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The temperature-dependent impurity susceptibility for the asymmetric Anderson model is cal-
culated over a broad, physically relevant range of its parameters €, (the energy of impurity orbi-
tal), U (the Coulomb correlation energy), and I' (the impurity-level width). Within the context
of renormalization-group theory four fixed points and their associated regimes are identified:

(i) the free-orbital regime which is unstable and flows into (ii) or (iv); (i) the valence-
fluctuation regime which is characteristic of the asymmetric Anderson model. Properties are
dominated by a temperature-dependent impurity-orbital energy E,(T) = e, +(I'/m) In(U/T).
If E;(T) is negative and large compared to I' as T decreases, the system is unstable with respect
to (iii), otherwise it flows to (iv); (iii) the local-moment regime is similar to that in the sym-
metric Anderson model except that it has potential scattering. That is, this regime maps onto
the Kondo model with potential scattering, the latter having little effect on the susceptibility;
(iv) the frozen-impurity regime, into which all the regimes above flow, is stable, having only ir-
relevant operators. Furthermore, in the valence-fluctuation regime nonuniversal properties are
observed for —E4(T) < T. These conclusions are supported with extensive analytic and numeri-
cal calculations, the latter based on the numerical renormalization-group approach. Analytic for-
mulas for the impurity susceptibility and free energy in all four regimes are presented, together
with the impurity-specific heat in the frozen-impurity regime.

1 FEBRUARY 1980

I. INTRODUCTION

In this paper, we continue the discussion started in
the previous paper,! hereafter referred to as I, of the
application of Wilson’s numerical renormalization-
group techniques? to the Anderson model® of dilute
magnetic alloys.*® In I we summarized the basic tech-
niques and discussed in detail their application to the
calculation of the static properties of the symmetric
Anderson model. In this paper we discuss in detail
the static properties of the asymmetric Anderson
model.

The plan of this paper is as follows. In Sec. I A, we
recapitulate the basic results of I. In Sec. IB we give
a survey of the susceptibility results of the asym-
metric model, and discuss a simple picture of the
manifold of the states of the model in terms of which
roughly to understand these results. The discussion
is quite qualitative, and essentially serves as a sum-
mary of the results of the present investigation, and
should be intelligibile even to a reader unfamiliar
with the details of 1.

The rest of the paper, namely Secs. II and III and
the appendices, contain the quantitative details. This
material depends heavily on the material presented in
I, and is likely to be hard to understand without an
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understanding of the details of I. In Sec. II we iden-
tify the fixed points of the asymmetric Anderson
model, and set up the formal renormalization-group
apparatus which is used to analyze the numerical
results. The detailed analysis of the numerical results
and the detailed analytical descriptions of the various
regimes of behavior of the susceptibility are present-
ed in Sec. III. Section III is hence the core of the pa-
per. The appendices mostly contain technical details
concerning the derivation of some results used in the
body of the paper.

A. Recapitulation of the basic results of I

The model Hamiltonian we use throughout the
present investigation is a simplified version of the
Anderson model® and can be written [cf. Paper I Eq.

Q.91

34 bt €t
—b—zf‘l kak”ak“dk +‘5‘(Cd”_('d“—1)

U
+ —D‘(C’J}Cﬁ) (cducan) (CdTlCdl)

r

wD

o,
+ f_ldk (af capn+ cduti) (1.1)

1044



21 RENORMALIZATION-GROUP APPROACHTO THE ... 1. ... 1045

The nature of the simplifications has been discussed
in Sec. I A of I. In Eq. (1.1), g, refers to a
conduction-electron s-wave state (about the impurity)
of energy k (all energies are in units of the
bandwidth D unless otherwise specified); c}u refers to
a nondegenerate impurity orbital. €, is the energy of
the impurity orbital, U is the Coulomb energy for
putting two electrons into the impurity orbital, and
I'=mp|V|? is the level width of the impurity orbital
arising from its mixing with the conduction band (V
is the mixing matrix element). In the symmetric case
€= ‘—% U.

The logarithmic discretization in terms of the
parameter A (>1), etc., as discussed in Secs.
IIB—IID of I leads us to the sequence of Hamiltoni-
ans [cf. Paper Eq. (2.18)]
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where f, refers to a conduction-electron-shell state,
centered at the impurity and of extent ~A"/?/kp; and
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The notation used above is consistent with I. [See
Eqgs. (2.18)—(2.20) in 1.]

The important point (for a detailed discussion of this
refer to Sec. ILE of 1) is that the energy levels of Hy
can be used to calculate the impurity susceptibility
and the impurity free energy at a sequence of tem-
peratures [cf. Eq. (2.39) in I]

kgTn/D =+ (1 +A")A=N-D12/5 (1.4)
This is done using the formulas

TrS3 exp —BHy 3 TrSY exp — BHY

ke TyX(Ty) =

Trexp —BHy Trexp —BHY
1.5)
F(Ty) =—kgTy(InTrexp—BHy —InTrexp — BHY)
(1.6)

Here B is a small parameter. In practice, for a given
value of N, several values of B are used, resulting in

fine mesh of temperatures in which the susceptibility
and free energy are calculated. In all the calculations
described in this paper, A =3 has been used and the
following values of B were used: 0.400, 0.459, 0.526,
0.604, and 0.692. (See also the discussion in Sec. IIE
of 1.) HY refers to the conduction-electron part of
Hy, namely

N-1
HY=AN=D2 S A=R2e (fhy s fow S fanr) |
n=(0 .

1.7

and §N, and 522 are the spin operators appropriate
to Hy and HJ.

All the special features of the present calculation
stem from the fact that {Hy} obey the following
renormalization-group recursion relation [which fol-
lows from Eq. (1.2)]

Hyy=T[Hyl
=AYV2Hy +§N(f1$ny+1u+f1$+1p Svu) (1.8)

First, this recursion relation enables us to set up a
numerical iterative diagonalization scheme to calcu-
late the energy levels of Hy, and hence to calculate
numerically X(Ty) and F(Ty). Second, it enables us
to use the machinery of fixed points, linearized
behavior near fixed points etc.,>¢ in order to under-
stand the flow (with N) of Hy and hence the tem-
perature dependence of X(7Ty) and F(Ty). In partic-
ular, for those ranges of Ty where the corresponding
Hy are near the fixed points of 72 [where T denotes
the transformation Eq. (1.8)], we can write down ef-
fective Hamiltonians in terms of which we can calcu-
late the temperature dependence of X(Ty) and
F(Ty) analytically using perturbation theory.

The basic picture in terms of which we can qualita-
tively understand the resulfs of the present calcula-
tion is the picture of the manifold of the states of 3C,
with T" set to zero, when the states of 3JC4 are just
direct products of the states of the impurity orbital
and of the conduction band. Figure 1 is an attempt
to draw this picture for the symmetric case. With the
conduction band in its ground state (i.e., a filled Fer-
mi sea), the impurity orbital can be empty (n;=0),
occupied by one electron (ny=1) or completely filled
(ny=2). These states are represented by the thick
lines in Fig. 1. For each of these configurations of
the impurity orbital, the conduction band can also be
in any of its continuum of many-body excited states.
These states are represented by the thin lines in Fig.
1. Turning on I causes these states to be mixed up
as indicated in Fig. 1, and the resulting spectrum of
states is very complicated. But when T is small com-
pared to the separators between the various sub-
spaces (i.e., to |e;| and e; + U), Fig. 1 still retains
some meaning; and in general helps greatly in under-
standing the properties of 3C4.
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-€4 = us2

FIG. 1. Manifold of states of the symmetric Anderson
model when the impurity level width I' is zero. The thick
lines represent states in which the conduction band is in its
ground state, but the impurity orbital configuration corre-
sponds to occupancy ny =0, 1, or 2. By reference to Eq.
(1.1), we see that the orbital energy €, represents the differ-
ence of the many-body ground states n; =1 and 0. For each
impurity configuration, the conduction band can also be a
continuum of many-body excited states, indicated by the
light lines lying at higher energy. The three sets of states
overlap in energy. The inclusion of I' causes transitions
between the states as indicated by the diagonal arrows.

In I we discussed the symmetric case which occurs
when €; = —%U so that the ny; =0 and n; =2 sub-
spaces are both %Uabove the n, =1 subspace as in
Fig. 1, and JC4 is invariant under particle +* hole
transformation (which corresponds to ay *—-aik,
c,,'—'—-cJ so that ng+*2 — ny, i.e., the ny;=0 and
nq =2 subspaces in Fig. 1 are interchanged). Figure
2 shows schematic plots of kg 7 X for the symmetric
Anderson model. When T >> max(U,T), all the
impurity configurations are equally populated and the
splittings and the couplings between them are ir-
relevant. The situation is as if U and I" are both
zero, so that 7'X is close to ‘Is'v and this is referred to

as the free-orbital regime. Next suppose I' << U.
Then as T drops well below U, to a first approxima-
tion one can ignore the subspaces for which 1, =0 or
2 and set [=0. Within the subspace in which ny = i,

the impurity degree of freedom looks like a spin-5

object, so that we expect TX= %. The next level of
approximation is to permit virtual transitions induced
by I', which results in effective interactions between
the impurity spin and the conduction electrons. The
most-dominant of such interactions turns out to be! a
spin-spin interaction of the form

s8I
wU "’

Him=—Je5(0)-S;; pler=— (1.9)

where S, is the impurity spin operator and §(0) the

kgT X
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FIG. 2. Schematic sketch of kg TX(T)/( gug)? vs
In(kg T/D) for the symmetric Anderson model. At suffi-
ciently high temperatures (7 >> U) all four configurations
ng =0, nz=2, and ny=1 (spin up or spin down) are equally
occupied resulting in the free-orbital susceptibility (TX=%)
which will persist for all temperatures only if I'=U =0.
Otherwise, as the temperature is lowered the n; =0 and
ng =2 configurations wiil tend to be depopulated. For
I' << U, TXrises toward the local-moment value of % At
still lower temperatures (7 < Tk ), the conduction electrons
"freeze out" the local moment so that TX drops to zero. If
I' >> U, this freezing process (the strong-coupling regime)
proceeds directly from the free-orbital regime.

conduction-electron spin density at the impurity site.
This interaction leads to the Kondo effect’*> as a
consequence of which 7X gradually decreases and
vanishes as 7 —0. Furthermore X obeys a scaling
law, namely that 7X is a universal function! of
T/Tx(Jer) where the scaling temperature, called the

025 T T T T T
0.20 i
0.15¢ -
kgTX
(g/.LB)z
0.10}- B
0.05F A
0o L L L L L
=1 o] 1 2 3 4 5
log (T/Ty)

FIG. 3. Universal plot of kg TX(T)/(gug)? vs In(T/Ty)
where X(T) is the impurity susceptibility for the spin-—;-
Kondo Hamiltonian and Ty is the Kondo temperature, the
only quantity depending on the details of the model. For
T << Tk the local moment is frozen out by the conduction
electrons. The residual interactions between the electrons in
this so-called strong-coupling regime results in a zero-
temperature susceptibility 0.1 ( g ug) kg Tx.
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FIG. 4. Schematic sketch of the various regimes for the
symmetric Anderson model. The separations between the
various regimes, in contrast to the drawing, are actually
quite fuzzy.

Kondo temperature, is given by

Ty ~ U!plenl"’ exp

pJ efr‘

_mU

3T (1.10)

~(rU)2exp

See Fig. 3. The zero-temperature behavior corre-
sponds to the situation in which the impurity degree
of freedom is frozen out, leaving behind only residu-
al interactions between renormalized conduction-
electron degrees of freedom. This leads to a constant
X and a linear specific heat, and is referred to as the
strong-coupling regime. The regime above Tk is re-
ferred to as the local-moment regime, in which X is
approximately Curie-Weiss-like but with a diminished
effective moment. The various regimes are illustrat-
ed in Fig. 4.

Next consider what happens when I is increased
keeping U fixed. The basic effect is that |Je| (and
hence Tk) increases, the local-moment regime
shrinks and the strong-coupling regime grows, until
when I' — U the two transitions merge. When
I' >> U, there is a direct transition from the free-
orbital regime for 7 >> T to the strong-coupling re-
gime for 7 << T.

B. Survey of susceptibility results
for the asymmetric case

In this section, we present a qualitative survey of
the susceptibility results for the asymmetric case.
Quantitative details and proofs of assertions are
presented in the following sections. When
€ # —%U, we have a four-parameter (e;, U, T, and

7) space which to survey for regimes; we first note
that the particle-hole transformation takes JC4 to it-

self with e, replaced by —(e, + U), as a consequence
of which we have

X[U,T, e, T1=x[UT,—(e+0), 71 . (1.11)

It is therefore sufficient for us to discuss the region
of the parameter space for which €, > ——;— U We will
organize this discussion as follows. For each of the
characteristic cases ' =0, I' << U, and T >> U, we
will consider how the TX vs T curve changes as we
sweep €4 from —% U through zero to a positive value,
and try to connect this to the picture of states such as
in Fig. 1.

- 1. Case whenT =0

First consider the case when I'=0. Then the im-
purity degree of freedom is decoupled from the
conduction-electron degrees of freedom. The suscep-
tibility is just that of the impurity orbital, and it is
easy to verify that

kgTX

—(td+U)/T
EEEa— e
(gll-B)2

=3 Q2+e )7L (112)
For the symmetric (e; = —-% U) case, as we discussed

earlier, we have a transition from the free-orbital re-
gime (in which Tx=%) for T >> U to the local-

moment regime (in which Tx = %) for T << U, as
indicated by curve 4 of Fig. 5.

kgl X
(gug? |

£n (kgT/D)

FIG. 5. Plots of kg TX(T)/( gug)? vs In(kg T/D) for the
asymmetric Anderson model in which the d-level width T is
zero. The labeled curves A through F correspond to the or-
bital energy €, being increased from —%Uto >>U. In the
valence-fluctuation regime, defined by —e; << T << U, the
n,; =0 and n; =1 configurations are essentially equally popu-
lated resulting in a TX value of % (cf. curves B, C, and D).
Note that for positive €, there is always a temperature below
which the n; =0 configuration dominates, resulting in a zero
susceptibility (cf. curves D, E, and F). For comparison with
the symmetric case note that curve A is identical to the
curve labeled I' =0 in Fig. 2.
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Consider what happens as we steadily decrease —¢,
from %U. The manifold of the states of 3C, for the
case when —e€; << U is depicted in Fig. 6. From this
figure we see that for T >> U, the impurity states
will still be effectively degenerate, so that we still get
the free-orbital regime in which Tx = ;— But now, as
T drops below U, and for temperatures such that
—e; << T << U, we get a whole new regime, in
which the ny =0 and the n; =1 subspaces are equally
thermally populated and can be regarded as degen-
erate, whereas the n; =2 subspace is thermally depo-
pulated and can be ignored. This regime, in which
T X has the characteristic value %, will be referred to
as the valence-fluctuation regime, and turns out to
play an extremely important role in determining the
properties of the asymmetric Anderson model, as we
will see later. Finally, as 7 drops well below —eg, all
the subspaces except the ny =1 subspace get thermal-
ly depopulated. Hence, we get the local-moment re-
gime in which the impurity degree of freedom is ef-
fectively a spin %, and TX=%. When I' =0, the
local-moment regime is stable as 7 —0. All this is
indicated by curve B of Fig. §.

Clearly, if —e,4 is decreased to be equal to zero ex-
actly, then nz=1 and n,; =0 subspaces are exactly de-
generate, and hence the valence fluctuation regime
will be stable all the way to 7 =0, as indicated by
curve C of Fig. §.

Now consider what happens as €, is driven positive

ng =1

FIG. 6. Manifold of states of the asymmetric Anderson
model when the impurity level width T is zero and
—e4 << U. Compare with the symmetric case shown in Fig.
2. For finite I' this figure can be used to understand the
results of the valence-fluctuation regime (—e; << T << U)
if we replace the relative energy of the ny; =0 configuration
—€y by —E4(T) =—¢;—(I'/w) In(U/T).

nd"

+U

FIG. 7. Manifold of states of the asymmetric Anderson
model when the impurity level width T is zero and
0 < €4 << U

but |es] << Ustill. The picture of the manifold of
the states of H, for this case is drawn in Fig. 7.
Clearly for T >> U, we still have the free-orbital re-
gime, and for ¢; << T << U, we once again have the
valence-fluctuation regime. But now the ground-
state subspace is the one for which ny; =0, which car-
ries no moment. As T drops below ¢4, all subspaces
except ny =0 get thermally depopulated, and as a
result 7X drops sharply to zero, as indicated by curve
D of Fig. 5. We will refer to the low-temperature re-
gime in which TX is zero as the frozen-impurity re-
gime, thereby meaning only that effectively the im-
purity degree of freedom is frozen out.

For €, values other than the characteristic values
considered above, the behavior of 7X can be under-
stood by considering how the transition temperatures
of Fig. 5 move around. For example, if €, is in-
creased to become of order U, the two transitions of
curve D in Fig. 5 merge to give curve E. For
€4 >> U we get curve F.

2. Case whenT << U

Next we discuss the case when I is nonzero, but
I' << U. This is the most interesting of the asym-
metric cases and, as we will see below, exhibits
characteristic new features. The schematic TX plots
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FIG. 8. Schematic plots of kg TX(T)/( gug)? vs
In(kg T/D) for the case I' << U of the asymmetric Ander-
son model. The extreme curves are easy to understand: A4
is the symmetric Anderson model result shown in Fig. 2
(I' << U curves) while E correspond to such a large, posi-
tive €4 that the susceptibility drops directly from the free-
orbital to the frozen-impurity regime (see €; = U curve in
Fig. 5). The remaining three curves illustrate possible tran-
sitions from the valence-fluctuation regime (TX=%) as €;
is increased. In B, since ¢; >>I', a local-moment develops
before the frozen-impurity regime takes over. Note that the
low-temperature shapes of 4 and B have the universal shape
of the Kondo susceptibility. This is no longer true for curve
C where —e; << I'. Now the n;, =0 and ny =1 configura-
tions are so strongly hybridized that not only is there no lo-
cal moment but the transition to the frozen-impurity regime
is steeper than the universal curve. Finally, in D, where €,
is positive and <<T, the transition is even steeper. See the
discussion in Sec. I B2 for a definition of £/ and Ej**.

for this case are shown in Fig. 8, where curve 4
represents the symmetric case which has already been
discussed briefly in Sec. 1 A.

As we decrease —ey from % U, the first characteris-

tic case for us to consider is that for which

I' << —€; << U. Then at first glance we expect Fig.
6 to remain a good picture, since I" is small compared
to the splittings between the subspaces which it con-
nects. So (as for I'=0) we expect to get the free-
orbital regime (in which Tx = %) for T >> U, and a

transition to the valence-fluctuation regime (in which
TX=%) as T drops below U. This much indeed

turns out to be true; see curve B of Fig. 8.

But now, within the valence fluctuation regime (i.e.,
for T << U) a crucial, new feature appears which is
characteristic of the asymmetric case. This new feature
is that now we can continue to think in terms of Fig.
6 for T << U only if we are prepared to replace €4 by
an effective, temperature-dependent, impurity orbital en-
ergy E4(T) given by
U

T (1.13)

—E(T) =—€4~ L In
w

This feature, which is demonstrated in Sec. III C, ar-
ises due to the virtual transitions induced by I' from
the ny =1 subspace to the ny, =2 subspace. We note

that as T decreases, —E,( T) decreases slowly, so that
depending on the parameter values, —E;( T) can be-
come comparable to or less than T, or £;(T) can go
positive. So, what transitions we get from the
valence-fluctuation regime depends very much on the
relative values of £4(7) and I'.

To start with, suppose that —e, is sufficiently large
compared to I' that as we decrease T, —E,4(T) still
remains much larger than I'. In this case we will
eventually hit a temperature 75 where

Ty =—ETy)=—E; . (1.14)

Then as T drops below T, we once again see the lo-
cal moment developing due to the thermal depopula-
tion of the ny; =0 subspace. As in the symmetric
case, the virtual transitions induced by I' from the
ny =1 subspace to the n, =0 subspace give rise to ef-
fective interactions between the impurity and the
conduction-electron degrees of freedom, but now
these interactions include potential scattering in addi-
tion to spin-spin scattering. As is demonstrated in
Sec. III D, we can write

Jcim=".leff-§(0)‘§i+Ke(fH(0) y (115)

where n(0) is the conduction-electron density at the
impurity site, and pJesr and pK e are given by

2T
Jopp = — ——— ,
P eff 7T|Ed*l
r 1
Keg=—"—7=71pJ . 1.16
PR eff 27T|Ed*l P |P etTI ( )

[These results are basically obtained by considering
the transitions induced by I' from the n; =1 subspace
to the ny =0 subspace (which is essentially —E/*
above) in second-order perturbation theory.] It is
also demonstrated in Sec. III D that potential scatter-
ing has little effect on the temperature dependence of
the susceptibility, in the sense that the TX curve for
this case can be mapped to the same universal Kondo
TX curve as in the symmetric case, as indicated by
curve B of Fig. 8. So we get a gradual transition to
the frozen-impurity regime in which 7x =0, with the
Kondo temperature being given by

1
| pJ esrl

Tx ~ T3 | pJerel 2 [exp -

2r
el |

~(ru)‘/2exp[— 1.17)

‘Now consider what happens as we decrease —e,.
As —e4 decreases, so does —E/, and eventually we
reach the situation when —E; < T, as happens once
—€; < (T'/mw) In(U/T). Now the ny=0 and n;=1
subspaces get hybridized, which hybridization is hard
to treat analytically. Another way to think about this
situation is to note that as —FE; decreases to become
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of order I', |pJes| increases to become of order unity
and Tk rises to become of order T5. So we get a
direct transition from the valence fluctuation to the
frozen-impurity regime, as indicated by curve C of
Fig. 8.

If —e; is made sufficiently small compared to I' or
is driven positive (when I' %0, there is nothing spe-
cial about €;=0), we have the situation that £,(T)
can be positive and increasing as T decreases within
the valence-fluctuation regime. In this case the pic-
ture to think in terms of is Fig. 7 with €, replaced by
E,;(T). Now we expect a transition to the frozen-
impurity regime as we hit a temperature T3 such that

Ty =E,(T3)=E;" . (1.18)

We note that when E;* > T, the numerical results
for T X display sharp drops in TX as T drops below
T, reminiscent of the sharp drops in TX for ' =0
and €; > 0 (cf. curve D of Fig. 5), as indicated by
curve D of Fig. 8. These sharp drops in the TX vs
InT curves give rise to broad maxima when we plot X
vs T. For more discussion see Sec. IIIE.

When ¢, is positive and increasing, so is £;.
Eventually when €, gets to be of order U, so does
E}* and the two transitions of curve D in Fig. 8
merge, and we get a direct transition from the free
orbital to the frozen-impurity regime, as indicated by
curve E of Fig. 8. The temperature scale determining
this transition is basically set by €,4.

3. Case when T >> U

Finally, we consider the case when I' >> U. Now,
as long as |e;| << T (recall ¢;, = —%U), I' dominates

the show. We have the free-orbital regime as before
for T >>I'. But for T << T, the impurity degree of
freedom dissolves into the conduction-electron con-
tinuum and TX goes to zero. (The €; and U terms
only consitute interactions between the new effective
conduction-electron degrees of freedom and lead to a
constant susceptibility for 7 << T.) See curve A4 of
Fig. 9. On the other hand, if ¢, >>T', we have a
transition from the free orbital to the frozen-impurity
regime at T ~ €, as in curve B of Fig. 9.

We note that the zero-temperature regime has
been referred to as the frozen-impurity regime in all
the cases, which is to indicate only that, effectively,
the impurity degree of freedom is always frozen out,
leaving behind only residual interactions between re-
normalized conduction-electron degrees of freedom.
In the asymmetric case, since particle-hole symmetry
is no longer valid, these residual interactions include
potential scattering. The information as to which
parameter values we are considering is contained in
the relation between the renormalized conduction-
electron degrees of freedom and the original
conduction-electron degrees of freedom (i.e., in ques-

af
kgl X
e S
LB_
|€g| «T €»T
A B

In (kgT/D)

FIG. 9. Plots of kg TX(T)/(gug)? vs In(kg T/D) for the
case I' >> U of the asymmetric Anderson model. For all
values of €, there is a direct transition, as the temperature is
lowered, from the free-orbital regime to the frozen-impurity
one. The case |e;| << I', curve 4, is indistinguishable from
the symmetric Anderson model for I' >> U (cf. the [ >> U
curve of Fig. 2). For e; >>TI', curve B, the transition oc-
curs at T ~ ¢,.

tions as to whether a conduction-electron degree of
freedom is frozen out in addition to the impurity de-
gree of freedom being frozen out, etc.) and in the
strengths of the residual interactions among the con-
duction electrons. In Sec. III F we show that the
most dominant of these interactions lead to a con-
stant susceptibility and to a linear specific heat (as
T—0).

This completes our survey of the susceptibility
results for the asymmetric case. The rest of the sec-
tions of the paper will deal with the detailed quantita-
tive discussion of the basic features presented above.
Some of our results, such as Eqs. (1.13) and (1.17),
were first derived by Haldane’ using perturbative
scaling techniques.

II. FIXED POINTS AND EFFECTIVE HAMILTONIANS
FOR THE ASYMMETRIC ANDERSON MODEL

In this section we set up the formal machinery of
fixed points, eigenoperators, and effective Hamiltoni-
ans that are associated with the renormalization-
group transformation 72 and are of interest in the
case of the asymmetric Anderson model. It is only
with the help of this machinery that the results of the
numerical calculations can be understood. In Sec.

11 A we identify the basic fixed points for the asym-
metric Anderson model. In Sec. IIB we discuss a
complication that can arise due to the presence of
asymmetry —namely, the possibility of potential
scattering and lines of fixed points. In Sec. IIC we
identify the eigenoperators, eigenvalues, and effective
Hamiltonians around each of the fixed points for the
asymmetric case.
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A. Basic fixed points for
the asymmetric Anderson model

To start with we want to identify the basic fixed
points of T2 that are of interest for the asymmetric
Anderson model. These fixed points are important
because each of the various regimes we discussed in
Sec. I B is associated with one of these fixed points.
Three of the basic fixed points that we will en-
counter, namely the free-orbital, the local-moment,
and the strong-coupling fixed points, are the same as
in the symmetric case. The major new fixed point
that is characteristic of the asymmetric case is the
valence-fluctuation fixed point (associated with the
valuence-fluctuation regime discussed in Sec. [ A).
Another fixed point, the frozen-impurity fixed point,
is related to the strong-coupling fixed point via po-
tential scattering (as discussed in Sec. II B).

The method we follow in order to identify the
fixed points for the asymmetric case will be the same
as for the symmetric case: namely, we consider spe-
cial values (basically 0 or o) for the parameters T,
U, and €; and compare the resulting Hy [cf. Eq.
(1.2)], in the limit N — oo, with the free-electron
Hamiltonian. For details, see Secs. III A and III B of
I. In accordance with the restriction €; = —% U, we

need only consider &, = —U Furthermore we will only
describe the odd-N case throughout the rest of this paper.

1. Free-orbital fixed point: Hygg

This is the same fixed point as discussed in Sec.
IIIB1 of I, and can be obtained by setting I', U, and
€, to zero in Eq. (1.2). The resulting generating
Hamiltonian, denoted by Hy go, is just the free-
electron Hamiltonian Hy plus a free-impurity orbital
of zero energy. As (odd) N — oo, Hy o goes rapidly
to the fixed point Hgo, which is just the even free-
electron fixed point H* plus a zero-energy impurity
orbital. For details see Secs. III A and IIIB of .

2. Valence-fluctuation fixed point: Hyg

This is the characteristic new fixed point associated
with the asymmetric case, and corresponds to the sit-
uation in which only the ny; =0 and n,=1 configura-
tions of the impurity are present, are degenerate, and
are decoupled from the conduction electrons. It can
be obtained by setting T and €, to zero in Eq. (1.2)
while letting U — oo, as a result of which the sub-

N-1

Hy =AW A28 (S st + flin fun) + €04, — 1) +T

n=0

1T
2(&,+20)

(b, Guba) (S5 ) —— L
dp 9 pvVd o’ T uvV 0w 2(§d+2U)

space of states in which n; =2 gets removed from
consideration. The resulting generating Hamiltonian,
to be denoted Hy v, is just HY plus a new effective
impurity degree of freedom corresponding to the
na=1(0,1) configurations only. Clearly, for (odd)
N — oo, Hy vr goes to a new fixed point to be denot-
ed Hyg, which is just the even free-electron fixed
point H™ plus the new impurity degree of freedom.
In order to make this more explicit, as well as to
derive some results that we will need later, we now
consider a situation in which I" and €, are small but
U is much larger than the energies of interest. In
particular, consider how this affects the energy levels
and states of the initial Hamiltonian H, (Hy for
N =0). From Eq. (1.2) we get

~=1/2

H0= A [Ed(CJ“CdF—l)

+ fl/z( .fgncdn +CdTﬂ- folt) +20”‘”n'“] ’ @D

If we neglect states which have energies U above the
ground state, we get rid of the subspace in which
ng=2. By calculating the remaining energies and
states up to O (I'/0), it is straightforward to show
that Hy is equivalent to

~1/2

Ho=A""2|&,(bl,ba, — 1) + T flubap+ by fou)

PR
2(g;+20U)

___r .
2(g;+20)

(b4, & pybay) ( fg“, G /o))

(b;pbdu)(.fgv.fov) 5 (2.2)

where the operator b,, acts on the remaining (7, =0
and n;=1) impurity states only, and is defined by

bl Q) =u), blulv)y=0, 2.3)
bdulﬂ)=0v bdull’):auvl()) . (24)

Here | Q) represents the state in which the impurity
orbital is empty, and I;L) the state in which it is occu-
pied by one electron of spin u (1 or |). It is easy to
verify that

bd?p,::cdtu.(l_”d). bd,,=(l‘-—nd)c’4,‘ ,
bdubay=n4 . (2.5)

Therefore, for any N, if one can neglect states that
have energies ~ U AY~1/2 then to O(T'/U) one is
considering, in effect, a Hamiltonian

~1/2( f[)Ty.bdp, + bz;u ny.)

L (bhba) (fhfon) (2.6)
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If in addition we consider the case when ¢;,=I"=0),
the impurity degree of freedom b, gets decoupled-
from the conduction electrons, and we get the gen-
erating Hamiltonian Hy ve. As (odd) N — oo, Hy vp
goes to the valence-fluctuation fixed point Hvyg,
which is just the free-electron fixed point H* plus the
free-impurity degree of freedom b,; i.e., from every
state of H* we can construct three degenerate states
of Hyr corresponding to each of the three impurity

states (| Q), [1), [1)).

3. Local-moment fixed point: Hiy

This is the same fixed point as in the symmetric
case, and corresponds to the situation in which only
the ny =1 configuration of the impurity is present
and is decoupled from the conduction electrons. It
can be obtained by setting I'=0 and €, =—o0 in Eq.
(2.6), which removes the n, =0 subspace of states
from consideration as well [n; =2 states are already
removed in Eq. (2.6)].

In order to make this more explicit, consider what
happens to the Hamiltonian H, of Eq. (2.2) when
—ey4 is much larger than the energies of interest (i.e.,
€, <0 and large in magnitude). Then the subspace
in which n;, =0 can be ignored, and within the
remaining (n;=1) subspace, H, can be shown to be
equivalent to [up to O(T'/|eq])]

Ho=A"20J(f§, T putfo) - T+R S, fou—D]

.7
j=—L 4 T
2, 40 +2%,
- - (2.8)
g—_tf __ T
2, 40U +2¢,

Here T is a spin-—i— operator associated with the im-
purity states. Hence, for any N, if one can neglect
both the states of energy ~UAY~D72 and
—es AN D2 then to O(T/|ey|, T/ U) one is in effect
considering a Hamiltonian®

N-1
HN = A(N_])/2 2 A—”/Zgn( fn?u ./;H—l " +fnT+l " fnp.)
n=0

+jfgy. E’:uv./-Ov' T +k(/07p_/0u_1)

(2.9)

If in addition we consider the case when I' =0, then
J=K =0, and Hy is just the Hamiltonian Hy y dis-
cussed in Sec. III B2 of I, and leads to the local-
moment fixed point H{y for (odd) N — . Hy is
just the even free-electron fixed point H* plus the
impurity spin 7.

4. Strong-coupling fixed point: H S*C

This fixed point is also the same as in the sym-
metric case, and can be obtained by letting ' — oo for
fixed U and €,. It is easy to verify that this removes
all the states of Hy [cf. Eq. (2.1)] except its ground
state, so that the effective Hamiltonian Hy for any N
is Eq. (1.2) with all terms involving c; and f; re-
moved, and is denoted Hy sc -

N—-1
Hysc =AM D2 S A2 (1 fuviwt Siler s fun)

n=1

(2.10)

As discussed in Sec. IIIB of I, as (odd) N — oo,
Hpy sc goes to the odd strong-coupling fixed point
Hjc, with single-particle levels 1), .

‘5. Frozen-impurity fixed point: H gy

Finally consider the case in which we set I' and
U =0 in Eq. (1.2) but let ¢;,— +oo. This removes all
the states in which n, =1 or 2 from consideration.
The resulting generating Hamiltonian, which we will
denote as Hy gy, is essentially the free-electron Ham-
iltonian HY with the added proviso that the ground
state be assigned a charge of —1. ({This is because
the charge operator Qy was defined so that [cf. Eq.
(2.25) of 1] ny=1 has zero charge.} As (odd)
N — oo, Hy 51 goes to H{ which is just the even
fixed point H* plus a ground state of charge —1.

B. Potential scattering and lines of fixed points

In Sec. II A, we identified the basic fixed points of
the asymmetric Anderson model. All these were
essentially simply related to the free-electron Hamil-
tonian HY. However, since the Hamiltonians we are
dealing with do not obey particle-hole symmetry,
there is an added complication that we must consider,
namely that the Hy associated with the fixed points
can have potential scattering.

Consider the Hamiltonian

N-1
HY(K) = AND2LS A28, (f L Fnsia
n=0

F flavrn Su) + RSy fou—1)
2.11)

The K term describes potential scattering of the con-
duction electrons at the impurity site. Since Eq.
(2.11) is a quadratic Hamiltonian it can be diagonal-
ized exactly (numerically) in terms of new electron
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“and hole operators and energies: for odd N,

(N+1)/2 '

HYAR)=3 [nf(RN)glg,+nj (BN AR,
Jj=1

(2.12)

The properties of HJ(K) are investigated in detail in
Appendix A. Here we just note down some results,
the most important of which is that »; +(K,N) and

n; (K,N) for fixed j have well-defined limits ;" (K)
and 17 (K) at N = oo. 7(K) and n;(K) vary with
K in a smooth monotonic fashion, as depicted in Fig.
16(b). Thus we have a whole line of fixed points of
72, one for each value of K, which we will denote
(for odd N — ) by H*(K).

Clearly from each of the basic fixed points con-
sidered in Sec. Il A, we can generate a whole line of
fixed points simply by adding potential scattering. So
at first sight, we can think of five lines of fixed
points for the asymmetric Anderson model: namely,
the lines of free-orbital, valence-fluctuation, local-
moment, strong-coupling, and frozen-impurity fixed
‘points, which we will denote by Hio (K), Hye (K),
HLM (K) HSC (K) and HF[(K)

However, we can show that the lines of strong-coupling
and frozen-impurity fixed points are the sane. For this
purpose recall that [cf. Sec. IIB3 of 11 HSC is the
same as the odd fixed point H ; therefore Hsc (K) is
the same as the line of odd flxed points H (K) aris-
ing from HN(K) for even N. But as proved in Ap-
pendix A, H"(R) can be mapped to H*(K') [where
R’ is related to K by Eq. (A64)] with the added pro-
viso that the ground state of the latter be assigned a
charge of —1. Hence Hsc (K) is the same as
H*(K') plus a ground state of charge —1; i.e., it is
the same as H (K').

Thus we have identified four distinct lines of fixed

points for the asymmetric Anderson model, namely
the lines of free-orbital, valence-fluctuation, local-
moment, and frozen-impurity fixed points, denoted
by Heo (K), Hyg (K), Hiv (K), and H (K),
respectively. The generating Hamiltonians for these
fixed points will be denoted Hy ro (K), Hyve (K),
HN LM (K) and HN FI (K) HN FO (K) is just
HY(K) plus the free-orbital states determined by c,;
Hpyve (K) is just HY(K) plus the valence-fluctuation
states determined by by; Hyim (K) is just H3(K)
plus the local-moment states determined by 7;

Hy e (K) is just H3(K) plus a ground state of
charge —1. Table I lists the first few states of the
four lines of fixed points, together with the energies
and charge and spin quantum numbers associated
with these states.

We recall that (cf., I Sec. [IIC) when Hy is near a
fixed point, Hy hardly changes with N, so that for
the corresponding temperature range, 7X is a con-
stant. Each of the above fixed points is hence associ-
ated with a characteristic, constant TX value. To
identify these, we calculate 7'X using Eq. (L.5) but
using the generating Hamiltonians Hy ro (K ),

Hnvr (K), etc., for Hy. Since the impurity degree
of freedom is decoupled from the conduction elec-
trons the calculation is trivial, and we get

(%) 0

kg TNX( TN) = <SIZ) + ( <SNZ >Hc'(K)

=(S2); +kgTnXo(Tn, B, A,K) (2.13)
Here S, is the impurity spin operator and { );
denotes the expectation value evaluated using just
the zero-energy impurity states; and (S?); is trivially
verified to be —;—, %, %, and 0 for the FO, VF, LM,
and FI cases, respectively. X is obviously the change

TABLE 1. First few states and energies of the various fixed-point Hamiltonians.

Charge Spin Index  Hgo (K) Hye (K) Hi'y (K) HE (K <0),
0 S r state  energy state energy state energy  state  energy
o 3 1 ¢ 0 by 0 T 0 & nt
2 &1 n 81 nt rtg th Ay &2 n3
© 3 2cuthy My bytgithy mf iy g thy nf tmy 28 Ay 2 oy
-2 % 1 m i hy un T+2h 2y hy n
+2 3 1 24te mb bit28 2 T42g Wt 2g, 48 2nf +ni
-1 0 1 - 0 - 0 T+h n - 0
2 cthy oMy by +hy n g 2 nf+207 gy thy i +ay
1 I cgthy oy by + Ul T+h un grthy i +a7
+1 0 1 2¢, 0 by +8, ot T+g ot 28, 2nt
2 ctg ot 28, 2qf  TH2g +hy 2t i g tg mf i
1 1 cy+g mf byt nf T+g g tg w403
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in the susceptibility due to potential scattering, and is given by (N odd)

(N+D)/2 e—ﬁnf'(N)

B[ (V)
e

B,
—_2e . (2.14)

kg TaXo(Ty) =

el
EN (1 e

=11 +e

In Appendix A we demonstrate that if we replace
n~(N) above by their fixed-point values 0%, the
resulting expression for kg TyXo( Ty) vanishes as
exp(—7?/InA) as A —1. The contribution to Eq.
(2.14) hence comes from the deviations of 5 (N)
from their fixed-point values and can be shown to be
of order (kzTy/D). We can therefore neglect the
second term in Eq. (2.13). Evaluating the first term
for each of the lines of fixed points, we get for the
characteristic 7X values,

+ for H{G (K)
ksTX g for Hyz(K)
( “ |5 for HA(K)
0 for Hf (K)

15
(gus)? 219

From our discussion of the fixed points of the
asymmetric Anderson model, it should be reasonably
evident by now that each of the regimes that we dis-
cussed in Sec. 1 A is associated with the line of fixed
points of the same name [i.e., the free-orbital regime
is associated with H¢o (K ), etc.]. This association
becomes even more explicit when we consider the ac-
tual flow of Hy between the various fixed points, and
the correspondence of such a flow to the temperature
dependence of the susceptibility. This will be done in
detail in Sec. III. But for this purpose, we need to
identify the eigenoperators of 72 around each of the
above fixed points, and construct effective Hamil-
tonians that approximately describe the flow of Hy
when it is in the vicinity of these fixed points. This
is done in Sec. IIC. Once again we emphasize that
the discussion in this section assumes familiarity with
the discussion in Secs. IV A and IV B of I, which
should be consulted for details.

C. Eigenoperators and effective Hamiltonians
for the asymmetric Anderson model

The method we follow in order to identify the
eigenoperators and construct the effective Hamiltoni-
ans for a fixed point of 72 in the asymmetric case is
exactly the same as in the symmetric case, namely we
examine the properties of Hy + AN"V2 §H, where
8H is small and depends only on the first few degrees
of freedom consistent with the fixed point, and Hy is
the generating Hamiltonian for the fixed point (cf.

—Enl"(N))z

(1+e "My

Secs. IV A and IVB of I). For this purpose we need
expansions for fy, fi, etc., in terms of the electron
and hole operators that diagonalize HJ(K). In Ap-
pendix A it is shown that

Sou=A"NVES (adig;, +agihl) (2.16)
J

A= (kfou +’§0f1,4)

= A3N=D/4] E(a(‘)}m*gju— aa_-jnj_hjf) i 217
J

A W= (géfou + [ZA M + A_]/2 fofl./lht)

= ASIN=DAL S [ (0) 2, + agy(n)) 2, ]
j

(2.18)

where aoij are essentially independent of N, and nji
are the fixed-point single-particle energies of H*(K).
Thus the roles played by fo, 4, etc., in the asym-
metric case are analogous to the roles played by f,
/f1, etc., in the symmetric case: namely using fj in
8H gives rise to a factor of A~V use of A 1uin 8H
gives rise to a factor A7*N etc. On this basis, using
the methodology of Secs. IV A and IV B of I, we ar-
rive at the results of Table II, which lists the dominant
hierarchy of 8H’s near each of the fixed points dis-
cussed earlier, together with the eigenvalues of the
eigenoperators that they generate. Then, for those
values of N where Hy is close to a fixed point, for
example to the free-orbital fixed point, its flow can
be described in terms of the effective Hamiltonian

[‘[l)\e/rf=H/\T’F0(1€)+0)1A(N—l)/25H],FO
+m2A(N—l)/28H2‘FO.+_ cee (2.19)

For general values of &;, U, and I, the parameters K,
wy, wy, etc., can be determined by fitting the energy
levels calculated using Eq. (2.19) to the numerical
results from the iterative diagonalization. For limit-
ing cases the dependence of K, w;, w,, etc., on &4, U,
and I can be calculated analytically. Once w;, w;,
etc., are determined, H§'" can also be used to calcu-
late kg TyX(TN) and F(Ty) for the appropriate tem-
perature ranges. Exactly similar procedures can be
adopted when Hy is close to any of the other fixed
points. The actual implementation of these pro-
cedures is carried out in Sec. I11.
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TABLE II. Hierarchy of generators of eigenoperators for the fixed points of the asymmetric Anderson model.

Coefficient with which

SH ) Eigenvalue Relevance the eigenoperator
Fixed point Label Operator A character appears in Sec. 111
Free- 3H, po Ny A Relevant 20
orbital 8H, ro ((Jucd“ -1) A Relevant &y
fixed 3H3 ko (L’J# Sou +,/’J“cd“)v A2 Relevant [12
point 8H4 ro (c';ﬂcdﬂ - (], Sou+1dea) A2 Relevant
* = . ot = . .
Hpo (K) 8Hs o Cdu Ul"’“""/o“’ Gu’v"/o;u' 1 Marginal
8Hg ro (Jucan=Ddt0y =1 1 Marginal
8Hy ko (c,}u Sou +,/'J#cd“)2 1 Marginal
8Hg ro ngyig _/'0*,,,/‘0,, -1) 1 Marginal
8Ho ro (S Sou—1) 1 Marginal
Valence- 8H| v (b,]“bd“~1) A Relevant &y
fluctuation 5H, vi by fou+/Tubau v A2 Relevant P12
! . - t = . .
fixed point 8H;3 vE bJu Uﬁ“’b""‘/ou' o'“,v,,lov, 1 Marginal A
Hyg (K) 8H, vr baubu 8y fou 1 Marginal K,
8Hs v (./'OT‘u Sou=1) 1 Marginal
Local- 8H\ Lm T 30 Funton 1 Marginal J
moment 3H,y Lm ( ng Sou—=1) 1 Marginal K
fixed point 8H3, 1 m S8 AL+ AL fou AT Irrelevant
Hiu (K) 84, LM ( ,/'Of“ Sou— 1)2 A7l Irrelevant
Frozen- 8H | g ( ,/'JMA 1utA4 17“ Sou) ATl Irrelevant )
impurity 3H, pr ( ,/'J“ Sop—1 )2 A7l Irrelevant )
fixed point 8H3, py A I'MA " A2 Irrelevant
HE (K) SHy by Sy Lou =D IS4, +4T,10,) A™? Irrelevant
8HSs gy /'g“A o +A{F fou A2 Irrelevant
III. DISCUSSION OF NUMERICAL RESULTS have plotted in Fig. 10 the energies of the first few
FOR THE ASYMMETRIC ANDERSON MODEL states of Hy as a function of N (for odd N) for the

parameter values U/D =107, €,/D =—1075, and
/D =1.571 x 1078, These states have been chosen
to have the same charge and spin quantum numbers
as the ones listed in Table I. Thus we can compare
the energies of Fig. 10 with the values they would
have in the fixed points (the latter are indicated in

In this section, we enter into the detailed discus-
sion of the results of the renormalization-group cal-
culations on the asymmetric Anderson model.

A. Preliminary look at the numerical results Fig. 10 for K =0). From this comparison it is quite
clear that for N <9 Hy can be said to be close to
To start with, we want to demonstrate that the Hio (with K =0), for 13 < N <17 Hy is close to
fixed points identified in Sec. II are relevant to Hye (with K =0), 23 < N < 31 Hy is close to

describe the numerical results. For this purpose, we H (K) and for N > 41 Hy is close to Hp (K).
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FIG. 10. Low-lying energy levels of Hy as a function of
odd N for A =3, and parameters indicated on the figure. On
the left-hand vertical side are the lowest-lying free-electron
fixed-point levels for N odd (0, nf, 2nf, and 37}), while on
the right-hand side are the equivalent levels for N even ("?)3,
A1). (a) Levels for even charge and half-integral spin. The
following fixed points can be observed by comparing the
curves with Table I: free orbital (N <9), valence fluctua-
tion (13 < N < 17), local moment (23 < N < 31), and
frozen impurity (N > 41). In the case of the latter two
fixed points, the value of impurity scattering is important
(see Fig. 11, curve A, and Table VI). (b) Levels for odd
charge and integral spin. Note how in the valence-
fluctuation regime the Q =1 and Q = —1 states (for S =0)
are split only to nearly merge again in the local-moment re-
gime. See the discussion following Eq. (3.29).

Flows of Hy such as in Fig. 10 will be analyzed in
detail in Secs. III B and IIIE. Here we just note some
results. The crossover from Hgo and Hyg is due to
the relevant variable U and occurs when U AV-D/2
grows to become of order 1. The crossover from
Hye to Hiy (K) is due to the relevant variable —&4
and occurs (roughly) when —é;AY~"V72 becomes of
order 1. The crossover from Hiw (K) to Hp (K) is
due to a marginal variable (~I'/—¢,) and occurs
(roughly) when (I'/—&;) N InA gets to be of order 1.

Plot A4 of Fig. 11 shows the plot of Tx vs T for the
same parameter values as above. As in the sym-
metric case, we can make a one-to-one correspon-

dence between the susceptibility plot and the flow of
Hy, with the temperature being related to N via Eq.
(1.4). We recall that when Hy is near a fixed point,
Tx is roughly constant as T changes. Figure 11
shows that for 7 >> U, T X has the value % charac-
teristic of the free-orbital fixed point. As T drops
below U, we have a transition to the value Tx = %,
characteristic of the valence-fluctuation fixed point.
As T drops below —ey (roughly), there is a transition

(d) 025L T T T T T
08, PRYTY T )
0.20 '—.ﬁai%om *%e,C i
%0 '...
Mnn
X 0.15F °°°°‘3 i
k o,
(—BT—)2 °°°°Z°00000
KB
o.10F |
U/D  -€/D 2[/mD  -E4/D
005k A 1073 10 0% 7exlI0°®
: B 102 0% 16 e3xi10°
c 102 0*  10° 76 x16°
0 1 1 L | 1
¢ 10® gt 0 6?2 ' i
kgT /D
\O.25 T T T T T
(b)
0.20}
0.15F
kgT X
(g,LLB)Z
o.10f
0.05F F
.
o K'A .,"
0 L T S S Y 1 L
o2 0" 16 6% 0% w07 10®
kgT/D

FIG. 11. Plots of kg TX(T)/( g ug)? vs In(kg T/D) which
illustrate the parameter dependence of transitions between
the various regimes. (a) That the transition from the free-
orbital regime (7TXx = !?) to the valence-fluctuation regime
(Tx= %) occurs at T} ~ %U is clearly illustrated by curve
A compared to curves B and C. That the transition from
the valence-fluctuation regime to the local-moment regime
(Tx= %) occurs at T{ ~ ;—Ed* is seen by comparing curve
C with curves 4 and B. The values of E;° were deduced
from Eq. (3.22). (b) The transition from the local-moment
regime to the frozen-impurity one occurs at a temperature
of order Tx. See the discussion below Eq. (3.44) and Table
VIII for details, where curves A4, B, and C are referred to as
7.1, 7.2, and 7.3, respectively. Note that all three curves lie
along the universal Kondo-susceptibility curve indicated by
the dashed curves.
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to the local-moment regime, in which 7X is close to
% but smaller by a constant marginal coupling. As T
drops further, T X slowly decreases to zero, charac-
teristic of the frozen-impurity fixed point. We note
that the transition from the local-moment regime to
the frozen-impurity regime is represented by the
universal curve [dashed line in Fig. 11(b)] just as in

the symmetric case [see the discussion following Eq.
(3.41)].

B. Free-orbital regime

We recall that when &4, [, and U are zero, Hy in
Eq. (1.2) reduces to Hy ro, the generating Hamiltoni-
an for the free-orbital fixed point. Therefore, when
&, I, and U are all small, we expect to be able to

J

write _
Hls,ﬂl-TO = H/\t,po +2 UA(N-I)/ZI’IdIHdl

e AV clegy—1)
uCdp
=172 (- :
ZING 1)/2(./J#Cd“+cj“/0“) , B.D

+T

where the U, é,, and I terms are now to be rreated by
perturbation theory. We note that Eq. (3.1) is precise-
ly of the form of the effective Hamiltonian around
the free-orbital fixed point, since the last three terms
in Eq. (3.1) are precisely 8H go, 8H3 ro and 8H; po,
the generators of relevant eigenoperators around Hygg
[cf. Table II and Eq. (2.19)]. Furthermore, the coef-
ficients K, oy, wy, and w3 are now explicitly known,
to be just 0, 20, &4, and [, respectively.

Expressing Eq. (3.1) in terms of the electron and
hole operators that diagonalize Hy ro, We can write

J
Hi%o = 3 ni Catgr + bl +20 AN Pnging + & AN (cfycq—1)

I=1

=1/2 -
+I A(N br4 2&0[((}}“},”“‘}'&’[1('4“+CJ“hIL +hlucdu) . (32)
1

The energies of the states considered in Table I cal-
culated using HE™ are listed in Table III. The U term
lifts the energies of the states in which n; =2 by
2U0AN-D2 the €, term contributes an impurity orbi-
tal energy of &,AV"V72 and the T'/* term changes
the single-particle energies ;" by FAY~"V2(ad,/n}).
It is clear that these effects account satisfactorily for
the energies plotted in Fig. 10 for N <11 (Note: for
U/D=10"and A=3.0 and TAN"D2=0.18 at
N=11.) We note that U, &, and I are all relevant
variables.

One can also calculate kg TyX(Ty) and F(Ty) us-
ing H%o in place of Hy in Egs. (1.5) and (1.6). The
calculational details are identical to those in Sec. V A
of I, and one gets to the lowest nonvanishing order
in each term,

2
1 1 U 1 €4
kg TuX(Ty) = — + —— -
s Tnx(T) 8 32 kzTy 32| kgTy
I‘ -
- kB/;N X1,r0(Tn, B, A) , (3.3)
1 v 1| e |
F(Ty) =—kgTy|Ind — = —%— +— [—2—
(T BN Ty 4 ks Ty
y 2w (Tv B M| LG4
P

where X, ro and F) go are the functions evaluated in
Appendix C of 1. An expression similar to Eq. (3.3)
has independently been derived by Haldane [Ref. 9,
Eq. (28)]. Thus, for kgTy >> max(U, |e;],T), we

-
have the free-orbital regime in which TXx = %,

F(T) =—kgT In4. What happens as 7 drops below
max(U, €4, I') depends upon which of the deviation
terms in Eq. (3.3) dominates. We note that the U
term tends to push 7X above %, while the €; and T’

terms push 7X below % This is consistent with the

discussion in Sec. II, where we saw that U — oo leads
to the valence-fluctuation fixed point in which
TXx=+, while |e;] = oo or I' = oo leads to the
frozen-impurity fixed point in which 7x=0.

We will organize the rest of our discussion in the
same manner as we did in Sec. IB. That is, we first
discuss the case when I' << U, and consider what
happens for various characteristic values of €;. The
case I' >> U can be handled analytically, as is done
in Appendix D.

The first typical asymmetric case to consider, there-
fore, is the situation when U >> {|e;|, T'}. In this
case, when N gets to be large enough that T A~V
is much bigger than 1, Hy crosses over from Hgg to
Hyg, as we saw in Sec. III A (cf. Fig. 10). Corre-
spondingly, as kg T drops well below U, TX crosses
over from its value of % for the free-orbital regime
to its value of % for the valence-fluctuation regime
[cf. plot 4 of Fig. 11(a)]l. We will let N{* and Ty
denote the values of N and 7 around which the

crossover takes place. From Figs. 10 and plot 4 of
Fig 11(a),

A NF-DR

UA =a, Tf =U/a 3.5
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TABLE III. States and energies of H§ko (K =0).

Charge Spin Index
(0] S r State Energy
1
0 ) cq 0
2 £ ni" —EdA(N‘”/Z +f*A(N—-1)/2(a%l/,,'r)
3 2¢q+h nf +20 AN-D/2 +e AN-DA2 +TAN=-DR2(of) /n})
1 .
-2 3 1 hy o —g ANV +FAN-D2(ad, /1)
+2 . 1 2+ nt+20AN-D12 +g AN-D2 HFAN-D2( /%)
-1 0 1 e 0 —g ANV
2 ¢ thy n +TAN=D2 (o, /9})
1 1 ('d +h1 'I]T +FA(N_”/Z((1(2)1/1;T)
+1 0 1 2¢, 0+20AN-D2 +eg ANV ,
2 gt n +TAN=D2( o, /0})
1 1 Gt " +TAN=D12( o [])

where « is some number like 5, say. The fact that
the transition from the free orbital to the valence-
fluctuation regime is determined by the scale of U is
amply demonstrated by plot B of Fig. 11(a), which
has the same €., values as plot 4, but a U that is
bigger by 10, and by plot C which has the same U as
plot B, but different €; and T values.

C. Valence-fluctuation regime

As emphasized earlier, this regime is the one that
is really characteristic of the asymmetric case, and
displays many new features. The most important of
these features, as we will show below, is that the flow
of Hy in the vicinity of Hyg can be characterized by

an effective, N-dependent, impurity-orbital energy
parameter E;(N). Correspondingly, the temperature
dependence of the susceptibility is characterized by
an effective temperature-dependent impurity-orbital en-
ergy E,(T).
As we have discussed before, the valence-
fluctuation fixed point is characterized by the fact
that the states in which n; =2 are removed from con-
sideration, as happens when UA‘“~1/2 becomes
much larger than all other energies of interest. Since
within the free-orbital regime, U, €4, and I all grow
as AW"D2 we can argue as in Sec. Il A that as far as
the low-lying states Hy for N > N are concerned,
one is in effect considering the Hamiltonian (2.6).

We will

rewrite Eq. (2.6) as

Hifor = Hive + & AR08, = 1) + TANDRb, fou+ fouba) +TAN DN, G ubs) - (fL0 T ity )

+ K AN bJubd,L) (fufor)

(3.6)

where by, is the operator characterizing the new effective impurity degree of freedom (cf. Sec. II A), and we have

let

J1=T/(40 +2&;), K;=-T/(40 +2¢&,;) .

3.7

We note that Eq. (3.6) is precisely of the form of the effective Hamiltonian constructed around the valence-
fluctuation fixed point. The last four terms in Eq. (3.6) are precisely (cf. Table 1I) 8H vr, 8H, vr ( the generators
of the two relevant operators), and 8H3,vr and 3H,4 vr (the generators of the first two marginal operators).
Furthermore, the coefficients of these operators are now explictly expressed in terms of &;, I', and U. We note
that 8Hs,vr, the generator of the marginal operator that describes potential scattering, does not occur in Eq. (3.6).
That is to say, the crossover from Hig to Hyr does not generate potential scattering. This is consistent with the
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discussion of Sec. III A where according to the numerical results, the effective K for Hyj,(K) was zero.
Expressing Eq. (3.6) in terms of the electron and hole operators that diagonalize Hy, vg, we get

Ly

L
. 1
: . - “1/2 (N—
HENe = 3, n/( g+ hthly) + & AN D2(plba, 1) +T 2= 3, ag( dep,glp. + glLbdu + bJ,J'zL + hyubay)

=1
Ly

=1

- t = - 1t - -
+0(b) a0, 3, coray (81 F oy, + hiu wh,), + 8k G uh) + 1y T )
i

+ Ielb}“bd,, 2 amam,( g,',',g,,v + h"’hltv +g,t,hl'fv + h,,,gllv)
u'

This expression reconfirms that é; and I are relevant
variables, while J; is a marginal variable. K, looks
marginal, but actually has a piece that is like the €,
term [see discussion after Eq. (3.11)].

The question as to what value we should use for
the upper limit L; (of ) in Eq. (3.8) turns out to be
quite important for the discussion to follow. Hence
we will pause to comment on it. Since the condition
of validity of Eq. (3.8) is that we be interested in en-
ergies much smaller than UA®™~Y/2 we can demand
that the largest energy in Eq. (3.8), namely 'nfl, be
smaller than OUAN-1/2, For example, we can set

L,-1 ~
T)Z1=A 1 =UA(N—1)/2/a ,

(3.9a)
where « is some number like 5, say. (Such numbers
are encountered at various places in our discussion.
We use the same symbol a to characterize all of
them, since their precise values are unimportant in
view of the fact that all the transitions that occur in
our discussion are fuzzy and not sharp.) Using Eq.
(3.5) which connects U to the transition iteration
number Ny, we get

3.3

[It can be shown that the condition (3.9b) arises rath-
er naturally if one attempts to derive Eq. (3.8) for-
mally from Eq. (3.7).]

We list in Table IV the energies of the states listed
in Table I calculated using Hr. The ' term
does not affect energies to first order, so we have cal-
culated to second order in I, i.e., to O(F). Table
IV clearly brings out the important feature that we
mentioned at the beginning of this section, namely
that the energy levels of Hy are describable in terms
of an effective, N-dependent, impurity-orbital energy
parameter £,(N) that plays the role of é;. We have

- *-—
Es(N) =g, +Tadt (N =N + R

>

(3.10)

where N corresponds to the crossover from Hpg to
Hyg [cf. Eq. 3.9)].
The result (3.10) can also be proved formally. It is

easy to vefilt}y that the second-order contributions

L (N=N*))2 . from the I'™" term can be described by the Hamil-
At'=A" """ or Liy=5(N-N{) . (3.9b) tonian
- Lab |,y <o oy t
FAN-D2{ (bl by, —1) 121 o b0 T wy ey 5 ;f( 81 T w8ty = M@ whi)

Ll 2
agl :
+(1— 368620 |3 —nir Carlgty + i,
1

(3.11)

The first term in Eq. (3.11) gives rise to the I term in EQ(N). The rest of the term affect conduction-electron
states and scale, in a simple fashion, as TAY"1/2 The K, term in Eq. (3.8) can be rearranged (by normal order-

ing the h,h 'fv term) as

!

Ly Ly

21&1 2 a(z)l deubdp. + K.lbdty.bdu anlam'( gIIa,gI'“ - hth,’“ +g,t,h,tv + h,,,g,:u)

I=1 '

(3.12)
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L
TABLE IV. States and energies of H{\r (K =0). Here A{(N) =3, "} (ad;/n}) =adL, = a%[%(N —N{)1and

L =((N=1)/D+L =Ny F-n72
AY(N) = A=NDI2) 301 = PHy_p .
Charge  Spin  Index
Q S r State Energy
1
0 7 1 by 0
2 2 nr_(éd+rA1+KlA2)A(N—l)/2 +FA(N—1)/2a[2”/n;*
3 b+, +hy 2y +() +()
-2 % 1 hy nt = (8 +TA + K A ANV G PAN=DR2a, /gt
+2 % 1 by +2g, 27 +TAN=D2og, ] +2K o,y
-1 0 1 e 0— (&4 +TA, +K 4 AN-D2
2 by +hy ni HPANDR2ed /i 3T1ad Ky
1 1 by +hy m +hag  —Kiah
+1 0 1 by +&, ) nt ) _I'-{\(N—I)/Za(z)l/nik -3J,0d, *’51051
2 2gy It~ (&g +TA; + K A AN-D2 o AN=D/203 +2K o,
1 ! bat &1 n HAND2d it +hiady +K oy

The first term in Eq. (3.12) gives rise to the K, term in Eq. (3.10). The second term in Eq. (3.12) describes po-
tential scattering of the conduction electrons off the impurity, but this scattering is present only for those states
in which n;=1. We note that the Ji term in Eq. (3.8) describes spin-spin scattering of the conduction electron
off the impurity spin within the subspace of states where ny=1.

The above features of the energy levels of H%e (which features can be seen to correctly describe the energy
levels in Fig. 10 for N between 13 and 17) are also reflected in the susceptibility results, as we show below.

Substituting H§'Vg in place of Hy in Egs. (1.5) and_(1.6) and carrying out the perturbatlon expansion, we can
verify that to leading orders in the parameters &, I' £'2, J,, and K, TyX{Ty), and F(Ty) are given by

Lo FB'H* Ly
kBTNX( TN) =% —LXEG A(N D2 _ %Ej 2—0‘!‘_—*_ —.IES_EKI 2 Ea(z)l
=1 (1 +e7M)2 =1
| = o 1—e—E"’* ~Bn) . ~2Bm)
~ L BEAN- 1)/22 A e (1414 e T, (3.13)
=4 Eh (1+e B/’ )3

Ll 2 _E"l,*
F(Ty) =—kpTy|In3 + B AN D2+ 2BR |2 3 ady| + TBFAN-1 2 o (1—e *) (3.14)
1= un (1 +€—ﬁ"l )

Since

1 *
L (N=N7)/2
220512“ 1= A ! ,

the K, term looks like the &, term with &, replaced by K, A “n , which is the same result as in Eq. (3.10).
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As to the T term, it is clear that for large / the summand goes as o;/n;"; hence we get a contribution which looks
like the €, term with €, replaced by

=fadL, =Taf3(N-N{) ,

which is also the same result as in Eq. (3.10). Finally, making use of the result shown in Appendix A that
_ B i
B EG%I*—-:B*T‘ =x5(K =0) =
! (146 )2

we see that the J, term produces a constant shift in TX.

To sum up our discussion above, we have shown that in the valence-fluctuation regime, the deviation of Hy
from the fixed point Hvg calculated to O(T') can be understood in a simple manner in terms of an effective, N-
dependent, impurity-oribtal energy £,(N) given by Eq. (3.10). To O(T'), E,(N) effectively replaces & as the
coefficient of the (b,},,bdn—l) term in Eq. (3.8).

Before moving on to a discussion of the temperature dependence of the susceptibility, we pause to remark that
such effective N-dependent coefficients of eigenoperators as E4(N) can arise quite generally in high-order (here
second order in I''/?) renormalization-group calculations whenever there are simple relationships between the
eigenvalues of the transformation such as one eigenvalue being equal to the square of another, or to the product
of two others, etc. (Here A, the eigenvalue associated with &, is the square of A2 the eigenvalue associated
with T2.) For details see Wegner.

The rest of our discussion of the valence-fluctuation regime will concentrate on the temperature dependence of
the susceptibility. Analogously to Ed(N), such a discussion leads in a natural way to an effective, temperature-
dependent, impurity-orbital energy, to be denoted by E;(T). We show below that E;(T) is given by

, (3.15)

U

7 (3.16)

Ed(T)=€d+‘lllﬂ
™

where « is some number like 5, say [cf. discussion following Eq. (3.9a)].
In order to identify E;(T), we proceed as follows. We make use of Egs. (1.4), (3.9a), and (3.15) in Eq. (3.13)
and (3.14) to get

€4 2 oy K, U

1
kpTyX(Ty) = — — -£ -
sTnX(TN) =€ = T T "3 TaA  18ks Ty 2Aa
L - *
L/m 4 la_‘z)’ 1—e (1+14e_§"’*+e_2§"’*) (3.17)
lskgTN 14‘1\_1 =] ’m* (1 ‘E"Il* 3 ’
+e )
F(T) = kg Tolm3 +—2 K1 U 4 T/m | 4 S B ) (3.18)
N BN 3keTy = 3kaTy 2Ae 3 kpTw |[1+A7 S mf | Fo/ '

Next we take the continuum limit by letting 8 —0 and N — o at fixed Ty, and then letting A—1. Then the
sums over / above can be converted to integrals (exactly as in the evaluation of X; o and Fy,go in Appendix C of
I) and we can show that

1 € 1 T'/w /= 1 T/w (V7% de 1—ePe _ -
= -2 + - de _l—e — Be 4 ,—2Be
ke TX(D) = = g T " 3 Utey | 2a 18ksTn 18kBTfo e (1 7epor L Tlaeiere™)
(3.19)
€4 I/Qma) , 4 T/m (Y% de 1 —e B¢
(1) =—k + += fe_—¢ .
FID ==keT|In3 4 33 T+ 30T T3 ksTH0 c 1465 3.20)
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It is easy to verify that the dominant contribution to
the integral in Eq. (3.19) is given by In(U/2aT).
Hence we can write

1 E (D AT
6 18kzT 18kpT

e, 3.21
3U+€d ( )

where €,(T) is given by Eq. (3.16) and ... indicate
smaller terms. The constant 4 can be obtained by a
careful evaluation of the integrals in Eq. (3.19). A
result similar to Eq. (3.21) was first derived by Hal-
dane [Ref. 9, Eq. (29)].

Next we discuss the temperature dependence of
TX as T decreases within the valence-fluctuation re-
gime. This clearly depends upon which term dom-
inates in Eq. (3.21). We note that I" always reduces
T X below —é—; i.e., tends to drive TX towards the
frozen-impurity regime in which 7X is zero; whereas

E;(T) can increase TX above %, towards the local-

1

moment regime where TX =, if it is negative, or

decrease TX below % towards the frozen-impurity re-
gime if it is positive. From Eq. (3.16) we see that as
T decreases, E,(T) increases slowly (logarithmically).
Therefore, TX will make a transition to the local-
moment regime only if €, is negative and —e, is suf-
ficiently large compared to I' that E,(7) is negative
and —E,;(T) remains large compared to I' as T de-
creases. We will discuss such a case first.

The condition for the transition from the valence-
fluctation to the local-moment regime may be formu-
lated more precisely as follows. The point is that
from Eq. (3.21) it is clear that the valence-fluctuation
regime breaks down when 7T gets smaller than
—E4(T) or T, whichever occurs first. Let 75 be a
temperature such that [cf. Eq. (3.16)]

U
__Ed*

aTf =—E,(T}) E—E4*=——ed——£—1n

’

3.22)

where « is a number like 5, as before. If the solution
—E; to Eq. (3.22) is much larger than I, then T can
become small compared to —E;(T) while it is still
much larger than I', and we get a crossover to the
local-moment regime at a transition temperature
roughly equal to 75, We can rewrite Eq. (3.22) as

Ed* _ aTz*
r r

(3.23)
The solution to this equation is sketched in Fig. 12.
We note that —E; is monotonic decreasing as —e,
decreases; —E; =T when —e; =T +(I'/#) In(U/T);
there is no solution for —E; when —e, is less than
0.6827T +I'/wIn(U/I'). Thus we see that TX can

FIG. 12. Solutions of Egs. (3.22) and (3.52). Both equa-
tions can be written as y =x — (In| y|)/7 where
x=¢€4/T +(1/w) In(U/T) and y = E}*/T for y >0 and
EJ/T for y <0. Note that the solution pops from negative
to positive y at x =—(1 +Inw)/7m =—0.68. The values of
(x,y) indicated by arrows are appropriate for the susceptibili-
ty curves shown in Figs. 13, 14 (7.4—7.7), and 15 (6.1-6.4).
The curves shown in Fig. 11 correspond to points off the
left-hand lower quadrant. See Table VIII for a complete list-
ing of relevant numbers.

make a transition from the valence-fluctuation to the
local-moment regime at a transition temperature T
determined by Eq. (3.22) if ¢, is negative and

—e; >>T'/mIn(U/T). We note that this condition is
much more stringent than the condition —e; >> T
which one might have naturally written down.

The validity of the above discussion is demonstrat-

ed by the plots 4, B, and C of Fig. 11(a), in all of
which TX displays a transition from the valence-
fluctuation to the local-moment regime. The —E;
values for these three plots are (in units of D)
7.557 x 1078, 6.315 x 1075, and 7.557 X 1073, respec-
tively. Using an « of 4 we get for the values of the
transition temperature 75 the numbers 1.9 X 1076,
1.6 x107® and 1.9 x 107>, which are roughly right.
At any rate the trends are clearly correct.

We next discuss the local-moment regime.

D. Local-moment regime

In this section we discuss the local-moment re-
gime, in which 7x = % The main point that will
emerge from our discussion is that the basic way in
which the local-moment regime for the asymmetric
case differs from that for the symmetric case is it has
potential scattering of the conduction electrons, but
that this potential scattering has little effect on the
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temperature dependence of 7X. We also show the so that for N > Ny, Hy arrives close to the local-

correspondence between the asymmetric Anderson moment fixed point. This is seen from Fig. 10, for

model and the spin-% Kondo Hamiltonian with po- which case N5 given by Eq. (3.24) is =24,

tential scattering. In accordance with the discussion in Sec. IVC, in
As discussed in Sec. IIIC, when the values of U, the vicinity of the local-moment fixed point Hy can

—eg, and T are such that —E; determined by Eq. be described by the effective Hamiltonian

(3.22) is much bigger than ', we get a crossover

from the valence fluctuation to the local-moment re-  H§fLm (K) = Hyom (K)+JAN-D27 . (1l G o)

gime. In terms of TX, the transition temperature is

T5 [cf. Eq. 3.23)]. In terms of Hy, the transition (3.25)

iteration number N, can be determined by setting
where only the generator of the marginal operator

A"(N;‘”/Z ~(T}/D) 8H, 1m (cf. Table II) is explicitly shown. The other
or marginal operator is a potential-scattering term, and
N = 2In(D/T5) (3.24) can be included in Hy y (K).
2 InA ’ We note that Eq. (3.25) can be rewritten
ﬁr{,M(K)—A(N D2 2 A_"/zgn(fnyfn+ly+fn+ly. ./n;l.)+JT fOuo-uv/0v+K(f0p /0;4 1)] (326)

But this is precisely the sequence of Hamiltonians one would use in a numerical renormalization-group treatment
of the spin—‘; Kondo problem*> when potential scattering is present in addition to the usual spin-spin scattering off

the impurity!® Within the framework of the same approximations as in Sec. I A of I, such a problem corresponds
to the model Hamiltonian [compare Eq. (1.1)]:

1 R 1 L - 1 U
Xk =Dg [f~1 k dk ay,ax,—pJ f_l dk f_l dk’ax,~ Gl 57 +pK f_l dk f_l dk ak“ak,“] , (3.27)

where Dy is the appropriate bandwidthL JCK,~when subject to discretization, etc., leads to precisely the sequence
of Hamiltonians (3.26), if we identify Jand K as

2

ol bore 20K (3.28)

This reconfirms the well-known equivalence!! between the asymmetric Anderson Hamiltonian and the spin-%

Kondo Hamiltonian with potential scattering. We note that in the light of our analysis, this equivalence is valid
only for temperatures below the transition temperature T, so that T plays the role of the bandwidth Dy in the
equivalent Kondo problem.

Next we discuss the properties of ﬁff_M (K). In terms of the electron and hole operators that diagonalize
Hy v (K) (cf. Sec. ITA), we can write, using Eq. (2.16)

L2 L2
eff

N LM (K) = 2 (7“ g,“g,” + n h[‘,h["_) +J T* 2 lamam,g,# “,,g , + aO,a ,h,#(r“,,hT
l=1

+agiog, (&l Fush), thy, T )] (3.29)
—
[By analogy with the discussion following Eq. (3.8), One can also calculate the susceptibility and the
the upper limit L, is given by %(N —N3).] The free energy to O (J), using H§ v in place of Hy in
energy levels of the states considered in Table I, calcu- Egs. (1.5) and (1.6). The results are

lated using HETum (K) to O(J), are listed in Table 1 5y 7 -

V. Comparison with the levels plotted in Fig. 10 ks TaX(Ty) =3 +kp TwXo(K) =X, 1m(K) -, (3.30)
shows that in this case (unlike the two previous re- F(Ty) =—kpTyIn2 + Fo(K) . (3.31)
gimes) 7" # ni" so K #0, and in fact, since nT < 7,

K >0. Also, we see that J > 0. Here X and Fy are the contributions from the fixed
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TABLE V. States and energies of H§[y (K).

Charge Spin  Index

Q S r State Energy
0 5 1 T 0
2 T+g +h i +ar+C)
3 T+g +h nf+ar+()
-2 < 1 T+2h, 27
1 v
+2 5 1 T+2g 2nf
- ~ 2
-1 0 1 T+h n —3Jag
2 1'+g1+2h1 T)i'.+21“_—3ja3’12
1 1 T+h 1;1"+ja6‘12
+1 0 1 r+g nt—3Jad
2 r42g +hy 2t —3agt
1 1 T+g, nfL+J~a0+12

point, due to potential scattering alone. X, was writ-
ten down earlier [cf. Eq. (2.14)], and Fj is given by

(1+e ”"')(1+ By

Fo=—=2kgTy 21 3 (3.32)
=1 (1+e "/ )2
The function X; LM is given by

_ _

Ly (ad)?e —Bn; (a&,)ze_ﬂn’

Xum(K) =873, 20 ==

=1 (1+e 5"1 )2 (1+e—ﬁ"’ )2
(3.33)

Note that there is no O(J) term in F(Ty). The
functions Fy, Xo, and X; are evaluated in Appendix
A, where Fy and X, are shown to be zero (see also
the discussion of X in Sec. IIB), and X, .y to be
given by [cf. Egs. (A34), (A50), and (A30)]

_ HK)
XI,LM(K) =X?+Xz_=—“—a(;nA
~1/2
o maf |
InA (InA)?

(3.34)

Substituting these results into Eq. (3.30), and making
use of Eq. (3.28), we get, to O(pJ)

21-1

] ] G639

mpK

1+
A

kgTNX( Ty '"—ll +"2——

where A4, is the function of A introduced in Eq.
(5.21) of I,

InA _ 1+A7

Ar=2(1+A™ < 1InA

=7l )9 “1-aT2 "
=1+5;(InA)? =55 (nA)*+ - - (3.36)

As A—1, A, goes to 1 quite rapidly, and Eq. (3.35)
tends to the expected continuum limit.!° We note
that J produces a constant shift in T'X. Since we saw
from the energy levels that J > 0, Eq. (3.28) yields
pJ <0, so that TX is reduced below —:—, in agreement

with the plots in Fig. 11. The expression (3.35) for
TX is valid only for T just less than the transition
temperature T, as discussed later.

" Next we discuss the relation between the effective
values of pJ and pK in the equivalent Kondo Hamil-
tonian (3.27), and the parameters U, €4, and T of the
asymmetric Anderson model. For general values of
U, €4, and T, this relation can be established numeri-
cally, first by calculating J and K from the numerical-
ly determined energy levels, and then evaluating pJ
and pK using Eq. (3.28). For limiting cases, howev-
er, the relation can be established in analytical form,
as shown below.

In Sec. I1 A, while discussing the local-moment
fixed point, we showed that when U and —€, are
themselves much larger than the energies of interest
(i.e., U and —e, are much larger than D in addition
to being much greater than I'), then one is in effect
considering the Hamiltonian (2.9), which is precisely
the same as Eq. (3.25), with Jand K being given by
(2.8). Making use of Eq. (3.28), and substituting for
U, é;, and T from Eq. (1.3), it is easy to verify that
for such a case we get

pjm— 2L __2r
mlesl w(U+ey) (3.37)
ko T r

2| €4l " 2m(U +e2)

which are identical to the Schrieffer-Wolff results.!!
As we showed in I (cf. Sec. VB), for the symmetric
Anderson model these results continue to be valid
even when U/D << 1. However, in the typical
asymmetric case that we have been considering where
I' << —€; << U, and there is an appreciable range of
temperatures for which we have a valence-fluctuation
regime, the above results are no longer valid. In this
case, we rather expect

2r 2T

J = -
P 7B (U +e)

PN r (3.38)
PR =0mE]  2n(U +ep)

The reasons for this expectation are as follows. First,
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the reason that Eq. (3.38) is different from Eq.
(3.37) is that within the valence-fluctuation regime,
there is an effective orbital energy £;(N) which does
not scale in a simple fashion (as AY~1/2). Now con-
sider the Hamiltonian Hy just at N = N5, the transi-
tion point from the valence-fluctuation to the local-
moment regime. From the discussion in Sec. IIIC,
we know that it is ba~sically given by Eq. (3.6) but
with €, replaced by £, (related to E; the same way
as &, is related to €4), which, in the case we are con-
sidering, is negative and mucll larger in magnitude
than I'. Furthermore, the £; AY~Y/2 is much larger
than the energies of interest. Hence we can argue as
in Sec. III A to claim that Eq. (3.6) can be replaced
by Eq. (3.26) with Jand K being given by [compare
Eq. (2.8) for U =]

J=—-L_+5, k=—-L.+k . (39

2FE, 2E,
The reason for the appearance of J; and K, above is
that these terms are identical to the Jand K terms in
Eq. (3.26) within the supspace in which n;=1, and
hence get carried through the crossover from the
valence-fluctuation to the local-moment regime.12
Equation (3.39) together with Eq. (3.28) leads to Eq.
(3.38).

The next thing for us to discuss is the temperature
dependence of TX as T decreases within the local-
moment regime.

Consider the flow of HE[y (K) as N increases
within the local-moment regime. Since Jin Eq.
(3.39) is the dominant variable in addition to being
marginal, higher-order terms in J become quite im-
portant as N increases. This is because when one cal-
culates various quantities that characterize
HETy (K), such as its first few energy levels,
kg TnX(Ty), etc., as expansions in powers of J, one
gets "bad" expansions, in the sense that the expan-
sion coefficients are polynomials in N and become
large when N gets large.

We recall*? that in the symmetric case, i.e., in the
case where the effective Kondo Hamiltonian has no
potential scattering, the bad expansions (in powers of
J) for the various properties of H§ Ty (K =0) can
be taken care by introducing one effective, N-
dependent, running-coupling constant Jy (represent-
ed by Zy in Ref. 2). The precise definition of Jy is
somewhat arbitrary, but the central point is that,
although Jy has a bad expansion in powers of J, all
the quantities that characterize Hffy (K =0) have
"good" expansions (free of powers of N) in powers of
Jy. In particular Jyy, and kg Ty X(Tx) have good ex-
pansions in powers of Jy and this is what leads to the
scaling law for the susceptibility, given by

®@4kgTX(T) —=1) =In(T/Tx) , (3.40)

where ®( y) is a universal function independent of J

with an expansion for small y of the form

<I>(y)=—%——;—ln|y|+0(y) . (3.41)
The coupling constant J, band-edge effects, etc.,
enter Eq. (3.40) only via the scaling temperature Ty,
called the Kondo temperature. The argument that
leads to this result is briefly recalled in Appendix B.
The details have been discussed extensively in Refs.
1 and 2.

In the asymmetric case, however, higher-order
terms in J can be shown to generate additional poten-
tial scattering about Hy 1y (K), and it appears not to
be the case that all the quantities characterizing
HT\ (K) can be described in terms of one
running-coupling constant Jy. The details about this
complication are being investigated.

Nevertheless, we note that our numerical calcula-
tions for the asymmetric Anderson model seem to in-
dicate the following remarkable result. Namely, that
the susceptibility for the asymmetric local-moment
case still obeys a scaling law of the form (3.40), with
the same universal function ®( y) as for the sym-
metric case. This result is demonstrated numerically
by the fact that the TX vs InT plots of Fig. 11(b) can
actually be mapped on to the universal Kondo sus-
ceptibility curve as indicated by the dashed curves in
Fig. 11(b) (compare Fig. 3).

Assuming the validity of the scaling law (3.40) for
the susceptibility for the asymmetric local-moment
case, consider applying it to the susceptibility at a
temperature less than, but close to 75, the transition
temperature, Eq. (3.35) is a good approximation to
the susceptibility, since the O (J?) corrections will not
have had a change to build up yet. Therefore we
have, for T =T /a, say,

21-1
4kBTx(T)-—l=-% 1+ EA%K ] =pJe(A) .

(3.42a)

In the continuum limit (A—1) 4, —1, and J.x(A)
reduces to

pler=pJ 1 +(mpK)?]™" | (3.42b)

Substituting Eq. (3.42) into Eq. (3.40), we get the
result that the Kondo temperature Tk in the asym-
metric case is given by

T2 expl—a(plud)] . (.43)

a

TK=

Thus the presence of (particle-hole) asymmetry in
the Anderson model, or of potential scattering in the
Kondo problem, seems to make itself felt in the sus-
ceptibility only via the effective Kondo temperature,
i.e., via the renormalization of pJ as in Egs. (3.42)
and via the effective bandwidth 7. These features
had been suggested earlier, on the basis of perturba-

tive treatments*>!! of the Kondo problem with po-
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tential scattering. An argument which lends plausibili-
ty to these results and which depends on the present
renormalization-group approach is presented in Ap-
pendix C.

Finally, we discuss the dependence of the Kondo
temperature Tx on the parameters of the Anderson
model. Using Egs. (3.43), (3.41), and (3.22) we get

Tk (T, €2, U) o« |Ef|| pJes|'? [exp - (3.44)

1
[p',effl ’

where pJ is given by Eq. (3.38) and the proportionali-
ty factor is a regular power series in I'/| E;| and
I'/(U +¢€;). In the extreme asymmetric case, when
['/U can be neglected in comparison to I'/| E}| in the
expression for pJ, we can use Eq. (3.40) to exprss Tx
in terms of the original parameters I, €4, and U. We
get

77[64]

T , (3.45)

TK~(I“U)’/2exp[—

a result which Haldane derived earlier’ using pertur-
bation theory in I' from the asymmetric Anderson
model.

In order to compare the Tk resulting from the re-
normalization calculations of 7'X with those from an-
alytic formulas, we must, as in I (see the end of Sec.
V B), discuss the effects of perturbation theory, of re-
normalization by pJ, and of finite A on Eq. (3.44).
In fact, the only change from the arguments present-
ed in I is that Eq. (3.44) must be multiplied by 0.364
instead of 0.182 (the factor of 2 results from the fact
that the orbital energy is ITU in the symmetric

Anderson model while it is just E; in the asymmetric
.one). Hence we calculate Tk from

Ti(T, €4, U) =0.182|E;|[ pJoir(A) 112

1
lpJerr(A)

In Table VI we compare the values of the expression
(3.46) for each of the three cases in Fig. 11(b) with
the corresponding numerically determined values of
Tk. The latter can be obtained from the plots via the
mapping with the universal curve, or more accurately
from the numerical results for 7'X, by looking for the
temperature at which 7x=0.0701 (cf. Fig. 3). The
agreement between the last two columns seems a lit-
tle'too good.

The next regime of behavior that we must discuss
is the low-temperature, frozen-impurity regime, in
which T'X is zero. For the case we have been dis-
cussing above, this regime is reached for tempera-
tures much smaller than the Kondo temperature [cf.
Fig. 11(b)]. But before discussing the frozen-
impurity regime, it is convenient for us to discuss the

X exp — (3.46)

3

In the last two columns we compare the Kondo temperature calculated from Eq. (3.46) at the value A
3 —namely, the temperature where 7X=0.07. The close agreement of the two entries suggests that

Numerical results associated with Figs. 11 and 13.

TABLE VI.
with that deduced from the numérical calculation also done at A

Eq. (3.46) is a good guide to the Kondo temperature even for pJ as large as —0.4 as in the case of Fig. 13.

Tx/D
numerical

Te/D
pd i (A) (3.46)

pK

2r
‘n’(U +Ed)
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transitional cases, by which term we mean cases
where the parameter values are such that one or the
other of the three regimes we have discussed so far is
absent. (The frozen-impurity regime is always
present as long as I' #0.)

E. Transitional cases

The most interesting transitional situation to dis-
cuss is the case where, as —e; decreases, —E; [given
by Eq. (3.22)] decreases to become comparable to T.
Then the states in which n; =1 get strongly admixed
with the states in which n, =0, and we no longer ex-
pect a transition from the valence-fluctuation regime
to the local-moment regime. Another way to think
about this situation is to note that, as —E; grows to
become of order I', pJ, the coupling constant that
governs the local-moment regime and is given by Eq.
(3.38), grows to become of order unity. Whence,
from Eq. (3.45) we see that the Kondo temperature
Ty rises to become of order T, so that the transition
from the valence-fluctuation to the local-moment re-
gime merges with the transition from the local-
moment to the frozen-impurity regime. The result is
that 7X makes a direct transition from the valence-
fluctuation to the frozen-impurity regime, at a transi-
tion temperature of the order of I' (which is the same
as —Ef). We note that this situation can arise even
for —e; >> T, once —e; < T'/wInU/T. In this case
the significant quantity is £,(T =T/a) given by [cf.
Eq. (3.16)]

E4(T/a) =ed+£m[£] . (3.47)
™ r .

025 . ; . . y . r
o.20f _
kgTX "".“0...-.. |

(QF-B)ZO.IS ,-. .‘.”
o.10f .,/. J

/,”
.05} i J
Vi
A

. . . .
g% 107 10® g w0t 10 0% o

kgT/D ’

FIG. 13. Plot of kg TX(T)/(gug)? vs In(kg T/D) for a
choice of parameters €4, U, and I' such that —E; =T [see
Eq. (3.22)]. There is considerable hybridization between the
ng =0 and n; =1 impurity configurations, resulting in a rela-
tively small value of 7X in the local-moment regime. It is
difficult to see the deviations (which are a consequence of
this hybridization) from the universal Kondo susceptibility
(dashed curve) as the system evolves toward the frozen-
impurity fixed point. ‘

As —e, decreases through the value (I'/#) InU/T,
€,(T'/a) goes from a negative value through zero to
a positive value. But as long as |E;(I'/a)| < T, the
transition from the valence-fluctuation to the
frozen-impurity regime is basically controlled by T,
and is very hard to treat analytically. One can only
rely on the numerical results, such as plotted in Fig.
14(a).

Eventually, as —e, gets small enough or becomes
positive, E4(I'/a) becomes much larger than I'. In this
case, as the temperature decreases within the valence-
fluctuation regime E,(T) can be positive and increas-
ing, so that the breakdown from the valence-
fluctuation regime can occur because T becomes
smaller than E;(T) [cf. Eq. (3.21)]. In this case we
can identify a temperature T3 such that

aT; =E,Ty)=E;™ , (3.48)
ie.,
Ef* e 1 U 1 ES"
. =4 42l -2 n]=—-
R T
Ed’k*

=E,(T/a) — % In (3.49)

And as T drops below T3, TX makes a transition
from the valence-fluctuation to the frozen-impurity
regime. Numerical results for T X for the case when
E;(T/a) > T are plotted in Fig. 14(b). We note that
these plots show sharp drops in 7X reminiscent of
the sharp drops in TX for the case when I'=0 and
€; > 0 (cf. Fig. 5). These sharp drops are nonuniver-
sal, i.e., can not be mapped on to the universal
Kondo-susceptibility curve, and correspond to broad
maxima when we plot X vs T, as shown in Fig. 14(b).

As €, becomes positive and increases, so does E;™.
When ¢, is driven to be of order U. E;™ also be-
comes of order U, when the transition from the
free-orbital to the valence-fluctuation regime merges
with that from the valence-fluctuation to the frozen-
impurity regime, and we get a direct transition from
the free-orbital to the frozen-impurity regime at a
temperature 75 set by e,.

That basically covers all the ranges of €; when
I' << U << D. Next we consider what happens
when I' is made comparable to or bigger than U.
Then we once again get a direct transition from the
free-orbital to the frozen-impurity regime. Since e, is
restricted to be 2——% U, this transition will be con-
trolled by T if |e;| << T, and by ¢, if ¢, >> I

Finally consider the case when U itself is made
comparable to the bandwidth D. Since we are in-
terested in kg T < D, in this case there will be no
free-orbital regime. The rest of the regimes depend
on the values of €, and . If {|e4], I'} << D, we start
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FIG. 14. Plots of kg TX/(gug)? vs In(kg T/D) for a
choice of the parameters U, €z, and T such that £;/* > T
[see Eq. (3.52)]. The transition between the valence-
fluctuation fixed point and the frozen-impurity fixed point
resembles the situation in which I'=0 and €; > 0; i.e., the
ground state of the impurity has zero occupancy. Deviations
from the universal shape indicated by the dashed line reveal
the nonmagnetic character of the impurity. (b) Plots of
DX/(gug)? vs kg T/D for the same parameters as in (a).
The deviations from universality in (a) correspond to the
broad maxima in this more conventional plot. The curves
labeled A4, B, C, and D correspond to run numbers 7.4, 7.5,
7.6, and 7.7, respectively, in Table VIII.

with the valence-fluctuation regime for kg7 < D, and
the discussion of Secs. III A—III C can be applied to
this case merely by replacing U by D everywhere.
Plots of TX vs InT for the case when U = D are
shown in Fig. 15.

F. Frozen-impurity regime

The frozen-impurity regime is the regime in which,
effectively, the impurity degree of freedom is frozen
out, and corresponds to a characteristic 7X value of
0. From the discussions in Secs. III B—-IIIE, it is
clear that the frozen-impurity regime is the stable

0.25 .
kBTX u/D =30A5 Ir'’7u=2m x 10
(—Q'Fz (€4/D) 107 =-3.142 (A), -1.948(B), .0(C), 1.948(D)
B’ 0.20}
0.15F
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0%0o °
B 00 Oo o
®o ° o (b)
40 ° °
o e
o ©
o°°°°°°°°°° ° ° ° o
C°°o ° ° o
20} Lo°°° % ° o o O
000°°
D+
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0] | 2 3 4 5 6
kgT/D X102

FIG. 15. Plots of k3 T/( g ug)? vs In(kg T/D) for parame-
ters U, €4, and T chosen so that £;* > T [see Eq. (3.52)].
Curves A, B, C, and D are characterized by the condition
U ~ D, resulting in the absence of the free-impurity fixed
point [cf. with Fig. 14(a)]. The nonmagnetic character of
the impurity is indicated by the sharper drop of the full-line
curves than of the universal (dashed) curve. (b) Plots of
DX/(gug)? vs (kgT/D) for the same parameters as in (a).
The broad maxima correspond to the deviations from
universality depicted in that figure. The curves 4, B, C, and
D correspond to run numbers 6.1, 6.2, 6.3, and 6.4, respec-
tively, in Table VIII.

low-temperature regime (i.e., there are no further
transitions away from this regime). (This is true as
long as I' 0. When I' =0, the valence-fluctuation
regime is stable if €, =0, the local-moment regime is
stable if €4 < 0, and the free-orbital regime is stable
if eg=U =0.) The threshold temperature below
which T'X can be considered to be in the frozen-
impurity regime is given by Tk, I, or T3 depending
on the parameter values that we are considering.

As we discussed in Secs. Il A and IIB, the frozen-
impurity regime is associated with the frozen-
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impurity fixed point, Hg; (K). The low-temperature where the parameters w; and w, will be determined in
region in which T'is close to zero corresponds to a terms of U, €, and T, and 4, is the operator defined
large N region in which Hy is close to Hf (K). ~in Eq. (2.17).
Hence we can calculate the properties of the frozen- The central aspect of our discussion of the frozen-
impurity regime using an effective Hamiltonian con- impurity regime will be the result that the dominant
structed around Hy g (K ), as discussed in Sec. IIC. contribution to the susceptibility is a constant term
In this paper we will include in this effective Hamil- proportional to ), and w;, and the dominant contri-
tonian only the generators of the two leading ir- bution to the specific heat is a term linear in 7 and
relevant operators of eigenvalue A™!, namely H, g proportional to w;. We will also discuss the depen-
and H,g (cf. Table II). That is to say, we will use dence of the parameters w; and w, on the parameters
i of the Anderson model, namely U, €;, and I'. Ex-
HE (R) = Hyp oy (R)+ o AVD2(p ay, + AL, fo,) _ pressing Eq. (3.?0) in terms Sf the electron and hole
. operators that diagonalize Hy r (K ), we get using
+a ANDR(fE o —1)? (3.50) Egs. (2.16) and (2.17),

HE'H (K) = E (ni* glp,glp. +mj hluhlp)

+ o A~V 1>/2|2(a0,a011nl,g1pg1 aalagl,m_h,“hlt a()]aw!'l'],!gly.h +a010‘0,"'ll hl,.gl ) +H.c. ]
u

+wA—(N l)/le(amaOl,gl“g’ +oz01a ,h“‘h +a0/a0,g,,,h, +a0,a /h,“g, ) A(N_I)/zl (351)
"

There are some technical restrictions associated with the use of Eq. (3.51): (i) Out of the eigenoperator terms,
we must drop any pieces that look like a ground-state energy term (since, although this fact was not stressed ear-
lier, the Hamiltonians Hy are actually defined with their ground-state energies subtracted), or like potential-
scattering terms (since all such effects are assumed to be included in the fixed-point energies n;* and ;). (ii)
Only first-order calculations in w; and w, are permitted (since other operators which can be effectively of the
same strength as the second-order contributions have not been included). Furthermore, since we are only con-
sidering energies and static properties in this paper, we need only the diagonal part of Eq. (3.50). It is straightfor-
ward to verify that the diagonal part of the w; term is given by

2 2
20 ANV Y (af; nf'glt.gm + g mi hthm) . (3.52)
1

. . (N— 2 -
This term shifts every electron energy ;" by an amount equal to 20, A~¥"D268 »* and every hole energy m; by
2 .
20 A~V D205 7. The dlagonal part of the w, term can be shown to be!?

sz_(N_’m 2 [(aol)z(a+ )2[ g/“gl B g/,ﬁ“gllg,lg/vg, (=r )]+°‘01 @, ’[hluh h hlu"'hluht hlvh ([ =11
u'

R
+Zao:a :[gmh g —glhh ) g1+ 2005 050 :[g/Lh,/“hlvg,',,"g/Lh,th:ug,:“],#/}

(3.53)

We note that this term only affects two-particle states.
In Table VII we list the energies of the states considered in Table I calculated using the above effective Hamil-
tonian. By fitting the numerically calculated energy levels to these results we can determine K, ;, and w,. Note

that all the low-lying energy levels of Hy are being described in terms of just three parameters.

The susceptibility and the free energy can be calculated by substituting H§F; (K) in place of Hy in Egs. (1.5)

and (1.6). To order w; and w,, we get

. A—N-D/2 A~—N=D/2
kgTuX(Ty) =kgTyXo(K) — =t 3 X1,/ — 2 3 (=3, m+X3,mF 2,0l | (3.54)
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TABLE VII. States and energies of H§'l (K <0).

Charge Spin Index State Energy
Q S r
1 —(N= 2
0 5 1 & nf +2w0 A=Y ””(abﬁznf‘)
2 & 1);+2w1A"(N_1)/2(aa’2n;) ,
- (N~ 2
3 2gy+h 2ot + a7 + 20 ATNDR2 Qo it + o mp)
—(N— 4 2 2
+2ayA (N 1)/2(0131 “0‘31 oy )?
1 - —(N= -2 _
-2 2 1 hy 7 420, ATV D2 (o)
L s o (N 2 2
+2 2 1 2e1 +a; 2t +nf + 20, ATV D2 Qad i + oy mi
-1 0 1 0
- —(N=— 2 2
2 g th i + 20 ATND2 (ot + agy 1)
+2m2/\_(N_l )/Za{)"lzaalz
_ —(N=— 2 2
1 1 & th a7 + 20, AN D2 (ot + aginp)
2 2
_zsz—(N——l)/Za(-)%l o
2
+1 0 1 28, 2t + 20 A~V Qad i) + 20, AV D2 (o)
2 2
2 £ t& n1++n;'+2w1/\_(N‘l)/2(a0+l nt+ag )
2 2
+4w,) A"(N_”/za(')"l agz
’ ; —(N=— 2 2
1 1 &1 t&; o+ F2m A (N ”/2(03'1 "71++‘X017)1)

aNeglecting possibility of degeneracy, i.e, 7f(K) =0.

4(:)1A_(N_l)/2 2w2A~(N—l)/2

F(Ty) =Fy(K) +KgTy|———=——F i p + =
B B

Fial . (3.55)

Here Xo and Fj are th'e contributions from the fixed point, i.e., due to potential scattering, and have been written
down earlier [cf. Eq. (2.14) for X, and Eq. (3.32) for Fyl. The other functions, X 1, X2, F1, €tc., are defined as

follows:.

30+ a0+
- —B
eﬁn’(lue n,)

e—ﬂn, (1 _e-—ﬁn,')

o~ —_ 2 — -
X 0 (R) =3 |adini S Tedi = , (3.56)
! (14e ") (14e )3
. _ s e—ﬁnf' 5 e—ﬁn,_
X, ;1 (K) =83, |ad; —— +ap — (3.57)
] (1+e Py (1+¢ Py
a3+ = 4+ = - -
X3FI(K)EEE +12e B"’(l—e Bn,) —ag,zeﬁm(l_e ﬁvu) G.58)
' ! (1 4¢Py (1+¢7)3
. - 2 g’“ﬁ"lr 2 e—En,_
Fia(K)=8"3 |aginf ———=— +aqini — (3.59)
! (1+e7") (1+e M)
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N _ 2 €—§"l+ 2 e”ﬁ"l[—
Fyr(K) =83, |og 3 T oo
! l4e M

1+e M

All these functions are to be evaluated in the limit
B8—0 and N — oo keeping Ty fixed. (N determines
the upper limit on /in the sums.)

The thermodynamic functions above are evaluated
in Appendix A. There we show that, neglecting
corrections of order exp(—m?/InA), the functions are
given by [cf. Eqs. (A54)—(A57)]

kgTyXo=Fo=X3,p=Fp,;=0 , (3.61)
xI,Fl=x2,Fl=F1,FI(;_7TZ)_l= a(l%r(lf) . (3.62)
where [cf. Eq. (A30)],
2R 2 L e —l_ 24 (F
af(K) =af|l + TNE ] =afe(K) . (3.63)

Substituting these results into Eqs. (3.54) and
(3.55) and making use of the connection Eq. (1.4)
between B N, and Ty, and putting back all the factors
we have been suppressing, we obtain

_ (gpe)? ! w1 ¢(K) 1 4 w¢*(K)
X(N ==, R +5(1+A )——4/1,%
(3.64)
_ ("/(BT)2 1 wl(b(k)
F(T)——T(‘;ﬂ’ )T , (3.65)

where A, is the same quantity as defined earlier in
Eq. (3.36). From Eq. (3.65) we get, for the specific
heat,

(1) =—1,-2
T)=— TaT F(T)

2

k3T
D

—w¢(K)

4
3 244

(3.66)

Thus we have the results promised earlier, namely
that the susceptibility is a constant and the specific
heat is linear in 7. The results for C and X can be
combined to get the ratio

ki  Tx
R=3m—2 1%
e (gug)? C
1 -1 ) (f)(k)
=1-La+ L2 PR
1 2(1 A )w1 R 3.67)

As mentioned earlier, w;, w,, and K can be calculated
by fitting to the numerically determined energy lev-
els. Using these we can calculate XD/( gug)? and R
from Egs. (3.64) and (3.67). The results for the
various parameter values that we have considered so
far are listed in Table VIII.

(3.60)

The next thing for us to discuss is the dependence
of w; and w;, or rather, of XD/( gug)? and R, on the
parameters U, €4, and I'. There are basically three
cases for which such a discussion is in order.

(i) The first case is when U can be treated as a
small parameter. This case can be handled analytical-
ly, as has been done in Appendix D where we show

that
o
X Ax U U
— = A N A, ||+ O =
(gup)? 27A Maa) ™0 WA]] ’
(3.68)
U v
=14 — —_— .
R=1+d5|—c|+0|— | (3.69)
where
I +[Ax(eg+5U) ]
A= : (3.70)

r

and A, is the A-dependent quantity defined earlier in
Eq. (3.36) (4,—1 as A—1). The above results
agree with the known continuum-theory results'’ in
the limit A —1.

(ii) The second case is the asymmetric-local-
moment case when U and —e, are both large enough
compared to [ that there is a substantial temperature
range for which 7X is in the local-moment regime.

From the discussion of Sec. III D, we know that in
this case X seems to obey the scaling law (3.40),
which can be reexpressed in the form

ks TeX(T) =5 (Te/T) [1+ &7 (n(T/T¢)] | 3.7

where ®~! denotes the function which is the inverse
of ®. The right-hand side of Eq. (3.71) is clearly
another universal function of (7/Tx), and as T —0,
we expect it to go to some universal constant X,,.
Since @ for the asymmetric case seems to be the
same as ® for the symmetric case, we expect that X,
for the asymmetric case has the same value as for the
symmetric case, i.e., for the Kondo problem without
potential scattering, namely,"2 X, =0.1. Hence we
expect, for T << Tk,

XD o 01 (3.72)

(glLB)z B kg Tk

The validity of this result for the cases plotted in Fig.
11(b) can be gathered from Table VIII, where the
values of the two sides of Eq. (3.72) are compared.
In the symmetric case, one could argue? that R
should be independent of pJ for small enough pJ,
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TABLE VIII. Appropriate numerical values for all the numerical computations in this paper, all done for A=3. Runs 7.1 to
7.3 are curves 4 to C in Fig. 10; 7.4 to 7.7 are in Fig. 14, and 6.1 to 6.4 in Fig. 15. The values of E//T or E;*/T have been de-
duced from Eq. (3.22) or (3.49) and are also indicated on Fig. 12. Tx/D is the temperature where 7X=0.07. The susceptibility
and the coefficients w; and w; (of the two irrelevant operators about the frozen-impurity fixed point) are shown in units of
TK/D so that deviations from universality can be appreciated. The primes on w{, wé, and K’ denote that the analysis for the
frozen-impurity regime was done for even N, while the discussion in the text has been for odd N.

—oy ) X
U r € ES* T,

Run D D *5" % (or Ef) -*b[i (in units of T /D) K’ R
7.1 1073 éﬂ x 1070 —10~3 —4.81 267x10710  0.114  0.405 0.106  0.108 2.07
72102 Tax107 ~107 —4.02 7.46x1071% 0111 0400  0.103  0.130 2.08
73 1072 %'n x 1073 -107* —4.81 220x107°  0.112 0395 0.104  0.105 2.06
74 1072 gﬁ x1075  —1.57x107% 1.04 0.824 x 1075 0.242 1.71 0.057 1.56 1.67
75 1072 %‘n’ x1075  —0.974 x 1073 1.34 1.10 x 1075 0.302 226 0.050 1.88 1.53
76 1072 +mx10° 0 1.85 1.67x1075 0443  3.60 0.043 244 1.39

i
77 1072 Sax107 -0.974x107° 2.40 2.08 x 1073 0.527 491 0.033  3.04 1.30
61 05 mx1073 — x 1073 0.72 1.06 x 1073 0.182 1.18 0.069 1.17 1.88
62 05 mx 1073 —1.948 x 1073 1.00 1.52 x 1073 0227 155 0.044  1.45 1.71
63 05 mx1073 0 1.48 220 x 1073 0.293  2.19 0.045 196 1.51
64 05 mx 1073 1.948 x 1073 2.01 3.54 x 1073 0452  3.74 0.042 252 1.37
Fig. 13 1072 Swx107 ~5x 1073 ~1.18 478 x 107

and the numerical results showed this value to be

R =2. In the asymmetric case there seems to be no
simple argument which makes clear whether or not R
is independent of the parameters of the Anderson
model. The numerical results in Table VIII show
that R in the universal range (runs 7.1—7.3) is only
slightly affected by potential scattering. In the
nonuniversal range (runs 7.4—7.7 and 6.1—6.4) R
drops below 2, the amount of drop being a rough in-
dication of the magnitude of the departure from
universality.

(iii) The final case for which we can discuss the
dependence of X/( gus)? and R on U, €4, and T is
the case considered in Sec. IIIE where —e, is small
enough compared to I' or €, is positive such that
there is a direct transition from the valence-
fluctuation to the frozen-impurity regime due to a
positive E,(T).

In this case, in view of our discussions in Sec. III1E
[cf. discussion around Eq. (3.48) and (3.49)], the sit-
uation for temperatures much less than the transition
temperature T3 can be likened to that for an Ander-
son model with an effective €; equal to E/* and an
effectiv U equal to oo. Hence we can use the expres-
sion (D27) derived in Appendix D and replace €4 by
EJ* to claim that in this case

X _1_'r
(gus)? Aa 2w(ES")?

(3.73)

The condition for the validity of this result is that
E;* be much greater than T

We note that the dependence of £, on €4, U, and
I' is obtainable by solving the transcendental equation
(3.48). For the case when ¢, is positive and compar-
able to U, th solution for E;™ is approximately

U

€4

Ef=e, +-7l;—ln +oe (3.74)

Substituting this result into Eq. (3.73) we get (setting
A AT 1 )

X r

ar U
(gup)?  2mej

In—+ - ] . (3.75)

TE€Y €4

Of course, such a series for X can be obtained directly
from the asymmetric Anderson model (for the case
when €; >> I') using perturbation theory in T, as has
been done by Haldane.” The expression (3.73) can
be looked upon as the result of summing up of the
logarithmic terms of such a perturbation series. (Of
course, such a summing up is hard to perform
without using renormalization-group techniques, ei-
ther as above, or in the scaling-theory form used by
Haldane.”)
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APPENDIX A: DISCUSSION OF THE FREE-ELECTRON

HAMILTONIAN WITH POTENTIAL SCATTERING
In this appendix we discuss the properties of the

free-electron Hamiltonian with potential scattering,
described by the Hamiltonian (2.11)

HY(K)
N-1 .
= ANVDRL S AL (L fr + Sl f) + RS fo
n=Q

=HY+KAN-D2st g (A1)

Spin indices are unimportant for this discussion and
are suppressed.

1. Exact results
Since HY(K) is a quadratic Hamiltonian it can be
diagonalized into a set of single particle levels, to find

which we express Eq. (A1) in terms of the operators
that diagonalize HJ. We will write

HY=3, «a'a; ,
1
So=A"YDRS yoa (A2)

In view of our discussion of HY in Sec. IIl A of I, we

know that, for N odd, | = +1, +2, . . ., ++(N +1),
a=n a=g, =aq (I1>0) ,
=M =8 Yo o/ (A3)
a=—n%, a=hl, yo=a (1<0) ;
for N even, 1 =0, 1, £2, ..., £ N,
a=9, a=g, yu=dy (/I=0) , (A4)

e=-n% a=hl, yu=&- (I <0)

Expressing H9(K) in terms of the operators a; we get

H,e = 2 e,a,*a, + kz 'yofyo,,a,*al, . (AS)
! '

It is easy to show that a new set of operators ¢,
defined as ¢; = 3, uya, where uy; are the elements of
an orthogonal matrix, will diagonalize HJ(K) into a
set of single-particle levels m;(N) provided the u;
satisfy the equations

(nj—el)u,j=1€y0,2'ym,u,,j . (A6)
I/

The solution of Eq. (A6) is easily shown to be

p
R'=3-20 =x(Nu) , (A7)
M€
-12
Yoi Yo'

mi—e |y (m;— 5/,)2

(A8)

Uy =

That is, the eigenvalues 7; are determined by the
roots of the equation X (N, n) =K', which roots can
be determined graphically by plotting X(N, n) vs 5
and locating the intercepts of such a plot with the
horizontal line X =K', Once m; are determined, uy
can be computed using Eq. (A8).

We first consider the case when N is odd. Using
Eq. (A3) we get

1)/2 2
o (N+1)/ ol

K =X(N,n)=2q —h
1=1 L/ 1]

(A9)

The graphical determination of the roots of this equa-
tion is sketched in Fig. 16(a), which shows that there
are %—(N +1) positive eigenvalues which grow
smoothly out of ;' as | K| increases, and can be
denoted m; (K,N) and ;—(N +1) negative eigen-
values that grow smoothly out of —-n,-* and can be
denoted —mj(K,N) [j=1,2, ... ,%(N +1)]. Us-
ing the results that for / >> 1, = A'"!, and
ofi=adA'™ one can easily show that

®  a ® (mA-(N+D/2)2n+1
X =2m 3 00f 33 (A

(A10)

which shows that, as N — o the eigenvalues
n£(K,N) rapidly approach (with deviations that van-
ish as A=(N=172) their fixed point values, denoted by
nt(K). The equation determining n* is, from
(A10),
~—1 + < o +
+K =2T)j‘2~—-+—-—‘—*—ZEX(’YU_) . (A11)
=l ;==

The behavior of n*(K) as a function of K is
sketched in Fig. 16(b). We note that as K — +oo,
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X(N,m)
N, W T_nT —
_____ JER ) R D I v
-y A\ A M
oV \/ 4 n
-9 -6 -3 3 6 9
(a)
R A
et oy 7
77]* (K)
—————————————————————— oy
K
%
(b) %3

FIG. 16. Eigenvalues of the odd-N free-electron Hamil-
tonian with potential scattering K. (a) The characteristic
function X (N, n) [see Eq. (A9)] is plotted vs the energy n
measured in units of A™V=D72 for the case N 5. Note
that X (N, n) blows up as the fixed points 1), of free-
electron Hamiltonian for odd N and is zero at those TIJ for
even M. The intersection of X (N, n) wnth K~} gives the
roots ;- (K ,N). (b) The behavior of 7’ (K, N) is plotted
as a function of K. Note that as K — # oo, "q (RN ap-
proach the odd free-electron elgenvalues 7], In the limit
N — oo we denote the roots n;~ t(R) as the eigenvalues of
the fixed-point Hamiltonian including potential scattering
H*(K).

{n,f} go over to the odd free-electron eigenvalues
{f:}. We will let #*(K) denote the fixed point
determmed by the set of single- pamcle levels
nj- F(K).
Next we consider the case when N is even. Using
Eq. (A4) in Eq. (A7), in this case we get
2
G +21 2 ai__ (A12)
=1 p? —m

K =X(N, n) =

The graphical determination of the roots of this equa-
tion are sketched in Fig. 17(a). This figure shows
that there are —~N posmve eigenvalues which grow

smoothly out of n, as [Kl increases and can be
denoted 7); "(K,N), and N negative eigenvalues

which grow smoothly out of n, and can be denoted
-7, (K.N) (j=1, 2, +N). The eigenvalue
that grows out of m no ( 0) is positive if K > 0 and
negative if K <0, and will be denoted 79 o (K,N) for
K >0and -7 (K,N) for K <0. Exactly as in the
case of odd N, we can verify that as N — oo,
ﬁj‘(k,N) rapidly approach their fixed-point values
7, (K). The latter are determined by the equation

.2 0 2
R =22 420 3o =G L (A1)
nj =1 "A'Ij__'ﬁj

The behavior of 'F;,'_(K) as a function of K is
skefched in Fig. 17(b). We note that as K — + oo,
{n, } go over to the even free-electron eigenvalues
(n). We will let *(K) denote the fixed point
determined by the set of single-particle levels

+ o~

M (K).

We make one further remari< about the ground-
state charge associated with H (K). We recall that
(cf. Sec. II1 A of I) our convention for assigning
charge was such that for the cases when K =0 the
zero of charge corresponds to having one electron in
o (cf. Table II of I). Therefore, whgn K >0 and we
associate an electron operator with 7g o the ground
state (with no electrons or holes) of # (K) must be
assigned charge —1; when K <0, and we assomate a
hole operator with ), the ground state of H (K)
must be assigned charge +1.

Next we consider the expansion for fg in terms of
the new operators ¢;. Using Eqgs. (A2), (A8), and
(A7), we get

fo= A—(N-D/4 E

270/“0
il

<G

-1/2
2 1

o
SAWDAS RIS (Al4)
jE' 2 (7“ - €ll)2 /
For large N, the term in large parentheses in Eq. (A14)
is independent of N. By labeling ¢; in terms of elec-
tron and hole operators, it is straightforward to show
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(a)

FIG. 17. Eigenvalues of the even-N free-electron Hamil-
tonian with potential scattering K. (a) The characteristic
function X (N =6, 1) is plotted.vs n measured in_units

A75/2. Note the contrast with Flg 16(a) in that X now

blows up at the fixed points 77, of odd-N free electron Ham-
iltonian, etc. (b) Similarly, the roots of n;~ *(K.N) are ob-
tained from the graphical solullon of X=K"' I the limit
N — oo, we denote the roots 7, *(K) as the eigenvalue of
the fixed-point Hamiltonian including potential scattering
H*(K). Finally, we note that there is one-to-one mapping
between H*(K') and H*(K) where K'=—(2/#)

xInA/(1 = A ) K7! [see Eq. (A64)].

that for N odd we get
So=A"WN-D/A E(a{;’}g,--*—a&jhf) , (A15)
J

as was stated in Sec. IIC [cf. Eq. (2.16)]. o} are
given by
]-1/2

o =K | S ab| ! ,
=K'-Xx'(gD)]172 (A16)

(nf=nH? " (gt +n)?

The second result above follows from the definition
(A11) of X(n/). Similarly, for N even, we can
write

fo=A"ND1 S (ag,8; + k) (A17)
J
with the understanding that for K >0 there is a g¢
but no hg, whereas for K <0 there is a 4y but no gg

[cf. the discussion following Eq. (A12)]. Using Eqgs.
(A14) and (A13) we get
]—1/2

.t e 1 1
ag; = : Eam +
=K7'EX (gD (A18)

X o
SN A=A (nfF+a)?

Fmally, we calculate the O (A~N-D72) deviations
of n£(K,N) and #; (K,N) from their flxed -point
values For example, by substituting 15 (N)
=yt +8FA~¥"D/2into Eq. (A10) and collecting to-
gether the terms of O (A~N~1/2) "we can show that

+ + T’j_ A—(N—])/Z
FN)=pr— D
"')J( ) nj A X'(mi)
*
=0t + R (a2 TATNIR L (AL9)

The scond step above follows from Eq. (A16). Simi-
larly
* A-v-nn
A
A X (T[j )
P
1%(&;7)2—";\'—/\4”-”/2. (A20)

vy =5 -

Ai
=My

Of course, one can also diagonalize Eq. (A1)
directly numerically, by diagonalizing the
(N +1) x (N +1) matrix 3J(K) whose only non-
vanishing matrix elements are
(JC.VO)n,nH = (JC,’\/O)n+l.n
=AW-I=m2¢ =01, (N -=1)

(39)g0=ANDRK (A21)



1076 H. R. KRISHNA-MURTHY, J. W. WILKINS, AND K. G. WILSON 21

[Compare with similar discussion in Sec. III A of 1.]
The single-particle levels n;(N) are given by the
eigenvalues of this matrix. If the real orthogonal ma-
trix that diagonalizes JC¥ be denoted M, then we
have the result that

N
3 @), A, =n; (NI, . (A22)
n'=0

The new operators ¢; that diagonalize HJ(K ) are
then given by

fo=2Mycs, = 3Myfy - (A23)
J n

M and n;(N) can be evaluated numerically using
standard diagonalization routines on a computer. In
this way all the results that we discussed earlier in
this appendix have been verified to be true.

Next we consider the proofs of results (2.17) and
(2.18) used in Sec. IIC. Equation (2.16) has been
proved earlier. To prove Eq. (2.17), consider Eq.
(A22) for n =0. Using Eq. (A21) we get

KMy; + &Iy =m; A-N-D20m,; (A24)

But from Eq. (A23), M ,; and M ; can be seen to be
the expansion coefficients for expressing fo and f)
(respectively) in terms of the new operators ¢;. By
relabeling ¢; in terms of electron and hole operators
and by using the result (A15), it is easy to show that
for N odd

Kfo+ & f1 =AWV S (afimitei—agmih') |
J

as stated in Eq. (2.17). For N even we get

Kfo+&f1 = ANV S (a8nte — oy hit)
J
(A25b)

Similarly, one can prove Eq. (2.18) by considering
Eq. (A22) for n=1.

2. Asymptotic (i.e., j >> 1)
+ +
results for m;~, ag;, etc.

For j >> 1, the quantities nJ«i a(}—;, etc., can be
evaluated exactly (analytically), as shown below.
First consider the case when N is odd. For

nt >>1 we can write [cf. Eq. (A11)]

_ + < Al
X (nf) =2adnt 12;, B = prm
- J

o

Al—l
= Za%nji 2

S (BT A (A26)

The first approximation above follows from the fact
that the dominant terms in the sum in Eq. (A11) are
for m;* =mn;* >> 1, for which aj, = adA’~! and

nif = A'""; the second approximation follows from the
fact that the extra terms that are added are of order
(1/m/%). The last sum in Eq. (A26) can be evaluated
exactly using a Sommerfeld-Watson transformation,'*

(A27)

(A25a) and we get
J
2 o
_ Tap m In (=1)* tan(7 Inn/InA)
X(n) = t 2
() =18 1 ma ,El cosh?(m?k /InA) tan?(ar Inm/InA) + tanh?(a Inm/InA)
) A
- % t 7 lny ,
InA InA

since the neglected terms are of order
exp(—2m%k/InA). Substituting this result into Eq.
(A11), it is straightforward to verify that the asymp-
totic solutions for n* can be written

2
nE=AUDEy g7 Z:j\o cotmy (A28)
We note that in the limit A—1, nF=[(j—1) ]
XInA, so that vy is essentially the phase shift.
Furthermore, using (A16) we can derive the
asymptotic solutions for aoi,. We have, using Eq.
(A28), )

-12
+
20 7 Inm;~

InA

m™

51

o)
S+

2
T cosec

(InA)?; (A29)

r

Substituting the results (A28) into (A29), we get
a(%,- = ao(K ) ('T)ji)llz.

mad i
ap(K) = a1 +——0—[€2]

(nA)? (A30)

Following exactly the same procedure as above, we
cap show that the asymptotic solutions for n,-i and
aq; are

P 4 _ = > ~t
Ry =AY o= ag(K) (7)1 (A31)
where y and ao(K ) are the same as before

All of the above asymptotic solutions have been

checked to be correct using the exact results from the
numerical diagonalization.
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3. Evaluation of thermodynamic sums

Next we discuss the evaluation of the various ther-
modynamic sums involving .mi and aot that we en-
countered in the text. The basic sums that we need
are

+ e"'iﬂli e_E"I[*
ks Taxd (K) =3, FE o
Pla+e )2 (1472
(A32)
4+ 5y 52 + +e—§"’£(1—e—§"’t)
xit(K)=pg"3, (a5i)’ni nE , (A33)
! (14e77)3
—Bn
*R)=3 )2 e !
XF(K)=83 (ag) - (A34)
! (14 7)2
-+ _
~ _ —Bn,— _ —Bn~
XE(R) =B 3 (ad)? (1_;¢ L (A39)
! (1+e 77)3
—Bn~
FE(R)=—ksTy 321 |1EE—| (A36)
! 1+e P
+ 5y _ 32 12+ e_zh"_
FE(K)=8 E(ao‘/) n’_——f‘;—i , (A37)
! l4e 1
~ _ e‘Eﬂ[_
in(K)Ei'ﬁz(aoi;)z——_‘t; . (A38)
! 1+e P

The functions defined in the text are then obtainable
as Xo=X§ + X5, Fo=F¢ +Fg, X1, =X{ + X7,

X2, ;1= X1,LM = X3 + X7, etc. We want to evaluate
these sums in the limit when 8 —0 and N — oo keep-
ing Ty fixed. (N determines the upper limits on /in
the sums.)

We note certain common features of the above
sums. First, each of the summands is exponentially
damped [as exp(—Bmn,)] for large /, so that the upper
limits on / can be set to o in all the sums. Thus the
functions are independent of Ty. Second, for B<<1
the sums are dominated by the terms for which
Bn, =1, when we can replace mi, n/, and a&? by
their asymptotic values. Furthermore, the lower lim-
its on /in each of the sums can be replaced by —oo,
since the contributions due to the extra terms that
are thereby introduced are of order 8, and vanish as

B—0. Using these approximations we get

o —uli —u/*'
ks TaXg =3, - —L——| . (A39)
=== (14+e )2 (14e )2
oo —uli(l_ —uli)
) 3 (uE——=5—,  (A40)
I==eo (14 )3
oo _“[i
XF=ad(R) 3 urt——p— | (A41)
== (1 4¢ 17)2
+ 2WEY S +e—”'_(1-e_uli)
X3—=ia0(K) 2 U/‘_——T‘— B (A42)
[==e (1+e )3
.t
Fit =—2kpTy 3 1n] L
¢ = BNyzln‘_—"':T , (A43)
== | 146
-t
-=a0(K) 2 (u™* )2——i s (A44)
I==eo 1+e
oo _“[i
F21=j:a5(1€) 2 u[i___"_____u_i_ , (A45)
== 14 !

where we have introduced the variables
uE=Bnt=BA"Y, ur=Bn'=BA""" . (A46)

We note that if we let 8 — BA,

(%, u*) = (g, u%y ), which means that the sums
(A39)—(A45) are periodic in In8 with period InA
and can be evaluated quite easily using a computer.
I_n the limit A — 1, the sums become independent of
B. '

Next, we consider the limit as A —1. In this case
the variables u,i and u/* vary slowly with /, and the
sums can be replaced by integrals. For Xft, X{:, Xgi,
FZ, and F#t, we choose u =u,® to be the integration
variable. For x$ and Foi it is convenient to choose
u =u* A7 as the integration variable. In either
case we have A/=Au/(ulnA). Hence we get, in the
limit as A —1,

1 du o~un??

Ky Tw X = — &

8 InXg " InA f (1 +e—uA7/2)2

e-—ul\_"/2
- | (A47)

(1+e )
2ksTn ( du 1+e-~“’2
+ __ - BIN u

L f pperyecd RIS
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Xt = af(K) wudu eT(l—e™) _ a3(K) 1 '
InA 0 (1+e7%)3 InA 2
(A49)
2 B 2 T
+ a(K) = e of(K) 1
F = - >, (AS
=T b M e T A 2 0 A0
)tos K (= etU—e) _, ab(K) 1
InA Yo (1+e%)3 InA 4
(AS1)
+ ad(K) = e of(K) 2
. uau = ek
InA YO (1+e7) InA 12
(A52)
§K) [ -u ad(K)
Ff=+2 du—4— =+ 20 2
2 InA Jo T ] 4ev InA |
_ (A53)
Thus, we have, in the limit as A — 1,
kgTnXo=Fo=X3 pi=Fp,pm=0 , . (A54)
-
af(K)
= ASS
X1,F1 nA ( )
3(K)
X2, k1= X1,LM = . . (A56)
InA
o
o (K) 5
Fip= - . 7
LRSS T T (A57)

When A > 1, the integrals (A47)—(A53) can be
considered as approximations to the sums
(A39)—(A45). However, there is a theorem (see
Ref. 2, p. 832 for the proof) according to which the
error due to replacing the sums by the integrals is
only of order exp(—a?2/InA). Therefore, to a very
good approximation, we can regard the results
(A54)— (AS7) as valid even for A > 1 [as long as
exp(—m%/InA) << 1] with ag(K) being given by Eq.
(A30).

Finally, we note that functions XS:, Xli, etc., can be
evaluated exactly for any given A, B, and K using the
exact, numerically determined values for nﬁi, 7/, and
aoi,. In this way, all the above conclusions have been
verified to be correct.

4. Mapping between H*(K') and B (R ')

Finally, we demonstrate one-to-one mapping
between H*(K') and A" (K), which in the language -
of Sec. II B, are two lines of fixed points of 2. This
mapping was invoked in Sec. IIB to show that the
strong-coupling and the frozen-impurity lines of fixed
points are the same.

‘In order to prove this mapping, we consider the
Hamiltonian

Hy=HY+ RoA*NDRfLfo+ RIAN-D2plf 0 (AS8)

for even N, in the limit Ko — co. We can solve Hy in.

two ways.
The first way is to first solve (for even N)
HY(Ko) = HY + KoAND2 1 1y (A59)

in the limit as Ko— . This has already been dis-
cussed, and we know that this leads to the even fixed
point H* as even N — . Furthermore, we note that
Ko — oo freezes the states in which ,/'J_/'0=0, giving
rise to a ground-state charge of —1. One can also
verify that the expansion for f; in terms of the
operators that diagonalize H3(K,) for Kg— o is
given by )

InA

= A—(N=1)/4
./l = A P
o)

2&0/(‘1 . (A60)
i

Hence the /] /) term generates potential scattering
about the even fixed point.l We conclude that for
Ko=oo, Hy leads to H*(K') plus a ground-state
charge of —1 as even N — oo, where K is given by
2

~ 1

R _k’ InA

mad

(A61)

The second way to solve Hy is to diagonalize it
directly. By using exactly the same methods as we
used in diagonalizing H9(K), one can show that in
the limit as Ky — oo, the eigenvalues of Hy for even
N are given by the roots of the equation

& N g N
S0 4oy —N g, . (A62)
mo gy

In view of our earlier discussions, one would con-
clude from Eq. (A6A2*) that as even N — oo, Hy leads
to the fixed point H (K) where

K==k, . ' (A63)
Hence we have proved the result that 1‘1*(16) is

the same as H*(I_?I') plus a ground state of charge
-1, with K and K being related as

R=-DnAga__2 InA g (A64)
ooy T 1—-A

The details of the above proof are not given here.

APPENDIX B: DISCUSSION OF THE SCALING LAW
FOR THE SUSCEPTIBILITY OF THE KONDO
HAMILTONIAN WITH POTENTIAL SCATTERING

. The perturbation expansion for the running-
coupling constant Jy has the general form (the tilde
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over all J’s has been suppressed)
JN=J+02’N.’2+03,N.I3+ . (Bl)

The coefficient of the O(J) term is 1 because J is a

marginal variable. The coefficients a, 5y and a3 y are

polynomials in N, and can become large as N in-

creases. This is why Eq. (B1) is a bad expansion.
We can invert Eq. (B1) to get

J=JN"02,NJ[\2/+(2022’N"a3,N)JA3;+ et (BZ)

If we substitute Eq. (B2) into Eq. (B1) written for
Jn+2, We get a recursion relation between Jy4, and Jy

Ivaa=JIn + AR+ AsI3+ - - -, (B3)
where
Ay=a;nna—ayn , (B4a)

As=as Ny —2a,vnaynv+(2afy—asy) . (B4b)

Equation (B3) is a good expansion because 4,, 43,
etc., are expected to be independent of N.
The solution for the recursion relation (B3) is

YU +5(N=1)=y(y) +5(No—1) , (BS)
where

Ay

1
v(J)=—+
v A}

YW, In|4J|+0(J) . (B6)

Now consider the expansion for the susceptibility.
We expect an xpansion of the form

ke TwX(Ty) =5 + Y1 (B)J + V,(B.N)J+- - . (BT)
In terms of Jy,
kB TNX(TN) =% +JN YI(E)

+J31 Y;(E,N) - Y](E)azlv] + -

(B8)
which can be rewritten
y(Ty) =[4kgTyx(Ty) —1]
=B(B)JIy+B,(B)JF+ - . (B9)

The coefficients By, Bj, etc., are expected to be 51
dependent of N, but can, in general, depend on .
Equation (B9) can be inverted to get

B,

1 22
B}

Iy =
V=B,

y(Ty) - [y(TW)12+ - - . (B10)

By substituting this equation and the result [cf. Eq.
(1.4)]

kgTN

1+A7!
N =

+In , (B11)

%(N—l)lnAr——ln[

into Eq. (B5), we get the result
®(y (7)) —In(kpT) =@(y(Ty)) ~In(kgTy) , (B12)

where we have written 7 for Ty and T, for TNo' b is
given by [cf. (B10) and (B6)]

B, InA
®(y) =>nA)W(Jy) = |24 (1
A, y

+|=2 ~1|imAn]y| +0(y).

(B13)

If we now take the limit as 8—0 and A —1
keeping T and T fixed, we get the scaling law (3.41),
where Ty is related to T, by

and can be computed by choosing T, to be high
enough that y (7)) can be calculated perturbatively.

APPENDIX C: DISCUSSION OF THE KONDO PROBLEM
WITH POTENTIAL SCATTERING

Starting from the model Hamiltonian (3.27), we di-
agonalize exactly the piece of (3.27) that excludes the
pJ term, namely

1 1 1
32 =Dy [f_l dk kala, +pK f-1 dk f_l dk’ a,fak,] .

(cn
This can be done by means of the transformation

1
a, = f-\ dq u(kq)c, , (C2)

1
g—k|’

(C3)
where 8(¢) is the phase shift determined by the
equation

u(k,q) = [cos5(q)16(q — k) +i‘£‘;‘—"lp

wcotd(q) + P f—qd—fl:_—=(pK)'l : ((e2))
In the above equations, P denotes the principal part.
In terms of ¢, 3¢ is diagonal:

1
32 =Dk f—x dageglc, . _ (cs)

These results can be verified, for example, by linearly
discretizing 32, solving the resulting Hamiltonian,
and then taking the continuum limit, or directly [if
enough care is taken in handling the generalized
functions u (k,q)] by substituting Eqs. (C2)—(C4) in
Eq. (C1). We note that

1 1 .
_ sind(q)
f_l a, dk = f~1 dq wpK Cq s (C6)
this follows from Egs. (C2)—(C4).

Substituting these results into the model Hamil-
tonian (3.27), we get
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Xk =Dk

We note that sind(q) is a smooth function of ¢, and can be expanded in powers of ¢. In accordance with our dis-
cussion of Sec. VD of I, the dominant term is the term independent of ¢, as the terms involving powers of ¢ pro-

duce irrelevant operators about the local-moment fixed point. Hence we get

1 1 1
= Dy [f_l ch*chq — pJeir f_l dq f—x dq' th_lz_ o . %? , (C8)

where

2
p.lerr=p./ ﬂ@_ﬁ_m] =pJ CCSZS(O) = ‘—L

mpK [1+(mpK)?]

(c9

where the last two results follow from Eq. (C4) for

g =0. As far as the susceptibility is concerned, the
difference between ¢, and ay is irrelevant. Hence we
get the result that for small —pJ, the low-temperature
susceptibility for the Kondo problem with potential
scattering can still be written

®(4kgTX—1) =In[T/Tx (Ju) ] (C10)

(c11)

Tk (Jer) = D (Jeip) | pJese] 2 exp |- L
p‘-]effl

where @ is the same universal function as for the
Kondo problem without potential scattering. Note
that the effective bandwidth D (J) is affected by the
irrelevant operators about the local-moment fixed
point and will in general depend on the higher-order
terms in Eq. (B7) when we expand sin8(¢) and
hence on pK.

APPENDIX D: ANALYTICAL TREATMENT
OF THE SMALL-U CASE

The procedure we follow in order to treat the small
U case of the asymmetric Anderson model analytical-
ly is basically the same as for the symmetric I' >> U
case treated in Appendix E of I. We break up Hy as
[cf. Eq. (2.18) of 1]

HN=HN0+UA(N_l)/Z(('JFCd#'—l)Z B (Dl)

Hyo=HY+ 8,42 c,

+ T PAN-DBCCE o+ flea) (D2)
diagonalize Hyo exactly, and treat the U term as a
perturbation. The conditions for the validity of this
procedure will arise out of the analysis. Spin indices
have been suppressed in Hyg for convenience.

The diagonalization of Hyg can be carried out ex-
actly as in Appendix E of I. Using the same notation

r

[refer to Eqs. (B4)—(B6) of 1], we can write Hyq for
odd N as

2
Hyo= 2 niala; + P AN-D Z ao(ada;+a'ay) |
[=—J lm—]

(D3)

where, in contrast to the symmetric case where g
was exactly zero [cf. Eq. (E6) of I], m9 now has the
value :

=8 ANV = (&, + T) AN (D4)

In this case, a set of oprators 4, = 3, Uya, where U
are the elements of an orthogonal matrix will diago-
nalize Hyo into a set of single-particle levels 7,(N)
provided that the Uy satisfy the equations [compare
Egs. (E7) and (E8) of Il

(’ﬁj“?}[*)UU=f1/2A(N-!)/4QOIUOJ (1¢0) » (DS)

(4 — 8, ANV g -—”/ZA‘N‘”/“ ZaozUu . (D6)
1#0

The solutions to the above equations are that the
eigenvalues 7;(N) are determined by the roots of
the equation

~ X (N-1)/2 J 2
M — 84 R ag .
e =2 S = X (W)
(N=1) J A2 2 . K
FAN ]/% [=1 7,1-—1“*
(D7)
Uy, is given by
(12 -1/2
=[1 +FAWN-D2 u , (D8)

1227 (R, —n)?

and Uy for | #0 are determined by Eq. (D5). The
function X defined in Eq. (D7) is the same as what
appeared in our discussion of H(K) in Appendix A
[cf. Eq. (A9)].

For the purposes of this appendix we will assume
that 8§, << 1 and [' << 1. In Figure 18 is sketched
the graphical determination of the roots of Eq. (D7)
for the two characteristic cases 5, << I and 5, >> I':
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X(@,N)
o
A
o\ A iy A
- ¥4 /L 7
\ [
—

FIG. 18. Eigenvalues of Hyy. The characteristic function
X (#,N) is plotted vs n measured in umts of A=IN=D72 angq
for the case of odd N, blows up at ")j The elgenvalues are
given by the graphical solution of X = (3 —5,A(N-D/2)

x TAN-D/2 =y(%). For the free-orbital regime we set N
small enough that 8, ' << A=(¥=1/2_ Accordingly y (),
curve A, is a very steeply inclined straight line intersecting
the n axis at 8, AN=D/2 and yields the solution (D10). For
the frozen-impurity regime (i.e., N — o0), y(#) is just the
constant —~5,/I’. We have shown two extreme cases:

84 << I with curve C and 8 >> [ with curve B.

1. Free-orbital regime

When N is small enough that TAN"1D2 << 1 and
8,AN D2 << 1, to zero order in the small quantities
the roots of Eq. (D7) are given by (see Fig. 18)

=0, #=n; (j=0) . (D9)

This is just the free-orbital fixed point Hpo (K =0).
The leading deviations are easily shown to be

ﬁogsdA(N_l)/z ,
dy—mp =AYV In* (j#0) . (D10)

Furthermore, one can verify that

Up=1 +TAWN-D2 2 ady
=1 1rIl

Uy = f"’A<~~1>/4i‘-‘°—j (j #0) (D11)
L]
so that the U term in Eq. (D1) is just TAWN-D2
(dgdo—1)? to leading order. All this is characteristic
of the free-orbital regime.

2. Frozen-impurity regime

Clearly, as N — oo, 4);{N) tend to the fixed-point
values given by the roots of the ‘equation

84 + ag +
- =2y Y ——————=1X(n) , (D12)
r - (nf)? =~/ '

where we have denoted the positive eigenvalues by
mJj and the negative eigenvalues by -n;. From the
discussion of Appendix A, it is clear that n, corre-
spond to a potential scattering K given by [compare
Eq. (A11)]

R=-T/5; . (D13)

Furthermore, the limit 5,AY"V/2— o5 gets rid of the
ng # 0 states of the impurity, whence the ground
state acquires a charge of —1. Thus for N — o« we
have the frozen-impurity fixed point H& (K). We
note that K is negative, and in the symmetric limit
(8,—0), K ——oo. All of this is in agreement with
earlier discussions.

Next we consider the O (A~¥=D/2) deviations
from the fixed point for a large but finite N. This
will enable us to obtain the coefficients w; and w;
(discussed in Sec. III F) explicitly. Making use of
Egs. (D7), (A10), and (D12), it is easy to verify that
to O (A—(N-D/2)

nE(N) - —=m+ir7-(:—1}'—)_-) A-(N-D)/2

.(D14)
Neglecting A~! in comparison to I l, and making use
of Eq. (A16), we can rewrite this as

nE(N) = =—(R T A-V-D1gl0 £ (D15)

This deviation is precisely of the form of the w; term
discussed in Sec. III F [see discussion following
(3.52)], and we can explicitly identify that

w =—+ KT =-/(25)) , (D16)

where the second result follows from Eq. (D13).

The Uterm in Eq. (D1) gives rise to an
O (A~¥-D12) deviation about Hp (K) that looks like
the w; term discussed in Sec. III F. To see this, note
that in terms of the electron hole operators that
characterize the fixed point,

Ca= ao=j2U0jﬁj =2(U0jg,+U(§h,t) . (D17)
J

From Eq. (D8) we see that for large N,
-1/2

U'!‘,E FAWN-D2 ___.________
v 2 n“—'n/)

=[-TAW-D2Y (n5)]712 (D18)
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Once again making use of Eq. (A16), we can rewrite
this as

Uit =RTTPA-W-Dragdt (D19)

Substituting Egs. (D17) and (D19) into Eq. (D1),
one can easily verify that the U term generates a de-
viation about Hgy (K) precisely of the form of the w,
term discussed in Sec. III F, where w; is.now explicit-
ly given by

wy=U0(RT™)4=0TY5; . (D20)

(We note that the U term also generates additional
potential scattering. Since we are only interested in
the lowest-order calculations we will neglect this ef-
fect.)

Substituting the results for w; and w; into the ex-
pressions for X and R [cf. Egs. (3.64) and (3.67)], we
get

_ (eun)? K?¢(K) R’6(R)

l+3(1+A MU

D 44,T 2 AAT ’
(D21)
K'¢(K
R=1+-> (1+A ‘)U—4qu ) (D22)
AT

where ¢(K) is defined by Eq. (3.63) and 4, by Eq.
(3.62). Substituting these results as well as the de-
finitions Eq. (1.3) for U, T, and &,, and makmg use
of Eq. (D13), we finally get the results

X Aa U U
(gug)? 2mA ArA mA (D23)
U U
R=1+4,-L +0|-L| | 4
A A (D24)

where

I +43(eg+5U)?
A= T (D25)

We note that in the symmetric case, €; = —%U
when A=T, and the above results reduce to those
obtained in I [cf. Eqs. (5.40) and (5.41) of I]. In the
limit U=0, A—1 (4,—1), the above results agree
with the calculations by Salomaa.!”> The condition for
the validity of Egs. (D23) and (D24) is that I'/D and
U/m A be small compared to unity.

Finally we note that in the limit when €, is positive
and €, >> T, U

A=A}el/T , (D26)
in which case to leading order in the small quantities

X 1 T
= — . (D27)
(gMB)z

Ap 2me]

According to the discussion above, this result is valid
provided UT'/€? is small. Actually Eq. (D27) is the
dominant term in the zero-temperature susceptibility
even if this condition is not satisfied, as long as ¢, is
positive and €; >> I'. This result follows from the
fact that in this case the ground-state subspace essen-
tially has ny =0 (see Fig. 7 corresponding to the
manifold of states), which therefore makes no contri-
bution to the susceptibility. The dominant [O(T)]
contribution comes from virtual transitions to the
nq=1 subspace, and is given precisely by Eq. (D27).
U enters only when we calculate O (T'%) contribu-
tions. For further discussion see Sec. III F, where we
make use of Eq. (D27) to calculate these contribu-
tions.

*Permanent address: Dept. of Phys., Indian Institute of
Science, Bangalore 560012, India.

IH. R. Krishna-murthy, J. W. Wilkins, and K. G. Wilson,
Phys. Rev. B 21, 1003 (1980) (preceding paper).

2K. G. Wilson, Rev. Mod. Phys. 47, 773 (1975).

3P. W. Anderson, Phys. Rev. 124, 41 (1961).

4For a review of this subject, and for references to previous
work see Magnetism, Vol. V, edited by G. T. Rado and H.
Suhl, (Academic, New York, 1973).

50ther review articles include C. Rizzutto, Rep. Prog. Phys.
37, 147 (1974); G. Gruner, Adv. Phys. 23, 941 (1974);
and G. Gruner and A. Zawadowski, Rep. Prog. Phys. 37,
1497 (1974).

8For a formal theory of fixed points, linear, and nonlinear
deviations from fixed points, etc., see F. Wegner, Phys.
Rev. B §, 4529 (1972); also, K. G. Wilson and J. B. Ko-

gut, Phys. Rep. C 12, 76 (1974).

’F. D. M.Haldane, Phys. Rev. Lett. 40, 416, 911(E) (1978).
8We note that Eq. (2.9) is precisely the sequence of Hamil-
tonians one would use in a renormalization- -group treat-

ment of the Kondo Hamiltonian including potential scatter-
ing. See Sec. III D for details.

F. D. M. Haldane, J. Phys. C 11, 5015 (1978).

0For previous work on the spin-35 Kondo problem
including potential scattering, see K. K. Murata, thesis
(Cornell University, 1971) (unpublished), and references
therein.

113 R. Schrieffer and P. A. Wolff, Phys. Rev. 149, 491
(1966). ‘

12We note that this discussion neglects the changes in J; and
kl within the valence-fluctuation regime, which changes



21 RENORMALIZATION-GROUP APPROACHTO THE ... 1II. ... 1083

would appear if we calculated things to higher orders in if n{ =0; or the term
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