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The relaxation rate of electronic magnons with wave vectors k smaller than 0.03 kzB has been

measured as a function of temperature and k, using the technique of parallel pumping. The ex-

periments utilized high magnetic fields to probe the region just below the antiferrornagnetic

spin-flop transition, which then involves magnons with microwave frequencies. The measured

relaxation rates in the temperature range 1.4 to 10 K span the range 10 —10 sec ', and show

two distinct temperature dependences. At lower temperatures a nearly linear T dependence,

and at higher ones a T dependence, are observed. Magnon-relaxation calculations reveal that

at lower temperatures the three-magnon dipole-dipole interaction is probably responsible for the

damping, whereas four-magnon exchange and anisotropy interactions prevail at the higher ones,

in satisfactory agreement with experiment. The latter result is in agreement with antiferro-

magnetic resonance measurements in MnF2, which showed the linewidth to be accurately

described by the four-magnon process for T ) 5 K.

I. INTRODUCTION

One of the most interesting characteristics of the
dynamics of magnetic systems is the manner by

which energy is transferred from their elementary ex-
citations to the lattice. This is characterized by the
magnon damping, or relaxation rate, which can be
measured by various experimental methods. For ex-

ample, in the inelastic scattering of slow neutrons,
the spin-wave relaxation rate is measured directly
from the energy width of the scattering cross section.
Because of the limited resolution of the neutron data,
this technique has been restricted to magnons with k

near the edge of the Brillouin zone (kzq) and to tem-

peratures not much smaller than the ordering tem-

perature ( T, ), for the damping would otherwise not
be large enough to measure with any precision. Only

recently high-resolution neutron scattering has been
used to yield magnon-damping measurements over
somewhat more extensive wave vector k and tem-

perature ranges, ' encompassing now the regions
k )0.1 kz& and T )0.2 T, . Other techniques used to
measure large-wave-vector magnon damping include

magnon sideband optical absorption' and two-

magnon light scattering. ' Since the information on
the magnon damping in these experiments is extract-
ed from the width of the interacting two-magnon line

shape, it provides information primarily on the zone-

edge magnons, and its accuracy is limited.
The damping of long-wavelength magnons can best

be measured by means of several parametric excita-
tion processes, amongst which the most widely em-

ployed are the perpendicular-pumping Suhl instabili-

ties, ' the phonon-pumping, 6 and the parallel-pumping
techniques. "The parallel-pumping process, so called
because the rf magnetic field is applied parallel to the
static field, allo~s selective excitation of a chosen
magnon pair and is the most widely used technique
to study small-k magnons. The relaxation rate is

proportional to the threshold rf field above which

there is a sudden buildup of the spin waves as deter-
mined by energy and momentum conservation condi-
tions. The technique is generally restricted to small-

k magnons and temperatures much smaller than the
ordering temperature because of the limitations in

available microwave power at higher frequencies.
Although parallel-pumping experiments were per-

formed on ferromagnetic magnons many years ago,
allowing a detailed theoretical interpretation of the
data in terms of magnon-relaxation theory, ' the
same is not true for antiferromagnetic systems.
Several of the low-anisotropy antiferromagnets, such
as RbMnF3, CsMnF3, and KMnF3, whose small-k
magnon frequencies fall in convenient microwave

ranges, have anisotropy fields H~ much smaller than
the exchange field HE, which necessitates using
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prohibitively large threshold rf fields for pumping two

electronic magnons. Instead, information on the
electronic-magnon damping in these materials has
been obtained by parametrically pumping an
electronic-nuclear magnon pair. "" However, the in-

terpretation of these experiments is difficult because
one must first know the nuclear-magnon-damping
mechanisms as obtained by yet other pumping
processes and convolute this information to obtain
the electronic-magnon damping. Additional compli-
cations in these materials arise from the fact that
small strain-induced inhomogeneities produce large
fluctuations in the anisotropy field, resulting in

non-momentum-conserving magnon-scattering
processes. "' Very detailed parallel-pumping studies
have been made in CuC12 2H20, "but in this case
the crystal and magnetic structure are sufficiently
complex as to preclude detailed analysis.

In this paper we present the study by parallel

pumping of the damping of long-wavelength mag-
nons in the nearly ideal antiferromagnet MnF2. In
many respects MnF2 is the ideal choice of material
for these experiments, since the magnetic structure
and excitation are simple and well known. Further-
more, detailed measurements of the antiferromag-
netic resonance (AFMR) linewidth versus tempera-
ture have been made, ' and are very well explained
by various magnon-relaxation processes. " There-
fore, we expect that the extension of the latter calcu-
lations to k W 0 should accurately describe the
theoretical situation and allow a detailed quantitative
comparison between experiment and theory.

The relaxation data were taken by the parallel-

pumping method as a function of temperature, fre-
quency, and magnetic field. Due to both the relative-
ly high ellipicity of the spin precession and the non-
negligible value of H&/HF. =0.15 in this material, it
was possible to pump two electronic rnagnons directly,
in contrast to the previous studies on the KMnF3,
RbMnF3, and CsMnF3 systems discussed above.

Since all the parameters of MnF2 are accurately
known, we have been able to interpret the data using
magnon-relaxation theory. This constitutes the first

example of a detailed analysis of a parallel-pumping
experiment in an antiferromagnet. We have found
that at low temperatures the three-magnon dipolar in-

teraction can relax a small-k antiferromagnetic mag-
non and that this process is essential to explain the
data, in addition to the usual four-magnon exchange
and anisotropy interactions.

Section II describes the details of the experiments.
The main experimental results are presented in Sec.
III. Section IV is devoted to the magnon-relaxation
calculations resulting from three- and four-magnon
interactions. In the last section the theoretical in-

terpretation of the data is discussed, and the effects
of sample size are described. In the Appendix we
present a quantum-mechanical derivation of the

threshold field for parallel pumping of electronic
magnons in antiferromagnets.

II. EXPERIMENTS

Experiments were done at microwave frequencies
in the range 12—18 GHz on the down-going frequen-
cy branch of samples with the c axis accurately
aligned along the field of a superconducting solenoid.
Two electronic magnons, each with half the mi-
crowave frequency, were parametrically pumped, and
the relaxation data inferred from measurements of
the threshold po~er. This was determined by apply-
ing pulsed microwave power of a few watts for about
10 p.sec, and measuring the power level above which
nonlinear behavior was observed. The latter was evi-
denced by a nonlinear buildup of the absorption, with
a time constant decreasing with increased power, fol-
lowed by an oscillatory behavior at high power levels,
similar to that observed in ferromagnets. ' Sample-
heating effects were avoided by decreasing the pulse
repetition rates until no effect on the signal due to
the pulse repetition rate could be observed. The
measurements were made at temperatures between
1.4 and 10 K, in fields just below the spin-flop field
H, =92.94 kOe at 4.2 K, in MnF2.

The microwave oscillator was a yttrium iron garnet
(YIG)-tuned sweep generator operated cw at a fixed
frequency, delivering about 10 mW over the frequen-
cy band 12—18 GHz. Its output was switched with a
coaxial PIN diode with a rise time of 20 nsec and
on/off ratio of 80 dB, and attenutated with a broad-
band coaxial step attenuator. The requisite high rf
power was obtained by amplifying this signal with a
Ku-band traveling-wave-tube (TWT) amplifier, which
delivered 10 W of saturated power between 12 and 18
GHz. The TWT-amplifier gain was sufficient to
deliver full power output over the whole operating
band, except close to 18 GHz. Following the ampli-
fier output, a ECu-band wave-guide system was used,
with isolator, calibrated attenuator, and dual-
directional couplers, attenuators, and detectors for
measuring incident and reflected powers. A
stainless-steel wave-guide section was used in the
Dewar, and the sample was mounted in a silver-
plated cylindrical TED~~ cavity with variable iris cou-
pling. Because of space limitations in the supercon-
ducting solenoid, the empty cavity was designed to
resonate somewhat above 18 GHz, and was then
filled with various dielectrics to lower the frequency:
Powdered wax for 18 GHz, wax of e =2.35 for 15
GHz, and sulfur of ~ =3.5 for 12 GHz were used for
that purpose. The strength of the threshold rf mag-
netic field h, in the cavity was determined from the
known incident power, the measured waveguide at-
tenuation and cavity Q. It was then related to the
magnon-relaxation rates in a manner to be discussed.
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Three different samples of MnF2 were used, all of
which were grown by N. Nighman at the Univ. Calif.
at Santa Barbara. Sample 1 consisted of pure MnF2,
shaped in the form of a rod with diameter 1.5 mm

and length 4 mm, with the crystalline e axis parallel

to the rod axis. Sample 2 (also pure MnF2) was

shaped as a sphere of radius 0.6 mm, and polished to
a mean surface roughness of about 1 p, m. Sample 3
was an unshaped crystal of Mnp98Copp2F2 of approxi-
mately 1 mm' in volume.

The samples were mounted on the end of a sap-

phire rod, coaxial with, and thermally anchored to,
one end of the microwave cavity. The temperature
was measured with a capacitance thermometer,
mounted in a hole in the cavity wall, and controlled
with a standard capacitance bridge and temperature
controller. A variable heat leak to the surrounding
liquid-helium bath was maintained by varying the
pressure of helium exchange gas inside the single-

wall central tube of the Dewar.
Samples were aligned in situ by observing AFMR,

and tilting the sample along with the entire cavity, in

order to decrease the resonant field to as low a value

as possible. To accomplish this, a set of tilting screws

was built into the sample holder, with control rods

extending out the top, and a short section of flexible

waveguide was included just above the cavity.
Magnetic fields were provided by a 0—140-kOe GE

superconducting solenoid, and measured by a broad-

band NMR magnetometer probe, mounted in the

cavity wall, to an accuracy of about 1 Oe.
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FIG. I. Threshold rf field as a function of dc field for

parallel pumping of two electronic magnons with frequency

7.59 GHz in MnF2 at various temperatures. The sample is

rod-shaped (No. 1) and Hp ll c axis and is just below the

spin-flop transition. The value H~ corresponds to the k =0,
0 =0 mode at 4.2 K. The numbers indicate the values of
the normalized wave vectors k/k~, . „which are "tuned in" by

the magnetic field at the frequency 7.59 GHz.

III. RESULTS Hp(H Hp) » 2mMH~ and H~ && H~(1 —yk),

Threshold-field results, similar to the "butterfly"

curves obtained in earlier parallel-pumping experi-
ments in ferromagnets, were measured in MnF2 just
below the spin-flop field. Figure 1 shows the data for
a pumping frequency of 15.18 GHz at various tem-

peratures for the rod-shaped sample No. 1. Similar

curves were obtained for all samples and at all fre-

quencies used. The behavior of the magnon damping

can be inferred qualitatively from the expression for
the threshold field h, -„derived in the Appendix. For

Hq, cu k/y « HE, H, Eq. (A9) gives

~k(1/y Tk ) 2H
h, -„=

ymMsin 0-„

where co k is the "down-going" magnon frequency,

1/T-„ is its relaxation rate, 1)
k is the angle between

the wave vector and the dc field, y is the gyromag-
netic ratio, and M is the sublattice magnetization.
The dispersion relation for small- k magnons, with

account taken for the Zeernan, exchange, anisotropy,
Lorentz, and dipolar interactions, ' is, in the limit

K~k/y = [ H,' +47r MH~ ( sin'tlk —
—, )

+HE(1 yk)~ Hp (2)

H, (T) =92.88+(9.5 x10 ) T' ' (3)

with H, (T) in kOe.
The long-wavelength spin-wave manifold is shown

in Fig. 2 for MnF2 at 4.2 K with the following param-

where, for MnF2

yk =cos(
2
k„a)cos(

2 k„a)cos(
2 k, c)1 I I

The AFMR frequency is obtained from Eq. (2) by

setting k =0 and replacing the sin Hk term by one
containing the appropriate transverse demagnetizing
factor. For a spherical sample this latter term just
cancels the Lorentz contribution, and the AFMR fre-

qttency at Hp = 0 becomes cup/y = H,
= (2HF. Hg +Hg)' '. At low temperatures the tem-
perature dependence of the magnon frequencies is al-

most entirely contained in H, . In MnF&, near the
spin-flop field, H, can be very well described at
y ~20Kby2P
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FIG. 2. Long-wavelength magnon dispersion relation in

MnF2 at 4.2 K. 0 is the angle between the wave vector and

the applied field 00 II c axis. The wave vectors are normal-
ized with respect to values at the Brillouin-zone boundary in

the specific direction in k-space.

etets" used: HF =526 kOe, H~ =8.02 kOe, and
M = 592 Oe. Note that, since the magnon frequen-
cy decreases with increasing field, the butterfly
curves of Fig. 1 are reversed in field with respect to
the usual ones for ferromagnets. At higher fields,
but still below H„Ok= —,m magnons are accessible
for pumping, as illustrated in Fig. 1. Since they have
the highest precession ellipticity and consequently the
lowest threshold, they go unstable first and tend to
dominate the parametric excitation process. The
high-field side of the curves in Fig. 1 thus tend to re-

fleet the relaxation rate of
2

m magnons. The

behavior of the high-field side indicates that the re-
laxation rate increases with increasing wave vector
and temperature as one would expect. As the field is
lowered and approaches the bottom of the band, k

1
tends to zero for

2
m magnons. Consequently, below

1
this point only k =0, Ok (—,~ magnons are accessi-

ble for pumping. Since they have smaller ellipticity
than the —,n magnons their threshold is correspond-

ingly higher and the curves rise sharply. At fields
below HB =90.02 kOe at 4.2 K, no rnagnons can be
excited, and the threshold tends to infinity.

An interesting feature of the curves in Fig. 1 is the
pronounced dip displayed at the bottom. This dip is

sample dependent, as clearly demonstrated in Fig. 3.
The rod-shaped sample No. 1 has a pronounced dip
at all temperatures. The smaller sphere, sample No.
2, has a dip only at higher temperatures. The origin
of this feature will be discussed later.

The highest field at which data can be obtained is
limited by the onset of the mixed-phase region in

which antiferromagnetic (AF) and spin-flop (SF)
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FIG. 3. Comparison between the threshold field vs ap-
plied dc field for the rod-shaped sample No. 1 at T =4.2 K
(dashed line), and the sphere No. 2 (solid line) at various
temperatures.

I I I I I I I I

l0

FIG. 4. Temperature dependence of the magnon-
relaxation rates for various wave vectors at fixed frequency
in MnF2. The data are extracted directly from Fig. 1 and

Eqs. (1)—(3), with additional data points at k -0 taken at
the bottom of the dip.
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domains coexist. " The displacement of the butterfly
curves toward higher fields at higher temperatures re-
flects the temperature dependence of the spin-flop
phase transition, and with it, the low-lying magnon
frequencies. Using the known temperature depen-
dence for the frequency, from Eq. (3), one can ex-
tract the relaxation data for various k values at dif-
ferent temperatures, as indicated in Fig. 1. Assuming
that the threshold measured corresponds to the
0 = —27' mode, a question to which we shall return1

later, we obtain the data shown in Fig. 4. Two dis-
tinct temperature dependences are observed. For
T ( 5 K the damping rate follows a temperature
dependence close to T '. For higher temperatures it
becomes a T' dependence, a result which has been
previously observed for the k =0 uniform mode. "

IV. THEORY OF ANTIFERROMAGNETIC
MAGNON RELAXATION

Previous treatments' of magnon damping in an-

tiferromagnets in the AF phase have neglected the
three-magnon dipole-dipole interaction. This process
is usually unimportant because of the difficulty in

conserving both energy and momentum as a result of
the gap in the magnon dispersion relation. Since this

process has been shown' to dominate the relaxation
of small-k ferromagnetic magnons at low tempera-
tures, it might be expected to play an important role
in the damping of antiferromagnetic magnons at
fields near the AF SF transition, where the gap is

small, as is the case of the present experiments. This
is supported by the data of Fig. 4, which show the
abrupt change in slope of the damping rate as a func-
tion of temperature. The T4 dependence observed in

the relaxation of the k =0 uniform mode was
shown" to arise from four-magnon scattering
processes involving both the exchange and anisotropy
interactions. For k &0, but still small compared to
the Brillouin-zone edge, one would expect the four-
magnon scattering to exhibit the same T' depen-
dence.

At lower temperatures the relaxation rate would

tend to be dominated by allowed scattering processes
involving fewer than four magnons, because these
would give a weaker T dependence. For the k =0
mode no three-magnon process can conserve both
energy and momentum, but for k )0, it is allowed

for certain values of k and of the gap. In ferromag-
nets the dipolar three-magnon scattering has a linear
T dependence, ' and one might expect a similar
behavior in the antiferromagnet.

To calculate the damping of magnons so as to
make comparison with experimental results, we con-
sider a Hamiltonian with Zeeman, magnetic dipole-
dipole and isotropic exchange interactions. When the

spin operators are expanded in terms of the
Holstein-Primakoff ak's and bk's one obtains

E +~(2) +~(3) + ~(4) + (4)

( Cl, 2, 3&k) &k2ok3
k), k2, k3

+ H.c.) b ( k ) + k2 —k3)

1, 2 34 k& k2 k3 k4
(4) t

k),k2, k3,k4

&& 4(k(+ k2 —k3 —k4)

The relaxation rate for mode k~ will be calculated
from the general result" for a process in which %
magnons are destroyed and M are created.

IgPM) 2~ 1 g ~c(g+kr)~2(n +])
A2 k, k2, ...

X(nw+1)nw+I ' ' '

x ngyM5(cu) 5( k )

A. Three-magnon dipolar confluence relaxation

The only three-magnon relaxation process for
small-k magnons in which energy and momentum
can be conserved is the confluence process. The di-

polar confluence process for magnon relaxation in

antiferromagnets has previously been considered in

connection with nuclear relaxation. " We write the

The presence of the dipolar interaction in 3Ccom-
plicates the form of the quadratic part X"', introduc-

ing terms like aka k and akb k in addition to the
ones which would result from a single-ion form for
the anisotropy. To obtain a detailed expression for
the magnon frequency including the effect of the di-

pole interaction, as given by Eq. (2), a 4 & 4 transfor-
mation matrix is required for the diagonalization of
X, as is shown in the Appendix. However, since the
additional terms in the transformation are small com-
pared to the ones required to diagonalize the Hamil-

tonian with Zeeman, exchange, and single-ion aniso-

tropy interactions, we neglect them in the higher-
order terms in X. This has a small effect in the ver-

tices of the magnon interactions because they are
made up of products of the transformation coeffi-
cients and there are no cancellations of large terms.

One further simplification is made in the following
calculations. Since our experiments involved low-

frequency o.k magnons at low temperatures, we

neglect all interaction processes containing the "up-

going"-frequency pk magnons.
The scattering terms of the Hamiltonian in Eq. (4)

will then have the form
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three-magnon part of the dipolar Hamiltonian

Xj= 2r—rgusM(2/NS)' g [(k~ k[/k~ )(a~+bt )(aqa3 —brb3 )+He. ]h(k, —k~+ k3)
k),kp, k3

where a] and b] are shorthand notations for ak and bk, W is the number of spins in each sublattice, and
]

gp, ~ =ty. Making the usual Holstein-Primakoff transformation to normal-mode variables

t
&k ~ko'k +kPk ~k &kPk Uk&k

and dropping all terms involving upper branch magnons Pk and Pk, we have

Xj = 2rrg—psM(2/NS)' g [(k~ kf/k~ )(u~ —v~)(vqv3 —u~u3)a~a~n3+H. c.]h(k~ —kq+ k3) . (9)
k), kp, k3

The neglect of all but the o. magnons is justified since only they are accessible at microwave frequencies, and
then only in high magnetic fields. In the rather low temperatures in which the experiments were done, the popu-
lation of P modes is negligible compared to the u modes. Substituting this Hamiltonian into Eq. (7), we find for
the three-magnon relaxation rate

$ I CI'(I+.-~) u3/n, ~(k~+ kp —k3) 5(co]+Q)p cl)3)
Tk 2h kl, k2'k3

(&0)

where

C=4rrgpsM(NS) [(kp k]/kp )(up —vp)(utu3 —v~v3) +(kt k[/k& )(u& —v~)(upu3 vpv3)]

In order to eliminate analytically as many variables as possible for general directions of k~, we transform to a

primed set of coordinates with z' ll k~. Assuming k~ makes an angle H~ with respect to z in the xz plane, and k~

makes an angle 0' with respect to z' in the x'z' plane, we make a transformation through the following Euler an-

gles: 8~, 0, P. We then have the
~
C~' in terms of the new variables

~
C

~

' = sin'8~ cos'8~ C(+ 2 Ct Cq [sin'8~ cos8t sin'8' sing cosP + sin8~ cos'8~ sin8' cos8' cosP]

+ Cq~ [ sin'8' cos'P + sin'8' cos'8~ sin'P —2 sin8~ cos8~ sin8' cos8' sing + sin'8t cos'8']

x [ sin'8t sin~8' sin'4r + 2 sin 8~ cos8t sin 8 cos8' sing + cos'8& cos'8']

where

C) = (u) —v)) (upu3 vpv3), Cp = (up vp) (u~u3 v'[v3)

f1 dy[C['= C,' sin'8, cos'8,2'
+ Cq ( —sin 8'sin 8~ +

s sin 8' sin 8t cos8~ +
~

sin 8'cos 8'cos 8t —2 sin 8'cos 8' sin 8~ cos 8~

Before proceeding further, we notice that cok for small k in MnF~ is very nearly isotropic, except for the small

term due to the anisotropy in the dipolar interaction. We retain this term in the mygnon k~ under study, since in

the region very near spin-flop in which the experiments are done, it is a significant part of its energy. However,
we expect that the important scattered magnons k~ and k3 to have energies much larger than that of k~, making

the dipolar term relatively unimportant. Moreover, since the important kq and k3 should be much larger than k],
kq and k3 will be nearly parallel. Thus, whatever are the dipolar contributions to coq and co3, they will be nearly

equal, .and cannot significantly alter the energy conservation.
With this assumption, we can now integrate over the angle g, obtaining the result

+ —, sin'8' cos'8' sin48~ + —, sin'8' cos'8' cos'8t +cos 8' sin'8~ cos'8~ ) —=
~
C

~

' (&2)

Inserting this expression into Eq. (10), and replacing the summation over kq by the integral

I

(a/2rr)' kj sin8'dkzd8'dQ
k~

I

with denoting the restriction k3 = k~ + k~, we have

I

z (4rrgysM) a /(2rr) , kq sin8'dkqd8'~ ~C'(I +nq)(n n3/)5t( ~ rv+pcvrv3)
Tk 2h S
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In order to remove the energy 5 function, we ap-
proximate the dispersion relation for the k3 mode by

et)3 y[H, +csin (
~

k3a)]'

0.2

4K

Since k3 = ki + k2, we have

k3' = k]' +2k]k2cosH'+ k2'

which allows us to form the density of states

dcu3/d0'= —(k)kp/k3) (Hsa/2pp3)

x sin( —,
'

k3a) cos( —,
'

k3a ) sine'

and eliminate the integration over 0', leaving only
that over k2. The final expression is

1 4m
(gp, gM) 2

Tk ~2+2g2

m/a m3a k2k3 dk2
X

kta sin(k3a/2) cos(k3a/2)

x
I 6 I'(I + nq) n3/8] (14)

0
0 O.OI

k/kze

PK

IK

I

0.02

The integral of Eq. (14) was evaluated numerically by

summing over 500 increments of k2 from the zone
center to the boundary, with all energies and angles
restricted to satisfy energy and momentum conserva-
tion. Before discussing the results, however, it is in-

structive to consider qualitatively the differences
between the ferromagnetic and antiferromagnetic
cases.

For very small values of k~, such that k2 and k3
are very nearly equal and parallel, it will not be possi-
ble to satisfy energy conservation with a finite gap in

the spectrum. The minimum value ki;„for which
both energy and momentum can be conserved is
found approximately when the energy gap ~0 divided

by k~,„;„equalsthe maximum slope (drpz/dk), „.
This mimimum value increases with increasing gap
and is also present in ferromagnets under a dc
field. "p The value of (drub/dk),

„
is the same in

ferromagnets and low-gap antiferromagnets with the
same exchange energy, but the position is different.
In ferromagnets it occurs halfway between the zone
center and edge, with ask approximately half the ex-
change frequency, while in antiferromagnets, it oc-
curs closer to the zone center and at lower frequency.

In YIG, with a much larger exchange- constant
than MnFq [ T, (YIG)/ Tv(MnFt) —8], k~„;„is much
smaller than in MnF2, and seems to be experimental-
ly undetectable. In the high-temperature, low-gap
limit, where Acro, hcokm, „&&kT, but kT ((pe Eq.
(14) predicts a temperature dependence of
I/T~ ~ T'~', compared with the linear T dependence
of the ferromagnet. This can be shown to arise from
the linear region of the antiferromagnetic dispersion,
which contains ppt. ,„.The linear region of I/Tt vs
k observed in the ferrornagnet is replaced by a rather

FIG. S. Variation of the relaxation rate vs wave-vector
1

amplitude for 0=
2

vr magnons in MnF2 at several tempera-

tures, for the dipolar three-magnon confluence process. The
results correspond to a fixed value of the applied field
HO=91 kOe so that each wave vector corresponds to a dif-

ferent energy.

sudden increase in I/T~ above k~;„to a value nearly
independent of k, shown for several temperatures in

Fig. 5.
In the low-temperature, low-gap limit,

IIQ)p « kT « flue „,I/T~ becomes dominated by
the Bose factor of the incoming magnon, which be-
comes exp( Scut/kT) —near k~„;„.Magnons of k
larger than ki;„arerelaxed by thermal rnagnons of
longer wavelength and lower energy than ~k „,„,and
consequently approach a value close to that given by
the high-temperature limit above.

B. Four-magnon relaxation

The main mechanism for four-magnon relaxation
is the exchange interaction. The four-magnon
processes arising from the anisotropy interaction,
however, do play an important role in that they may
result in destructive interferences which decrease the
rate of relaxation. " One must therefore treat the an-
isotropy carefully if a quantitative comparison
between theory and experiment is to be made. In the
case of MnF2, where the anisotropy is due almost en-
tirely to dipole-dipole interactions, one should use
the magnon operators introduced in the Appendix.
This would make the relaxation calculation much
more complicated than if single-ion interactions were
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FIG. 6. Relaxation rate due to four-magnon exchange
and anisotropy scattering vs wave vector in MnF~ at several

temperatures, and at fixed field Hp 91 kOe.
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the source of the anisotropy. However, it has been
shown previously" that an effective single-ion form
of the anisotropy well describes the four-magnon re-
laxation rate of the k =0 mode in MnFq, and we as-
sume this approximation to be valid for small-k mag-
nons as well. With this simplification the four-
magnon relaxation rate was calculated numerically us-
ing the procedures described in detail in Refs. 17 and
26. The results are shown as a function of k for
several temperatures in Fig. 6.

It is interesting to note that these calculated results
are in good qualitative agreement with the observed
parallel-pumping data in CuC1~ 2H~O, as well. " The
k dependence of the four-magnon process exhibits
the form 1/T~ =1/T, p+Dk', found in CuClq 2HqO,
where both the k -0 value 1/Ttp and the slope D fol-
low nearly a T dependence. Although the calcula-
tion contains entirely different parameters from those
appropriate to our experiment, it suggests that four-
magnon processes are responsible for spin-wave re-
laxation in CuClq 2Hqa.

FIG. 7. Variation of the relaxation rate vs applied field
1

for 8- T~ magnons in MnF~ at several temperatures, for

the three-magnon confluence process. The results corre-
spond to a fixed frequency of f=15.18 GHz, so that each
field corresponds to a different wave vector.

16K

SK

i0—6

V. DISCUSSION OF THE RESULTS 4K

In order to compare the parallel-pumping-threshold
data of Fig. 1 more directly with theory, we have cal-
culated the relaxation rates for Tm magnons from

1

three- and four-magnon processes at constant fre-
quency as a function of field Hp. The value of k is
now an implicit function of Hp, as is the data. The
results are shown in Figs. 7 and 8. Although they

I

9i
0(kOe)

I

92
I

93

FIG. 8. Relaxation rate due to four-magnon exchange
and anisotropy scattering vs field in MnF~ at several tem-
peratures, and at fixed frequencey f -15.18 GHz.
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are in reasonable numerical agreement with the data,
neither the temperature nor the field dependence is

fitted very well. We shall discuss these effects
separately.

A. Field dependence

k=0.02 kze

k=0.0l kze

o k 0

The three main features of the field dependence of
the data can be summarized as follows: a pro-
nounced dip at k -0 at all temperatures; a gradual

increase in the threshold with increasing field for all

temperature; a shift of the curves toward higher field
with increasing temperature. It is to be noted that
the field dependence of the data is very similar for all

temperatures, which is evidenced by the fact that the
same curve was drawn through the data points at
each temperature.

While the dip at low temperatures could partially be
explained by the fact that the dipolar interaction can-
not relax magnons with k & k;„,the same argument
does not apply at higher temperatures. There, the
four-magnon process is expected to dominate, and to
contribute to relaxation all the way to k =0. Further,
if the three-magnon process vanished in the dip, we

would expect to see the much stronger temperature
dependence of the four-magnon process there. Thus,
we are forced to conclude that the region of zero re-

laxation of the three-magnon is probably not the
source of the dip, even at low temperatures, and we

must seek other mechanism(s) for the origin of the
dip. We return to this point in a later section.

At higher fields, above the dip, a gradual increase
in the threshold power is observed as the field is in-

creased toward spin flop. Although this field depen-
dence resembles that of the three-magnon process at
low temperature, neither the three- nor the four-
magnon process shows much field dependence at
higher temperatures. Therefore, it seems that none
of the field dependence can be understood in terms
of just three- and four-magnon scattering.

B. Temperature dependence

In order to separate the temperature dependence of
the relaxation from its field dependence, we have re-

plotted in Fig. 9 the data of Fig. 1, for three values of
k, as a function of temperature. The three- and

four-magnon rates are also shown, for corresponding
frequencies and fields. Again, notice that the data
show a distinct k dependence, whereas the tempera-
ture dependence at each value of k is practically
identical. Hence, whatever mechanism is responsible
for the relaxation in the k =0 dip, whether it be
some modified form of the three- or four-magnon
processes, or another distinct process, it must be the

same as that which is responsible for the higher k relaxa

tion.

Below about 4 K, the observed temperature depen-

IO—6

00
ooo

0
~o
0

IO—5

IO

FIG. 9. Comparison of measured relaxation rates vs

theory for several wave-vector amplitudes, as a function of
temperatures. The rates shown are due to the three-
magnon confluence process for k =0.01kz~ (long dashes)

and k =0.02kzg (short dashes), and the four-magnon ex-

change and anisotropy process for k =0.

dence of T ' is considerably less rapid than the T"
predicted for. k/k, „=0.01. Although this can hard-

ly be called "good agreement, " the magnitude of the
three-magnon process is not that far off so as to rule
it out entirely as the source of the relaxation.
Perhaps some modification of the process, as might
be required to fit the field dependence, would also
account for the discrepancy in the temperature
dependence.

At higher temperatures, above about 6 K, the ob-
served temperature dependence fits very well the T"
predicted by the four-magnon process, with the mag-

nitudes in agreement within a factor of 2. Consider-
ing that the conversion from threshold power to re-

laxation rate depends on the knowledge of the abso-
lute value of the rf field in the cavity, we consider
the agreement to be excellent.

C. Size-dependent effects

One possible explanation for the dip is a sample-
size effect. Only if the pararnetrically pumped mag-
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nons propagate in an infinite medium, can one as-
sume different k modes not to be coupled; in this
case alone are k-mode plane waves the normal modes
of the system. If the mean-free path is large enough,
magnons excited in the bulk can reach the surface of
the sample and be scattered into other bulk or sur-
face modes. The effect of the surface condition or
the scattering of magnons has been studied in de-
tail. ' In the limiting case

UGk Tk )0 d (15)

VI. CONCLUSION

We have performed parallel-pumping experiments
on MnFq at temperatures between 1.6 and 11 K, and
in fields between 90 kOe and spin flop. Magnon re-
laxation rates have been determined, and compared
with the theory of three-magnon dipolar scattering
and four-magnon exchange-plus-anisotropy scatter-
ing. The low-temperature results below 4 K are in

where u6k is the magnon group velocity and d is the
sample dimension, one would expect magnons with
different Hk to be strongly coupled; hence it is not
meaningful to speak of a threshold for a single Ok

mode pair. In this instance, the threshold for pump-

ing the system would be higher than that for 0 = —,m

modes, as shown in Eq. (All). In the range of tem-

perature of our experiments, Tk is sufficiently long
that condition (15) is satisfied for all k/k .,„)0.01,
in which case the threshold measured at higher fields
corresponds to the excitation of modes with all Hk

values. As the field decreases, both k and the group
velocity decrease as well, and the condition of Eq.
(15) is no longer met. Then, only Ok ———n modes1

are excited, and since they have lower thresholds, a
pronounced dip in the curve of h„;,might appear.
We have calculated the rate of Eq. (All) for the
three-magnon process, which gives a field depen-
dence virtually identical to that in Fig. 7, for the
high-field side of the butterfly curves, but with the
thresholds higher by a factor of about 2. For the
four-magnon process, where there is little k or 0k
dependence to the relaxation rate, the threshold
would be expected to increase by a factor of about
8/7r. Both processes, therefore, would show a size-
dependent dip of about the same magnitude. Since
the relaxation rates Tk are observed to change with
temperature by well over one order of magnitude, the
range of values of vGk, and hence of Ho, given by
the inequality [Eq. (15)], should change by a corre-
sponding amount. One would then expect the width

of the dip to increase rapidly with increasing tempera-
ture. This effect is clearly not observed, since the
shape of the butterfly curves for all temperatures is
virtually identical. Obviously, a more systematic
study of the size effect is needed to verify these ideas.

rough agreement with the temperature dependence of
the three-magnon theory, while the results above 6 K
are in excellent agreement with that of the four-
magnon process. The field dependence of I/T~ for
all temperatures shows an anomalous dip near k =0,
which cannot be explained by ordinary (plane-wave)
magnon-scattering processes. We have postulated a
sample-size-dependent model which might account
for the dip.

Although detailed parallel-pumping experiments
have been made on CuClq 2H&O, the present work
constitutes the first combined experimental and
theoretical study of parallel pumping of purely elec-
tronic magnons in a fundamental antiferromagnet.
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APPENDIX: DERIVATION OF THE THRESHOLD
FOR PARALLEL PUMPING OF SPIN WAVES

IN ANTIFERROMAGNETS

The threshold intensity for parallel pumping of
electronic spin waves in a two-sublattice antifer-
romagnet was first obtained by Morgenthaler many

years ago. His calculation, which is based on the
semiclassical equations of motion for the magnetiza-
tion, assumes that each magnon mode pumped by

the external field decays towards equilibrium in-

dependently of the others. In this case there is a
threshold for instability associated with each mode
and the onset of the nonlinear excitation is deter-
mined by the minimum threshold at each value of
frequency and applied field. From a more general
point of view the modes can be assumed to be cou-
pled via two-magnon processes, so that the threshold
depends on the cooperative decay of the degenerate
modes. Here we derive the threshold conditions
based on the energy balance equations in two ex-
treme limits, namely, in the no-coupling and in the
strong-coupling regimes.

The quadratic part of the antiferromagnetic Hamil-

tonian including Zeeman, exchange, and magnetic-
dipole interactions can be written as"

~o = tt $ (&k —y Ho) ak ak + (Ak +y Ho) bk bk
k

+Bk(akb k+akb k) +Ck(aka „+bkb k)

t
+Ck(aka k+bkb k)+2Cka„b„+2C„a„b„,(Al)
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where

A„=y[HE+H„+—32rM(I —3cos'ek)12

Bk = y[y„HE+—,
' 4rM(I —3cos'Ok) ]

Ck = y~Msin'~k exp( —2i@k)

In the derivation of Eq. (Al) it is assumed that the
shape of the sample is spherical and that the aniso-
tropy field H~ is due to the dipolar interaction
evaluated within the Lorentz sphere. H~ is assumed
to be independent of k, which is a good approximation
for long-wavelength magnons. The Hamiltonian
(Al) can be diagonalized by the transformation'3

where

Pk y( Q41031 021011)

Since the magnon modes are driven in pairs, the
occupation numbers obey the relation nk = n k. Then
the rate of change of nk due to the pumping field can
be written as

dnk = —
2

( i'21Pk) '(2 nk + I )
I/Tt,

dt (olk 24ok) + 1 Tk

(AS)

ak

Cl

b

b'k

011 012

0» 0»
Q31 Q32

,Q41 Q42

3

013 014 ~k

023 Q24

Q33 034 /3k

043 044 P-k

(A2)

where Tk is the (energy) relaxation time of the k
mode. The time rate of change of the occupancy due
to the relaxation of the magnons into the thermal
modes is

The lengthy expressions for the transformation coef-
ficients are given in Ref. 23 and the normal mode
frequencies can be written as

dnk

dt

Elk flk

Tk
(A6)

Kl =fr/tl slnol t $Pk(lkk& k + Nk44 k)
k

(A4)

pk k= leak Bk +y Ho

+ [4(Ak ak) y'Ho—
+16}ct,} (Ak —gk) ]'t } t (A3)

When a driving rf magnetic field hi sin&opt is ap-
plied parallel to the static field, which is assumed to
lie along the axis of the crystal, the term of the Ham-
iltonian responsible for the excitation of o.-mode
magnons becomes

h — 1 1
(A7)

Using the expressions for the transformation coeffi-
cients, Eq. (A7) becomes

In the usual calculations it is assumed that the dif-
ferent k modes do not interact, so that the energy
balance takes place for individual modes. Using
(dnk/dt)k = (dnk/dt—), and the threshold condition
nk ~, we obtain the critical field. For the modes
under resonance cop =20)k,

k yHO) [Ak ~k (ot k +Ho)']'+ 16}Ckl'(Ak +k)'(oo + yHo)

y Tk4yHock(Ak /3k) [Ak' A' (~ k+yH—o) l
(A8)

Note that if the dipolar interaction is neglected, the
transformation coefficients in Eq. (A2) become
Qll = uk, 021= Q31=0, 041= leak. In this case Pk =0
and the threshold field diverges. This is so because it
is the dipolar interaction that makes the spin preces-
sion of the Ok &0 modes to be elliptical, which is the
necessary condition for the coupling between the z-

directed pumping field and the rf magnetization. If
we assume that Hq, oo /y « HE, H„Eq.(A8) sim-
plifies greatly to give

h, = 1 ~k(2HE)
2 1 i2 . (A9)

y Tk y4rMsin Hk[Hq +HE(1 —yk)]'

This is the same result obtained by Morgenthaler. "
Note that for long-wavelength magnons yk =1, so
that the threshold is inversely proportional to Hq '.
It is for this reason that parallel pumping of electron-

(A10)

I

ic magnons has not been observed in the well-studied
low-anistropy antiferromagnets, such as RbMnF3
and KMnF3.

In a situation where the degenerate magnon modes
with ~k =

2 sop pumped by the rf field are strongly
1

coupled one cannot assume that the different k
modes provide independent channels for the energy
flow. The coupling between the modes may arise
from two-magnon interaction due to surface pit
scattering. In this case the condition for the coupling
to be effective is that the mean free path P k

= u«Tk
be comparable or larger than the dimension of the
sample. The energy balance equation must now ac-
count for the total energy flowing in and out of the
pumped modes, i.e.,

1

dnk ~ dnk

dt p k dt
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where the sum is restricted to the modes which satis-

fy ~k = —2cup. Of course in order to find the threshold
1

for the collective instability, one must now consider
the details of the coupling. The problem then be-
comes quite complicated and only in limiting situa-
tions, one hopes to find a solution. One case which
can be easily solved is that of a strong coupling
between the degenerate modes. If we denote by T2

the time for a magnon to decay into the degenerate
modes by two-magnon scattering, this case corre-
sponds to T2 (( Tk. We further assume that the
Fourier transform of the two-magnon scattering po-
tential is flat in the region of interest in I space. In

1

' 1/2 $ ~/Tk

h, = k F. k

~M re /Sin HgTk
k

' 1/2

(A& I)

this case, the thermalization of the degenerate modes
occurs rapidly and assures that they all have the same
population nk = n = n„f2. The occupation numberk ~p

can thus be factorized in Eq. (A10). Assuming
co~ = 2cut. , Hq, u&, k/y ((Hq , H„y-i,= t, the condi-
tion for the collective instability of all the degenerate
modes n„f2 ~ yields
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