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In this paper we report an extensive study using neutron scattering techniques of the spin

fluctuations in the two-dimensional diluted near-Heisenberg antiferromagnet Rb2Mn, Mg~, F4.
The concentrations studied are c =0.54, c =0.57, and c =0.60; the site-percolation concentra--
tion for the nearest-neighbor square lattice is c~ =0.593 so that these experiments span the per-

colation threshold. The point c = c~, T =0 represents the percolation multicritical point which

terminates the line of second-order transition of the infinite network. We give a detailed

description of the theory of the magnetic behavior around the percolation point; as the tempera-

turelike scaling field we suggest p, (T) = K~(p where K&(T) is the inverse correlation length for

the associated one-dimensional chain; for the static structure factor we propose the formula

S(~ c~
—c~, p„Q)~~~(~2+ {?2) ', where ~=~(~c~ —c~, 0) +K(0, p); that is, we assume that the

geometrical and thermal inverse correlation lengths are simply additive. The c =0.60 sample is

found to have a smeared second-order phase transition at about 8 K to a state with two-

dimensional long-range order but only weak correlations in the third direction. The spin fluc-

tuations in the precritical region are essentially identical to those in the concentrated systems,
thus demonstrating that the phase transition in the c =0.60 infinite network is little affected by

the proximity to the percolation threshold. For the c =0.54 and c =0.57 samples the correlation

lengths and susceptibility increase with decreasing temperature down to about 3 K, below which

temperature they saturate; for both samples the inverse correlation length is well described by

the simple formula K = K(b, C, O) + [K](T) ] '; the susceptibility follows the law

$(0) —K . —,both results are consistent with our scaling crossover formula and the assump-

tion of the importance of the underlying one-dimensional links in the percolation clusters. The
corresponding thermal critical exponents are vT =0.9+0.1 and yT =1.5 +0.15 compared with

the percolation exponents v~ =1.36 and y~ =2.43, so that the experimental crossover exponent

is @=1.56+0.15. There is currently no first-principle theory which properly accounts for this

value of the crossover exponent, although the experiment includes within the errors the value

@=1.7, appropriate to a self-avoiding walk ansatz for the principal paths along which the corre-

lations spread.

I. INTRODUCTION

In the first of this set of papers' (hereafter referred
to as I), we reported the results of a detailed study of
the spin dynamics in the mixed magnetic-nonmag-
netic two-dimensional antiferromagnet
Rb2Mn, Mg~, F4. The experiments were initiated pri-

marily to elucidate certain controversial issues in

theories of the dynamics of highly random systems. '
The concentrations c were chosen to be near the
nearest-neighbor percolation threshold, c~, in order
to make as varied as possible the local magnetic-ion

configurations while at the same time retaining quite
large connected clusters. We had hoped, in addition,
that one would be able to study percolation effects in
a real crystalline system which was both simple and
well characterized. However, it was by no means ob-
vious that any real material would exhibit the clean
percolation threshold so easily achieved in idealized
computer models. As we have briefly discussed
previously, ' a well-defined percolation transition is
observed in the two-dimensional (2-D) mixed anti-
ferromagnet Rb2Mn, Mgi, F4 for c =G.593, the per-
colation threshold for the nearest-neighbor (nn)
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square-lattice-site problem. In this paper we report a
detailed study of the spin correlations using neutron
scattering techniques as a function of temperature
and concentration for three concentrations spanning
the percolation threshold.

The essential features of percolation effects in

magnetic materials may be summarized as follows.
As a model percolative system, and indeed the one
relevant to our actual material, consider a simple
square magnet with only nearest-neighbor exchange.
If a small number of magnetic atoms (1-c) are re-
moved, then we expect the phase-transition tempera-
ture T~(c) to decrease linearly with c, due to the
linear decrease in the effective exchange field. As c
is further decreased, the network begins to take on a
ramified character, and isolated islands of spins ap-
pear. Finally, as c reaches c~, the, percolation thresh-
old, the fraction of spins in the infinite network ap-
proaches zero; correspondingly, the phase-transition
temperature approaches Tjy(c~) =0. Finally, for
c & c~ the system consists exclusively of finite clus-
ters, so that there can be no long-range order. The
point c = c~, T =0 thus represents the termination
point of the line of continuous transitions of the in-

finite network. One may observe geometrical critical
behavior around c = c~ by varying the concentration c
at T =0. Alternately one may observe thermal critical
behavior in the percolation network by fixing c equal
to c~ and varying the temperature. The point c = c~,
T =0 thus represents an especially interesting mul-

ticritical point involving, in general, both geometrical
and thermal critical fluctuations. ' Since our origi-
nal publication, a number of theories for the
behavior around the percolation multicritical point
have appeared ";we shall, therefore, discuss our
results in the context of these theories.

Finally, we should note that these theories made
|:specially clear the need for ancillary experiments in
a diluted 2-D Ising model. A series of experiments
have therefore been performed in the isostructural
system Rb2Co, Mg~, F4. The Co—Co interactions
have a pronounced Ising anisotropy as opposed to the
Mn —Mn interactions which are essentially
Heisenberg-like in character. The Rb2Co, Mg~, F4
results will be described in Paper III of this series. '
Not surprisingly, the Ising and Heisenberg systems
exhibit a number of interesting differences; accord-
ingly we will make detailed comparisons of the two
materials both in this paper and in Paper III.

The format of this paper is as follows. In Sec. II
we give a brief summary of the properties of the ma-
terials together with a discussion of the elements of
neutron scattering theory; Sec. III reviews the current
picture of magnetic-percolation theory with specific
application to Rb2Mn, Mg~, F4. In Sec. IV we
describe the quasielastic and inelastic neutron scatter-
ing measurements. The theoretical analysis and con-
clusions are given in Sec. V.

II. PRELIMINARY DETAILS

A. Crystal and magnetic-structure properties

The crystal and magnetic structure of Rb2MnF4 and
the alloys Rb2Mn, Mg~, F4 have been discussed ex-
tensively in Paper I; the reader is referred to that pa-

per for full details. In order to facilitate discussion of
the explicit scans carried out in these experiments,
we show in Fig. 1 the crystal structure together with
the (010) magnetic zone of the reciprocal lattice. In
Paper I we discussed measurements on two samples
of Rb2Mn, Mg~, F4, one with c =O.S4+0.02 and a
second with c =O.S7 +0.02; these concentrations
were inferred from the results of a number of mea-
surements including those described in this paper;
the absolute concentrations are believed to be accu-
rate to +0.02 as quoted above.

In this paper we 'shall describe measurements on
the above two samples, together with a third for
which the concentration was chosen to be above the
2-D square-lattice percolation threshold '

c~ 0 593.
The nominal Mn++ concentration in this third sample
is 61%. The lattice constants measured at 5 K are
a = 4.1542 A and c =13.806 A. By comparison with

the values obtained for the 54% and 57% samples as
quoted in Table I of Paper I, we conclude that the ac-
tual Mn+++ concentration in this sample is c =0.60
+0.02; we should emphasize that the differences are
known rather more accurately than the absolute
values. In the absence of any clustering effects, we
anticipate that for c ) c~ =0.593 a transition to long-
range order will occur at nonzero temperature. As
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FIG. l. (a) Crystal and magnetic structures of Rb2MnF4.
Inverting the central spin exchanges the a and b magnetic
axes. Here we show only the K2NiF4-type magnetic struc-
ture; the Ca2Mn04-type structure may be generated by in-

verting the spins of the nnn layer. (b) (010) and (100) mag-
netic zones of the reciprocal lattice; again we show only
K2NiF4-type Bragg positions. Nuclear Bragg peaks are indi-

cated by double circles.
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known. It is of interest, nevertheless, to plot the in-

verse correlation lengths observed at low tempera-
tures both for the Mn++ compounds and for the isos-
tructural Co++ compounds to be discussed in Paper
III; these results are shown in Fig. 2; quite gratifying-
ly all of the results fall on a smooth curve, suggesting
that our error limits of +0.02 may be too conserva-
tive. %e shall discuss the theoretical curve in Fig, 2
later in this paper. As discussed in Paper I and as
supported by the data presented here, we may take
the concentrations to be 0.54, 0.57, and 0.60;
henceforth we shall refer to these samples as 54%,
57/0 and 60/0
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FIG. 2. T =0 inverse correlation length vs concentration
in Rb2Mn, Mg&, F4 and Rb2Co, Mg&, F4, the error bars
represent the uncertainties from the chemical analysis; the
relative concentrations for the Mn and Co compounds
separately are known to about 1%; the Mn compound con-
centrations are discussed in Paper I; the Co compound con-
centrations are from the chemical analysis.

we shall discuss in Sec. IV, this third sample does
indeed order at 8 K. Finally, as outlined in Sec. III,
the percolation correlation length at T =0 may pro-
vide a very accurate measure of the concentration for
samples with c & c~. Unfortunately only the percola-
tion exponent and not the absolute amplitude is

If the neutron energy loss in the experiments is has

and the wave-vector transfer is Q, the differential
magnetic-scattering cross section for upolarized neu-
trons may be written' for our conditions

d o ye kt
dQdi» nt c2 ko

I(0, z») =
~f(Q) ~'[(I +Sin'8) 8~(Q, i»)

+cos'8gi'(Q, z») ]

~here ko and kt are the wave vectors of the incident
and scattered neutrons and f(Q) is the form factor of
the Mn ions. The angle 8 is the angle between Q and
the crystallographic c axis, and the correlation function~

are given by

g'(Q, ~) = „dt e '"'Xe "
—,
' (S+(t)S„(0)+S (t)S„'(t)),

mn

$ (Q i») =
i dt e i~ige m n (Sz (t)Sz(0))IQ(R -R )

2m' "
NtÃ

where the summations over m and n are over all the
magnetic sites at R and R„. The axes for the spin
components are chosen to coincide with the crystallo-
graphic axes; namely, z is along the (001) c axis, and
we have made use of the symmetry of the system. If
the only interactions between the spins were of the
Heisenberg form, the spin system ~ould have isotro-
pic symmetry and

~'(Q ~) =&~~(Q ~)

The integrals of the scattering functions over all
frequencies give the total scattering functions

g "(Q) = J g'(Q Oi) d z»

~'(Q) = g'(Q, ~) d~ .

The scattering functions may be related to the gen-
eralized frequency and wave-vector-dependent mag-
netic susceptibility, namely,

&'(Q, i») =, [n(i») +1]Im[x (Q, i»)], (7)
g tz

where n(z») is the Bose-Einstein occupation factor
n (i») = [exP(tri»/ks 7) —1] ', and a similar relation
connects g ~(Q, i») and X~(Q, i»). If tti» && ktt T, a
Kramers-Kronig relation then provides a relationship
between the static susceptibility and the total scatter-
ing functions as

»(Q) =—,X'(Q 0)AT
(g tzs)
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and

gH(q) yll(g 0)
kaT

(g Ps)'

so that the wave-vector-dependent susceptibility can
be deduced directly from measurements of the total
scattering.

We note that in Eqs. (3) and (4) the magnetic
scattering will, of course, be zero from unoccupied
sites, that is SM, =O. Less trivially, but even more
importantly, for c & c~ where the system has broken
up into finite clusters, we anticipate that the spins in
different clusters will be uncorrelated. In that situa-
tion, the neutrons will measure the pair correlations
within a given cluster and these will then be averaged
over all clusters in the material.

III. MAGNETIC-PERCOLATION PHENOMENA

A. Percolation theory and neutron scattering

The pure percolation problem has now been dis-
cussed by a wide variety of authors. We refer the
reader to reviews listed in Ref. 3 and to the recent
papers by Reynolds and co-workers. ' We give
here only a brief description of the current theoretical
picture. As discussed in Sec. I, for illustrative pur-
poses we consider a simple square lattice with bonds
between nearest-neighbor sites alone. As sites are
removed, initially the network simply becomes dilut-
ed. However, gradually finite clusters appear which
are isolated from the infinite network. With increas-
ing vacancy concentration these finite clusters grow
while the number of sites in the infinite network de-

4l

for go(~ (10)

At c =c~ where go=~, Eq. (10) becomes
C2(r) —r &.

ii. Geometrical correlation length We de. note (o in
Eq. (10) as the geometricai correlation length.

iii Mean number . offinite clusters of any size The.
mean number of clusters, normalized per site, of a
given size s is ( n, ); then the mean number of clus-
ters of any size is

creases precipitously. Finally at a well-defined site
concentration c~ the infinite network vanishes, and
the system is made up exclusively of finite clusters,
albeit, at c~, spanning a range from 1 to ~ number of
constituent sites. As the site concentration is de-
creased further below c~, the clusters decrease both
in linear extent and in terms of the mean number of
sites per cluster. For illustrative purposes we show in
Fig. 3 a computer-generated percolation sample for
c =O.SO.

In an important paper Kasteleyn and Fortuin '
showed that the percolation transition may be
mapped into a lattice-gas model, specifically the
V 1 limit of the V-component Potts model. That
is, the point c = c~ represents a critical point and the
system exhibits geometrical critical behavior around
C =Cp.

It is convenient to define the following quantities
which characterize the cluster statistics for a given
concentration c.3

i Pair co. nnectedness: The pair connectedness Cq(r)
is the conditional probability that given an occupied
site at the origin, a site at a distance r away is occu-
pied and in the same cluster. Our experiments sug-
gest an Ornstein-Zernike form for C2(q), the Fourier
transform of C2(r), so that in two dimensions we
have
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FIG. 3. Computer simulation of the shape of the Mn clusLL

ters for a 2-D nn site-random square lattice with c =0,50.

f
G(c) = X (n, )

where the superscript "f" on the sum denotes the ex-
clusion of the infinite cluster, if one exists.

iv. Fraction of occupied sites that belong to the infinite
cluster. This fraction is defined by

P(c) =1 — ps (n, )/ ps (n, )

v. Mean size of the finite clusters This is defined. in
terms of the quantities defined above as,

f f
S(c) = $s'(n, )/Xs(n, )

S i

The following correspondences exist between these
functions and the thermodynamic functions of a
magnet: Pair connectedness Cz(r) pair-correlation
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S ll(Q) $e' m n (Sz (0)Sz(p))
m, n

the two-spin correlation function (S (0)S (0)) r 0
will equal S2 if m and n belong to the same cluster
and will equal zero otherwise. It is evident that
S(0 =0) will be simply proportional to S(c), the
mean size of the finite clusters in the percolation
problem and that, more generally, Sll(Q) is simply
proportional to the Fourier transform of the percola-
tion pair connectedness Cq(r), since S„'(0)=0 if n is
unoccupied. Finally, for c ) c~, the magnetic Bragg-
peak intensity will be simply proportional to P~(c),
the square of the fraction of atoms belonging to the
infinite network. For an antiferromagnet similar
results hold for S(q ') where q "is an antiferromag-
netic reciprocal-lattice position.

(14)

function; geometrical-correlation length gG
thermal-correlation length; mean number of clusters
G(c) free energy; percolation probability P(c)
magnetization; mean size of finite clusters S (c) ~
zero-field susceptibility. Not surprisingly, there is
also a direct analogue of the static variant of the
fluctuation-dissipation theorem; it may be simply
written '

„l drCg(r) = S(c) . (13)
Now let us address the issue of how one may

measure S(c), P(c), and Cq(r) in a real material.
We consider first the neutron scattering from the nu-
clei of a binary alloy. As is well known, for a pure-
ly random uncorrelated two-component system with
scattering lengths b~ and b2 and concentrations c~ = c
and c2 = 1 —c, the cluster scattering cross section con-—2
tains a coherent nuclear Bragg term b 5(Q —7) to-
gether with a spatially uniform incoherent cross sec-
tion proportional to b —b; here b = c ~ b& + c2b2 and2 2.

b = c~b~ + c2b2. Thus the elastic neutron scattering
cross section contains no information at all about the
cluster statistics. The essential reason for this is, of
course, that all atoms in the crystal contribute equally
to the total scattering; that is, there is no mechanism
differentiating the scattering within one cluster from
the between-cluster terms. Conversely, it is clear
that, in order to observe Cq(r), one requires a
mechanism which will cause atoms within a given
cluster to scatter coherently but will simultaneously
produce incoherent scattering between different finite
clusters. It is clear that this situation may be realized
if the percolative species is magnetic; further, we re-
quire that the appropriate range of interaction used to
define the cluster statistics be just the range of the
magnetic interaction.

The situation is most easily envisaged for a
nearest-neighbor Ising ferromagnet. ' At T =0 the
spins within a cluster will all be parallel; however, the
net spin of the cluster will be randomly up or down.
Then, by definition, in the longitudinal structure fac-
tor

B. Magnetism near the percolation threshold

We have already discussed this briefly in the Intro-
duction; we note that, since our original publication
on part of this work, a large number of theories
together with some new experiments have ap-
peared; it is therefore now possible to give a more
cohesive discussion. We begin at the c =1 limit.
With initial removal of (1 —c) atoms we expect sim-
ply that the phase-transition temperature will de-
crease linearly with 1 —c, that is

T~(c)/T~(1) =1 —n(l —c) + (15)

In mean-field theory, one expects o. =1. In fact,
however, for the 2-D square-lattice random-bond
nearest-neighbor Ising model one finds" o. =1.329.
The critical behavior for c & 1 will be that of the ap-
propriate random 2-D system; as we shall discuss
below, in Rb2Mn, Mg~, F4 and its isomorphs there is
a small Ising anisotropy so that the critical behavior is
that of the 2-D random Ising model —experimental-
ly, ' this turns out to be indistinguishable from that
of the normal 2-D Ising model with critical ex-
ponents: order parameter P =0.125, longitudinal sus-
ceptibility y =1.75, longitudinal correlation length
v = 1 and, in accordance with scaling,
v) =2 —y/v =0.25.

As c is further decreased towards the percolation
threshold, the number of spins in the infinite net-
work decreases precipitously. Accordingly, T~(c) de-
creases rapidly; finally for c & c~ there is no infinite
network, so that there can be no phase transition to
long-range order (LRO); concomitantly T~(c~) =0;
we shall, of course, be especially interested in the
manner in which Tlv(c) approaches zero. The gen-
eral behavior is shown schematically in Fig. 4. We
shall discuss the differences between the Ising,
Heisenberg-Ising, and Heisenberg models below. It
is clear that one has a line of critical points which ter-
minates at the point c = c~, T =0. This special point
in the T, c phase diagram is termed the percolation
multicritical point. That the percolation point in
magnets can be viewed as a multicritical point was
originally presented as an ansatz by Stauffer, and
elaborated by Stanley et al. ' and Lubensky. ' More
recent theories "have substantiated this hypothesis.
In essence, this means that the percolation point may
be approached along two essentially different direc-
tions —the concentration axis with T = 0 and the
temperature axis with c = c~. For very low tempera-
tures we expect pure geometrical critical behavior.

Recent theories for the appropriate exponents in
two dimensions' "give

gG I c~ —c( "~,
v~ =1.355 +0.015

S (c) —
~ c~

—c
~

~, ye =2.425 +0.0005, (16)

P(c) —(c —c~) ~, P~ =0.139 +0.005
P
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FIG. 4. Schematic phase diagram of a diluted 2-0 square-
lattice antiferromagnet with nearest-neighbor interactions.
The Heisenberg system is assumed to have an infinitessimal
3-D interaction in order to produce a phase transition to
conventional long-range order. The "real" curve corresponds
to a 2-D Heisenberg model with about 1% dipolar Ising an-
isotropy.

and finally nv =2 yv/vv =0.20+—0.01.
In order to discuss the thermal critical behavior it is

first necessary to choose the appropriate
tcmperaturelike scaling field. Near a normal finite-
temperature phase transition for T = T, this usually
reduces simply to the reduced temperature difference
) rI =

( I —T/T, ~. However, for a system with T, =0
K the problem is more complicated. In a previous
publication5 we made the following heuristic argu-
ment. From Fig. 3, it is evident that typical clusters
have a highly ramified character and, in particular,
for the spin correlations to extend over any distance,
they must propagate through many one-dimensional
paths. These 1-0 chains should represent the con-
trolling factor since they are most susceptible to ther-
mal fluctuations. Thus the appropriate temperature
variable is plausibly taken as the one-dimensional in-
verse correlation length K~( T) for a linear chain with
the equivalent Hamiltonian. Similar arguments have
been given by Stauffer, Stanley et al. , and Luben-
sky. In the Ising and Heisenberg hmits K~(T)
reduces to (Ising)

Kt( T) = ln [tanh (J/kT) ] = 2e

(Heisenberg)

(17)

Ki( T) = ln (coth J/kT —kT/J) = kT/J, (18)

where J is the pair energy for parallel spins for classi-
cal unit-length spins. In many real Heisenberg-like
systems, there is also a small dipolar Ising-anisotropy
term. As we have discussed previously, '2' an Ising

perturbation Hq will cause a crossover in Kj'( T) from
linear to exponential behavior in temperature for
kT ( (J Hq ) ' '. Here the II superscript implies the
component along the anisotropy axis. As we shall
see, this spin-space crossover does indeed manifest
itself in a dramatic fashion in our experiment. In this
paper, therefore, we shall take as the temperature
scaling field p, ( T) = Kv( T), where Kv( T) should ideal-
ly be calculated exactly. We should note that other
authors have also used Eqs. (17) and (18) for the Is-
ing and Heisenberg limits. So far, however, our
more general ansatz of p, ( T) = K~( T) represents the
only technique, heuristic or otherwise, for including
spin-space-crossover effects which are, of course, im-
portant in most real systems.

Having argued that (cv —c) and p, (T) =K~'(T) are
the appropriate variables, one may now give a stand-
ard multicritical scaling description. Here we give
only a few essential results, and the reader is referred
to Ref. 7 for a full description. (i) For p, =0, one
will obtain pure percolation critical behavior with crit-
ical exPonents vv, yv, 7Iv for the fluctuations. (ii) For
c = c~ one will obtain pure thermal critical behavior
with exPonents v r = vv/$, y r = yv/$, and qr =

Yiv

Here $ is the percolation-crossover exponent. (iii)
For c & c~ the line of second-order transitions will

approach the p, =0 axis along the path
p, (T, ) —(c —c~)& (iv) For. c ( c~ one will observe
a crossover from thermal to geometrical critical
behavior at a reduced temperature p,"(T) —(c~ —c)~;

physically, this simply means that the correlations will
grow until they equal the size of the clusters, and this
will be achieved at p, —p,"(T).

So far most theoretical attention has been directed
towards the crossover exponent P itself. As we shall
discuss below, for d = 1 the problem is exactly solu-
ble, 28 and one finds $ =1. For d )6, mean-field
theory is correct, '9 3a and one again has @=1. For
1 c d c 6 it is now believed' that for the Ising
model Q =1 always; thus for Ising systems in any di-
mension, the theory predicts that all paths leading to
c = c~, p. =0 will be described by a single set of critical
exponents; these will, of course, be just those charac-
teristic of the pure percolation problem. Further, the
second-order phase-transition line should then ap-
proach the percolation point linearly in c —c~; that is,
for an Ising system one expects e ' —c —c~. For
the Heisenberg or near-Heisenberg systems the
theory is on much less firm a foundation. Stanley
et al. , following a suggestion of Anderson ' have
developed a theory which takes as an ansatz that the
magnetic correlations spread through the incipient in-
finite cluster for c —c~ along a path that is 'a self-
avoiding walk. 2 In two dimensions this theory
predicts7 / =1.7. Other theories predict Q values
closer to unity and, indeed, Stinchcombe' has sug-
gested that the Heisenberg result is probably identical
to the Ising result, / =1.
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+O[(hc)' p, '] (19)

where «(hc, 0) -1—c, and «(0, p, ) = p, = «i(.T) by
definition. It is apparent from Eq. (19) that Q =1 in
one dimension. Equation (19) may be generalized to
d dimensions in a number of ways; the simplest of
these we might postulate is

with

and

8(b,c, p„(})= «'+ Q'

« = «(hc, 0) + «(0, p, )

(20)

«(hc, 0) —(Ac) i', «(0, p, ) —p, ~

This assumes that the crossover enters in the sim-
plest fashion possible. As we shall see, Eq. (20) is

quite successful in representing our experimental data
both in Rb~Mn, Mg~, F4 and Rb~Co, Mg~, F4. Clear-

ly, however, a more rigorous theory is desirable.

C. Application &o Rb~Mn, Mg~, F4

For the purposes of analyzing our neutron scatter-
ing data, the above theory is incomplete. In particu-
lar, one would ideally like a closed-form analytic ex-
pression for the structure factor 8(hc, p„Q). This
requires an explicit calculation of the crossover func-
tion and not just the exponent Q. No such theory is

yet available. Fortunately, however, the problem is
exactly soluble in one dimension for classical spins,
and this case provides some useful guidance. In
one dimension the percolation point is simply cP =1,
since a single vacancy will break a linear chain into
two. Thorpe's exact solution for the 1-D problem
may be written in the form

g(~ g) «(b, c, 0) +«(0, p, )
[«(hc, 0) +«(0, p) ]'+Q'

m 1 m 1

(22)

where g is a classical unit-spin vector. We have then
taken

~g= J„„S(S+1)=73 K

D =gp, gHqSC -0.53 K,

per. The interactions are thus overwhelmingly
between nearest neighbors alone.

We note that the nnn interaction is very much
weaker. Hence, we expect RbqMn, Mg~, F4 to be a
good realization of the near-Heisenberg 2-D nn site
random percolation magnet.

Let us now discuss the role played by the anisotro-

py term. In two dimensions the anisotropy plays an
essential role since it lifts the pathology associated
with the 2-D Heisenberg model. ' Indeed, as has
been extensively documented experimentally,
RbqMnF4 exhibits a 2-D Ising-like phase transition in
spite of the fact that the anisotropy field is less than
0.5% of the isotropic exchange field. The phase-
transition temperature itself, however, corresponds
closely to that estimated by Stanley and Kaplan ' from
high-temperature-series expansions for the pure
Heisenberg system; that is, the anisotropy field per-
mits a phase transition to a conventional long-range-
ordered state, but the magnitude of T, depends only
weakly on H~. We shall assume that similar behavior
results for the diluted samples for c not too close to
CP.

As we have discussed in Sec. III ', the anisotropy
plays an essential role near cP for spin systems of all

dimensions, not just two. This may be illustrated
directly for Rb~Mn, Mg~, F4. We have suggested on
a heuristic basis that one should use «i( T) as the ap-
propriate temperature scaling field. In order to esti-
mate «i( T), we have used the results of Blume
et aI. ' for the classical 1-D Heisenberg magnet in a
field. Their classical-spin Hamiltonian is given by

As discussed extensively in Paper I, the Mn++

spins form a simple square lattice with Hamiltonian

gQ= X J„„S, S~ + $ J„„„S(Sg
(nn) (nnn)

gPBHA X (—) 'Sf (21)

where all the sites on one magnetic sublattice have i
even and others have i odd and the summations are
over nearest-neighbor and next-nearest-neighbor
pairs. In pure RbqMnF4, Jn„=0.653 meV,
Jn„n=0.012 meV, and gp, gH, =0.031 meV. More
distant-neighbor interactions appear to be negligible.
In the diluted system Rb~Mn054Mg046F4, Jn„ in-
creases to 0.72 meV due to the decrease ~n lattice
constant. ' We shall use this latter value in this pa-

so that D/4=0. 0073. The results for the longitudi-
nal and transverse I-D correlation lengths «i( T) and
«~( T), respectively, so obtained are shown in Fig. 5
together with the corresponding results for the pure
Heisenberg and Ising models. It is evident that one
expects Heisenberg-like behavior in
RbqMn, Mg~, F4 down to about 5 K. Below 5 K a

P P
crossover to Ising-like behavior is predicted. We
should note that in Mn, Zn~, F~, where we have per-
formed both experiments and similar calculations,
this procedure provides a useful semiquantitative
guide, but it underestimates the crossover tempera-
ture by about a factor of 2, presumably due to quan-
tum effects. We might expect a similar underesti-
mate in RbqMn, Mg~, F4.

Finally, we should note that the above calculations
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FIG. 5. One-dimensional inverse correlation lengths for a

unit-vector classical-spin model with Ising, Heisenberg, and
Heisenberg plus 0.73% anisotropy field symmetries. The
curves labeled Ki and aj correspond to the final model; II

and s are defined relative to the anisotropy axis.

IV. EXPERIMENTAL RESULTS

A. c 0.60

We discuss first the experiments on the sample
with c =0.60 & c~ =0.593. The experiments were
performed on a two-axis spectrometer at the
Brookhaven High Flux Beam Reactor. The incident
neutron energy in these experiments was primarily ei-
ther 13.7 or 5 meV. In all cases the horizontal colli-
mators were 10 min throughout the spectrometer.
Either pyrolytic graphite (13.7 meV) or cooled beryl-
lium .(5 meV) was used to eliminate higher-order
neutrons reflected by the monochromator. We dis-
cuss here mainly the measurements carried out at
13.7 meV. For this configuration the dimensions of
the resolution ellipsoid were 0.0097 A ' along the

provide an immediate explanation of the phase di-

agram for KqMn, Mgi, F4 (and correspondingly
RbqMn, Mgi, F4) as measured by Breed et al. 35 and
as illustrated qualitatively in Fig. 4 by the curve la-

beled "Real". From the scaling theory
p, (T,) —(c —c~)~ with $ at least close to 1. Hence
the T, vs c —c~ phase diagram should show an initial,
very rapid, logarithmic dependence of T, on Ac fol-
lowed by a much more gradual increase. Such
behavior is indeed observed, thus giving direct sup-

port to our theoretical approach.
We now discuss the experimental results.

momentum transfer Q, 0.0020 A ' perpendicular to

Q in the scattering plane and 0.082 A ' vertically, full
width at half maximuin (FWHM).

Since c ) c~, we anticipated that this sample would
exhibit a phase transition to antiferromagnetic long-
range order at some finite temperature. It should be
noted that even for c —

e~ =0.60 —0.593 =0.007, fully
80% of the atoms belong to the infinite network. '
Before discussing the explicit scans carried out here,
we remind the reader of the analogous results ob-
tained in RbqMnF4.

Above T~ =38,4 K, Rb~MnF4 exhibits pronounced
2-D magnetic short-range-order effects in which near
neighbors are antiferromagnetically aligned. This
short-range order manifests itself as lines of diffuse
magnetic scattering in the (010) zone extending in
the l direction along [hOI], centered about h =1,3,... .
At T~ = 38.4 K the system undergoes a rather unusu-
al phase transition to 3-D magnetic order. In the
same crystal, Birgeneau et al. observe two distinct
3-D ordering patterns. In the first, which is illustrat-
ed in Fig. 1, the central spin on the near-neighbor
(nn) plane may point either up or down, while the
spins along the c axis of next-nearest-neighbor (nnn)
planes are parallel. This gives rise to the magnetic
superlattice peaks shown in Fig. 1(b). This magnetic
structure is commonly denoted as the KqNiF4 struc-
ture. However, a second structure also occurs in
which the spins of nnn planes along the c axis are an-
tiparallel (the so-called CaqMn04 structure"). This
gives rise to superlattice scattering at (h, k, —,l) with
h +k, l odd. These two structures otherwise have
identical magnetic properties, thereby showing that
the magnetism is determined largely by the 2-D in-
plane interactions.

In order to probe the fluctuations and the possible
magnetic ordering in RbqMnp 6pMgp 4pF4, we carried
out a series of scans along (1,0, 1) and across the
(h = 1,0, I) line for various I as a function of h. We
show in Figs. 6 and 7 the results of a number of such
scans. For T & 10 K the scattering is described by an
essentially ideal 2-D Lorentzian profile characteristic
of a 2-D fluctuating state.

Explicitly, for T «10 K the magnetic scattering is
independent of l, the coordinate perpendicular to the
planes; this, in turn, necessitates that the magnetic
correlations are purely 2-D. The in-plane scans
across this ridge of scattering correspond to simple
Lorentzians with widths significantly larger than the
resolution. As the temperature is lowered to 8 K, a
rather unusual phase transition is observed. First, as
shown in Fig. 6, the scan along the top of the ridge at
8 K is no longer independent of l; this in turn means
that the spins are now three-dimensionally correlated.
As the temperature is further lowered to 1.7 K the
peaks at (1,0,0) and (1,0, z) sharpen somewhat, but
they are always much broader than the resolution
width. We show in Fig. 7 scans at 9.5 and 6 K across
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FIG. 6. Scans along (1,0, I) in Rb2Mn060Mg040F4.

the ridge at 1=0.2, which is a minimum intensity po-
sition on the ridge. It is evident that at 9.5 K, the
scan may no longer be described as a single Lorentzi-
an but instead appears to be the sum of a broad
Lorentzian pius a resolution-limited peak at the
center. At 6 K one observes a Gaussian profile with
a width which is essentially that of the spectrometer
resolution function. As the temperature is further
lowered to 1.7 K the peak intensity grows somewhat
and the background scattering decreases to about
eight counts per minute.
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FIG. 7. Results of scans along [h, 0, 0.2] in

Rb2Mn~60Mg040F4 at the indicated temperatures. The solid

lines are the results of fits to a 2-D Lorentzian as described
in the text. The dashed line is a guide to the eye. The hor-
izontal bar gives the instrumental FWHM width.

I(h, 0, 0.2) =
i f(Q) i2

x +q
(24)

From these scans one may conclude that our sam-
ple of Rb2Mn060Mg040F4 exhibits a smeared phase
transition to 2-D LRO in the temperature range of
7.5 to 9.5 K. As we have noted in Sec. III C, in this
concentration range T~ depends logarithmically on
c = c —c~, so that only a very slight concentration in-
homogeneity will account for the observed smearing.
The 3-D aspects of this ordering are, however, rather
unusual. In the pure system" one observes 3-D
resolution-limited peaks at (1,0,0) and (1,0, 2 ).

In this case the peaks are resolution limited in the
(h, 0, 0) and (h, 0,—,) directions, thus confirming the

2-D LRO. However, the FWHM widths in the I
direction are approximately 0,08 c' and 0.18 c' for
(h, 0, 0) and (h, 0, 2). These correspond to

between-plane correlation lengths of -55 A and 24
A, respectively, for the two different ordering confi-
gurations. Such unusual behavior has recently been
observed in a number of randomized quasi-2-D sys-
tem. ' Indeed these systems represent the few cases
where randomness has been shown unambiguously to
prevent the attainment of full LRO in a 3-D system.
In this case, however, the between-plane interaction
is —10~ to 10 of J„„sothat such severe effects
are not surprising.

We have also carried out a series of scans across
the ridge as a function of temperature above 10 K in
order to characterize the precritical behavior of X(Q).
The scans were carried out along (h, 0, 0.2). At this
position the quantity measured is then proportional to

I(Q) =
I f(Q) I'—,l0.9888 (Q) +1.0128 (Q)] . (23)

As discussed extensively in Ref. 33, in this region
of Q space, the inelasticity is taken up completely by
the component of the neutron momentum transfer
perpendicular to the planes; thus in integrating over
the energy, Q2 o is held constant so that the quasi-
elastic approximation is essentially exact. Unfor-
tunately, in other regions of Q space where one mea-
sures a different combination of 8' and 8~, this in-
tegration may not be performed properly. Hence,
only the combination 8 +8 may be obtained with

any confidence. Previous experiments in the pure
systems and in Rb2Mn05Ni05F4 have shown that near
TN the magnetic dipole anisotropy plays an essential
role and that only 8 (q ') diverges. However, further
from T, we expect that the fluctuations will be ap-
proximately isotropic so that the anisotropy will not
drastically affect the measured combination of g (Q)
and 8'(Q).

The experimental results between 10 and 20 K are
quite similar to those shown in Fig. 6 for T =11 K.
We have fitted the measured profiles to a single
Lorentzian
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convolved with the instrumental resolution function;
here q =Q —q is the distance in wave-vector space
of the momentum from the nearest 2-D magnetic
reciprocal-lattice line and q = q„+q~. In general,
the goodness-of-fit parameter X' varies between 1

and 1.4 thus demonstrating that Eq. (24) adequately
describes the experimental data. The inverse correla-
tion length and the peak intensity are shown as func-
tions of temperature in Figs. 8 and 9. In general, the
results correspond closely to one's simplest expecta-
tions. The data for ~ fall on an approximate straight
line with an extrapolated phase-transition temperature
of —8 K; this lies within the rounded-phase-
transition region of 7.5 to 9.5 K deduced from the 3-
D scans. As shown in Fig. 9, the peak intensity
varies as n '66. From Eq. (8) we note that for classi-
cal spins 8(0) —X(Q) T. If one plots g(0)/T, one
finds that, to within the errors, X(0) —~ ', although
the exponent 2 is only known to about +0.3. In crit-
ical exponent language these results correspond to
v —1, y —2 although, of course, the data definitely
do not extend into the true critical regime. An ex-
periment covering the same reduced temperature
range as these measurements was performed by Als-
Nielsen et al. in the 2-D alloy Rb2Mn05Ni05F4,
which has a conventional phase transition at 63.7 K.
In this material percolation effects play no role. Als-
Nielsen et al. also showed that Rb2Mn05Ni05F4 ex-
hibits behavior indentical to that of the pure materi-
als K2MnF4 and K2NiF4 in the reduced-temperature
region where the data overlap. A comparison of our
data for Rb2Mn06pMg040F4 with the Rb2Mn05Nip5F4
experiments shows that the results are essentially
equivalent —given, of course, the limitations of our
results. Clearly our experiments in
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Rb2Mn060Mg040F4 do not represent an investigation
of the true critical behavior; indeed that is not possi-
ble in this sample, given the observed smearing of
TN. Nevertheless, we may conclude that the 2-D
phase transition is not fundamentally altered despite its
close-proximity to the 2-D percolation threshold. This
result is consistent with the theory given in Sec. II 8.

We now discuss the experimental results in the
c =0.54 and 0.57 samples.
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FIG. 8. Fitted inverse correlation. lengths vs temperature in

Rb2Mn, Mg&,F4 for c =0.54, 0.57, and 0.60. The solid
lines represent fits to the percolation multicritical theory as
described in text.

FIG. 9. 2-D magnetic-ridge-peak intensity vs temperature
in Rb2Mn, Mgj, F4 for c =0.54, 0.57, and 0.60. The inten-
sities are on an arbitrary scale. The c =0.54 and 0.57 data
are normalized at T =30 K. For the c =0.60 data we have
normalized the amplitude A in 3 (0) =A K to the value
found in the c =0.57 sample. The solid lines represent the
results of fits to g (0) —K ~ with the x measured exper-
imentally.
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B. c-0.54 and c 0.57

1. Measurements of the total scattering

4000

These experiments were carried out in a fashion
essentially indentical to that described for the
c =0.60 sample. The incident neutron energy was
14.8 meV while the collimator configuration was
20—10—10 min. The resolution ellipse for this con-
figuration was (FWHM) 0.011 A ' along Q, 0.0023
A ' perpendicular to Q in the scattering plane, and
0.116 A ' vertically.

A series of scans was carried out across the ridge
along (h, 0, 0.4) and along the top of the ridge
(1,0, I) to probe any possible three dimensionality.
Scans were also carried out across the h =3 and h =5
ridges to confirm the basic nn antiferromagnetic na-
ture of the correlations. The essential result is that,
for both the 54% and 57% samples, the magnetic
scattering takes the form of ridges peaking at h =1.0,
3.0, etc. , independent of I except for the magnetic
form factor and geometrical factors. As noted in Sec.
IV A this is just the form taken by the critical scatter-
ing above T~ in the pure systems K2MnF4 and
K2NiF4 as well as in our c =0.60 sample. We show
in Fig. 10 a series of scans across the ridge at
(h, 0, 0.4) for various temperatures, in the 54% sam-
ple. These data differ in an essential fashion from
those shown in Fig. 6 for the 60% sample. The in-

tensity of the scattering increases with decreasing
temperature, saturating at a maximum at about 3 K.
Correspondingly, the width of the scattering observed
in the scans across the ridge decreases with decreas-
ing temperature reaching a constant for T «3 K.
However, this limiting width is much larger than the
spectrometer resolution width in both the 54% and
57% samples. Further, the explicit profile at 3 K and
below is Lorentzian rather than Gaussian in charac-
ter. It is evident, therefore, that we are indeed ob-
serving percolation behavior as anticipated in Sec. III.

In order to discuss these data quantitatively, it is

necessary to carry out explicit deconvolutions of the
data to extract the intrinsic fluctuation parameters.
The intensity at (It, 0, 0.4) is given by

I(Q) = [f(Q)1 [0.958 (Q) +0 058 (Q)] . (25)

In general, therefore, one expects the measured pro-
files to be the sum of two Lorentzians originating
from the longitudinal and transverse fluctuations.
Indeed, in the pure materials near T~, one may
clearly separate 8'I and S~, as we noted previously;
for T &) T~, the system becomes essentially isotro-
pic in character so that ~ =& and one observes a
single Lorentzian profile. As discussed in Sec. III C,
we may assess the probable importance of the dipolar
anisotropy from the calculated behavior of the under-
lying 1-0 correlation lengths as shown in Fig. 5. Re-
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FIG. 10. Critical-scattering scans across the ridge at

(h, 0, 0.4) in Rb2Mnp 54Mgp 46F4 at several temperatures.

The horizontal instrumental resolution is 0.011 h, F%HM.
The solid lines are the fitted 2-D Lorentzians as discussed in

the text.

call that for Rb2Mn054Mg046F4 one has 9 = 73 K.
From Fig. 5 we judge that for T & 7 K the fluctua-
tions will be nearly isotropic, so that Eq. (25) may be
well approximated by a single Lorentzian. However,
this approximation will undoubtedly break down at
the lowest temperatures.

We have fitted in a least-squares sense all of the
data for the c =0.54 and c =0.57 samples to the sin-
gle Lorentzian, Eq. (24), convoluted with the instru-
mental resolution function. The solid lines in Fig. 10
represent the results of such fits; it is clear that Eq.
(24) describes the data quite well; X' is between 1

and 1.5 for most temperatures; at the minimum this
demonstrates that it is not possible to extract 8' and
$~ separately from these data. The results for the in-
verse correlation length K and the peak intensity
$(0) =A/~2 are shown in Figs. g and 9. Again these
results correspond quite well to our qualitative expec-
tations based on the magnetic percolation theory
summarized in Sec. III B. Both samples have c & c~
so that no phase transitions to LRO is expected and
none is observed. Rather both the correlation length
and the structure factor saturate at finite values at
the lowest temperature. Further these limiting values
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are much larger in the 57% sample compared with
the 54% sample as expected since the 57% sample is
much closer to the percolation concentration
c~ =0.593. The T =0 limiting widths are plotted
versus concentration in Fig. 2, together with results
obtained for the isostructural Ising system
Rb2Co, Mg~, F4." As we noted previously, all of the
data fall on a simple smooth curve, albeit with quite
generous error limit.

We shall postpone our quantitative analysis and dis-
cussion of these results to Sec. V. We now proceed
to discuss some high-resolution energy analysis mea-
surements.

trt

CJ

cv I 0
CF

2. Measurements with energy analysis

Measurements were performed with energy
analysis for two reasons: first to examine the extent
to which the magnetic behavior is dominated by the
Heisenberg exchange interactions by separating the
scattering into the two components S (Q, a&) and
S (Q, ru); second to examine the spectral form of
$~~(Q, ot) and S~(Q, at). In Paper I we have reported
on measurements of S(Q, at) for energy transfers in

excess of 1.0 meV. In this section we report on mea-
surements at frequencies below 1.0 meV where the
scattering is more specially characteristic of the perco-
lation phenomena.

Since the measurements of the scattering for ener-

gy transfers below 1 meV require good energy resolu-
tion, the experiments were performed with incident
neutrons of energy 5.0 meV, and a cooled Be filter
was placed before the monochromator to filter the in-
cident beam. The horizontal collimations used were
40 min throughout, and the energy resolution
(FWHM) was 0.15 meV.

Measurements were made of the scattered intensity
when the spectrometer was set to zero energy
transfer; the intensity is then proportional to I(Q, ca)
convoluted with the energy resolution, namely, the
integral of I(Q, ta) for ~at~ less than 0.075 meV.
This quantity we denote as I(Q, 0), and the corre-
sponding quantities for the scattering functions as
S (Q, O) and S~(Q, O). l(Q, O) was determined at a
series of wave-vector transfers along the line in re-
ciprocal space (1,0, I). S '(q, 0) and S~(q, 0) can
then be obtained by plotting l(Q, O)/if(Q) I against
sin 8 as shown in Fig. 11; q is the 2-D antiferrornag-
netic reciprocal-lattice vector. The results shown in
Fig. 11 are reasonable straight lines and enable
S (q, 0) and S (q, 0) to be extracted separately, as
shown in Fig. 12. At the highest temperature, 16.0
K, S~(q, 0) is about one-half of S (q, 0). On de-
creasing the temperature S~(q, 0) has a maximum at
about 7.5 2.0 K where St~(q, 0) is about six times
S~(q, 0). On further decreasing the temperature,
S (q, 0) continues to increase until it becomes con-
stant or almost constant at the lowest temperatures,
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FIG. 12.' 8 (q, 0) and (q, 0) for Rb2Mn, Mg~, F4
from the results shown in Fig. 7. Note the factor of 0.1

multiplying 8 .

FIG. 11. Intensity variation /~ f(Q)~ along the line

Q = (0„,0, 1) with the spectrometer set at co =0, 8 (Q, 0) for

Rb2Mn, Mg~, F4, The solid lines are least-squares fits to
the results with straight lines.
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while 8~(q, 0) decreases. In the c =0.54 specimen
g~(q, 0) decreases to nearly zero below 2.5 K while
in the c =0.57 the decrease is less marked but the er-
ror bars become very large at low temperatures. The
increase in the error bars arises partly because

II8 (q, 0) is larger than g~(q, 0) by at least a factor
of 100, but also because the width of the scattering in
reciprocal space is comparable with the resolution
function.

The differential scattering was measured using the
constant 0 mode of operation for two different wave
vectors Q = (1.0, 0, 0.4) and (1.0,0,4.1). The scatter-
ing funCtiOnS 3 (q, o1) and 8~(q, o1) Can then be
obtained from these two measurements, given
knowledge of the form factor, ' and the geometrical
factors. g'1(q, cu) is shown in Fig. 13 for the
c =0.54 specimen. At the lowest temperatures,
& 5.0 K, the scattering is almost entirely quasielastic
with a width limited by the instrumental resolution.
On increasing the temperature, the intensity of the
central quasielastic peak continues to decrease while a

broader inelastic component tends to increase until

by 16.0 K the integrated intensity of the broader
component is approximately twice that of the quasie-
lastic peak. The estimated behavior of $~(q, o1) is il-

lustrated in Fig. 14. At the lowest temperatures it is

erroneously negative at zero energy. This is because
of subtle resolution effects not explicitly accounted
for in this analysis. At somewhat larger frequencies
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FIG. 14. Transverse correlation function, 8 (q', cu), for
Rb2Mn054Mg046F4 at various temperatures.

the scattering shows some suggestion of an inelastic
peak with an energy of 0.18 +0.04 meV. In pure
Rb2MnF4 the dipolar anisotropy gives a spin-wave-
energy gap of 0.602 meV. ' On increasing the tem-
perature the inelastic peak becomes more intense and
there is evidence of its also occurring for neutron en-
ergy loss at 3.4 K. We should emphasize, however,
that these spectra involve taking the differences of
two large numbers near E =0 so that large errors
may result. Indeed EPR measurements by Walsh
et al. show that at 1.7 K there is still significant
weight in X~(oo) for E (0.1 meV. At higher tem-
peratures the elastic scattering increases until at 16.0
K it is very similar in form to g (q, ro) except that
the ratio of the intensity of the broad component to
the quasielastic component is larger in 8I(q, cu) than
@ II(q )

Similar measurements were carried out for the
c =0.57 specimen, but the uncertainties caused by
the resolution effects were more significant than for
the c =0.54 specimen. This was especially the case at
low temperatures. At higher temperatures the spec-
tra for c =0.57 were quantitatively very similar to
those shown in Figs. 13 and 14.
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FIG. 13. Longitudinal correlation function, S (q", co), for
R12Mno 54Mgo 46F4 at various temperatures.

V. ANALYSIS AND DISCUSSION

It is evident that many of the qualitative features
anticipated from the magnetic percolation theory dis-
cussed in Sec. III are indeed observed in the system
Rb2Mn, Mg~, F4. In this section we shall give a more
quantitative comparison with the theory. We have al-

ready discussed the results for the 60% sample exten-
sively in Sec. IV A. We concentrate here on the
results for the 54% and 57% samples.

As discussed in Sec. III, at low temperatures the
measured g (Q) is expected to be characteristic of the
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pure percolation problem. The inelastic measure-
rnents show that for T ~3 K the spins are essentially
frozen along the z axis; indeed this is shown with
rather more accuracy by the EPR measurements of
Walsh et aI. ,

42 which indicate that the spins are static
on a time scale of greater than 10 ' seconds at 1.7 K.
In this limit, I(Q) at T & 3 K then measures simply
the Fourier transform of the two-particle distribution
function C2(r). We find that the low-temperature
profiles are adequately described by Lorentzians for
c =0.54 and c =0.57. Similar results are found in

Rb2Co, Mg~, F4 for all concentrations & c~. This in

turn implies that

C2( r) —e /r'~ (25)

in agreement with the percolation theory. We note
that our experiments are not accurate enough to
measure any subtle deviations from Eq. (10), which
should appear sufficiently close to the percolation
point.

The geometrical inverse-correlation lengths so ob-
tained are shown for our samples of Rb2Mn, Mg~, F4
and Rb2Co, Mg~, F4 in Fig. 2. According to percola-
tion theory, one should have

~(hc, 0) = Kg =Kg(1 —c/0. 593)"'

& = &g +~&)( T) (26)

where Kg=le(kc, O). Clearly our use of ~~(T) as the
temperature scaling field is only approximate for two
principal reasons: (i) the data actually measure the

We have chosen Kg = 3 to give the best mean fit to
the data. It is evident from Fig. 2 that the above
equation describes the experimental data remarkably
well. Indeed the fit is very much better than the ap-
parent uncertainties in the concentrations. To a cer-
tain extent, we have biased the agreement by using
as the center of the error bars for the Co compound
the results of the chemical analyses, which are no
more reliable than the lattice constants or the starting
concentrations as an indicator of the true composi-
tion. We should re-emphasize however that all of
these values are included by the indicated error lim-
its. We note that, as far as we know, there is as yet
no theoretical value for ~~ for the site-random nn
square-lattice problem. Clearly, a theoretical calcula-
tion of KG to compare with our experiments would be
most valuable.

We now consider the temperature dependence of
the inverse correlation length ~(b c, T) and the struc-
ture factor 8(hc, T, O). It is clear qualitatively from
Fig. 8 that the e =0.54 and e =0.57 data are well
described by the heuristic relationship
~(LLc, T) = ~(hc, 0) + K(0, p, ), that is, a T =0 part
and a temperature-dependent part. As we shall see
in Paper III similar results are obtained in
R12Co,Mg~, F4. We have therefore fitted the data at
both concentrations to the form

combination given by Eq. (25), so that one should
really have a theoretical cross section for this combi-
nation; from Fig. 5, however, it is apparent that for
T & 10 K, K —K~ so that Eq. (26), should be com-
pletely adequate in this temperature range; similarly,
for T ~ 5 K, we expect & to dominate I(Q) com-
pletely so that in this regime one must use ~I'( T).
(ii) Kt( T) has been calculated using the Blume
et al. '4 classical linear-chain model; the experiments
in Mn, Zn~, F2 suggest that this classical model un-
derestimates the effect of the anisotropy; this will

only affect the detailed temperature dependence in
the crossover region and should not affect the data
above 10 K or below 5 K.

Because of the above caveats we have excluded the
data between 5 and 10 K from the fits to Eq. (26).
The results of the fits are shown as the solid lines in
Fig. 8. It is evident that Eq. (26) describes the mea-
surements extremely well even in the 5 —10 K
crossover region. We remind the reader that in one
dimension Eq. (26) is exact with a = 1 and vr =1. In
this case from our best fits we find o. =1.0 +0.05 and
v&=0.90+0.05 for R12Mn, Mg~, F4. We should
note that in a previous publication5 we suggested a
value of van=0. 75 +0.05. However, that analysis did
not take into account explicitly the limiting inverse
correlation length at T =0 due to the finite cluster
size for e ( e~; that is, it effectively assumed KG =0.
Accordingly, the exponent v~ was underestimated.
We believe, therefore, that our current value
vq =0.90+0.05 is to be preferred. We shall discuss
the significance of this value for v~ below.

In order to extract a structure-factor temperature
exponent yq it is also necessary to incorporate the ef-
fects of finite cluster size. We have suggested in Sec.
III, in the absence of any rigorous theory, that one
may write

g (hc, p„0) —K " "' (27)

Percolation Temperature

1.354 k 0.015
2.432 +0.035

0.90+0.05
1.50 +0.15

According to the @=1 theories the percolation and

with ~ given by Eq. (26). This will then give

7 r = vr(2 —q). Accordingly we have fitted the mea-
sured data to Eq. (27) using the empirically measured
x. The results are shown as the solid lines in Fig. 9.
It is evident that Eq. (27) describes the data reason-
ably well, although the effective q seems to be some-
what concentration dependent. We shall use the
value obtained from the 57'k sample since it is some-
what closer to the percolation threshold. This
analysis gives y~=1.50+0.15. We thus have finally
for y and v for the percolation multicritical exponents
in the 2-D near-Heisenberg magnet
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temperature exponents should be identical. Our ex-
periments instead suggest a crossover exponent
$ =1.5 +0.15. We should note that the SAW' model
gives $.=1.7, a value rather close to the experiments;
at this point, this latter model is largely heuristic;
clearly more theoretical work on the SAW approach
would be most valuable. As we discussed in Sec. III,
the theory for the the percolation multicritical point
in the 2-D Ising model which gives $ =1 is believed
to be exact. Indeed, this latter result and the
disagreement with the Rb2Mn, Mg~, F4 results have
motivated us to carry out experiments on the 2-D Is-
ing system Rb2Co, Mg~, F4. We show the results for
K for Rb2Cop 575Mgp425F4 in Fig. 15 together with

our results in the c =0.57 sample. In order to com-
pare these results quantitatively it is necessary to plot
them versus ~t(T), the 1-D correlation length. It is
evident that on this temperature scale, at high tem-
peratures the correlation lengths in the Ising and
Heisenberg system are quite similar, as one would in-

tuitively expect. However, the evolution with de-
creasing ~&(T) is distinctly different. Indeed the Is-
ing system turns out to be well described by the per-
colation exponents, as we shall discuss in Paper III.

We believe, therefore, that, in two dimensions,
there is an essential difference between the Ising and
near-Heisenberg systems. Presumably this difference
originates in the extended nature of the low-energy
excitations in the Heisenberg system. Indeed, one
might argue that, in the Ising system, one may break
the coordination between two parts of a cluster either
by removing a spin or by a thermal excitation at a
particular site. Both are local effects which, if
equivalent, would suggest $ =1. However, for the
Heisenberg system the geometrical "excitations" are
local, whereas the thermal excitations are extended.
Indeed, if we assume that the long-wavelength exci-
tations in the Heisenberg system propagate primarily
along the backbone of the cluster, then we might ex-
pect the crossover exponent to be determined by the
effective dimensionality of the backbone. An essen-
tial underlying assumption of the SAW ansatz as ori-
ginally used by us' and by Stanley et al. is that this
backbone has the fractal dimensionality ' of an SAW.
Recent calculations by Halley and Mai44 on the
square lattice at c = c~ have verified that this is, in

fact, the case.
Clearly more theory is required for the Heisenberg

0.7 I I

~0 VS "IO

~ R b2 MnO 57 MQ0,43F4
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FKJ. 15. Measured inverse correlation lengths in

Rb2Mnp 57Mgp 43F4 and Rb2Cop 575Mgp 42qF4 vs the underly-

ing one-dimensional correlation lengths. For the Mn com-
pound K~( T) is taken from Fig. 5 while for the Co com-
pound ~&(T) = In (tanhg/t) with g =42 K.
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model. Nevertheless, our overall picture of magnetic
behavior near the percolation multicritical point
seems to be quite good. Indeed the progress which
has been achieved since our original publication has
been quite gratifying. We hope that these results will

stimulate further theory on this most interesting
problem.
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