinity of the critical point, at ®=®, and
T =T,, the correlation length becomes large in accor-
dance with the standard expression?

(@, T) =&/, (1.2)
as the temperature deviation from critical,
t=(T-TJ)/T, , (1.3)

becomes small. It is then reasonable to introduce a
scaling hypothesis. For the case of two parallel walls
at spacing

D=na , (1.4)

and at overall critical composition (®=a,.), most of
the predictions presented in Ref. 1 follow from an
extended finite-size scaling® postulate for the compo-
sition deviation,

M) =0(2) -0, , (1.5)
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in the asymptotic regime where ¢, h, —0 while
D — . This postulate may be written

. ~my|z. L.
M(z,D;T,h) =t Y[D’f’,‘n , (1.6)
where we have adopted an equivalent but, as indicat-
ed by the tilde, slightly different form than used in
Ref. 1. In this expression B is the standard critical
exponent? for the bulk coexistence curve or bulk
spontaneous order, while A, is a special surface ex-
ponent.>~® The composition, M, near the first sur-
face may be found by setting z = %a so that, as
D — oo, the first argument in the scaling function
Y(w;x:y) becomes small. It then proves essential to
allow for singular behavior'->7 of the scaling function
as w —0. Comparison with the standard finite-size
scaling theory, with no z dependence,">* then yields

D. M

By .
M(D;T.h) =t'Zs|—=;
i V) 0% &

, a.mn

where the surface ordering exponent is given by~
Bi=2—a—-v—A4,, (1.8)

in which «a is the standard specific-heat exponent.?

In addition, however, on the basis of a special ad
hoc postulate! for the form of the free energy as a
functional of the local compositon, M (z), valid only
for T =T,, a prediction was made for the perturba-
tions close to one wall caused by the presence of the
second wall at z=D. For D — oo, the result may be
written

d
My(D:To ) <My (003 Toshy) = A (hl)[f—D"] . (1.9
where, in general, d is the spatial dimensionality of the
system® (so that d =3 for bulk binary fluid mix-

tures!). This expression amounts to an assertion as
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to the form of the scaling function Z; in the limit

1 —0 with Dh;™ large but fixed.

Although the above discussion has been presented
in terms of walls placed in a near-critical binary fluid
mixture, it is clear that analogous considerations ap-
ply, among other examples, to a single-component
fluid near its critical point and to a binary metallic al-
loy which undergoes phase separation. In an ideal
ferromagnet near its Curie point in zero bulk field,
M (z) would represent the local magnetization and
H,=kgTh, would be the magnetic field localized on
the surface; this example, of course, has motivated
the notation. However, in the different cases that
may be contemplated, various extra physical effects
will enter which may complicate the interpretation
and experimental realizability.

It is not our purpose here to discuss such ques-
tions: rather we remark that it is certainly of interest
to check the scaling postulates, (1.6) and (1.7), and
the form (1.9) as far as possible theoretically. Furth-
ermore, in order to design experiments that might ef-
fectively verify the predictions of Ref. 1 or their ana-
logs for other systems, it would also be desirable to
have quantitative estimates of the ranges in Ay, ¢, D,
and z over which the scaling forms should be valid,
and some account of the leading corrections to the
asymptotic expressions outside the scaling regions.

A partial response to these needs is presented in this
paper: explicitly, on the basis of previous calcula-
tions,” '° we discuss the analogous issues in d =2
spatial dimensions using an Ising model or binary lat-
tice gas model of the physico-chemical situation. In
fact, the equivalent experimental questions can also
be raised for real two-dimensional physical systems,
such as monolayers adsorbed on crystalline or fluid
surfaces. One may thus hope that our results will not
only provide a guide to the three-dimensional case
but may even be applicable more directly.

As explained in Sec. II, we find that the scaling
form (1.7) is correct for a square lattice Ising model
in the form eof a "strip" of infinite length but of
n = D /a width, in which a surface field, A, is im-
posed on the first layer. It might be recalled that the
relevant critical exponents for the 4 =2 Ising model
are

a=0(log), B=+., v=1, A=1, g=1 . (110)

Although it does not seem to have been pointed
out explicitly in the literature before, the Pfaffian
techniques® '® used to calculate the free energy of the
n X oo Ising strip with a surface field, k,, on one
boundary (the first layer), can be expected to yield
explicit analytic results also for the case where a
second, distinct surface field, h| = h,, is imposed on
the other boundary (the nth layer). This is explained
in the Appendix where the basic results and derived
expressions for two surface fields are also presented.

However, in the main text we restrict ourselves to
the analytically simpler (but still quite complex) situ-
ation in which there is only one nonzero surface
field Then the second or "far" wall in the model
must, from the viewpoint of a binary fluid, be re-
garded as a neutral or nonselective wall [with

(s —ps)1=(us—ps)]. However, this feature
does not make any qualitative changes at all in the
basic arguments, nor does it entail more than one or
two significant quantitative changes.

Of course, it would also be valuable to check in de-
tail the extended, spatially dependent scaling hy-
pothesis (1.6), and this may prove feasible in future,
although the necessary calculations are considerably
more difficult. However, a check for z = D is ob-
tained in the calculations with two surface fields
which are reported in the Appendix. Furthermore,
our exact results for the scaling form equivalent to
(1.7) (but allowing for logarithmic terms in n or 1,
which arise from the logarithmic singularity of the
specific heat of the two-dimensional Ising model) do
precisely verify the asymptotic expression (1.9) for
M (D) as D — o at T =T,; in fact, this result holds
not just in the scaling regime. Thus the ad hoc free-
energy functional presented in Ref. 1 may well yield
exponent results which are correct in general dimen-
sionalities. In addition, further terms in the expan-
sion (1.9) have been derived. More generally, we
obtain leading corrections to the scaling form (1.7)
and, by comparison with exact numerical resuits, ex-
hibit clearly the ranges over which the asymptotic
behavior is achieved to desired accuracy. These
results can be read off the figures presented in
Sec. II; indeed, for the casual reader these figures will
serve to summarize our main results. The figures
display M,(n,T,h,) in various limits, but some
results for the surface susceptibility defined by*‘®

xu(n,T,h)) =(3M,/dh,) , (1.11)

are also given explicitly and graphically.

The main technical steps in the analysis leading to
the results given are explained separately in Sec. III,
which utilizes the earlier calculations.” As men-
tioned, the new exact results for # X oo strips with
two distinct surface fields, 4, and h,, are expounded
in the Appendix.

II. SCALING RESULTS IN TWO DIMENSIONS

A. Ising model strip of width n

As explained in the Introduction, we consider a
plane square lattice, spin-‘; Ising model of width
n =D/a rows and of infinite length. The bulk mag-
netic field is set equal to the critical-point value,
namely zero, but a variable boundary or surface mag-
netic field, H, is imposed on the first row. The
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basic features and general scaling properties of this in place of ¢, as done in the Introduction. Con-
model were analyzed in Ref. 9, which will be referred venient scaled field and temperature variables are
to as IL.1° As far as practicable, we will adhere to the then’
notation used in II. Thus, the (positive) exchange " " Ay
coupling between neighboring spins is J, and we write o=n"2(1+v2)"2tanhhy ~m/n """, (2.4

K =J/kgT and hy=H\/kgT . Q.1 r=nt'~t/n"V", (2.5)
The surface magnetic field corresponds, via (1.1), to with the d =2 Ising model exponents given by (1.10).
the wall specificity in the binary fluid interpretation However, in the limit n — oo, corresponding to a
of the model; it enters the analysis only through the semi-infinite lattice or single wall, the scaled variable
variable m

- 2 __ 4 2 1
z=tanhh =m[1—Lhi+ -1 . 2.2) p=rlo? =t/ +VD)22 ~t/h 2.6)

3
is appropriate.

The local magnetization, M (z =la ) = M, which,
via (1.5), represents the local composition imbalance
in the binary fluid, is conveniently measured by the

(No confusion should arise with the use of z as a dis-
tance coordinate in Sec. I.) The corresponding basic
temperature variable is

t'=(1—sinh2K)/(2sinh2K )2 =2K.r , (2.3) expectation value, (s;), of an Ising spin 5,= %1, in
. the /th lattice row. From II (2.1) to (2.7), using the
as t =(T—T.)/T,—0, with K. =7 In(1 +2) relation M, =n{df/8h;), in which fis the reduced
=0.440687. free energy per lattice site, we find an exact result for
It proves most transparent to scale by powers of » the surface or boundary magnetization, namely,

1 _ A — )12

M(n;T,hy) =z+z(1 —22)% J; 1';++22([11— wA2) -f-7[-f;(j)—]§21(l flz)]‘i\uin'( T o) Q.7
where the n dependence enters only through the factor

AT, @) =A/Ao=1(1 +17+ )2+ (12 + )24, (2.8)
which is independent of h,, while

50(T w) = +17+ o) (12 + ) 2 # [+ — o) +E(D ] 2.9)

* 1+E(1) =1'(1 41172

with

)=+ +)2=V2[1+0(H)] .

Our theoretical task is simply the elucidation of the analytic, scaling, and numerical properties of this formula.

B. Semi-infinite system: critical-point behavior

When the width, n, of the strip increases to oo to yield a single-wall situation, the expression (2.7) simplifies
since A™"—0 for all rand » #0. Upon further specialization to the critical point, T =T, or ' =0, the resulting
integral can be performed exactly yielding

2(vV2-1DI1- (3 +2v2)22) ’ '

where the auxiliary function is defined by
+wG (W) =[1-2v2w |2 (in(w™/¥2) +In[1 =V2w + (1 =2v2Zw) ']} for w < V2,

-1 (1—"\/_2-W)_
V2w -1)2

M (hy) =M (o, T, by

=|1-2V2w|™|3 7 —tan for w=v2 . @.11)

Contrary to first appearances, there is no pole in M (h,) at (3 +2v2)z?=1; likewise, the variation with h, is
smooth and analytic through the point where w = 71‘-\/7 or 22=1/2(2 +2).
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TABLE 1. Coefficients for asymptotic forms. Note B, B,, and Bj are defined in (2.13) and

yg=0.577 - - - is Euler’s gamma.

By =2(1+2)/2 Kk M2 =2.06292
b]=ln(2“'\/5)_%ﬂ'
cl=%ln8—%1r—l

by =In(8v2/m) +'yE—%1r

ay =28(~2-1)1(3)/n?

by=B -+ —+K.=0.7197
by=b;—2+\2
(9] "‘lz‘ 2

b3 =b) —14(2-V2)((3)/n?

do=Ingm—yg +7¢(3)/m?

For small fields, h, one finds the expansion
M= (hy) =B z(Inz 72+ by)
+B;32(Inz7 2+ b3) +0(Z°In|z]|) , (2.12)
where
By =2(1+V2)Y 7w for k=1,2,3, ..., (2.13)

while the other coefficients are listed in Table I. Evi-
dently, the magnetization at 7, vanishes with the
singular variation h;In|A,|. In Fig. 1 the exact result
(2.10) is plotted as a solid line. The first term in the
expansion (2.12), which corresponds to the asymptot-
ic scaling behavior (see below) is represented by the
dot-dash curve: evidently, it deviates significantly

' T T . T
M1 I~ n=auo A
; T=T, exact 1
075+ 4

+ //”’_ “\\
- ” ‘‘‘‘‘ L \\af——l.eod‘mg .
F s \\ correction R
0.5 _/'/ -T- '\\\ -
+ 7 scaling \| 1
L “‘ 4
L \ ]
0.25¢ N -
- ||\ _
r 1\ b
: u

i\
o P T B S

o} 0.1 0.2 0.5 0.8 1

z = tanh h,

FIG. 1. Variation of the surface magnetization, M,, with
the reduced, surface magnetic field h; = H,/kg T imposed on
the first row for a semi-infinite (#n = o) square-lattice Ising
model at its critical point. The solid curve portrays the exact
result; the dot-dash curve corresponds to the leading scaling
behavior containing the h, Inh, singularity at low field; the
broken curve incorporates the leading correction term.

from the exact result even for h; as small as 0.1. On
the other hand, inclusion of the leading correction
term, proportional to 23, yields, as can be seen from
the broken or dashed curve, reasonable accuracy up
to h =0.2, where M, has achieved about 70% of its
saturation value. Guided by this, we will exhibit the
leading correction terms for nearly all the results
quoted.

C. Semi-infinite system: scaling forms

In the critical region of the semi-infinite lattice one
may hold fixed the scaling variable p ~ t/h, defined
in (2.6), and study the limit + —0, or, equivalently,
z—0, at fixed p.® This leads to the asymptotic form

M](T,h]) =Bﬂ“l‘l|!l‘—l +(B(p)]
+B323((1 +p)In|t'| ' + B(p) ] + C(p)}

+0(z%n|t]) ., (2.14)

where B, and Bj; are given above, while the basic
scaling function is defined by

®(p)=31n2—+7—(1+p)D(p) , (2.15)

1+p+]|142p|'7 .

D(p) =+|1+2p|7121 >_1
p)=7l1+2] " |1r2p] 2 TP

2

=|1+42p|™2cos™' [=(1 +p™)] for p\—%

(2.16)

Note that the function D(p) is smooth and analytic
through p= -% where it takes the value D(—%) =2.
This scaling result is quite equivalent to our previous
expressions 11(3.10)—(3.12), but is more transparent.
The extra scaling function entering the leading
correction term in (2.13) is given by
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Clp)=(V2-DN+(V2-1D) U +p)(1 +2p) ' 1[p!D(p) =1 —p] . (2.17)

The behavior of the surface magnetization at small
but fixed 4, as T — T, is determined by small p.
From (2.16) one finds D(p) =In2|p|~" as p —0,
which leads back to the previous expression (2.12)
for M. (h;). By expanding D(p) to higher order
one obtains, for t/h# small,

M (T,hy) —ME(hy)
t’ t'? 12
=040, Sl +0(5 ) . 218)
V4 V4 z

where the coefficients D, and D, are constants for
small h; (or z); explicitly one has

wD(2) =1+ (1 +v2)?22Inz?
+(1+v2) 7 +V2 +In(1 +27'77) )22
+0(z*n|z|) (2.19)
7Dy(2)=(V2-1)(1-27) . (2.20)

One sees from (2.18) that the leading temperature
variation of the surface magnetization is regular, i.e.,
linear in ¢, whereas one might have expected an ener-
gylike, singular contribution varying as '~ =¢In|¢/|.
However, the magnetization evidently displays a
1= 2|n|¢| singularity in next order.!!

In the opposite limit, in which A, —0 at fixed T,
one needs the behavior of p'2D(p) as p — *oo.

T T
z=tanh'h, = 0.1

.

= tanh hy =04

/
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FIG. 2. Dependence of surface magnetization on tem-
perature at small, fixed reduced surface magnetic field,
hy=H/kgT, for a semi-infinite system.

[

Above T, the surface magnetization is then seen to
vanish in zero field, but for 7 < T, one discovers a
spontaneous surface magnetization

M (T,04) =Bolt|*[1 + bt +O (D] , (2.21)

where By and b, are given in Table 1.1 Note that
Bi =%, as stated in (1.10).

The quantitative nature of these results can be
seen from Fig. 2 where M{° is plotted against tem-
perature for various small fields. As mentioned, the
plots are singular, with divergent curvature at 7, but
this is not visible graphically. Further insight is
gained by examining the surface susceptibility X,
defined in (1.11). In zero magnetic field one obtains

x53(T,0)=B,(In|t'| " +¢;)
+ Byt'(Un|'| +c¢) + O nle]) . (2.22)

where the coefficient ¢, is included in Table 1. Other
explicit results, including scaling forms, may be
derived straightforwardly from the expressions
presented above for M (T,h;). The rounding of
the susceptibility peak in a finite field can be seen
from Fig. 3. Note that the maximum in X{3(7) oc-
curs above T, for nonzero field; again, a r*In|¢|
singularity is present at the critical point.

z = tanh h,=0

0.01

1 1

l 1
0.05
t=(T-T)/T,

FIG. 3. Variation of the surface susceptibility, X},
=(dM,/dh,), of a semi-infinite system at fixed reduced
surface field.
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D. Finite width: scaling forms

For small values of the width » the basic integral
(2.7) can be evaluated exactly. This has been done
for strips of width n =1 and 2, and the expressions
found for M, have been checked against those ob-
tained by a direct application of the transfer-matrix
method. Evaluating the results at 7 = T, yields the
curves shown in Fig. 4. More generally, the in-
tegrand can be shown to be analytic for real  when-
ever n is finite. Thus, as is to be anticipated, the
variation of M,(n;T,h;) is also completely smooth
and analytic for n < oo. In addition, then, M, always
vanishes as A, —0, and there is no spontaneous sur-
face magnetization. On the other hand, as » — o
below T, the initial, zero-field susceptibility,
x11(n;T,0), increases exponentially fast and diverges
for a semi-infinite system. This corresponds, of
course, to the expected spontaneous magnetization
discontinuity in the limiting magnetization isotherms
below T..

It is convenient to define the finite-width contribu-
tion to the surface magnetization explicitly by writing

M](H;T,hl)=M1°°(T,h1)+AM1(ﬂ;T,h|) . (223)

Quite generally, one can conclude from (2.7) and
(2.8) that for T # T, the finite-width contribution,
AM,, decays to zero like expl—4n sinh™!|¢’|] as

As we will see, however, a slower, power
law decay characterizes the critical point. Further-

n—’m.9

06—r——F————

11 1 | L R 1 1

0 ' 0.025 0.05 0.075 0.1
= tanh h,

FIG. 4. Solid curves depict the variation of the surface _
magnetization at the critical point for systems of finite width
n = D/a with a surface field, h,, acting only on the first row.
The dotted and dashed curves represent corresponding
results for strips with a surface field hy =h, =H,/kgT im-
posed on both first and nth rows for n =60 and n =20,
respectively.

more, in the critical region AM,(n;T,h;) obeys a
scaling law fully compatible with the result (2.14) for
M (T,hy). Specifically, in terms of the scaling vari-
able 7~ ntand o ~ n'?h,, defined in (2.4) and
(2.5), we obtain

AM,=—-Bz®" (7, d?) +2(z/nm) [(7 + e ®* (7, 0?) — € (7,021 +0(n72Inn) , (2.24)

as n — oo, where B is given by (2.13).

The scaling functions can now be represented only as integrals. Thus, writing

X(8) =(2 4+,

we obtain

dEX(£)e X O[] +e~ ¥ O]

(2.25)

, (2.26)

®* (7, o) =2 J:c

[X(&) +7+a?1[X (&) +(7+0?) tanh2X (£)]

with a similar but more complex expression for C“(x) which is presented below in (3.5).

E. Finite width: critical-point behavior

For T =T, (or 7=0) one may derive small-field expansions for the scaling functions in the form

®"(0, o) =lna = 3 Ipsr(~20D)" |

m=0

2.27

€0, o) =—(1 + 13D (1 =202 (ne™ 1) = 3L +1)9 ~ 1911 (<201)) | (2.28)

I=1
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where the coefficients 9, are linear combinations of
Riemann zeta functions. The first few are listed in
Table II; a general integral expression is given in
(3.6). Similarly, one finds expansions valid for large
n (at fixed h;) in the form

®'(0, ) = i 9,(=201)"U*D | (2.29)

1=1
€*(0,0) =(1++v2) 3 Fru (1 +1)(=20)~*) |

=t (2.30)
where the leading coefficients are included in
Table II. The general coefficient, J,, is discussed in
Sec. III.

From these expressions we can obtain the surface
magnetization at the critical point. Consider first the
behavior as £, —0 at fixed, but large n: one obtains
the asymptotic expression

M(n;T..hy) =Bz(lnn + by +ci'n™Y)
+ B3z} (—asn +1Inn +b3)

+0(2%n2%, 22n7Y, zn2nn) , (2.31)

where the new coefficients are given in Table I. The

corresponding plots of the critical-point surface mag-

netization versus field are displayed in Fig. 4 for

n =20, 60, 100, 200, and o. Evidently, the suscepti-
bility remains finite for all finite » and only the limit-
ing curve for a semi-infinite lattice displays the diver-
gent susceptibility X;; ~ —In|h,].

Finally, by utilizing (2.29) and (2.30), we can study
the limit relevant to the conjecture (1.9) of Ref. 1,
namely n — oo at fixed h,. We find

A{)(hl) a? 1
AM(n;T,,hy) ‘-‘-——7"12—[1 - +0 W” ,
(2.32)
where the zero superscripts serve as a reminder that
the field on the far wall is 4, =0 (see further in the
Appendix); the amplitudes are

AP (h) =5m(V2-1D(1=2) ,
al =v2-1

Thus the leading critical point decay of AM, for large

(2.33)

T T T IT]lII'] T LI L
P — —x-
P X 4
L=~ ]
SN 7
0.3 \\“\\ ]
- SN .
N 0.0! 1
o1} \ )
[ z=tanh h, = 0.2 :
0.03: \
0.01+— :
E M,(n; T, h,) \
C M,(00:Tc, h,)
0.003
0.001 poa bl o N L L laaed
1 2 5 10 20 50 100 200 50C 1000

number of layers n

FIG. 5. Log-log plot of the relative deviation in surface
magnetization |AM (1, T,,h))/M @ (T..h))|, vs the width
n = D/a, for Ising strips at criticality under various surface
fields h, imposed on the first layer. The slope of the dot-
dash line is —2. The crosses for n =1 and n =2 represent
the exact results and serve to indicate the accuracy of the
scaling term plus the leading, n~1, correction.

n (or D) is proportional to 1/n? with d =2, in com-
plete accord with the conjecture!' Note that these
results can also be obtained directly from the exact
form (2.7) by setting T = T, subtracting the limiting
form with A™"—0, noting that A™"=¢"* with
¢ =4n sinh' o, replacing the integration variable @
by ¢, and expanding the integrand in inverse powers
of o? < z2n. The higher order terms in (2.32) are
then seen to be of the form a,(z2)/z%*n* where
ax(w) is a polynomial of degree at most k. The ex-
pansion is asymptotic and there are additional correc-
tion terms of order exp(—8K.n).

In Fig. S the relative reduction in surface magneti-
zation, AM,(n)/M,(e), due to the far-wall effect
has been displayed on a log-log plot using the full ex-

TABLE II. Coefficients for expanding the scaling functions ®*(0, o) and @*(0, ).

gl =YE “"\Tl;‘"
953 =186(5)/7* —7¢(3) /«?
94 =25405(7)/m5 — 1653 {(5) /m*

9,=14{(3)/n?

g1, =712

9, 4=40(4) +20(2)

966 =3471(6) +307(4) +37(2)
g3, =7%120

gs.3=3318(6) +24(4)]

9,,=76

g3 =1ml1 +(a2/30)]
gs5.5=321(6) +1251(8) +251(2)

54'2 =21T4/45
96.4=30L(6) +151(4)
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pressions (2.24), (2.29), and (2.30). Even though
the basic formula is valid only for large n, the accura-
cy even at n =1 and n =2 is quite reasonable, as can
be seen from the crosses which mark the exactly cal-
culated values. For moderately large values of h,,
corresponding to walls strongly attractive to one
species, the asymptotic 1/n? decay law sets in fairly
rapidly. (Note the dot-dash line of slope —2.) How-
ever the fractional changes in M, or in composition,
in this range are only of order 1072 to 10~ which
may be hard to detect experimentally.

F. Finite width: critical region

For T # T,, and hence 7 #0, it is not hard to
show that the scaling functions obey

®* (7,02, C'(7,0%) ~Qalr+a*) V2™ | (2.34)

as 7 — oo (i.e., as n — o0). This confirms the ex-
ponential decay of the finite width corrections already
mentioned. For small r and o one may expand in
the form

®* (7, o) =In|7|7' = [1 +(7/a?) ID(7/a?)
+ln%‘rr—-y5 +28[2(3)/m1(7 + o?)
+0(7% 102, o) , (2.35)

where D(p) was defined in (2.16), with a similar ex-
pression for C*(r, o?) given below in (3.20). To
corresponding order the scaling form for M,(n;T,h,)

o7k T T '
n =100

bo 1

N
.

0005

/

/ /

[

-0.1 -0.05 0
t=(T-T,)/ T

O
o]
(8]

FIG. 6. Surface magnetization vs temperature for systems
of width n =D/a =100 in various fixed reduced surface
fields h, (acting only on the first row). The dotted sections
indicate the results for n = oo from Fig. 2.

z=tanh h,
= 0.001 7

0.05

)
= (T-T.)/T,

FIG. 7. Width and temperature dependence of the sur-
face magnetization at the small fixed reduced field
tanhh; =0.001 (with A, =0).

for small 7 and o is obtained from (2.31) merely by
replacing the factor z° by (vV2—1)z(r +o?)/n.

To evaluate the basic expression (2.24) for general
7 and o, the most singular, logarithmic parts of the
integrals defining 8* and @* [in (2.26) and (3.5)]
should be removed, as explained in Sec. IIl. The
remaining integrals are tractable numerically and lead
to the results shown in Figs. 6 and 7. The first figure
displays the variation of the surface magnetization
with temperature for a system of width » =100.
Although there is no spontaneous magnetization, M,
becomes large below 7, even in very small fields.
Figure 7 shows the complementary dependence on
the width » in a small fixed surface field, A, =0.001:
the exponential increase of the initial surface suscep-
tibility below T. (which was mentioned above) is re-
flected in a strong n dependence of the surface mag-
netization.

III. CALCULATIONAL DETAILS

In this section we outline some of the detailed cal-
culations leading to the results presented in Sec. II
for a single surface field A, and record some of the
longer explicit expressions needed for evaluating the
leading corrections to scaling. (Recall that the Ap-
pendix treats the case hy, h, #0.)

As explained, the basic formula following from I is
the exact integral expression (2.7) for M,(n;T,hy).
The steps leading to the critical-point results (2.10)
and (2.12) are straightforward. The scaling form
(2.14) is obtained by introducing the scaling variable



3964 HELEN AU-YANG AND MICHAEL E. FISHER 21

p ~ t/h¥ and expanding in ¢ at fixed p. The results (2.18), (2.21), and (2.22) follow directly.
To analyze the situation for finite # it is useful to rewrite (2.7) by introducing

x=x(w)=2+)? |

and using hyperbolic functions to obtain

Mi(miTh) =z +2(0+c -2 [
w

where for brevity we have written

dz) =t Q41D 4 [1+¢—1'(1 +1'2)12) 22

3.1
! tanh[2n sinh'x () ]1(1 =) dw (.2)
O x(1+x)" +[fw?+d(1 —w?)]tanh(2n sinh~'x) '

3.3)

while ¢ is defined just after (2.9). The boundary contribution for finite », defined in (2.23), can then be written

diu(l—wz)'/zx(l+x2)”2e_4"‘("’)/[1+e""‘(“)]

3.4

"'ﬂ'AM] =f1
4z(14+4é—d) O [x(14+x)M 402 +d(1 —)1{x(Q +x)2 +[¢w?+d(1 —w?)]tanh2ns(w))}

where s (w) =sinh~'x(w). The exponential decay of AM; as n — oo, follows directly from this expression. Intro-
ducing the scaling variables 7 and o, holding them fixed, and allowing » to become large then yields the scaling
result (2.24). The leading scaling function, ®* (7, ¢?), is given by (2.26) which is clearly parallel to the exact
result (3.4). The scaling function for the O (1/n) correction term is found to be

wo v [ dEe™X[(Q2+V2) e — 702l [X + X tanh2X +2(7 + ¢?) tanh2X]
e %)= 2f A +e™*N)(X +7+ o)X +(7+0?) tanh2 X ]2 ' 3.5

where, as in (2.25), X =X (&) =(s2+ &)\,
Specializing to the critical temperature, 7 =0, and
expanding the factor (£ + o?tanh2¢)~! in powers of
a? yields the series (2.27) for ®*(0, o), with coeffi-
cient 9, as given in Table II, while for kK =2 one has

9, = f: (¢ 'tanhé)*de . (3.6)

For given k, this integral can be reduced to sums of
Riemann zeta functions, {(2j —1) with j <k, as evi-
denced in Table II. The complementary series,
(2.29), in inverse powers of o?, entails the general
coefficient

9= J;m £/(coth*e—1)d¢ . 3.1
For k =1 this yields
9, =T+ +1)/2, (3.8)

while integration by parts gives the recursion relation

9= +itk =17 gk (3.9)

from which the results quoted in Table II follow.
The series expansions (2.28) and (2.30) for
C*(0, a2) are obtained in parallel fashion. The series
in inverse powers of o « n is relevant to the conjec-
ture (1.9), concerning the far-wall effects on proper-
ties at the near wall; further scaling terms in the
result (2.32) follow by using the full series.

To analyze the scaling functions for nonzero 7 the
scaling function ®" is decomposed as

®* (7, o)) =®s —® +®, , (3.10)

with the leading singular contribution

®q = ——-——g—--lni‘rl "4+l + (1 +)2] = (1 +7072) 8(1, o) 3.11)

0 X(&)+7+0?

for which one finds

8(z,0%) =1 51 +27072"21n

|72+(‘r+a'2)(1 + )2+ (27024 0H)?

for —2r<o? ,

| 2+ (r+a) (1 +7)2— (2702 + o)1
2+ (r+0?)(1 +7)V2

=|1+2707%V2cos™

|’r|[7'+o'2+(l +72)112]

for —2r=a? , (3.12)
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while the remaining nonsingular integrals are

1
. 2y tanh2X (¢) d ¢
® (7, %) ";X(§)+('r+oz)tanhX(§) » G13)

®; (7, 0%) =
f“ dE Xe™¥/(1 +4e7*Y)
1 (X +7+a)[X + (7 +0?) tanh2X]

(3.14)

When 7 and o? are small one finds
8(7,0?) =D(7r/0?) —a?+0(1%, 10% 0% , (3.15

D being defined in (2.16), while B, and B, may be
expanded straightforwardly in powers of 7 and o2
This yields the expression (2.35).

The correction scaling function for 7 nonzero can
be decomposed similarly as

C*(r,0Y)=—Cq +C —¢C; , (3.16)

with
1
e = f) Coter. o) dé

_ (" lQ+V2)E—rotlde
_j; [X(&) +7+a)? ’ @17

1
er = [ cuer oM ag

Ef' [(2+V2)£2—ro?] tanh2X (§) d¢
0 [X(&) +(7+0?) tanh2X(&)]?

, (3.18)

e = [ lCgn o) —Cilgir aDlde . (3.9

in which the integrands Co(¢) and C,(¢) are defined
in the obvious way. The first integral can again be
computed exactly; the other two can be expanded in
powers of = and o2 or, for graphical purposes, calcu-
lated by numerical integration. In this way one finds

C*(r,0) =—(1+3vV2) +2Q2+VD) (r+¢?) lin|7|™ = (1 + 707D D (7/a?) +do)

-R+V2-7Qr+a) M1+ 0r=720072D(7/0?) 1+ 0 (72, 702, 0*) (3.20)

where dg is in Table 1I. In comparing with (2.15) to
(2.17) for the scaling function ®8(p) and C(p), one
finds that the various singular terms in 7 and o can-
cel and one obtains a scaling expansion for
M,(n;T.hy) in powers of = and o? valid for large but
finite n.

Note added in proof. Attention should be drawn to
recent work by R. Z. Bariev [Theor. Math. Phys.
(USSR) 40 (1979)] on the local magnetization of the
semi-infinite Ising model and by D. B. Abraham
[private communication and unpublished] which also
addresses the problem of a lattice of finite width with
surface fields on both boundaries. These analyses
provide further checks on the phenomenological
scaling postulates (1.6) and (A27) following from
Ref. 1.
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APPENDIX: ISING STRIP WITH
TWO SURFACE FIELDS

Calculations to study the Ising model with finite di-
mensions have, for the most part, been based on the
Pfaffian-dimer method which yields an expression for
the partition function of any finite planar Ising model
in zero magnetic field as the square root of a finite
antisymmetric determinant.!®!? To construct the par-
tition function of a finite Ising strip of n layers or
rows of spins each of length m spins, with nearest-
neighbor interactions and a reduced surface field, A,
imposed on all the spins in the first layer and a dis-
tinct surface field, h, = h,, imposed on all spins in
the last or nth layer, we may proceed as follows.
Consider a cylinder of length ma and circumference
(n +1)a the spins being arranged at spacing a in
(n +1) axial rows labeled 0,1,2, ..., (n—1),n.
This cylinder is, of course, equivalent to a strip of
(n +1) rows with periodic boundary conditions
across the strip.

Now an Ising model of spins s, s, ...
ed by pairwise interactions J(T;T')ss can be
represented by a linear graph, G, in which each spin
s+ corresponds to a vertex labeled T of G, and each
nonzero interaction J(T, T'), corresponds to a bond
or edge (T, T') of .13 Planarity of the Ising model

connect-
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means that the associated graph G can be embedded
in the plane with no crossing bonds.'> The graph
representing the cylinder of length ma and circumfer-
ence (n +1)ais, in fact, planar as can be seen by
taking polar coordinates (r, 8) in the plane and asso-
ciating the kth spin in the /th row, say s;,, with the
point

rei=k, 8x=2lw/(n+1) , (A1)

for k=1,2,...,mand /=0,1,2,...,n

To represent the pairwise spin couplings in the ori-
ginal m X n Ising strip, we take the nearest-neighbor
bond parameters as J(k,I;k +1,0) =J, and
J(k k0 +1) =J,for k=1,2,...,(m—=1) and
I=1,2,...,(n—1). This looks after the couplings
of all spins except those in the row / =0; at this point
we thus have an m X n strip with free-boundary con-
ditions (and m extra uncoupled spins). Finally, to
represent the surface magnetic fields, we first intro-
duce a coupling Jo between all neighboring spins in
the row / =0; i.e., we set

J(k,0;k +1,0)=J, , (A2)

fork=1,2,...,(m—1). We will let Jy— oo, so
that tanh(Jo/kg T) — 1; this ensures that all the spins
s are frozen "up" (or, equivalently, "down"). Then
the surface magnetic fields are introduced by coupling
the / =0 spins to those in the first and nth rows by
setting

J(k,0;k, 1) =H,=kgTh, ,

J(k,0:k,n) =H,=kgTh, , - (A3)

for k =1,2,...,m Since the spins sy ¢ all take the
value +1 (or all —1), this introduces the correct
Boltzmann factors exp(hs;.,) and exp(h,s;,) into
the partition function. The effect of the second op-
tion (s, o=—1, all k) is merely that the partition
function calculated for the cylinder will be twice the
desired partition function for the strip with surface
magnetic fields. )
The partition function can now be expressed in
terms of a single determinant which can be evaluated
J

f(ntsh,hy) =—F/kgT = lim (mn)™' InZpn

asymptotically in compact form in the limit m — oo by
established methods.!®!? An alternative procedure,
which will lead to the identical final result, is to con-
sider an m x (n +1) torus with a similar special row
of spins with couplings Jo— oo, kgTh,, and kg Th,.
Although a torus does not yield a planar graph it is
possible to express its partition function, Z,,, exactly
in terms of the square roots of four, slightly different
antisymmetric determinants as expounded by McCoy
and Wu.'"”® It proves convenient to take m even
(which clearly makes no difference in the limit

m — o) and in both the analysis of the torus and the
cylinder one needs n =2. The required determinants
are found to be equal in pairs but care is needed in
determining the appropriate signs for their square
roots. The issue is most readily decided by consider-
ing the limit J; —0, in which case the system decom-
poses into m independent one-dimensional chains (or
"rings") each of which has a partition function includ-
ing the crucial factor (1 +zz'z4~') where we have
adopted the notation

z =tanhh,, z'=tanhh,, z;=tanhK; , (A4)
for i =1, 2 with

Ki=J/kgT, Ky=Jy/kgT . (AS)
One discovers that the condition

22’2871 =0 (n=2) , (A6)

leads to all positive signs, so that the partition func-
tion is given as the sum of the square roots of two
determinants which asymptotically, as m — oo, be-
come effectively equal. (The converse case,

2z'z87' < 0 leads to a difference of almost equal
determinants which is much harder to analyze: how-
ever, as explained below, this difficulty can be
sidestepped.)

Evaluation of the logarithm of the determinants in-
volved leads, as usual to integrals. The final result
for the free energy per spin of the n X oo lattice with
two distinct surface fields may be written, subject to
(A6), as

=1In(2coshK;coshK;) + n~'In(coshh, coshh,/coshK)

2w
w7t [T A8 10 (142,690 (D p ()M +p(Dp- (N2 (AD)
0 47

where, with

2izy sin@ 1—z¢

a= _ 2i sinf
[1 42z |14z

c= -
1+

»

(A8)

§
one has A4+ = - and, explicitly
A+(8;20,2) = (23 —a? +67) £ TA(6;21,2) , (A9)

A =(br—a?—z})*—4a%} , (A10)
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with square root chosen so that A =52 —a?=0 when
z;—0. Lastly, with

1 b2 —a—z} |2
v(O;zl,zz)=T2l1 +—A-2—] ,
_ -1 [ br—a?—z} l‘”
0,21,z2;) =—|1 -——= R All
v(8;z2y,2,) 7 A (A11)
so that v+ v%=1, one has
p+(0;21,29;2) =v—ivz¥/cz, (A12)
p(0:21,29;2) =v+ivz¥/cz, . (A13)

One may now check that when z; —0 the expres-
sion (A7) yields the correct free energy for a single
chain of n spins with fields 4, and A, acting on first
and last spins. Likewise if z; —0 one obtains the free
energy corresponding to (n —2) infinite Ising chains
in zero field plus two infinite chains, one in a field A,
and one in a field A,. Finally in the case n =2 one

J

checks, after much algebra,'* that the free energy
given for a two-layer strip with fields h; and h, acting
on the first and second layers is the same as that cal-
culated by diagonalizing the appropriate 4 X 4 transfer
matrix.'’

For further examination of this result we specialize
to the case J, =J, or z; =z;,. Then we may rewrite
the result (A7) in the convenient form

S Thhy) = fo(T) +n7' Lf*(T,hy) + f*(T,h,)]
+n7' f*(nTohyhy) (A14)

where the usual bulk free energy, first found by On-
sager,'® can be expressed as

f=(T) =% In2sinh2K
1
+ 7! j; do(1-w)™2 I\ (T, 0) , (A15)

while the surface contribution for a semi-infinite lat-
tice is"°

1
f"(T,h.)=Incoshh.—%lncoshK—%ln2+n"j; dw(1 =) 2 1n[vi2 (v, +2%)] . (A16)

Finally, the finite-size interference term for two fields is

1 dw _vyp(vo—22u) (vo—2'%)
*(n;T,hy,h,) =— _— l1+A" . Al7

S (n 1) m Jo (1 =22 n v_(ve+22u) vy +2%) (A7)
In these expressions we may now write

A(T w) =1+42174+20? + (12 + 0)V2(1 + 12+ )2 | (A18)
while A(T, ®) = \,/\_ was defined also in (2.8). In addition we have

v4(T, 0) =9+(T, 0)u(T, w)/(1 —w?) , (A19)
where v+(T, w) and ¢(T) were defined in (2.9), and

u(T,0)=[1+¢=1'(0+)2](1 =) /(" + )2(1 + 12+ )12 | .(A20)

Note that (A7) is symmetric in z and z’ and reduces to previous results' '° if either z or z’ vanish. By differen-
tiating with respect to h,, the surface magnetization of the first layer may be found as

u(1=A"") + 2% (v +02IA™)

) _ 2 (! do
M\(nithy,h,) =z +2z(1 —22); j; (1 —o)?

where the denominator terms are

0+(z22";T, w) =(v+ +22u)(v+ 2 2%u) Jvs ,

so that (A12) reduces to (2.7) when z' =0.

04+(22)+A™"Q_(z,2")

(A21)

(A22)

This result for M, simplifies appreciably if the field #, on the first layer vanishes: the integral can then be per-

formed and one obtains

Ml(”;T,O;hn)=

é+2'l|f] = rtanh(2n sinh™|¢'|) 112

E_L|7] +(r +&+2) tanh(2n sinh™!| '] ) 1172

(A23)
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where, since z =0, the condition (A6) now has no
force, and where for brevity we have put

=r(1+H\V2=, (A24)
E+(D=Q+)VA+) V-1 +1=V2 1
(A25)

When t,h, —0 and n — oo, it is easy to see that this
has the scaling form
h
M\(D;T.0,h,) =2, % A"l] : (A26)
t
which parallels (1.7) and corresponds to the natural

. . A .
expectation that both surface fields scale as ¢ ' (with,
in this case, A =-;-) and yield the same surface mag-

netization prefactor tB‘. By noting the symmetry
under M, = M,, h, = h,, we see that this result also
tests the z-dependent postulate (1.6) in the more
general form

Z . h] hn

D’f,tAlytAl

)

M(z,D;T,hy,h,) = 1Y

’ a2)

However, for w —0 and w — 1 the scaling function
must exhibit the singular behavior'®

Y(wix;y,y) =wl(1=w)eY(wixiyy') , (A28)

where Y (0;x;p,y') = Y(1:x;y",y) is finite and
nonzero, and 8= (8, —B8)/v (which yields 0=-§- in
the present case).

At the critical point, T = T, further simplification
ensues and one finds simply

(1+2)z'
[1+2(1 +v2)nz?]'2

Thus for large n the magnetization at a free wall
(with zero surface field) decreases as C/n'/? where C
is independent of the field at the far wall, provided
only this does not vanish! This decay law is in accord

M, (n;h,) = (A29)

T T T T [ T T T T [ T T T T [ T T
05+~ t'=-0.05 —
—I—————n =m——_—'——_—_——_—_—_—_f_:=-‘:
I 20— -
-~ -
le—60 e _- P
0.4} s 10”7 s
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/ -~ 7
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/ / n=1
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My / / 7 /
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/ / 10
/ 7,
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[ 4
1y n=200
1/
I// T=T¢
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FIG. 8. Variation of the magnetization, M, of the first
layer when a surface field h, = H,/kg T is applied only on the
far boundary, i.e., on the nth layer with h; =0: solid curves
for T =.T,; broken curves for ' =2K.(T —T,)/T,=-0.05.

with the scaling prediction I/Dﬁ'/v which follows
from the scaling form (A26), provided the indepen-
dence of the field A, at the far wall is assumed: how-
ever, this independence is not obvious a priori! The
critical-point variation of M, following from (A29)
and some similar corresponding plots for + =—0.05
are presented in Fig. 8.

Further results can, of course, be derived from
(A21): in particular the critical-point scaling form for
the difference

M(n;Thy,hy) =M (T, h) =AM (n;T,h,h,) , (A30)
[which is to be compared with (2.23)], is found to be ‘

AM, (n;hy hy) ==Bz[(1 = 2B (o2, a?) +n7' €1 (a?, 0D)] , (A31)
where B, is defined in (2.13) and, in accord with (2.4),

o'?=(1+~2)n tanh’h, . (A32)
The scaling function is given by

@ (ot o) = [ e[~ g” 4 ¢ tanh2¢ L], (A33)

with a similar integral expression for C (o2, o'?).

E+02c?+(o?+0o'?)Etanh2¢ £+t

We have also evaluated numerically the integral involved in (A21) at the critical point, 7 =T, for the special
case, h) = h, of identical walls. Some of the results are included in Fig. 4 (for n =60: dotted curve; for n =20:
dashed curve). As i_s to be expected, the surface magnetization for h, = h, > 0 is always greater than that for
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h, =0 at the same value of h, and n. More surpris-
ing, perhaps, is that the plots for h, = h, actually
cross and rise above the magnetization curve
M. (hy), for the semi-infinite lattice. Likewise, for
example, M, .(n =20) is greater than M, .(n =60)
for z=z'>0.075, which exceeds M, (n =100) for
z =2z'>0.049, which in turn exceeds M, .(n =200)
for z > 0.037. This interplay of the opposing effects
of a positive far-wall field and of increasing wall
separation could lead to awkward experimental prob-
lems in determining the true asymptotic-decay laws.
We may also, by using the definition (A30) and
the exact expression (A21), study the influence of
one wall on the other as n — oo in order to test fur-
ther the conjecture (1.9). As in the derivation of the
results (2.32) and (2.33) for h, =0, we proceed by
setting T = T,, subtracting off the limiting form with
A~"—0, putting ¢ =4n sinh~'w, and expanding the
integrand in inverse powers of o2« nz?. It proves
essential to assume that A, is strictly positive (for
2z, >0). We then find

AM](H',T‘-,hl,h,,)

/41+(h1) Gf(hl,hn) l 1
= 1- +0 ]] ,
23n? 2%n nz*

(A34)

where the superscripts + denote the condition

h, > 0. As before the conjecture (1.9) is confirmed
in that the perturbation in the surface magnetization
decays with separation of the walls as 1/D? (with,
here, d =2). The values of the amplitudes are

A1+(h1)=%1r(\/2-—1)(1 —z?)

=340 (m) (A35)

where A{ (k) is the amplitude for 4, =0 given in
(2.33), while

ai (hyhy) =(V2=D[(z/2') +1=(2+2)2?] .
(A36)

A striking feature of these results is that the leading
decay amplitude, say 4,(hy,h,), is actually indepen-
dent of the field, h,, on the far wall although it clear-
ly depends on the sign of A, and, as seen explicitly in
(A35), also assumes a distinct value when A, van-
ishes. This general conclusion actually follows from
the ansatz for the critical-point variation of the local
magnetization introduced in Ref. 1.17 However, we

currently have no alternative understanding of the
simple factor —% relating A (hy) and A{ (k).
Note that the amplitude, aj', of the leading correc-
tion term now has a significant dependence on both
h, and h, and, indeed, diverges as h, —0.

Finally, let us reconsider the signficance of the re-
striction (A6) which, for the ferromagnetic case,

J, >0, reduces simply to A h, =0. Now the expres-
sions (A7) and (A17) for the total free energy are in-
variant under the joint inversion hy, h, = —h,, —h,,
which is just what is required by the symmetry of the
original Hamiltonian. On the other hand, these ex-
pressions are also invariant under the separate inver-
sions hy = —h; or h, = —h,: unless one of the fields
vanish (or J;=0), this cannot be correct! However
no error is involved since such separate inversions
clearly violate the restriction A, h, =0 and are thus
disallowed. Nevertheless one concludes, at first
glance, that the analysis is deficient since the free en-
ergy has been found only for fields in the first and
third quadrants of the (A,,h,) or (z,z') planes. The
deficiency is more apparent than real, however, since
for all finite n the free energy and all its derivatives
are necessarily analytic functions jointly in z and z’
(and, for that matter, in z; and z, also). Thus by an-
alytic continuation, the free energy, the surface mag-
netizations, etc., may be obtained in the second and
fourth quadrants of the (h,h,) and (z,z') planes.
Indeed, in writing (A23) with a prefactor z’' (instead
of |z| which is what the analysis strictly yields in the
limit z —0+) such an analytic continuation has been
explicitly performed. Unfortunately it is not clear
how to effect the continuation so explicitly when
both fields are nonzero.

The antisymmetric case, h, = —h,, does, however,
yield somewhat to further argument.!” By reflection
symmetry of one side of the n X oo strip into the op-
posite side, one sees that the local magnetization
must vanish at the midpoint of the strip. Asymptoti-
cally, as D = na — oo, this means that the situation
h, =—h, is equivalent to the case h",=0 where the

zero far-wall field is now imposed on a strip of,
asymptotically, exactly, half the original width, i.e.,
D'=n'a= 7 D. This yields an amplitude which satis-
fies the relation’

AiChy, —=h) =—A7 (h) ==2240(hy) , (A37)

which should, in fact, be valid for all fixed A, <0 as
n — oo. More generally, in a d-dimensional system,'’
the factor 22 should be replaced by® 27
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