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Spin-wave modes and low-temperature specific heat in the spin-glass

Eu„Sr, „S:x =0.54 and 0.40
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We study the linear spin-wave modes and their contribution to the specific heat in the insulating spin-
glass Eu, Sr, „S for x = 0.54 and 0.40. The spin waves are identified with the collective excitations obtained
by linearizing the equations of motion of the spins about their equilibrium orientations. The latter were
determined by minimizing the energy by successive rotations of the spins into the directions of their local
fields. The energies and localization indices of the modes were calculated by diagonalizing the dynamical
matrices of ensembles of 270 (x = 0.45) and 345 (x = 0.40) spins with periodic boundary conditions. The
densities of states have appreciable weight down to energies on the order of 0.1 K. The localization indices
indicate that except for the high end of the spectrum nearly all the modes are delocalized. Comparison with
experimental data indicates that the spin waves are responsible for seventy to eighty percent of the specific
heat at T -0.3 K with an even greater percentage expected at lower temperatures. The discrepancy between
the experimental and theoretical values of the specific heat increases with increasing temperature, an effect
which we attribute to the breakdown of the linear theory.

I. INTRODUCTION

One of the most challenging problems in the
area of spin-glasses is to understand the charac-
ter and distribution of the low-lying excitations.
Broadly speaking, there are two classes of exci-
tations. ' One class is associated with multispin
transitions between different equilibrium con-
figurations. The existence of a large number of
quasidegenerate configurations is believed to be
the source of the anomalous (lnt) relaxation of the
remanent magnetization. In addition to the multi-
spin transitions, in Ising spin-glasses there is
also a spectrum of single-spin excitations which
have energies equal to the Zeeman energies of
the local fields.

In planar (easy-plane) or Heisenberg spin-
glass es the situation is somewhat diff er ent in
that the commutation relations of the spin com-
ponents appearing in the Hamiltonian generate a
dynamical coupling between the spins. The single-
spin excitations are replaced by collective exci-
tations analogous to spin waves in ferro- and
antiferromagnets. It must be stressed that our
classification of the modes should not be in-
terpreted too strictly. At finite temperatures the
distinction between the spin waves (we use the
term in the general sense to describe the collec-
tive excitations which at low temperatures are
obtained from the linearized equations of motion)
and the multispin transition modes may break
down for modes with energies «kT. '

The detailed study of the spin-wave modes in

Heisenberg spin-glasses began with the work of
Walker and Walstedt, ' who calcula, ted the spectrum
of excitations in a classical model of CuMn. In
their approach a local equilibrium configuration
was obtained by successively rotating each spin
into the direction of its local field. The modes
were calculated by linearizing the equations of
motion for the spins about the equilibrium orien-
tations. Walker and Walstedt also calculated the
magnetic contribution to the specific heat. TJsing
a value for the exchange integral which was close
to that inferred independently from experiment,
they obtained reasonable agreement with the ex-
perimental data up to temperatures on the order
of one half of the freezing temperature.

Calculations of the Walker-Walstedt type have
also been reported for the Edwards-Anderson
model~ and PdMn. ' In PdMn, as in CuMn, agree-
ment was obtained between the calculated and the
measured values of the specific heat. This re-
sult is somewhat surprising in view of the re-
marks made earlier about the existence of the
other class of excitations.

Both CuMn and PdMn are metallic systems with
long-range interactions between the spins. Re-
cently it has been found that the insulator
Eu„SR, „S shows canonical spin-glass behavior
for 0.13~ x~ 0.6." As in the metallic systems
the spin-glass phase arises from a competition
between ferromagnetic and antiferromagnetic
interactions. However, in this case the inter-
actions are primarily limited to nearest (ferro-
magnetic) and next-nearest (antiferromagnetic)
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neighbors.
Meschede et al. ' have reported results for the

specific heat of Eu„Sri for x 0.40 and 0.54.
Because of the differences in the interactions in
metallic and insulating systems, it is worthwhile
to carry out an analysis of the specific heat of
Eu„Sr, ,S similar to that undertaken for CuMn
and PdMn. In this paper we report the results
of our study of the spin-wave modes and their
contribution to the specific heat in Euo 548ro ~S
and Eu, ,pr, «S. Our approach is similar to that
of Refs. 3-5 in that we first obtain a local equili-
brium configuration by rotating the spins. We
then calculate the spin-wave excitations by direct
diagonalization of the dynamical matrix associ-
ated with the linearized equations of motion. The
eigenvalues of the dynamical matrix are the spin-
wave energies. From the eigenvectors we calcu-
late the localization indices which provide in-
formation about the spatial extent of the modes.

The determination of the equilibrium configura-
tions and the calculation of the energies and
localization indices are discussed in Sec. II. In
Sec. III we compare our findings for the specific
heat with the experimental data reported in Ref.
8. We discuss our results and their implications
in Sec. IV. In that section we also comment on
the recent work of Krey, ' who uses a continued
fraction expansion to calculate the density of
states and dynamic structure factor.

states and specific heat showed little variation
from configuration to configuration, which gives
us some confidence that our findings would be un-

changed were we to average over the full manifold
of quasidegenerate ground states.

In Fig. 1 we show our results for the equilibrium
magnetization, (M) defined by

(M)= (N S) ' (Q S, ') +(Q S„') +(Q S,')

(4)

where N, is the number of spins. The points are
the averages taken over four configurations of
300-500 spins; the error bars denote the root
mean square deviations. Although the magnetiza-
tion fluctuates somewhat from configuration to
configuration, it is evident there is a transition
from a ferromagnetic to nonferromagnetic ground
state in the interval between x = 0.3 and 0.7." As
x approaches zero (M) decreases to 0.05, which
is close to N&'~, the value appropriate to an
ensemble of uncorrelated spins.

B. Density of states

The calculation of the spin-wave energies was
carried out using the method outlined in Ref. 3.
In Fig. 2 we show a histogram of the density of

I.O

II. NUMERICAL STUDIES

A. Equilibrium configurations

Our numerical calculations were carried out on
an fcc lattice of N sites with periodic boundary
conditions. A fraction xN=X& of sites, chosen
at random, are occupied by Eu ions. A Heisen-
berg exchange interaction (S =~a) was postulated:

A
V
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j

with nearest- and next-nearest-neighbor inter-
actions. Guided by inelastic neutron scattering
studies" we took

04-

J„„=0.236 K I

J„„„=-0.118 K.

(2)

(3)

0.2—

As mentioned, equilibrium configurations were
obtained by beginning with a random distribution
of orientations and then rotating each spin in suc-
cession into the direction of its local field. The
procedure was continued until the energy stabilized,
remaining constant to one part in 10'. This
method leads only to a local minimum in the ener-
gy. However, our results for the density of

0 0.I 0.2 0.3 0.4 0.5 0.6 0.7
X

FIG. 1. (M} [defined in Eq. {4)]vs x, the Eu concen-
tration in Eu,sr, P. The units are the mean values ob-
tained by averaging over four configurations of 300-500
spins. The error bars are the rms deviations. The
broken curve is a guide to the eye.
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difference in the low-energy behavior of N(E)
revealed in the insets in Figs. 2 and 3 is a conse-
quence of the larger residual magnetization ob-
tained for x = 0.54. For this value of x N(E) be-
haves qualitatively similar to E'+, the energy
variation obtained for an ordered ferromagnet.

C. Localization indices

In parallel with Ref. 3 we have used the eigen-
vectors of the dynamical matrix to calculate the
localization indices, L„, associated with the
various modes. These are defined as

4 8 l2 l6 20 24
E

FIG. 2. Histogram of the density of states for x=0. 54;
270 spins, four configurations. The inset shows the
behavior at low energies. The energy is in kelvin.

where 5',„ is given by

w, „=I o.;„I'+
I P,„l'.

(5)

(6)

states, N(E), for x=0.54. The data were ob-
tained from four configurations each with 270
spins. Relative to EuS the upper cutoff is shifted
downward from 27 K to 19.5 K. The density of
states builds up smoothly to a maximum in the
vicinity of E =0. In the inset we show the be-
havior near E =0 on a finer scale. It is evident
that the distribution drops rapidly below E = 0.2 K
and is not inconsistent with lims, N(E) =0. How-

ever, a nonzero value for N(0) cannot be ruled
out.

In Fig. 3 we show the corresponding results for
x =0.40 obtained from three configurations each
with 345 spins. As is shown in the inset, there
is an increase in the number of modes near E =0
relative to x=0.54. The evidence is consistent
with N(0} being finite. Moreover, if N(0} is zero
the density of states must decrease rapidly at
energies below 0.1 K. It is plausible that the

The n, „and P,.„are coefficients in the projection
of the jth spin deviation, n„on to a, and b, , the
local coordinate vectors perpendicular to the
equilibrium orientation of the jth spin, viz. ,

5n, (t) = (n» a, + P,„b,)e' "v ' +c.c.

Our results for the L„ for single configurations
with x=0.54 and 0.40 are shown in Figs. 4 and 5,
respectively. It is evident that in both cases
nearly all of the modes have localization indices
near the minimum value N&' for a completely de-
localized mode having equal amplitude on all
spine. For x=0.54 there are a few (=2/o) modes
with energies below 1 K which have localization
indices greater than 0.02. Other modes for which
L„&0.02 have energies greater than 17 K. In the
case x =0.40 there is a large number of modes
with indices greater than 0.02 but in no case is
L„greater than 0.1.
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FIG. 3. Hi.stogram of the density of states for x= 0.40;
345 spins, three configurations. The inset shows the be-
havior at low energies. The energy is kelvin.

FIG. 4. Localization indices for x=0.54; 270 spins,
one configuration. The broken line is N~'.



21 SPIN-WA VE MODES AND LOW- TEMPERATURE SPECIFIC HEAT. . .

0.IO

0.08—
0.6

0.06—
0.4

0.04

0.02

~ ~
~0

~ ~ $ ~~ ~
~ia ~ ~ ~ ~

~ ~ ioi' ~
S ~ Cgo ~~Qy

0.2

I I I I I I I I I I I I I I I I

0 4 8 l2 16

E

FIG. 5. Localization indices for x=0.40; 200 spina, on
one configuration. The broken line is N~'.

The distribution of localization indices in
Eu„Sr, „8 is quite similar to what was obtained
for the Edwards-Anderson model with a Gaussian
distribution of nearest-neighbor exchange in-
tegrals. 4 However, it differs considerably from
the distribution calculated for t.uMn. ' In the
latter case a large fraction of the modes are sub-
stantially localized (I, &0.1). Only the low-fre-
quency modes have indices near N~'. Presumably
this difference is related to the range of the ex-
change interaction.

III. SPECIFIC HEAT

Numerical values of the specific heat per spin,
C„, were obtained from the equation

1 ~p /r
Cp= — Eq T E y~ y 8

where the E„are the energies (in K} of the N~

spin wave modes. In evaluating C„ for T &0.05 K
it was found that there was little variation in the
results obtained from different configurations.
Below 0.05 K the values were sensitive to the
distribution of the lowest eigenvalues of the dy-
namical matrix, which varied from run to run.

In Fig. 6 we show our results for C~ for x=0.54
along with the data from Ref. 8. From the figure
it is evident that the spin waves make an im-
portant contribution to the specific heat at low
temperatures. At T =0.4 K the theoretical value
of C„calculated with no adjustable parameters
is only 29%%uo less than the experimental value. The
inset shows the behavior of C„ for T~ 0.2 K.
Between 0.06 K and 0.3 K the specific heat can be
approximated by 0.3(T —0.03) (T in K}. From Fig.
7 it is apparent that similar results were ob-
tained for x=0.40. At T=0.3 K the theoretical
value of the specific heat is 30%%u() less than the
experimental value while between 0.04 K and
0.3 K C„ is approximated by 0.45(T —0.01)
(T in K).

T(K)
FIG. 6. Specific heat per spin vs T, x=0.54; 270

spins, four configurations. The triangles are experi-
mental data from Ref. 8. The inset shows the behavior
at low temperatures. The arrow denotes the spin-glass
freezing temperature.

We conclude this section with two comments.
First, the fact that the deviation between the mea-
sured and calculated values of C„ increases with
increasing temperature could be taken as evidence
of a contribution to the specific heat coming from
other types of excitations. However, we think
this is unlikely. In our opinion a more plausible
explanation is that linear spin-wave theory is
breaking down. It is expected that this break-
down first appears in the form of a tempera-
ture-dependent reduction of the spin-wave en-
ergies as is the case in ferro- and antiferro-
magnets. In support of this interpretation we
note that a reasonable extrapolation of the data
indicates that at T 0.1 K, where the renorma-
lization effects should be much smaller, the

0.6

Q4
Z

O

0.2

FIG. 7. Specific heat per spin vs T, x=0.40; 345
spins, three configurations. The triangles are experi-
mental data from Ref. 8. The inset shows the behavior
at low temperatures. The arrow denotes the spin-glass
freezing temperature.
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linear theory accounts for essentially all of the
specific heat.

The correspondence between the measured and
calculated values of the specific heat in
Eu„Sr, „S is not quite as impressive as in CuMn
and PcMn. In CuMn, as mentioned, there is good
agreement up to one half of the freezing tem-
perature. '" In PdMn the agreement extends
(probably fortuitously) all the way to the freezing
point. ' However, these results are colored by
the fact tha, t in both cases the experimentally
determined exchange integrals were scaled by
overall multiplicative factors on the order of
0.7-0.8 in order to make experiment and theory
coincide at low temperatures.

IV. DISCUSSION

Our results along with those of Refs. 3 and 5

provide evidence that the spin-wave excitations
make the dominant contribution to the magnetic
specific heat at low temperatures in both metallic
and insulating spin-glasses. In the case of
Eu„Sr, „Sthese modes are delocalized over nearly
the entire band in contrast to CuMn where only
the low-energy modes are delocalized. Even in
finite clusters of Eu„Sr, „S there are appreciable
numbers of modes with energies as low as 0.2 K.
The low-lying excitations give rise to a specific

heat which varies approximately linearly with
temperature below 0.3 K.

For x =0.4 our results for the density of states
are in good agreement with the curve obtained by
Krey' using a continued fraction expansion. This
is evidence that the continued fraction method
can provide reliable evidence about spin waves
in Heisenberg spin-glasses. Krey has also cal-
culated the dynamic structure factor appropriate
to inelastic neutron scattering. In the case of
x =0.4 he finds that the structure factor has a
broad peak centered at a nonzero value of the
energy. However, there is no evidence for well-
defined propagating modes with a linear dis-
persion relation and quadratic damping which had
been predicted for Heisenberg spin-glasses"
and have been shown to be present in a model of
a planar spin-glass. " It is possible that such
modes exist in Heisenberg spin-glasses but
nevertheless do not dominate the structure fac-
tor. ~s
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