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Magneto-optical studies of PbTe in the far infrared
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Far-infrared magneto-optical studies have been carried out on bulk PbTe with the 10.4- and 3.7-meV lines
of a H,O and an HCN gas laser. Both n- and p-type samples were studied in fields up to 100 kG oriented
along the major symmetry axes. Most of the measurements were made in the Voigt geometry. Field
modulation permitted high-resolution reflection derivative spectra in which cyclotron resonances,
magnetoplasma resonances, and dielectric anomalies were identified by comparison with line shapes
predicted from classical magnetoplasma theory in the local limit. In the 10.4-meV data the deviations of the
observed line shapes from the classical theory can be interpreted in terms of nonparabolicity of the bands.
The observed transitions were fit to a six-band kg model, and a set of band parameters was deduced
which gave a consistent interpretation of all the 10.4-meV data. The resulting band-edge masses are
m «(0}= 0.0190+0.0003 for n-type and m «(0}= 0.0200+0.0003 for p-type samples. In the 3.7-meV data,
where conditions are far more classical, the line shapes are well represented by a classical calculation but
with a mass 1S% higher than that predicted by the 10.4-meV data. There is, however, a weak feature in the
spectra which corresponds to the lower mass. It is demonstrated that the 15%%uo splitting cannot be
interpreted in terms of nonparabolicity or sample inhomogeneities. An interpretation in terms of excitonic
modes arising from the phonon-mediated electron-electron interaction is discussed.

I. INTRODUCTION

Because of its interesting physical properties as
well as its usefulness in device applications, lead
telluride has been studied extensively for more
than 25 years using a wide variety of experimental
techniques. '~ its small band gap (E ~ 0.2 eV)
leads to small effective masses and high carrier
mobilities. It is a polar semiconductor with a very
low-frequency TO phonon giving rise to a very
high static dielectric constant e, (G)= 1000.

In spite of the attention PbTe has received, there
has been a surprising disagreement in the litera-
ture about some of the basic electronic and lattice
parameters. Foley and Langenberg' have recently
documented the two-order-of-magnitude discrep-
ancy in the static dielectric constant. Measure-
ment of this parameter is complicated by unavoid-
able effects of the free carriers in PbTe. Experi-
mental determinations of effective masses have al-
so shown a wide spread of values. Historically,
some of the difficulty in effective-mass measure-
ments has been due to the dependence of the mass-
es on carrier density, because of the strong non-
parabolicity of this narrow-gap semiconductor.
While much of the earlier confusion has been re-
moved, recent values ' for the band-bottom mass
deviate by as much as 20%.

Some of the discrepancies, particularly in the
earlier work, can be attributed to the notorious
problems of sample preparation in this soft but
brittle material. For example, the carrier con-

centration is controlled by the stoichiometry, which
therefore must be highly uniform. Another compli-
cation is that much of the work is on thin films in
which the in-plane strains can lead to anamolous
properties. The strains can lift the degeneracy of
the four carrier pockets leading to unequal occupa-
tions. ' Consequently, because of the nonparabolic-
ity of the bands, effective-mass experiments on
thin films must be carefully interpreted.

It must be considered, however, that some of the
observed variations in measured properties may be
intrinsic to the material and may involve interest-
ing physics. In particular, .PbTe is an example of
a system of a coupled degenerate electron gas and
optically active phonons, and the effects of the
electron-phonon interaction in high magnetic fields
and degenerate carrier statistics —the conditions
of the experiments —are not yet well understood.

Several electron-phonon interaction effects have
been observed in PbTe. Saleh and Fan' reported
the observation of phonon-shifted cyclotron reso-
nance at infrared frequencies, and recent studies
of cyclotron resonance near the LO-phonon fre-
quency have shown evidence of mode mixing. ' Al-
so, a reported composition dependence of the TO-
phonon frequency in Pb, ,Sn, Te alloys has been at-
tributed to renormalization of the phonon through
the electron-phonon interaction. ' We undertook
far-infrared magneto-optical studies of bulk PbTe
in order to look for electron-phonon interaction ef-
fects associated with the cyclotron resonance below
the LO-phonon frequency. The polaron mass en-
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hancement for PbTe (at zero magnetic field and no
free carriers) in only 3%%u~. However, at finite car-
rier concentration and in the presence of a large
quantizing magnetic field, the many-body effects
should be severely modified. In the case of the de-
generate electron gas in the absence of the elec-
tron-phonon interaction, it is known that the mag-
netic field can produce collective or excitonic
modes' associated with the inter- sub-band optical
transitions, which, in the limit her, /Ez «1, are
called Fermi liquid modes. " There are also sin-
gle-particle-like cyclotron-resonance transitions
shifted with respect to the collective mode because
of mass enhancement. These effects have been
studied in bismuth by Verdun and Drew" under the
conditions of high quantization (k&u, = E~) How. -
ever, the many-body effects in cyclotron resonance
in the case of a coupled electron and phonon sys-
tem under conditions of high quantization have not
yet received much attention. "" Consequently the
nature of the excitonic modes and mass enhance-
ments are not known for this case.

We have made measurements on the derivative
of the r'eflectance with respect to the magnetic
field for z- and p-type samples using far-infx. 'ared
molecular gas lasers. Both Voigt and Faraday
geometries were studied, with emphasis on the
former. In the analysis of our data we have dis-
covered several interesting features which have
led us to a better understanding of magneto-optical
effects in the quantum limit. The observed reso-
nance positions at 119 gm have been fitted to a
six-band k ~ p model and effective-mass parameters
have been obtained. However, these masses ap-
pear significant:ly lower than other recent experi-
mental. values. Moreover, our data at 337 p,m

show two cyclotron-resonance features —a strong
feature occurring with a mass close to other re-
ported values and a weaker one that is in agree-
ment with the predictions from our 119-pm data.
These observations cannot be understood in terms
of band- structure or magnetoplasma effects. An
interpretation in terms of many-body effects is ad-
vanced and qualitatively discussed.

Previous experiments and the k p band-structure
models for PbTe are reviewed in Sec. II. In Sec.
III we discuss the experimental techniques. The
results are presented in Sec. IV, and an analysis
of the data in terms of the band models is pre-
sented in Sec. V. Section VI is devoted to discus-
sion of the results and the conclusions.

use for the band structure. The early experiments
showed that the carriers in PbTe were contained
in four nearly ellipsoidal pockets at the L, point in
the Brillouin zone'4 (Fig. 1). In addition to the con-
duction and valence bands, split by 187 meV, there
are four other nearby bands at the L point (within
2 erat'), while all other bands are split off by at least
10 eV." In this situation it has been shown that the
band structure can be well represented by k ~ p ex-
pansion at low carrier concentrations.

The most general dispersion relation for the sys-
tem that can be obtained from k p theory in the
absence of an applied magnetic field"" is

h k 8k(( Sk Okapi

fi'
~ (P~k~+P ~~k ~,

). (1)

Here E, is the direct gap between the conduction
and valence band, and & is the electron energy
measured from the bottom of the conduction band.
The right-hand side of the equation represents the
effect of the interaction between the conduction and
valence band, which is treated exactly in this
model. I' is the velocity matrix element of the
k p interaction, and the subscripts z and () refer
to components, respectively, parallel and perpen-
dicular to the [111]axis of the pocket. The terms
on the left containing m,

' and m', represent the ef-
fect of the free-electron mass and the "far bands"
(those bands farther from the gap than the conduc-
tion and valence bands) as calculated by second-
order perturbation theory. Since these bands are
split by large energies as compared to E, all these
terms are expected to be small as compared to E,
or the terms containing P. If all the far-band term
terms are set equal to zero, the resulting disper-
sion relation is the we11-known two-band model, "
which is a fair first approximation in PbTe at low
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II. BAND-STRUCTURE THEORIES

'The problem of accurate effective-mass deter-
mination in PbTe has been complicated by uncer-
tainty in earlier work about the proper model to FIG. 1. Fermi surface of PbTe.
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carrier concentrations.
In both the two-band and the six-band models the

bands are nonparabolic —the effective mass is a
function of carrier energy. In the presence of a
magnetic field, this implies that the Landau-level
spacing differs for transitions between the same
levels at different values of momentum along the
field AH. In the quantum limit when there are few
Landau levels below the Fermi level, the major
contribution to the cyclotron-resonance oscillator
strength will come from the transitions near kH =0,
where the joint density of states is large. This
means that we need to know only the band energies
at k~ = 0 to fit resonance positions.

The Hamiltonian for PbTe energy bands in an ap-
plied magnetic field has been analyzed by Dim-
mock. " At ka = 0 the Hamiltonian has an analytic
solution, but only for the case where the magnetic
field is along the [111]symmetry axis of a pocket.
To extend the solution to arbitrary orientations of
H, two different approximations have been used.
The first approximation, due to the work of Adler,
Hewes, and Senturia'9 (AHS), is based on Dim-
mock's observation" that if the condition m,'/m, '
=P'~~/P~2 holds true, the bands are ellipsoidal, and
an exact solution can be found at k„=0 and any or-
ientation of H. AHS reasoned that, since the con-
stant-energy surfaces of PbTe are nearly ellipsoi-
dal, it would be a good approximation to use the
exact solution but select the values of the param-
eters to best fit the experimental data without re-
quiring the parameters to hold true to the ellipsoi-
dal ratios. This approximation is exact when H is
along the [111]axis or when the bands are exactly
ellipsoidal. If neither of these conditions hold, it
is difficult to determine the accuracy of the ap-
proximation. The second approximation is a per-
turbation approach presented by Dimmock, follow-
ing the work of Baraff" on bismuth. The result,
again for any orientation of H at k„=0, is given by
Dimmock. " This formulation, while never exact,
might be expected to be equally valid at any orien-
tation of H, and it will be more accurate at lower
ener gie s.

We have tested these two approximations under
conditions appropriate to our experiment —energ-
ies calculated for the first three spin-split Landau
levels at fields from 10 to 70 ko. In those cases
where the AHS approximation is exact —H along
[111]and for ellipsoidal pockets we found —the
Baraff approximation to agree exactly at low en-
ergies and deviate by only 1/& at the highest ener-
gies (100 meV). When the bands were allowed to
be nonellipsoidal and H was not aligned with the
[111)axis, however, this excellent agreement be-
tween the two approximations disappeared. In this
case, with the AHS model no longer exact, the two

models deviated by up to 1(P, in the predicted en-
ergy levels. Since the Baraff approximation was
well suited to all cases where exact solutions could
be obtained, we interpret these discrepancies to be
due to the failure of the AHS model when the ellips-
oidal condition breaks down. It appears, there-
fore, that the Baraff approximation is better suited
for the energy and field range in consideration.

The Landau-level structure characteristic of the
Dimmock model is shown in Fig. 2. The uneven
spacing of the energy levels is a result of the lift-
ing of the degeneracy of the spin-split levels by the
far-band terms of the Hamiltonian. Because of this
spin splitting, two distinct transitions will be pos-
sible for any position of the Fermi level. In gen-
eral, these transitions will not have the same en-
ergy, but a feature of the six-band model when the
far-band terms are small is that transitions from
levels with the same value of n+ o(spin down, o
=0; spin up, &r =1) have almost exactly the same
energy. This fact has important consequences in
the interpretation of our measurements.

Experimentally determined band-bottom masses
and anisotropies are given in Table I. In addition,
we have indicated the band model that was used to
extrapolate to the band edge and the type of experi-
ment. ("From literature" indicates that the authors
used the results of previous experiments in deter-
ming their mass parameters. ) As can be seen,
there is a wide variation in the band-bottom mass-
es which have been reported, and there is consid-
erable disagreement even among the most recent
determinations. These disagreements cannot be
attributed to the different models that were used,
because in most cases the lowest-carrier-concen-
tration samples that were measured required little
extrapolation to the band edge.

0)
C

LLI

0)

FIG. 2. T~~dau levels as a function of momentum
along the magnetic field from the Dimmock model-
showimg effects of nonparabolicity and spin-splitting.
%'hen the far-band terms are small, transition b is ap-
proximately equal to b~, c to c~, etc.



3450 S. W. McKNIGHT AND H. D. DRK% 21

TABLE I. PbTe band-bottom-mass parameters.

By Model
Conduction band

m2 (0) z(o)
Valence band

m, (0) 0) Experiment

Cuff et al. (Ref. 21)
Dimmock (Ref. 17)
Hewes et al. (Ref. 22)

Cohen 0.024 +0.003 10 +1.5 0.022 +0.003
Dimmock 0.0236 10.1 0.0216
Dimmock 0.0242 10.4 0.0251

14 + 0.2
14.1
11.5

Burkhard et al. (Ref. 5) Dimmock 0.0222 6.85 0.0242 9.5

Foley and Langenberg (Ref. 3) Dimmock 0.0164 + 0.001 9.2 + 0.3 0.0210 & 0.0008 11.6 + 0.2
Ramage et al. (Ref. 4) Two-band 0.026 -11.0

Shubnikov-de Haas
from literature
Knight shift and
literature

cyclotron resonance
far-ir cyclotron

resonance
far-ir cyclotron

resonance

III. EXPERIMENTAL

A. Sample Preparation

Much of the scatter in the experimental results
on lead telluride is caused by the difficulty of con-
trolling sample quality. Lead telluride is both soft
and brittle. It is very susceptible to surface dam-
age and strain. Striking effects have been observed
on thin films due to strain induced by the rais-
matches of the thermal expansions of the films and
their substrates. ' In bulk samples, surface dam-
age and oxide layers have caused optical properties
to change from run to run, ""and because PbTe
has a high diffusion coefficient for many materials,
contamination can also be a problem. ' Also, some
types of impurities will cause bulk electronic prop-
erties to change with time."' Because of these
various problems associated with sample condi-
tion, any meaningful experiment with PbTe must
involve a great deal of care in sample preparation
and characterization.

The PbTe crystals reported on in this paper
came from two sources: One sample was grown at
the Naval Surface Weapons Center by the Czochral-
ski technique and supplied to us by Burke, and
others were prepared by a vapor-growth technique
by Schmidt, Bell Labs, and supplied to us by
Schmidt and Bishop of the Naval Research Labs.
'These samples are generally free of the more biz-
arre effects observed in some crystals used by
earlier investigators. " We were unable to detect
any difference in our results between the samples
grown by pulling or by the vapor-growth technique.

Samples were cut from the boules with a diamond
string saw, after which the surfaces were oriented
and spark planed. The samples were mechanically
polished with fine emery cloth and successive
grades of alumina polishing compound, down to
0.05-pm grit size. To remove the surface damage
caused by mechanical polishing and to prevent pos-
sible recrystallization of the surface during an-
nealing, the samples were chemically polished by

the method of Schmidt. " The samples were then
annealed in sealed capsules under 40 'Torr of hy-
drogen gas. Annealing was carried out to guarantee
sample homogeneity and to adjust the carrier con-
centration of the samples. Annealing times and
temperatures were taken from the literature. ""
After annealing and immediately before inserting
in the cryostat, the samples were electropolished
by the Norr technique" for about 3 min at 10 V.
Approximately 30 pm of material were removed by
this treatment. We did not mechanically polish the
surface after the samples were annealed.

After the far-infrared data were taken, the car-
rier concentration of the samples was determined
by high-field Hall measurements at 4.2 K. The
Hall scattering factor' was taken equal to 1, and
experimental error in the Hall measurements was
estimated to be less than 1(P/0. Carrier concentra-
tions and mobilities of the samples reported on are
given in Table II along with the temperature at
which they were annealed. We found that, while the
pulled sample appeared to give good agreement be-
tween the equilibrium concentration for the anneal-
ing temperature and actual carrier concentration,
the vapor-grown samples would approach the equi-
librium concentrations only after much longer an-
nealing times. This is in agreement with the ob-
servations of Schmidt" and is presumably due to
the lower density of defects and smaller excesses
of the majority component in the vapor-grown
samples.

It was possible to test the homogeneity of our
samples experimentally. W'e found that different
samples with the same carrier concentrations gave
essentially the same spectra. In addition, it was
possible to take measurements on the back surface
of the samples without removing the sample from
the cryostat. These spectra, taken on a surface
that had not been electropolished, reproduced all
the features of the front surface but were somewhat
broadened, as might be expected of a lower quality
surface. "
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TABLE II. Characteristics of exper imental samples.

BU-1 b
p type (100)

BI-1

S-1 d

p type (110)

p typ (110)

BI-2
S-2'

p type (110)
type (110)

Sample Type and orientation Growth

Pulled

Vapor-grown

Vapor-grown

Vapor-grown
Vapor-grown

302
235 + 10
235 4 10
230
407
231
230
221
387
387
407
654

6.4
2.3 '
2.7 '

10
8.1
5.7
4.2
3.5

21
17
2.0
5.2

0.4
0.4
0 4 cl

0.2

2.0
2.0
0.8
1.0
0.65
1.8
3.0

Final Carrier
anneal T concentration Mobility (4.2 K)

('C) (10 7 cm 3) (10 cm /Vsec)

Estimate from FIR spectra.
Sample supplied by J. R. Burke.

Sample supplied by S. Bishop.
Sample supplied by P. H. Schmidt.

S. Far-infrared techniques

The experimental configuration is shown in Fig. 3.
Far-infrared (fir} radiation for the experiment
was provided by two lasers, an HCN laser with
strong lasing lines at 337 and 311 pm, and an

H,O-D,G laser with strong lines at 119 and 171 pm.
The samples were mounted in a cryostat in the
bore of a 100-kG superconducting magnet and were
kept in thermal contact with a 4.2-K helium bath by
helium exchange gas. The samples were observed
at normal incidence in either the Faraday geometry
with the radiation wave vector q parallel to the
magnetic field, or in the Voigt geometry with qiH.

he Voigt geometry cryostat had a provision for
rotating the sample in place. In this way the spec-
tra could be observed as the angle between the
magnetic field and the crystalographic axes was
changed. Samples were usually shimmed inside

Light Pipe

I

I

Laser

the gear until the magnetic field was within 0.5' of
the symmetry plane as determined by x-ray-dif-
fraction measurements. Since the samples are
strongly absorbing at these frequencies, all sam-
ples were observed in reflection only. The re-
flected signal was detected by a 4.2-K indium-
doped germanium bolometer located in a separate
glass Dewar. Copper coils around the sample were
used to provide an ac modulation of the magnetic
field. Detection at the modulation frequency gave
signals that were proportional to the derivative of
reflection. Typical modulation fields and frequen-
cies were kept low (-150-G peak to peak at 5 Hz) to
minimize signal distortion and eddy current heat-
ing. No significant changes in the line shapes were
observed on reducing the modulation to as low as
20-6 peak to peak. The dramatic effect of this
modulation in bringing out features that were hid-
den in straight reflection is shown in Fig. 4. The
line width in a cyclotron-resonance measurement

Beam Splitter~

t

II—Sample Rotating Knob

Voigt Geometry

H

En

~ E~

Sample

Magnet Dewar

Coils

~Supercnnducting
Solenoid

FIG. 3. Experimental configuration. Also shown is
the polarization of the electric field vectors of the two
modes in the Voigt {q&H) geometry.

L
10 20 30 40 50 60 70 80 90

Magnetic Field (kG)

FIG. 4. Signal in straight reflection and derivative in
119pm of a (110)-plane sample with H oriented 23' away
from the [111]direction. The zero is offset for the R
cur ve.
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is controlled by ~, the product of the radiation
frequency and the carrier scattering time. The
pronounced features and fine signal-to-noise ratio
in this derivative spectrum are a direct result of
the high (dT achieved at fir frequencies. The inter-
pretation of these complex spectra require a com-
parison with the line shapes predicted by magneto-
plasma theory.

The dielectric response of a PbTe-like semicon-
ductor in a magnetic field has been calculated using
the classical equation-of-motion method by several
authors. "" The results are particularly simple
in the local limit, "where the current is insensitive
to the spacial variation of the incident radiation.

he real part of the Voigt-geometry dielectric
function at 119 pm calculated with parameters typ-
ical of PbTe is shown in Fig. 5 as a function of
magnetic field along the [110]crystallographic di-
rection. Two distinct cyclotron resonances (CR)
are observed because the carrier pockets are not
equivalent with this magnetic field orientation.
(See Fig. 1.) In addition, a hybrid resonance oc-
curs between the resonance of the high-mass and

low-mass electrons. This type of resonance is
characteristic of the Voigt geometry with more
than one type of carrier and has been discussed in
the literature. "~ The calculated line shape in

dR/dFI expected from such a dielectric function is
also shown in the figure. The dominating features
of the spectrum occur not at the resonances but at
slightly higher fields, where the real part of the
dielectric function changes signs. The abrupt
change in ref lectivity when the dielectric function
becomes negative and the sample becomes nearly

totally reflecting is known as the dielectric ano-
maly (DA). The DA, not the CR, is usually the
dominating feature in the ref lectivity spectra, par-
ticularly in dR/dH.

The effect of &u7 on the spectrum for H ii [110) is
shown in Fig. 6. Note that only in derivative spec-
tra with (dT &25 is the cyclotron-resonance position
clearly defined in reflection experiments. For
low-frequency (microwave) experiments the cyclo-
tron resonance is not resolved from the accompany-
ing dielectric anomaly and all fits must be made to
DA positions. This is a severe disadvantage be-
cause DA's are very sensitive to carrier concen-
tration and surface conditions. If an cov' of 50 or
greater can be achieved in fir experiments, the
actual cyclotron-resonance position can be identif-
ied by the small dip preceding the DA feature in
dff/dff and the effective masses determined without
a difficult fitting procedure.

IV. RESULTS

A. Magnetoreflection at 119pm

The spectrum obtained at 119 gm on the BU-1
(supplied by Burke) p-type (100)-plane sample
(P= 2.3&&10")wit;h H along the [110] direction is
shown in Fig. 7 along with a best theoretical fit
from classical magnetoplasma theory. We note
that the experimental trace reproduces the major
features of the theory. The CR's at 26 and 76 kG
are very sharp and well resolved from the DA, in-
dicating a ~v of 50-100. 'There are, however
several major discrepancies between the calculated

I

—~——~qTr P~ -w T"
tLI7 = IO ( x 2)

(@7=2

8 -IOOO

h
h
iI

1I(
i
I
I

O
thl7=50

O
QP

tD

dR
dH

0
m
C)

HcR Hpp, HHR Hpp HcR Hpn

0 IO 20 30 40 50 60 70 80 90 IOO

Mpqnetic Field (&G)

FIG. 5. Heal part of the dielectric function versus
magnetic field for the two Voigt-geometry modes along
with the corresponding calculated signal in derivative
reflection. The magnetic field positions of cyclotron re-
sonance, hybrid resonance, and the dielectric anomal-
ies are indicated.

e7 = IOO

i I I g I I i i a I a

0 IO 20 30 40 50 60 70 80 90 100

Magnetic Field (itG)

Flo. 6. Calculated spectra for (100)-plane PbTe at
119 )Mm with H(( [110], showing the effect of co7' on the
spectra.
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H II (Ilo)
X = ll9p, m

so

70

C
O

Yp

O

I

DA DA X = )27' 4JL=Il4 cm

oJT' = IOO E'~= 39

n =3.0 x lO
l7

60

50
LL

40

30F

l0 20 30 40 50 60 &0 80 90
Magnetic Field (kG)

FIG. 7. Experimental trace for the BU-1 sample at
119 pm with H)) [110], along with calculation from c1as-
sical theory with parameters as shown. Carrier con-
centration of sample is probably about 2.3 x 10

line shape and experiment:
(1) The position of the DA's is not well fitted by

the model. This is not merely an artifact of the
values of the parameters chosen. Any adjustment
of the parameters that do not affect the CR field
positions (i.e. , &um, ~Lo, &ov, n, e„) will result in
theoretical traces in which either all three DA's
occur at higher fields than in the illustrated trace,
or all three DA's occur at lower fields than shown.
The experimental spectrum, on the other hand,
has two DA's higher than the theoretical model and
one lower. We could find no set of parameters in
the local classical model that could fit all the DA
positions.

(2) The line shapes in the experimental trace are
considerably distorted from the shapes predicted
by the theory. The CR's seem to have more rela-
tive strength than expected. The negative CR peak
is larger rather than smaller than the negative
peak of the DA feature. In addition, the hybrid
resonance DA at 50 kG appears as a doubled fea-
ture. This is not likely to be due to misorienta-
tion, because the cyclotron-resonance features ex-
hibited no such splitting.

(8) There is an added feature at 66 kG below the
high-field CR and a corresponding feature just be-
low the Iow-field CR (at about 24 kG). These extra
features, which are observed to track with CR as
the sample is rotated (Fig. 8), have no counterpart
in the local classical theory.

Nonlocal effects can give rise to distortions in
line shape and shifts in the resonance position. '4

However, for q z 8 nonlocal effects depend on

(R,/6)', where 6 is the skin depth and II, is the
cyclotron radius, which is generally small at the
high fields characteristic of far-infrared experi-
ments. '0 '2'~ In this sample, R,/6 is of order
0.02, so these effects are not due to nonlocality.

lo (llo), ,
(loo) (llo}

-10 0 lo 20 30 40 50 60 70 80 90 IOO

Angle in (loo) plane

FIG. 8. Angular dependence of magnetic field position
of features observed in Voigt geometry on a (100)-plane
sample. Squares indicate the dielectric anomalies (the
dashed lines have no theoretical significance). Solid
circles mark the position of the cyclotron resonances,
and the solid line indicates a fit to an ellipsoidal model
with ~ and K fixed from data for H along [110]. Open
circles represent the additional feature discussed in the
text.

We believe these deviations from the theory are a
demonstration of the importance of quantum effects
in PbTe in this frequency range. Fortunately we
are able to directly resolve the cyclotron-reso-
nance features from the DA's, enabling direct de-
termination of effective-mass parameters of the
system. Some of the anomalous features of this
spectrum mill be explained below by quantum ef-
fects.

Marking the resonance on the CR feature by ref-
erence to the classical theory, we have determined
the variation of cyclotron-resonance field with
angle as we rotated the sample in the (100) plane.
The results are shown in Fig. 8. The solid line in
the figure is fit to an ellipsoidal mass:

m, = mr[K/(K cosa'+ sin~a)]'~',

where n is the angle between 8 and the (111)axis
of the pocket. As can be seen, the fit is very good,
agreeing to within 2% with experiment. (Uncertain-
ties in marking resonance positions are probably
this large. ) This is in agreement with other mork,
which suggests that the Fermi surface of PbTe is
very nearly ellipsoidal at low carrier concentra-
tions. ""The values of m~ and K from the 5t are
rn~ =0.0237 and K =12.65. While the value of K is
in good agreement with most other measured aniso-
tropies in p-PbTe, ' "the value for the mass is
somewhat lower than band-bottom masses deter-
mined by some authors (see Table I). The discrep-
ancy is larger than indicated by the difference in
numbers because for the carrier concentration of
this sample the measured mass should be -1(P/0
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higher than the band-bottom mass. This suggests
that if only band-structure effects are taken into
account, our band-bottom mass is considerably
lower than that reported by Hewes eg g$. ,

"Ramage
et al. ,

' and Burkhart et al.'
Spectra of the B1-1, BI-2 (supplied by Bishop

and S-1 (supplied by Schmidt) p-type (110)-plane
samples over a range of carrier concentrations
with H I (110) are shown in Fig. 9. The corres-
ponding theoretical spectrum from the classical
theory is shown in Fig. 5. Concentrating first on

tures similar to both the theoretical curve and to
the previously discussed spectra of the (100)-plane
sample. Cyclotron-resonance features occur at
26 and 76 kG, in the same positions as observed
before. We note, as before, distortions in the i-
electric anomaly shapes, particularly the anomaly
associated with the low-field cyclotron resonance,
and excessive strength of the CR features in com-
parison with the classical line-shape theory. In
this spectrum the hybrid resonance itself has a
two-peak structure, rather than the hybrid reso-
nance DA as we saw before. The similarity of the
s ctra for two samples from different sources in-
dicates that the features we see are intrinsic to
PbTe.

=21 x10»At the highest carrier concentration, p =21X
the spectrum is again similar to the classical the-
ory. We observe a low-field cyclotron resonance

shifted up to 29 kG, with some distortion in its ac-
companying DA, a high-field cyclotron resonance
shifted up to 88 kG, with its DA above the highest
observable field, and a broad hybrid-resonance
DA at 50 kG. The increased effective mass indi-
cated by this spectrum can be explained as due to
the band nonparabolicity. Because the Fermi level
of this sample is higher than in the low-carrier-
concentration samples, the allowed cyclotron
transitions originate from a higher Landau level.

At the intermediate carrier concentrations, from
4 2 t 17&10" the increase in field position of the0

dbDA's with carrier concentration is as predicted y
the classical theory. Some of the traces, however,
show evidence of four cyclotron-resonance fea-
tures —two at the field positions of the resonances
observed for p =3.5&10" and the other two at the
field positions observed at p =21&10". 'This be-
havior, particularly apparent in the spectra for p
=10 and 17x10", indicates two values for m~ and
K in the same sample and cannot be explained in
terms of classical effects. In a quantum model
such behavior would be expected if the Fermi level

Ht k =0 lay between two spin-split Landau levels
with different transition energies. Similar "two-
mass" behavior is observed in these samples with
H along the [100] and [111]directions. The data
for H () [100, are shown in Fig. 10, while the H

(~ [111]data, which show some unusual quantum ef-
fects, will be presented elsewhere.
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FIG. 9. Spectra for H II f110] of p-type (110)-plane
samples at 119pm in Voigt geometry. Resonances la-
beled c and h are identified with cyclotron resonance
and hybrid resonance, respectively. Other features are

tions are determined from 4.2-K Hall measurements.

I C. i ~ I i ~ J
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FIG. 10. Spectra for H )) [100] of p-type (110)-plane
samples at 119pm in Voigt geometry. Features identi-
fied with cyclotron resonance are marked with c. The
three-peaked structure of the 35-kG CR feature at p
= 10 &10' is caused by a slight (-3') out-of-the-plane
misorientation of this sample.
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This mechanism also provides an explanation for
the features observed below CR in the (100)-plane
satnple at very low carrier concentrations (Figs.
7 and 8). It is reasonable to identify the extra
resonance with a lower Landau-level transition
that becomes allowed when the Fermi level falls
below its final state. This interpretation of the ex-
tra feature is, in fact, found to be completely con-
sistent with the detailed band analysis in Sec. VI.

The spectra of n-type samples can also be inter-
preted as showing two different Landau-level tran-
sitions. Figure 11 shows the results of experi-
ments at 119 pm on two z-type samples with H

II [110] in the Voigt geometry. At n =2.0 &10" the
spectrum shows characteristics of only one Lan-
dau-level transition, leading to cyclotron reso-
nances at about 24 and 64 kG. When the carrier
concentration on this sample was raised to 5.6
&10" the spectrum is considerably changed. We
interpret the spectrum at higher carrier concen-
tration as showing CR features from one Landau-
level transition at 24 and 64 kG, as seen at n = 2.0
&10", and, in addition, cyclotron-resonance fea-
tures from a higher Landau-level transition at 27
and 69 kG. The features between 30 and 50 kG are
probably hybrid-resonance features that appear
split as seen in some p-type samples. The appear-
ance of resonances from two distinct Landau-level
transitions in this sample is similar to the behav-
ior found in p-type samples and probably indicates
that the Fermi level at resonance lies between two
spin-split levels. Data on these n-type samples at
other magnetic field orientations is contained in
Ref. 30.

The BU-1 sample was run in the Faraday as well
as the Voigt geometry. This sample was run as
received, with a carrier concentration determined
by the grower of 6.4&10". Contrary to our usual
practice, a period of several months had elapsed
between the time this sample was electropolished
and the time the spectra were obtained. Despite
this difference in handling, the spectra in the Voigt
geometry closely resembled the spectra obtained
on our other samples in this carrier-concentration
range. The data in Faraday geometry (q II H II [100])
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FIG. 11. Spectra for H )) [110]of n-type (110)-plane
samples at 119 pm in Voigt geometry.

showed a resonance feature at 35 kG in the same
position as the CR signal observed in Voigt geo-
metry, and a feature at 40 kG corresponding to the
second-mass feature discussed before.

When observed in Faraday geometry the cyclo-
tron-resonance signal should be Doppler shifted by
nonlocal effects due to the motion of the carriers
along the field direction. We have calculated the
expected nonlocal shift by the method of Perko-
witz. ~ We find that the resonance observed in the
Faraday geometry should be shifted upwards by
0.6 kG with respect to the resonance in Voigt geo-
metry where no Doppler shifting is expected. In
fact, the cyclotron resonance at 35 kG is observed
at the same position in Faraday and Voigt geome-
try. Since the error in marking the resonance po-
sit, ion is on the order of 0.2 kG, the Doppler shift
should be observable and its absence in the experi-
ment is puzzling.

Table III summarizes the results for g- and p-
type samples. The data for each transition at all
magnetic field orientations could be fitted within

experimental error by an ellipsoidal model, with

the given values of transverse effective mass (m„)
and anisotropy (E). Each resonance is identified
with a specific Landau-level transition as deter-
mined in Sec. VI.

TABLE III. Observed resonances at 118 pm.

Material

Carrier
concentration

(10" cm ')
Assigned
transition mT

p type

p type

p type
n type
n type

8.1-21
2+317
2.3
5.2
2.0-5.2

3h (1t~2t)
1& 2& (0t 1t)
Qh-1t
2t —3k (1t —2t)
1~-2~ (Qt-1t)

0.0269 + 0.0003
Q.Q237 + 0.0003
Q.Q21 + 0.001
0.0248 + 0.0006
0.0220 + 0.0003

13.0 + 0.2
12.7+ 0.2
12.5 + 0.1
9.4 ~0.5

10.1 ~ 0.2
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B. Magnetoreflection at 337 p,m

Measurements were made at 337 gm on some of
the p-type samples. At this lower frequency cyclo-
tron resonance occurs at lower fields, and Sv
«E„. Therefore several Landau levels are below
the Fermi level at resonance and the classical ap-
proximation should be better than at 119 pm. As
shown in Fig. 12, for H along [100], the spectrum
for this sample with p =5.7X10" is well reproduced
by a classical calculation with reasonable param-
eters. Although the high-field DA at 32 kG is
broader than predicted, this particular dielectric
anomaly is very sensitive to carrier concentration,
and a small variation in effective concentration
across the sample face would have the effect of
broadening the feature.

his DA is also very sensitive to the value of the
transverse-optical phonon frequency, so that its
position can be used to measure ~To. If we use the
mass at the Fermi level as given by our best fit

(mr =0.0268, K =13.0}we find that urn=20 cm '.
The agreement with Buss and Kinch, "who find cuTo

=18 cm ', is good. Our agreement with Foley and

Langenberg, ' who find +To = 12 cm ', is consider-
ably worse.
Uncertainties in the carrier concentration deter-

mined from the Hall measurements, and also in the
value chosen for ~„, will affect the result for ~».
A 3+ decrease in n (or increase in e„) will shift
the position of the DA down by about 6 kG and bring
~TO into agreement with the Foley-Langenberg val-
ue. The value of e„used in these fits (39.0}is the
value determined by Lowney, "which corresponds
to the upper limit of the values considered by Foley
and Langenberg, so any adjustment would suggest
that &m, is higher than 18 cm '. The dependence
on the Hall pg is the major limiting factor in the ac-

curacy with which we can determine ~To. We be-
lieve that our Hall measurements (allowing for a
1(P& uncertainty in the Hall scattering factor) are
accurate to at least 2(I)o, which makes our results
inconsistent with a value as low as 12 cm '. Some
recent work" indicates that band bending near the
surface of PbTe would have a large effect on the
dielectric anomaly positions observed in an experi-
ment such as that of Foley and Langenberg and

may explain their unusually low value for +Tp.
Another feature of interest in these 337-p, m traces

is the small secondary feature observed below CR
at about 12 kG in Fig. 12. The feature, which is
not predicted in the classical theory, tracks with
CR and appears at all orientations of H about 15%%uo

below the position of cyclotron resonance. Since
the nonparabolic mass difference between adjacent
Landau levels should be reduced at this lower fre-
quency, it is unclear how the mechanism of spin-
split Landau levels which gave 12% splittings at
119 pm could give even larger splittings here.
This will be examined quantitatively in the next
section with the band-structure model developed
from the data at 119 gm.

Misorientation or sample inhomogeneities can be
ruled out as a cause of the secondary feature by
comparison with 119-gm data. Since the skin depth
of the radiation is nearly the same at 119 and

337 pm, inhomogeneous regions or surface effects
should affect the spectra at both wavelengths. Fig-
ure 13 shows the 33'I-pm spectrum for H

11 [110J of
a sample with p =2.7&10", while Fig. 14 shows
119-pn data taken during the same run at the same
orientation. While a second feature appears below
both the high- and low-field CR at 337 pm, the data
at 119 pm is similar to data on other samples and
show no splitting in the CR features. This strong-
ly suggests that the secondary feature, which was
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FIG. 12. Spectra for H )) [100] of a p-type (110)-plane
sample at 337 pm in Voigt geometry along with classical
calculation with parameters as shown. Calculated po-
sition of cyclotron resonance and magnetoplasma reso-
nance are indicated.
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FIG. 13. Spectra for H () [110]of a p-type (100)-plane
sample at 337 pm in Voigt geometry along with classical
calculation with parameters as shown. Positions of
cyclotron, hybrid, and magnetoplasma resonances are
shown. Arrows indicate the secondary resonance dis-
cussed in text.
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FIG. 14. Data at 119 pm on same sample at same
magnetic field orientation as Fig. 13. Cyclotron reso-
nances show no splitting at this frequency, indicating
good sample homogeneity.

observed in every sample run at 337 pm, is intrin-
sic to PbTe. These results at 337 pm are sum-
marized in Table IV.

V. BAND-STRUCTURF. ANALYSIS

Cyclotron transition energies in the Dimmock
model are completely determined by six effective-
mass parameters and the known energy gap. In our
experiment at 119 pm we have observed four differ-
ent cyclotron transitions in n- and p-type PbTe for
each of four orientations of the magnetic field, with

respect to the axis of the pocket. In addition, one
extra resonance was observed at three magnetic
field directions for p-PbTe. If we assume that
these resonances result from the band structure
(i.e., different Landau-level transitions), this
gives us a total of 19 independent transition ener-
gies which can be used to completely determine
(over determine) the effective-mass parameters
in PbTe. To carry out this program, however, it
is necessary to positively assign the observed
resonances to specific Landau-level transitions.
Since the resonances appear and disappear as a
function of carrier concentration, we assume that
they correspond to the Landau transitions at k~ =0
that are allowed by the position of the Fermi level.
Only those transitions which have their initial state
below the Fermi level and their final state above
the Fermi level will be allowed, since PbTe is de-
generate and the Fermi surface is sharp at 4.2 K.
In this case an unambiguous assignment of reso-

nances to Landau-level transitions can be made in
principle by comparing the position of the Fermi
level to the position of the Landau levels. There
are, however, several difficulties with such an as-
signment. First, both the Fermi energy and the
Landau-level energies are functions of the band

parameters, so the assignment must be made self-
consistently. Second, the Landau levels (but not
the cyclotron-resonance transition energies) are a
function of four spin-splitting g factors as well as
the effective-mass parameters. Since our experi-
ment is not sensitive to these g factors, values
must be obtained where possible from the litera-
ture. Third, the Fermi level is not strictly con-
stant as a function of magnetic field. In fact, the
Fermi energy undergoes oscillations of a few per-
cent as each Landau level passes through the Fer-
mi level. In addition, when the magnetic field gets
so large that only the lowest Landau level is oc-
cupied, the Fermi level decreases monotonically
as the degeneracy of orbit centers increases with
field. Using a two-band model we have estimated
the size of this effect in our experiments and find
that for H ll [110] the Fermi level decreases about
1(P/0 between 60 kG, when the small mass pockets
go into the extreme quantum limit, and 100 ko,
which is the limit of our field. This effect is not
large compared with other uncertainties in this
problem. The larger effects which are seen at
higher fields when the small mass pocket becomes
depopulated and the large mass pocket goes into the
extreme quantum limit are not a factor in our ex-
periment. '

Fortunately, because the photon energy (if+) at
119 gm (10.54 meV) is on the order of the Fermi
energy at these concentrations (10-40 meV), there
are very few possible Landau-level transitions
which can be assigned to the observed resonances.
The lowest transition (Of to 1f ), which has an en-
ergy well separated from any other transition in
the Dimmock model, can only be observed at k~ =0
if E~(ka& (Fig. 15). From the results of our ex-
periment it is possible to determine approximately
where this condition is exceeded. We have seen
that at low carrier concentrations the Fermi sur-
face is nearly ellipsoidal. In addition the band-bot-
tom mass mr(0) must be less than the lowest ob-
served mass. For p-type material we observe

TABLE IV. Observed resonances at 337 pm.

p (10")
Lower resonance Upper resonance

5.7
2.7
2.3

13.9+0.5
14.0 ~0.5
14.0 +0.5

0.0227 + 0.001
0.0226 6 0.001
0.0226 + 0.001

13.0+0.3
13.0 ~ 0.3
13.0+ 0.3

0.0263 + 0.0005
0.0248*0.0005
0.0248 + 0.0005
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k

FIG. 15. Lowest Landau-level transition is forbidden
at kH=0 for S~(E&.

TABLE V. Quantum 1imit carr ier concentrations
(10"cm ').

m, (0) 0.016 0.020 0.024

p type
p(F~ = h~)
n type
n(E~ = h~)

1.5 2.2

1.9

2.8

2 ' 5

masses as low as 0.021 and for pg-type, 0.022. We
also found the anisotropy K to be 12.7 (p-type) and

10.2 (n-type). Assuming a two-band model, the
zero-field relation between carrier concentration
z and Fermi energy for four ellipsoidal pockets is
given by

8 4g E, 2m, (O) '"
(2s)' 3

vf7 Eq 1+ E' 82 . (2)

Since Ez -10 meV a—nd Ez/E is a small correc-
tion, we will take the interaction gap to be equal to
the known low-temperature gap (187 meV). The
result for the highest carrier concentration at
which the lowest transition can be seen for various
values of band-bottom masses is shown in 'Table V.
The lowest Landau transition shouM not be observ-
able in p-type material with p greater than about
2.5&10", and in g-type material with pg greater
than about 2.0&10". With this information it is
possible to identify the resonance which was ob-
served only in p-type material with p= 2.3&10"
with the lowest (04-1t) transition. The resonance
which was observed from p = 2.3 x10" to p = 17 x
&10" must then be the 00- li transition (and 1t
-24, which has nearly the same energy). The
third resonance which is seen from p=8.1&10"to
21&& 10'7 is then the 1&-2& (and 24-3t) transition.
Similarly, in n-type material the lowest observed
resonance, seen at n=2.0~10" and 5.2&10'7, can-
not be the lowest transition but must be identified

with the 0 )—1i (1 i - 2 i) transition. The higher
resonance is then the 1t-20 (2k-3i) transition.
These transition assignments will be shown to be
fully self-consistent, while we have been able to
find no alternate assignment that is.

With this identification of the observed resonanc-
es, we have carried out a least-squares fit to de-
termine the effective-mass parameters of the
Dimmock model. The resonance fields were de-
termined by comparison with classical line-shape
calculations in the local limit. Because of the high
~7, no large error could be introduced in marking
the resonance positions in this way. Theoretical
transition energies were calculated using the full
magnetic-field-dependent 6-band model of Dimmock
with the Baraff-type approximation for magnetic
fields not parallel to the (111)-pocket axis. The
fitting program converged to nearly identical pa-
rameters regardless of the starting values, which
were chosen from the literature. A final y' value
of 1 (per degree of freedom) corresponded to un-
certainties of the order of 0.%0. This is well with-
in the range of our random measurement error
without allowance for systematic error due to ig-
norance of line-shape theory or any possible devia-
tion from the Dimmock model. Therefore we con-
clude that the experimental agreement with the
Dimmock model is excellent. To allow for our un-
certainty in judging the resonance positions and
other systematic effects, the quoted errors in the
final parameter set are calculated including an es-
timated error of P/& in the resonance position for
all except the lowest p-type and highest p-type
transitions. 'These transitions, which were never
observed in the absence of other transitions, were
judged to be uncertain to within B%%uo.

The resulting parameters are shown in Table VI
along with the results from other authors. The
fitting program also returns the errors associated
with each parameter and these are also indicated
in the table. The wide disparity in these various
parameter sets will be discussed in the next sec-
tion.

The self-consistency of the band-parameter set
is indicated in Fig. 16, which shows the magnetic
field position of the resonance which is allowed at
k =0 by the Fermi level at each carrier concentra-
tion. Data with H ([ [100] have been used for con-
venience. The Fermi level is calculated by nu-
merical integration of the zero-field dispersion re-
lation (Eq. 1) and is assumed to be constant. As
discussed previously, this is not a bad assumption
for the fields characteristic of our experiment. g
factors for n-type material have been determined
to be consistent with the experiments of Patel and
Slusher. ' For p-type material there are no com-
parable experiments from which it is possible to
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TABLE VI. Band parameters.

Proposed by

A2P2 02P2

2Nl 2m 2m $ 2?sg

Parameter sets (a.u.)
Derived constants

2Pii 2Pi2 2

A2 m m

2~) (eV) (eV) mz (0) mr(0)v K(0), K(0)v

Dimmock

Hewes, Adler,
and Senturia

0.033

0.038

0.536 1.81 3.38 Q.87

0.41 1.2 11.6 0.7

7.23 p.45

10.0 0.52

7.3 0.0236 0.0216 10.1 14.1

5.6 0.0242 Q. 0251 10.4 11.5

Foley and
Langenberg

0.052 0.599 2.85 17.3 0.353 3.94 p.70 8 2 0 0164 0 0210 9 2 11 6

Burkhardt et aI, . 0.041 0.423 3.57 14.3 1.34 10.5 0.563 5.76 0.0222 0.0242 6.85 9.50

Present work 0.0558 0.555 1.1 12.3
+0.001 +0.005 +0.1 +0.4

0.0025
~0.09

9.2
+0.3

0.76 7.6 0.0190 0.0202 10.2 12.2
+0.01 +0.07 +0.0003 +0.0003 +0.5 +0.6

50 Io
f

EFerml (meV)

20
I

30 40 50

45-
E9

40-
4l
4.
V

35C
Ql

X 30-

45

g type
H II (Ioo)
P =ll9Iu. m

2t 3t

II-2tt

2I -3t

40-
C9

35-
u
V

oc 30-
Ql0

25

ri- type
H II (IOO&
& = II9tu, m

li 2i
Ot

Oi-Ii

2i —3i
li 2I

4I 5i
3t-4I

3I -4i
2I 3t

I I I I I I

3 4 5 7 IO 20 30 40
I7 -3

Carrier Concentration (IO cm )

FIG. 16. Magnetic field position of resonances allowed
at k~= 0 as a function of carrier concentration, calcula-
ted with band parameters determined from experiment.
Also shown are experimental resonance positions.

identify with confidence the exact Landau levels in-
volved in a spin transition. For simplicity we have
assumed identical g factors for z- and p-type ma-
terial, and indicated with the dotted lines the car-
rier-concentration range in which the resonance
could be observed for larger spin splitting.

As can be seen, the n-type data are predicted
perfectly by our band model. Within the uncertain-
ties of the g factors and the field dependence of the
Fermi level, the p-type data are also consistent
with our band-structure model, except for the data
at 17 &10". Large changes in the Fermi level or
the level energies (-13 meV) would be necessary
for this resonance to be allowed in terms of band
structure. This resonance may result from inhom-
ogenious regions of the sample, although we had

no other experimental evidence that our data were
affected by sample quality. Note that for both z-

and p-type material the wide ranges of carrier con-
centration over which resonances are observed is
explained as a result of the near degeneracy of
transition energies from different spin-split levels
(e.g. , the transition from Ot to lt and that from lg
to 24). In summary, the transition assignments
that we have made provide a consistent interpreta-
tion of nearly all the data at 119 gm. No other as-
signment gives even fair consistency.

VI. DISCUSSION AND CONCLUSIONS

A. Comparison with other band~odel parameters and
with experiment

Comparing the band parameters derived from our
experiment with the parameters found by other au-
thors, we find several interesting discrepancies.
First, the band-bottom masses calculated from our
model are 10-20% lower than the masses deter-
mined by the other authors with the exception of
Foley and Langenberg. ' Since the band parameters
of Dimmock" and of Hewes, Adler, and Senturia
were derived from a wide variety of experiments
reported in the literature (with corrections made
from the results of Knight-shift experiments by the
latter authors), the lower masses predicted in our
experiments appear to deviate significantly from
the previously accepted values. This deviation can
be directly observed comparing Tables III and VI.
It is clear that the lowest resonances observed in
our experiment are lower than the band-bottom
masses determined by Dimmock and Hewes, Adler,
and Senturia. The results of Foley and Langen-
berg, derived from high-frequency microwave CR
experiments, are unique in predicting similar or
even lower band-bottom masses than those found
from our experiment. %'hile their very low value
for the n-type mass was determined only after
large corrections for nonlocal and nonparabolic ef-
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fects, the p-type band-bottom mass (in good agree-
ment with our value) was determined with only
small corrections from a low-concentration sam-
ple. The parameters of Burkhardt e] g).' are de-
rived from one of several recent experiments on
similar "hot-wall" expitaxial films. T hese films
are believed to closely approximate the properties
of strain-free bulk PbTe and can thus be compared
with our results. Both Burkhard eI; gl.' and Ramage
et al,. find masses in good agreement with earlier
work (10-15% higher than our results), but both
find anisotropies lower than generally accepted
values. This is particularly evident in the results
of Burkhard et al. Their parameters give a con-
duction-band-bottom anisotropy of 6.85, decreasing
as the carrier concentration increases. In con-
trast, most previous experiments found the aniso-
tropy of n-PbTe to be very close to 10. This may
suggest that in some way these films are different
from bulk samples. For example, strain-induced
repopulation effects were found in films by Burke
et a$. Even if this effect were not large enough to
completely depopulate pockets, it would, because
of band nonparabolicity, increase the mass and de-
crease the anisotropy observed in a CR experi-
ment.

The effective-mass results of much of the exper-
imental and theoretical work on PbTe are sum-
marized in Fig. 17. The figure does not contain all
of the experiments that the theoretical parameter
sets were derived from because in some cases
(Foley and Langenberg) the results were reported
only after extrapolation to the band edge, and in

other cases (Hewes et al. ) use was made of exper-
iments (Knight- shift and interband magneto-opti-
cal) which do not give direct values for conduc-
tion- or valence-band masses. For p-type mater-
ial, the results, particularly at higher carrier
concentration, lie considerably above the predic-
tions of our model. The good agreement of the
model of Foley and Langenberg is partly explained
because the results of Burke et aI,. and Jensen
ef, al. were included in the data set used by Foley
and Langenberg to determine the band parameters.
In pg-type PbTe the results, primarily from CR-
type experiments, are in reasonable agreement
and predict an effective mass 10-15% higher than
our model predicts. This discrepancy cannot be
explained by nonlocal corrections because the ex-
periments of Nii, ~ Fujimoto, 4' and Bishop and
Henvis4' were all done in Voigt geometry where the
resonances would be effectively unshifted by non-
local effects.

B. Inconsistency of the 337-pm results with the 119-pm
band model

The problem posed by the discrepancy between
the masses of our band model and other experi-
ments is made even more puzzling by the results
of our measurements at 337 pm. As discussed in
Sec. IV B, the CR's at 337 pm were split with a
secondary feature 15%%up lower in field than the ma-
jor CR peak. It was suggested qualitatively that
this splitting is too large compared to the splittings
at 119 pm to be explained by spin-split Landau lev-
els. This is confirmed by a direct comparison of
the data with the predictions of the band model de-
termined from our 119-pm data. Figure 18 shows
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the magnetic field position at which resonances
would be predicted at 337 pm from our band model,
along with the actual data. As can be seen, the
splittings observed at 337 pm are more than three
times as large as the predicted splittings between
adj acent Landau-level transitions. Furthermore,
the major (higher-mass) feature of the 337-pm
spectra is Fj& higher than the band mass predicted
by our band model. The smaller secondary fea-
ture, on the other hand, is in good agreement with
the predictions of the band model. The data at 337
gm cannot, in fact, be described by any reasonable
band model. If it is assumed that our band model
is incorrect and the effective mass is correctly
given by the position of the major peak at 337 gm,
then the position of the secondary resonance would

correspond to a mass less than the band edge. In
this sense, our 337-pm data are similar to the
data of Kuchar ef; al. ," in which additional features
are observed below the position of CR which are
inconsistent with band models.

In summary, our data at 119 pm have been com-
pared to classical local magnetoplasma calcula-
tions, and features have been identified with cyclo-
tron transitions between different pairs of Landau
levels. The transitions corresponding to these
resonances have been identified by comparing the
position of the Fermi level with the energies of the
Landau levels at kH =0. 'The resulting band param-
eters predict Landau-level and Fermi energies
that are consistent with our interpretation of the
spectra for both n- and p-type samples. Compari-
son of our band parameters with the parameters
proposed by other authors and with experimental
results, however, indicates that the effective mas-
ses predicted by our band model are 10-20/& smal-
ler than those indicated by most previous work.
Our data at 337 pm show small features which are
consistent with our results at 119 gm and larger
features which are in closer agreement with the
previous experimental and theoretical work. The
splitting between these features at 337 gm is three
times too large to be explained by nonparabolieity,
and since the spectra at 119 gm of the same sam-
ples do not show any unusual features, sample in-
homogeneities do not appear to be involved. Simi-
lar splittings have been observed in some samples
at 337 pm in the experiments of Kuchar ef al.4' In
the next section we will consider some of the pos-
sible interpretations by which such splittings could
be explained.

C. Extrinsic effects

Kuchar et aL."have suggested that their experi-
ments on PbTe can be interpreted in terms of shal-
low donor states. They base this conclusion on an

analysis of the effects of shallow donor states on

magneto-optical experiments in nondegenerate
semiconductors. Impurity- shifted cyclotron reso-
nance has been observed in high-purity InSb and
GaAs, and the theory of these effects is well un-
derstood. ~'~' In this case, and in the limit that the
donor binding energy is small compared with 5(o„
each Landau level will have a series of bound
states lying just below the sub-band edge. The im-
purity-shifted resonance is a transition where the
Landau index and possibly the quantum number of
the impurity states are changed. This leads to
resonances at lower magnetic fields than the free-
carrier cyclotron resonance. However, it is un-
likely that PbTe can support such shallow donor
states. The major problem is the large static di-
electric constant (eo -=1500) in PbTe which reduces
the effective Rydberg (R*=e'm„/2eP') to 1.2
&10 ~ eV. The binding energy is increased at high
magnetic fields as"

Es =R*[2in(u*/f, )]', ++/f, »1
where q,* is the effective Bohr radius

a,* = eP'/m, ~e' =0.4 gm,

and l =(hc/eB)' ' is the magnetic length.
In degenerate semiconductors the binding will be

reduced because of the screening of the impurity
potential by the free carriers. Even if this screen-
ing is ignored, the binding energy is only estimated
to be E~ = 0.08 meV. To explain the magneto-opti-
cal experiments, however, a binding energy larger
than 1 meV is required. Therefore we feel that it
is highly unlikely that these experiments can be in-
terpreted in terms of shallow impurity levels.

Another possible interpretation of both experi-
ments is in terms of surface-space charge layers.
Schaber e] a/."find extra resonances in the Fara-
day geometry when an electric field is applied nor-
mal to the surface of PbTe thin films. The simpl-
est idea is to consider the surface density different
than the bulk due to accumulation or depletion of
carriers. Since we assume we have observed all
three of the lowest transitions in p-type PbTe this
density effect could only lead to an even lower
band-edge mass. At the carrier concentrations of
our samples the region of band bending is confined
much closer to the surface than was the case for
the Schaber et al. experiments. We estimate the
thickness of an accumulation or depletion layer on
our samples to be of the order of 500 A. Since the
penetration depth of the far-infrared radiation is
typically greater than 2000 A even at resonance, it
is hard to imagine that surface resonances would
dominate the cyclotron-resonance signals. We also
note that in our Voigt-geometry experiments the
surface levels are mixed magnetic and electric po-
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tential surface states which have a spread-out den-
sity of states" in comparison to the case of the
Faraday-geometry experiments of Schaber et al.
Therefore the surface-resonance features should
be broadened in comparison with the bulk reso-
nance.

Since we obtain consistent results for different
samples and different surface preparations, which
are likely to change the band bending at the sur-
face, we believe our cyclotron-resonance peaks
are associated with bulk cyclotron resonance.
However, experiments on space-charge layers in
bulk PbTe in the Voigt geometry would test this
conclusion.

D. Many-body effects

PbTe is an example of a system with a coupled
degenerate electron gas and polar optical phonons.
Consequently the possibility of interpretations in
terms of many-body interactions should not be
overlooked. Under the conditions of these mag-
neto-optical experiments, the cyclotron frequency
(&u, ), the Lo phonon frequency (u&„), and the plas-
ma frequency (&u~) are all comparable so that the
interaction effects are complicated, and they can
be quite large as we shall see. We can consider
several many-body effects that could affect the
cyclotron-resonance measurements: (1) the mass
enhancementor self-energy effects familiar in the
polaron problem, (2) plasmon-or phonon-assisted
cyclotron resonance wherein the Landau-level
transitions are accompanied by the emission (or
absorption at finite temperature) of a phonon or
plasmon, and (3) finally there is the possibility of
final-state interaction effects such as occur in the
case of excitons.

1. Self energy effects

In an empty polar lattice a single electron near
the band edge polarizes the lattice, and this elec-
tron plus lattice polarization produces an enhanced
effective mass m*. This is the polaron problem
which has a wide literature. The result for an
electron at the band edge is

m* = m ~(1+ a/5),

where m, is the band mass and e is the polaron
coupling constant

For PbTe, + =0.15, which produces a mass en-
hancement of only 2.Pf&. 'This result is not applic-
able to our experiments since the electron-phonon
interaction is modified by screening effects and
Pauli-principle restriction at the carrier densities

of our samples. This problem has been considered
in the 0 =0 case, and it becomes identical to the
metallic case with an Einstein phonon spectrum. '
We have estimated the mass enhancement for our
samples from this theory and find m*/m, =1.03—
still too small to account for the experiments.

However, these theories do not include the ef-
fects of the quantization of the electronic spectrum
in a strong magnetic fieM. The magnetic field in-
troduces two important modifications of the sys-
tem. First, additional longitudinal magnetoplasma
modes are introduced, which could produce an ex-
tra contribtuion to the mass enhancement in com-
parison with the H =0 case. In addition, for a high-

ly quantized system (h&u, = e~), the electron density
of states is strongly modified with inverse-square-
root singularities for energies near the bottoms of
the Landau levels. 'These singularities in the dens-
ity of states can produce a corresponding large ef-
fect on the electron self-energies.

'The electron self-energies in the degenerate
electron gas can be treated by considering the
electron-electron interaction screened by the total
dielectric function of the system e(q, &o):

&(q, ~) = e,(q, (u) + e, ((u),

where e,(q, v) is the dielectric function for the
electron which is adequately given for this problem
by the random-phase approximation. For H =0, &,
would be the Lindhard function, but for H g0 it be-
comes much more complicated. ~' e, (&u) is the lat-
tice contribution which for a polar semiconductor
is given by

LO —2 2

~ ~

&To —

From this form of e(q, &u), we see that the effec-
tive electron-electron interaction is dynamically
screened corresponding to a retarded interaction.
This is similar to the interaction that gives rise to
superconductivity in metals. Because &, for PbTe
is usually large [e,(0) =-1500[, the effective inter-
action potential V,„=V(q)/e(q, a&) is small except
near the zeros of q. These zeros correspond to
the longitudinal mixed magnetoplasma and phonon
modes of the system and the problem can be recast
in terms of the electron-plasmon interaction by us-
ing the plasmon pole approximation. At long wave-
lengths the plasmons are given by the roots 0 of'

u& fo- 0' tu f sin'8 &u & cos'8
Oo ~2 Q2 Q ~ g2To

where 8 is the angle between the magnetic field and
the plasmon wave vector. The dispersion relation
for these modes are shown schematically for the
case of PbTe with H )( [100] in Fig. 19.

'The simplest contribution to the single-particle
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FIG. 19. Dispersion of magnetoplasma modes in the
low-q limit for PbTe with H )) [100]. The carrier density
is 4 X10 /cm 3. 8 is the aagle between q and H.

self-energies Z is given by the exchange term in
the Hartree-Fock approximation

Z(n, k„, k, )

(n, k., k„( V(q) (n.', k.', k,'). ,a,~.„e(e,}
where f is the Fermi occupation factor, q =k —k',
~=[E(n, k}—E(n', k')]/t, and E(n, k) is the single-
particle dispersion law in the absence of the elec-
tron-electron interactions. In the absence of final-
state-interaction effects or finite-lifetime effects,
the transitions energies ~E in the cyclotron-reso-
nance experiments will depend on k and will be
given by

d.E(k) =E(n+ 1,k„k„)+Z (n+ 1,k„k„)
—E(n, k„k„)—Z(n, k„k,) .

Because of the inverse-square-root singularities
in the density of states associated with the bottom
of the Landau sub-bands, it is possible to get large
self-energy effects. In particular, if E„(k}-Ez(0)
= RQ„where Q, (k) is a root of e(k, Q, ) = 0, Z (n, k)
will be singular (in the absence of damping). This
is due to the resonant exchange interaction with
those electrons in the large phase space near k„
=0. These effects can be much larger than the
polaron mass enhancement referred to above. In-
deed preliminary self-energy calculations for PbTe
using an approximate e,(q, to) indicate a spread in
the resonance energies for cyclotron resonance of
the right magnitude to account for the difference
between our 337- and 119-pm data or the mass
discrepancies in the literature. "

It does not seem likely, however, that all the ex-
perimental results can be accounted for by self-
energy effects alone. For example, in our experi-
ments it remains to be explained why the oscilla-
tor strength in the 119-pm spectrum is large for
low m* and that of 337 pm is large for a higher

m*. When the results of Foley and Langenberg are
also considered, it appears that the mass may os-
cillate with frequency. (These microwave experi-
ments give an m* somewhat lower than our 119-pm
measurements. ) The experiments of Kuchar et al.
suggest two or three isolated peaks in the oscillator
strength associated with the cyclotron resonance,
and the strong temperature dependence they ob-
served must be explained (assuming that their re
suits are also related to many-body effects). The
significance of the self-energy calculation is that it
indicates that the electron-electron interaction ef-
fects are at least large enough to be responsible
for the m* anomalies that have been observed in the
magneto-optical experiments on PbTe.

2. Plasmon emission

The plasmon-emission process is closely related
to the Lo-phonon-shifted cyclotron resonance that
has been observed in several experiments in differ-
ent materials. We have noted that this effect has
been observed at high frequency in PbTe by Saleh
and Fan. ' Plasmon-emission effects have been ob-
served in the degenerate electron gas by McCombe
et al.52 in n-type InSb. (These experiments were
done under conditions»&~~ and the extreme quan-
tum limit. ) They have observed absorption in the
inactive mode near the condition for cyclotron res-
onance and the harmonics. 'The fundamental ab-
sorption peak occurs near &u=(~2+&v~)'~' and shifts
accordingly with carrier concentration. This ab-
sorption line has been interpreted in terms of a
process in which the incident photon creates an
electron-hole pair plus a plasmon. In the final
state both the electron and hole are in the pg =0
Landau level so that the excitation energy is h&
=k'Q'+E(k, ) —E(k„), where Q' is the plasmon fre-
quency, E(k) is the band energy, and E(k, ) —E(k„)
~E~ «8&,. 'The plasma modes in the long-wave-
length limit in this case are the roots Q' of e, (0)
+e,(v) =0, since the frequency &u is much lower
than the To-phonon frequency.

Golden-rule calculations of the line shapes con-
sidering the above process produce absorption
peaks in the correct positions. The calculation
shows that most of the absorption comes from
emission of 8=90' plasmons in the high-frequency
plasmon branch. This theory is not complete,
however, as other processes which are required
for a current-conserving approximation" "have
been ignored. When these terms are included it
has been shown that there is only absorption at w
= ~, in the active mode as demanded by the Kohn
theorem. " 'To account for the violation of the Kohn
theorem in these experiments, it has been neces-
sary to invoke the breaking of the translational in-
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variance by the presence of impurities. " However,
at present there is no quantitative line-shape the-
ory for these experiments that includes the impur-
ity effects.

In the far-infrared experiments on PbTe we could
expect absorption when kur =E(n, k}—E(n', k —q)
+ka1, (q) where the first term on the right-hand side
is the final state of the electron, the second term
its initial state, and Q, (q) is a magnetoplasmon.
AE=E(n, k) —E(n', k —q) ~ 0 so that the high-fre-
quency branch (0 & v) cannot be involved in our ex-
periments. Since we are observing -29(~ mass
shifts, we must have

ZLe +RA((q) =k(d~ .

For the low-frequency branch Q, «e, near reso-
nance at 119 gm (see Fig. 19). If we take ae =br',
as expected from a density-of-states argument, we
would expect a mass 0,/sr, -0.15 lower than the
band mass from this mode. However, this same
process would produce a 4IP/p apparent mass re-
duction at 337 pm contrary to observation. More-
over, the coupling constant'0 for this branch, D(q)
= (4ve'/q')(Se/s&o)„', is very small in comparison
with other plasmon branches.

For the center branch (Fig. 19) 0 =I(u„which
would require ~««A~, . If we assume ~& =0 we
find that the resonance is shifted in the wrong di-
rection to account for the low masses observed in
our experiments. We can find no argument that
would support an interpretation in terms of plas-
mon emission involving this plasmon branch.

Kohn theorem requirement that the only excitation
observable in an isotropic electronic system at q
=0 occurs" at (d =(d, .

Schematic excitation spectra from this theory are
shown in Fig. 20. The modes in the continuum are
raised in comparison with the noninteracting case
by self-energy effects (the exchange interaction).
There are typically several collective or excitonic
modes split off from the continuum. For an iso-
tropic system the ground excitonic level lies pre-
cisely at e, when @=0. Moreover, all the oscilla-
tor strength is in this principle mode, thus satisfy-
ing the Kohn theorem. " These excitonic modes are
in fact the microscopic equivalent of the Fermi-
liquid modes in Landau theory, " and Verdun's the-
ory is the correct microscopic theory for x, «1
and static screening (&u «u&~). (r, is the Fermi-
liquid parameter which characterizes the strength
of the electron-electron interaction. )

Verdun's theory successfully accounted for a
large set of experimentally observed absorption
line shapes for cyclotron resonance and harmon-
ics, spin flip, and combined resonances in bis-
muth. '" These results indicate that the case of weak
electron-electron interaction (r, «1) and static
screening (~ «&u~) are well understood.

In applying these ideas to the case of PbTe ex-
periments, there are several important differences
that must be considered. First, the effective in-
teraction has both attractive and repulsive charac-
teristics depending on the frequency at which the

3. Final-state interactions
CU
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Finally we will consider the effects of final-state
interactions in the resonance. In the resonant
transition the excited (inter-Landau level) electron-
hole pair can interact via the screened Coulomb
interaction and possibly set up an excitonlike col-
lective state shifted with respect to the usual cyclo-
tron resonance. These effects have been observed
in far-infrared cyclotron-resonance experiments
on bismuth. ' '"

The line shapes of the CR transitions character-
istically contained fine structure with a sharp fea-
ture on the high-field side of the resonance. It was
found that these sharp features could be inter-
preted in terms of excitonlike modes associated
with the inter-sub-band transition. '

Verdun developed a theory of these excitonic
modes and the optical conductivity of the system
within the generalized random-phase approximation
(RPA}. Under conditions where the interaction be-
tween electrons can be taken as statically screened
(~ «(u~} the generalized RPA is consistent with
current conservation and so the theory obeys the
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FIG. 20. Schematic excitation spectrum for a degener-
ate electron system with parabolic and nonparabo1ic en-
ergy bands. The shaded area represents a continuum of
excitation, and the solid line represents an excitonlike
collective mode. Depergiiag on the inter action potential
the exciton modes can lie below or above the continuum.
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dielectric constant is evaluated. This indicates
the possibility of exciton modes both above and be-
low the continuum modes. A second point is that
the interaction is retarded or frequency dependent.
Consequently Verdun's theory is no longer valid
and terms beyond the RPA must be included for a
current-conserving theory. "

This problem has been extensively discussed in

the literature in connection with the plasmon-
shifted cyclotron-resonance experiments in n-type
InSb by Mccombe et al..s4, se Owing to the compli-
cated nature of the additional terms in the theory,
there have been no quantitative calculations of the
conductivity for the case of a dynamically screened
interaction. In the absence of a theory, we can
only speculate on whether such excitonic features
could be involved in the PbTe experiments. The
data of Kuchar et al. are strongly suggestive of
excitons. In particular, their 195-pm data could
be interpreted in terms of two excitonlike modes
on the low-field side of the ordinary single-partic-
le-like cyclotron-resonance feature. Also, in our
data a similar excitonic description would possibly
explain the discrepancies between our 337- and
119-pm data and the differences in our masses and

those reported in the literature. First we would

interpret the weak low-field structure in the 337-
pm data as an excitonic mode and the high-field
feature as the single-particle cyclotron resonance.
Then at 119 pm we conjecture that the exciton mode
on the low-field side of the resonance has a large
oscillator strength so that the continuum mode is
lost in the dielectric anomaly structure. This in-
terpretation goes a long way toward reconciling the
discrepancies in the reported cyclotron masses.
In addition, the apparent lack of Doppler shifting
in our Faraday results at 119 pm is explained by
this interpretation. 'The dispersion of the collec-
tive mode is quadratic (~q') for small q. For the

small wave vectors of our experiment the collec-
tive mode could be essentially unshifted compared
with the linear shift dispersion (ccqV~/u&, ) calcu-
lated for the single-particle mode. As a result the
resonance would occur at the same field in the
Voigt and Faraday geometry —as observed.

Vfe note that the situation in the microwave mea-
surements may be quite different than that for the
far- infrared experiments. The cyclotron frequency
is lower than ~TO and so the plasma modes are
quite different. Also, the field is lower so that the
mass enhancement may be closer to the 0 =0 case
discussed earlier. Therefore we suggest their re-
sults can be understood in terms of a small mass
enhancement and the absence of excitons (possibly

due to an effects).
Finally there is the question of how to interpret

the band parameter derived from our 119-pm data.
First we note the remarkable consistency of the
data with the k ~ P band model for four different
samples with carrier concentrations varying be-
tween 2&10" and 2 x10"/cm'. We suggest that
our measured masses may in fact be quite close to
the bare-band masses. It is likely that the elec-
tron-electron interaction gives rise to a large
mass enhancement due to the self-energy effects,
but then the collective or excitonlike mode essen-
tially cancels this shift so that the exciton mode
falls at the position corresponding to the bare-band
mass. This is precisely what happens in the iso-
tropic electron gas as is required by the Kohn the-
orem.

In conclusion, we believe there is a strong pos-
sibility that the explanation of much of the remark-
able discrepancies reported for the cyclotron mass
in PbTe is to be understood in terms of many-body
effects. It may also be possible that the k ~ P band
parameters derived from our 119-gm data may
represent essentially the bare-band parameters in
the absence of many-body effects. There is a need
for a better theoretical treatment of the coupled
electron-phonon system before these ideas can be
confirmed.

Note added. The g factors in PbTe have recently
been measured by two different magneto-optical
experiments. Schaber and Doezema [Solid State
Commun. 31, 19't (19'19)) have measured the spin
resonance in low- carrier-concentration epitaxial
films. A complete set of band parameters has been
deduced from interband magneto-optical measure-
ments by Appold, Grisar, Bauer, Burkhard,
Ebert, Pascher, and Hafele [ProceeChngs of the
14th International Conference on the Physics of
Semiconductors, Edinburgh, edited by B. L. H.
Wilson (Institute of Physics, London, 19'l9), p.
1101].
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