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Spin-glass behavior in iron-aluminum alloys: A microscopic model
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Drawing upon a model of Sato and Arrott, it is proposed that the spin-glass behavior ob-
served in iron-rich Fe~ „Al„alloysarises by virtue of competition between a nearest-neighbor
Fe—Fe ferromagnetic exchange J and a further-neighbor Fe—Al —Fe antiferromagnetic superex-
change —mJ. The special crystal structure of these alloys makes possible a mapping (decimation)
of this model onto a simple-cubic magnet with random exchange. Previous approximate solu-

tions of the simple-cubic model may then be used to construct the Fe~ „Al„magneticphase di-

agram. For an appropriately chosen ratio o. (antiferro/ferro), an acceptable fit to the experimen-
tal phase diagram is obtained.

I. INTRODUCTION
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FIG. 1. Magnetic phase diagram for Fe~ „Al„.Data are
taken from Refs. 5, 8, and 9 and include samples with both
Fe3Al and FeA1 structures (see Sec. II). Shown at right is a

detail of the region near the multicritical point, x~, T~,
where the paramagnetic, ferromagnetic, and spin-glass
phases meet. Data near the multicritical point are not suffi-
ciently good to determine T~ with precision.

The magnetic behavior of Fe~ „Al„alloysin the
range 0—50 at. % Al has been studied recently by
several authors. ' The magnetic phase diagram, '8 9

sketched in Fig. 1, shows paramagnetic, ferromagnet-
ic, and spin-glass phases, which meet at a multicriti-
cal point in the vicinity of an Al concentration'0 x
=0.295—0.300 and a temperature T =90—170 K.

This type of behavior is probably typical of a number
of concentrated magnetic alloy systems. " " Unlike
"dilute" alloy systems (e.g. , dilute CuMn) which have
low spin-glass transition temperatures and are be-
lieved dominated by long-range Ruderrnan-Kittel-
Kasuya- Yosida (RKKY) interactions, such systems
can exhibit quite high transition temperatures and it
seems likely that short-range exchange interactions
play an important role. Sato and Arrott' proposed in

1959 that the disappearance of ferromagnetic order
above an Al concentration of x =0.30 and at suffi-
ciently low temperature T for 0.27 (x & 0.30 is due
to competition between nearest-neighbor Fe—Fe fer-
romagnetic exchange and an indirect Fe—Al —Fe anti-
ferromagnetic superexchange. Their interpretation of
the data' called for an antiferromagnetic phase at suf-
ficiently low Tfor 0.27 & x &O.SO. Neutron scatter-
ing3 failed, however, to reveal the expected antifer-
romagnetic order, so the model was abandoned. It is
now believed that the low-temperature phase for
0.27 (x & 0.50 is a spin glass, containing frozen-in
moments of all orientations but without long-range
order of either ferromagnetic or antiferromagnetic
type. Although a full understanding of the spin-glass
state is still lacking, "there is general agreement that
competition between ferromagnetic and antiferromag-
netic interactions is required. It is the purpose of this
paper to show semiquantitatively that the sort of
model proposed by Sato and Arrott'4 can, by ap-
propriate choice of parameters, be made quite con-
sistent with the experimental phase diagram. The
particular, detailed choice of interactions in our
model is, we emphasize, conjectural and presumably
oversimplified: it is certainly not based on any
electronic-structure calculations. On the other hand,
our principal conclusion —that short-range ferro/ anti-
ferro competition can account for the structure of
Fig. 1 —is, we believe, independent of the details of
the model. '

Section II describes the model, which is based on
the crystal structure of the Fe~ „Al„system'"and
incorporates the observed data on Fe moment forma-
tion in alloys. It is an Ising lattice model based on
the bcc structure of 0. —Fe with inhomogeneity aris-
ing from appropriately random siting of the Al atoms.
In Sec. III we show how the site-random bcc model
may be mapped onto a bond-random sc model. The
phase diagram of this bond-random sc model has

21 159 O1980 The American Physical Society



PRABODH SHUKLA AND MICHAEL WORTIS

been studied previously by mean-field theory'8 and
by various approximate renormalization-group
schemes. ' ' On this basis we calculate in Sec. IV
representative x, T phase diagrams for Fe~ „Al„.The
freedom afforded by the one adjustable parameter n,
which measures the ratio of the strengths of the anti-
ferromagnetic and ferromagnetic interactions, is suffi-
cient to reproduce quite well what is observed in the
range 0.25 & x & 0.50. This is the first time to our
knowledge that global features of extant theoretical
models have been compared to experiment. The ap-
proximate theoretical solutions' on which cornpar-
ison depends subscribe to the original Edwards-
Anderson ' interpretation of the spin-glass ordering,
the details of which are at present controversial";
however, in drawing upon them, we take the point of
view that global features of the phase diagram are
likely to prove insensitive to the details of the ordering.

II. MODEL

The structure of Fe~ „Al„alloysis based on the n-
Fe bcc lattice with various Fe atoms replaced by Al.
The basic bcc lattice may be regarded as composed of
two interpenetrating sc sublattices, which we denote I
and II. In stoichiometric FeAl the I sublattice is Fe,
while the II sublattice is Al. In stoichiometric Fe3A1
the I sublattice remains pure Fe, but the II sublattice
is alternately occupied by Fe and Al in an ordered,
rock salt structure. X-ray data show'" that for not-
too-high temperatures and for 0.2 & x (0.5 (i.e., ex-
cept at low Al concentration) the Al in the non-
stoichiometric alloys occurs preferentially on sublat-
tice II, while sublattice I remains more or less pure
Fe. The full structural phase diagram has been ex-
plored by several groups'2 and is quite complex.
For our purposes it suffices to say that in the spin-
glass temperature range the true equilibrium phase
shows FeqAl order (i.e., long-range alternate order on
sublattice II) for x =0.25 and FeAl order (i.e., no
long-range alternate order on sublattice II) for
x =0.5 but, however, that there is a large concentra-
tion range for which stable samples with both Fe3A1
and FeA1 order can be prepared by appropriate cool-
ing. Indeed, the data sho~n in Fig. 1 are composite,
including samples with both kinds of order. %hen
samples with different structure but the same overall
Al concentration have been compared, no appreciable
difference in magnetic properties has been found. '"
Thus, it becomes a requirement on any model that
Fe~ „Al„withFe3Al and FeA1 order should show
more or less the same magnetic phase diagram. %e
shall in what follows treat the Fe3A1 and FeA1 order-
ings slightly differently.

Our model has four ingredients:
a. Ising variables. It is assumed that the Fe atoms

have localized moments which are describable as Is-

ing variables,
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FIG. 2. Model interactions. When the body center is occu-
pied.by an Fe atom, there is a ferromagnetic interaction
—Jp, ;p& between the central Fe and and its eight nearest
neighbors. When the body center is occupied by an Al
atom, there is an indirect antiferromagnetic contribution
o.Jp,,pj between each of the twelve Fe-Fe cube-edge pairs.
According to our assumptions about Al siting (Sec. IId), the
cube-corner Fe's are on sublattice I, while the body center is
on sublattice II.

p,;=m;cr;, (r;= +1

where p, ; is the magnetic moment at the ith Fe site
and m; is its magnitude. This approximation is purely
practical: theoretical phase-diagram data are only
available for Ising systems. It certainly distorts
dynamics; we hope that gross thermodynamic
features are preserved.

b. Competing interactions. Nearest-neighbor Fe—Fe
pairs interact via ferromagnetic exchange with an en-
er'gy —Jp, ;p&. In addition, any two Fe's which are
sublattice nearest neighbors interact via antiferromag-
netic "superexchange" if they share one or more Al
nearest neighbors (on the other sublattice), as illus-
trated in Fig. 2. The interaction energy is o.Jp, ;p,, for
each shared Al. Both forms are oversimplified:
First, interactions in pure Fe presumably have signifi-
cant further-neighbor components. Second, superex-
change is mediated by atomic electron configura-
tions, ' and there is no microscopic basis for the pos-
tulated angular dependence. " In the spirit of the
rather crude approximations we shall be forced to
make in Secs. III and IV, it might be best to think of
the interaction parameters introduced above as
"lumped variables. " Note that the ferromagnetic and
antiferromagnetic interactions are intersublattice and
intrasublattice, respectively. If this were the whole
story, then stoichiometric FeA1 would be antifer-
romagnetic at sufficiently low temperature, contrary
to experiment, '2 which brings us to the next point.
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c. "Neighbor effect. " It is found experimentally6 that
Fe atoms with fewer than four Fe nearest neighbors
exhibit magnetic moments dramatically reduced from
the mo =2.18',B characteristic of pure u-Fe. We write

m; =y;mo (2)

The full dependence of the fractional reduction y; on
the number n of Fe neighbors is given in Ref. 6. We
use the approximation,

1, 4~n~8,
y; ='0.27, n =3,

0, n&3.

Thus, our bcc model Hamiltonian is

The first sum runs over nearest-neighbor Fe—Fe
pairs, while the second runs over Fe—Al —Fe se-
quences, as specified in b. It remains to give the po-
sitions of the Al atoms.

d. Randomness. In accordance with the discussion
above, we assume that sublattice I remains pure Fe.
This limits the antiferromagnetic interactions in Eq.
(4) to Fe atoms on sublattice I. We then have two
variants of the model: For alloys with FeAl order. we
take sublattice II to contain a fraction 2x of Al atoms,
randomly sited. For alloys with Fe3AI order we

modify sublattice II of stoichiometric Fe3A1: If
x & 0.25, then a randomly selected fraction (4x —I)
of the Fe~~ sites are occupied by Al. If x (0.25, then
a randomly selected fraction (I —4x) of the Al~t sites
are occupied by Fe. These assignments neglect short-

range compositional order.

III. DECIMATION

The site-random bcc lattice model set forth in Sec.
II can be transformed by "decimation" ' into an
equivalent sc bond-random model by integrating out
the degrees of freedom of the Fe atoms on sublattice
II. Each unit cube of sublattice I contains a single
sublattice II atom, either Fe or Al. Al-centered unit
cubes contain only antiferromagnetic interactions
between the cube corners [Eq. (4)]. Fe-centered unit
cubes contain ferromagnetic interactions which con-
nect the body center only to the cube corners. Thus,
in any thermodynamic average the trace over each
sublattice II Fe can be carried out independently.
This procedure eliminates the sublattice II Fe's but
produces new, temperature-dependent effective in-
teractions L between the sublattice I Fe's on the

P~bcc K X yiyjattrj &K $ yi'yjaiaj (4)
&ij) (fi)

Fe-Al-Fe

where

K = mo2J!ks T

corners of the Fe-centered unit cubes, according to
i

exp L(o) ~ X Lt2
&i,j)

+ ~ Lijkl yjyjykyl~i ~j~k l +(4)

(i;j,k, I)

exp K Xytaoat, (6)
g +l I~1

t

so, when yI =1 for all I,

L jt ~ =—L =,Is (lncoshgK +4lncosh6K

+4ln cosh4K —4ln cosh2K) . (8)

Note that the right-hand side of Eq. (7) does vanish,
when either y; or yj vanishes. Generally, the new

couplings L are random through their dependence
(via yi) on the random occupation of the cube center
and the 26 other sublattice II sites surrounding the
cube. Because nearby sublattice I unit cubes share
sublattice II neighbors, the interactions L'"' are not
independently random but have some short-range
correlation. After all sublattice II Fe atoms have
been decimated, we are left with a sc lattice problem
with (correlated) random interactions. These interac-
tions are the sum of the original antiferromagnetic
interactions (from the Al-centered unit cubes) and
the new effective interactions arising from decimation.

We have not carried out the full program described
above because it is tediously complicated and leads in
the end to a problem with correlated random interac-
tions, including further-neighbor and many-spin in-
teractions, which has not been solved even approxi-
mately. In order to be able to make contact with ex-
isting solutions, we introduce additional, simplifying
approximations which reduce the sc problem to one
with uncorrelated nearest-neighbor couplings only,

I
P+sc + Kijyiyjaiaj

(ji)
(9)

where E,j is a sum of contributions from the four
un&t cubes 5 which share the edge ij,

nK, Al —cente—red cubes,
Fe —centered cubes .

I

The terms —eK are just the original antiferromagnet-

where pro refers to the body center and cr;, crj, etc.
are at the corners. Note that further-neighbor and
many-spin interactions are generated. Equation (6) is
solved by projecting out the desired interactions, for
example,

8

Ljy;yj ='2 Tr a.;a jln cosh K Xyia,
I 1
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ic interactions appearing in Eq. (4). The terms
3

L
represent approximately the indirect ferromagnetic
interactions arising from decimation of the Fe-
centered cubes. They are obtained as follows: (a)
We neglect the many-spin couplings L,L, and
L"' generated by Eq. (6). At small E these go as
K4,E6, and Ks, respectively, so this neglect is certain-
ly justified near the pure ferromagnetic critical point'
K, (bcc) =0.157 At the lower temperatures of the
spin-glass region the approximation is expected to be
poorer. (b) There are 28 pair interactions L„'2~ in
each unit cube (12 nearest-neighbor, 12 face-
diagonal, and four body-diagonal), each of which
may take a number of values between 0 and L,
depending on the yls (i.e., the cube-corner Fe mo-
ments). We replace a!!these interactions L~t2l L
(exact at small K!) and in the spirit of "bond mov-
ing"' shift them all to the cube edges, producigg ef-
fective edge bonds of strength —, I.. This approxi-

mation is reasonable for small x (where most of the
y~s are unity) and for x =0.5 (where most of the yi's

vanish). It is exact for the Fe3AI structure with
x «0.25, since there all Fe's have yi =1. Beyond
these remarks, we can only point oui that the artifi-
cial enhancement of ferromagnetism (in the replace-
ment Lst L) wili to some extent be offset by the
loss of afI interaction when near-neighbor y;y& =0
(but further-neighbor y;7& & 0). The combined ef-
fects of dropping higher-order interactions and bond-
shifting can be tested directly for the pure ferromgnet
(x = 0): the nearest-neighbor simple-cubic ferromag-
net with coupling 3

I. has a critical temperature

ks T,/J =6.02 as compared with the exact bcc
result, 2 6.35. (c) Note, finally, that the correlation
of coupling strengths mentioned after Eq. (8) has
been lost; however, some correlation between
nearest-neighbor moments is still retained in Eq. (9),
since the factors y; and y&, determined via Eq. (3),
involve four shared nearest-neighbor sublattice II
sites.

IV. RESULTS

TABLE I. Critical temperature of the pure (x =0) bcc
ferromagnet in various approximations. Decimation reduces
T, by 5%. Approximation in solving the resulting sc model
introduces further inaccuracy.

kg T,/J

Exact bcc'
Decimation plus exact sc'
Decimation plus mean fieldb

Decimation plus Ref. 19
Decimation plus Ref. 20

6.35
6.02
7.00
5.42
4.19

'Reference 26.
bReference ].8.
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the inaccuracies we can reasonably expect for x AO.
The principal results of the calculation are

displayed in Figs. 3 arid 4, which show our calculated
phase diagrams for Fe~ „Al based on the model (4)
and using the sc phase diagrams of Refs. 19 and 20,
respectively. We have performed calculations for
both the Fe3AI and FeAl structures (see Sec. II d).
The experimental phase diagram (Fig. 1) has been
superimposed on all plots for comparison, although
the reader is reminded that the actual data points are
for Fe3Al structure, when x & 0.32, and for FeAl
structure, when x & 0.32, as discussed at the begin-
ning of Sec. II. In constructing Figs. 3 and 4 the
overall temperature scale is fixed by the ferromagnet-
ic interaction energy J, which has been chosen to
make the pure-iron Curie point agree with its mea-
sured value of 1042 K. The ratio 0. of antiferromag-

The random-bond sc models (9) and (10),
although not exactly soluble, has been treated ap-
proximately via mean-field theory" and using
position-space renormalization groups. ' 20 Phase di-
agrams and other data are available from these treat-
ments. We make contact by matching first and
second moments of the distribution of coupling
strengths E»y;y& We can then read off phase-
diagram data for our original model (4). Table I
gives an idea of the combined effect of all approxi-
mations in the purely ferromagnetic limit (x =0).
The Southern and Young' calculation is seen to give
an accuracy of better than 10%. Others are not quite
so good. This certainly represents a lo~er bound on
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FIG. 3. Calculated magnetic phase diagram of Fei „Al„
with (a) Fe3Al structure and (b) FeA1 structure, using deci-
mation followed by the Southern and Young (Ref. 19) ap-
proximate renormalization group. The experimental phase
diagram (shown in thin line) is superimposed for compari-
son. Note that experimental data is partly for Fe3Al struc-.
ture (x & 0.32) and partly for FeAI structure (x &0.32).
The ferromagnetic coupling J is chosen to make the pure-
irori Curie temperature agree with experiment. Both graphs
correspond to 0. =0.14, which is chosen to make T~ (Fe3Al)
coincide with experiment.
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FIG. 4. Calculated magnetic phase diagram of Fe& „Al„
with (a) Fe3A1 structure and (b) FeAl structure, using deci-
mation followed by the Jayaprakash et al. (Ref. 20) approxi-
mate renormalization group. See Fig. 3 caption for com-
ments. Here 0. =0.38.

netic to ferromagnetic interaction strength remains at
our disposal. It turns out that the multicritical tem-
perature T is quite sensitive to e, while the mul-

ticritical concentration x is exceedingly insensitive. '
We have in all cases chosen o. to fix T for the Fe3A1
structure at'its experimental value. ' ' We find
a =0.14 (Southern and Young, Ref. 19) and a =0.38
(Jayaprakash et al. , Ref. 20), which are not physically
unreasonable. Once J and o. are set, everything else
is determined. In particular, x and xp (the T =0
boundary between the ferromagnet and the spin
glass) are predicted by the calculation in reasonable
agreement with experiment. Furthermore, we use
the n determined for the Fe3A1 structure to compute
the FeAl-structure phase diagram; so it is an output
of the model that the two phase diagrams are similar.
The overall pattern of reasonable agreement with ex-
periment lends credence to the proposed model. We
close with two more-detailed remarks.

The experimental ferromagnetic phase boundary
shows a "recurved" behavior: for 0.28 & x & 0.30 fer-
romagnetism at high temperature gives way, as the
temperature is lowered, to spin-glass behavior.
Indeed, there is even a region x & x & 0.30 where
the paramagnetic phase intervenes between the two.
Although our calculated ferromagnet —paramagnet
phase boundary is not recurved, it does show a
marked steepening near T Furthermore, our
ferromagent —spin-glass phase boundary is actually
very slightly recurved (i.e., xp (x ).

The most notable failure of the model is in the
strongly ferromagnetic region 0 & x & 0.2, where ex-
periment shows a markedly higher transition tem-
perature than the model predicts. We cannot explain
this failure; however, there are several reasons why
the model may be poor in this region. The structural
assumption (Sec. II d) that Al atoms are restricted to
sublattice II sites must clearly fail for small x. The
replacement of Heisenberg spins by Ising variables is
most suspect for low x, where the coherence of spin-
wave excitations is not yet strongly broken up by the
percolative influence of the Al impurities. Finally, if
weak but long-range ferromagnetic interactions
(neglected in our model) are present, then it is just
in this region that they should be most strongly felt:
the spin disorder at higher x will tend to average out
the effect of longer-range interactions.
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