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Anisotropy of flux-line lattice in cubic superconductors
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The magnetic field due to a single vortex in anisotropic type-II superconductors with cubic
crystal symmetry is calculated at 7 =0°K by means of the boson method. The results for the
magnetic field are used in our analysis of stable orientation of the flux-line lattice with respect to
the crystal lattice. The theoretical results agree well with the stable orientation of the flux-line
lattice observed in weak-field region in Nb and Pb-T1 at low temperature. The boson charac-
teristic function for cubic superconductors is also presented.

I. INTRODUCTION

Many type-II superconductors in the mixed state
have anisotropic properties which are caused by the
microscopic anisotropies of the superconducting elec-
tron system.! In this paper we present a theoretical
analysis of low-k type-II superconductors of cubic
symmetry. It is well known that the flux lines form
hexagonal two-dimensional lattices in the mixed state
of isotropic type-II superconductors. However, the
experiments with the decoration technique®? and
neutron diffraction*~” show that the flux-line lattice
(FLL) correlates with the crystal lattice (CL) (see
Fig. 1). Such correlations indicate that the interac-
tion among vortices depends on their orientations. In
the case of low-« type-II superconductors, the in-
teraction among vortices has an attractive part which
causes the first-order transition at H = H.;. The an-
isotropy of this attractive interaction gives rise to a
variety of anisotropic forms of FLL structure in the
weak-field region.

The vortex interaction energy, in the low-flux den-
sity limit, is given by
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FIG. 1. Structures of the vortex lattices observed in Nb
and Pb-TL

Here ¢ is the unit flux, and T;; =T, —T; where T,
means the position of the /th vortex. The function A
is defined as follows: #(T) means the magnetic field
at T created by a single vortex at origin. Note that
the vortex interaction energy is proportional to the
magnetic field 4 and, therefore, that a field reversal
creates an attractive interaction. Fisher and Teichler?
estimated e, using the asymptotic form of 4 (T) for
r —oo. The FLL structure in the weak-field region
is, however, affected mostly by the region where
h(T) takes its minimum value. Therefore, a precise
knowledge of A (T) in that region is needed when we
want to understand the stable structure of the FLL in
the low-k anisotropic superconductors.

A detailed calculation of the magnetic field due to
a single flux in isotropic superconductors was given
in Ref. 9, in which use was made of the boson
method. In this paper we calculate the magnetic field
h (T) for the cubic superconductors with an anisotro-
pic. Fermi surface, and discuss the preferential orien-
tations of the FLL. Since various kinds of FLL
structure appear only at low temperatures, we assume
T =0°K in the present paper. Our results show that
the preferential orientations of the FLL agree with
experiments for Nb and Pb-T1.

In order to discuss the stability of the basic cell
structure of the FLL, we need an accurate calculation
of the free energy in the mixed state. Takanaka,'°
and Roger, Kahn, and Delrieu'! calculated the mixed
state energy in the high-field region (H ~ H,,), ex-
tending the Ginzburg-Landau (GL) theory to the
case of cubic superconductors with anisotropic Fermi
surface. Their results, except the ones for H 11 [001],
agree with experiments for Nb. In a forthcoming pa-
per we will present a calculation of the mixed state
energy in the entire range of the magnetic field and
temperature, using the boson method.

The boson theory of isotropic superconductivity is
given in Refs. 12 and 13. The analysis of the mixed
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state of isotropic type-II superconductors by means of
this theory was presented in Ref. 14. The first for-
mulation of the boson theory for the anisotropic su-
perconductors was presented in Refs. 15 and 16 in
which we studied the mixed state of 4-15 structure
superconductors. There, we considered the case in
which the superconducting electrons have anisotropic
effective mass. The general form of the boson
theory, for anisotropic superconductors was given in
Ref. 17.

The macroscopic equations for the static case are

Vy(=i8)8,8,/(X) =0 , 1.1)

(V28— 8,8) 4/(®) =L [ &y c(x=7)V,(~i9)
AL

4,(F) ——’Zia,f(-y*)] ,

X
12)
J() =—%Zfd3yc('x'—?) Vy(=id)
x A,(V)—%a,fm] : (1.3)

where A, is the London penetration depth, and
A;(X) and J,(X) are the ith components of the vec-

tor potential and electric current, respectively. In Egs.

(1:1)—(1.3), use was made of the notation a;b;

= 2,.3_1 a;b;. A superconducting state is characterized
by the function f(X) which satisfies Eq. (1.1). Note
that f(x) is equal to half the phase of the order
parameter. In the above equations ¢ (X) is a func-
tion normalized by the condition

Jaxem =1 (1.4)

and has been called the boson characteristic function
or ¢ function. The symbol V;(—id) denotes a deriva-
tive tensor operator and is 8; for isotropic case. The
¢ function for isotropic superconductor is given in
Refs. 18—20. Note that ¢(X) and V;(—id) become
anisotropic when the superconducting electron system
has an anisotropic property.

In Sec. II we solve the Egs. (1.1) and (1.2) and cal-
culate the magnetic field 4 (T) due to a single vortex.
Making use of this result for 4 (T) we will discuss the
anisotropic arrangements of FLL in the weak-field re-
gion. The calculation of 4 (T) requires the know-
ledge of ¢(X) and V;(—i¥). In Sec. I1I, we calcu-
late these quantities for cubic superconductors with
anisotropic Fermi surface.

II. FLUX-LINE LATTICE STRUCTURE

In this section we calculate the magnetic field due
to a single vortex and discuss the preferential orienta-
tions of the FLL. To calculate the magnetic field by
means of the macroscopic equations (1.1) and (1.2),

we need the knowledge of ¢ function and tensor V.
But the evaluation of c function and Vj; for the aniso-
tropic superconductors is a very tedious task. The
derivation of the macroscopic equations and the cal-
culations of the ¢ function and Vj; for the cubic su-
perconductors with a Fermi-surface anisotropy will be
summarized in Sec. III. In this section we make use
of this knowledge of the c¢ function and Vj; and calcu-
late the magnetic field.

Let us first solve Eq. (1.1) for the single vortex
state. According to Eq. (1.2), we need only the
knowledge of ¥V f£(X), instead of f£(X) itself, in ord-
er to obtain the vector potential A or the magnetic
field. In the following we shall consider the case in
which the vortex lies on the (110) plane. Calculation
of V(%) for this case is given in Appendix A,
where we use the coordinate system in which the
third axis is directed along the vortex line and the
first and second axes are situated symmetrically with
respect to the (110) plane (see Fig. 2). The results
are

as® = [ —(g—';TFl(ﬁ')exp(iﬁ'"i) . e

W - [ ELr@enian . Q2

9/ (x) =0, (2.3)
where

FI(@) =nlVyu(T, 0q:+ V(T 0ql/q* , (24

Fy(Q) ==V (T, 00 g, + V12(T, 0)q51/q> , (2.5)
and

T=(gq1.92 , X=(x1,x2) . (2.6)
In Egs. (2.4) and (2.5), the tensor V;(q, 6) is related
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FIG. 2. Coordinate system used in calculation of the
magnetic field. The vortex is directed along the x; axis.



920 T. KOYAMA, M. TACHIKI, H. MATSUMOTO, AND H. UMEZAWA

to the one in the coordinate system given by the principal axes of the crystal as

Vu(-q”, 9) = uil(0) V/,,,ll,;jl(O) B
where

5 (1 +cosh) -2 (1 —cos8) —5(2)"?sing
uy(6) = —%(1 —cos) (1 +cosb) —-;—(2)”2 sing

%(2)‘/2 sin@ %(2)”2 sinf cosé

Here 6 is the angle between the vortex and [001] axis.

Q.7

(2.8)

Let us now solve the macroscopic equation (1.2) for the vector potential. We see from Egs. (2.1)—(2.3) that
the solution of the macroscopic equation (1.2) should not depend on the variable x;. Then by introducing the

Fourier transforms of A(X) and ¢(X) as

A® - [ EER@ ewE7)

(%) =fdxsc(f’) =f—(-g;f—2—c(E) exp(ikK'X) ,

3l

we can rewrite the macroscopic equation (1.2)

[—k2A4,(K) + kiky 4, ()] =—)\1—2-C(E) ACTIEE A
L

ie.,
(K)V§ - c(k) Ve - (k) V. c(K)Y(VHF + VEF
K+ A (R) = [k = 52 | 45(R) . Haoi )
A AL )\LAj(k) A
K)V$ = K) V¥ ~ K) V4 K (VHF + VLF
—kzkl"C( )2 21 A4,(K) + k12+C( )2 2 4,(K) + c( )j3 =¢C( )( 2121 HF) ,
‘ )\L AL Az/‘jg(k) AL
K V4 k) V. K) V¢ = K)(VEF, + VLF
c(k) 1508 c( )32 P ( )2 33 Ag(k)=¢€(k)( 3151 LF,)
MA(K) A A,(K) AL AL

Here V{ stands for Vy(K, 0).
We now have

- %) detl'(k ~ %) detl(K — K) detl'3(K
Ax(k)=ﬂ(2L)L(~:)—. Az(k)=ﬂ‘(§l‘(—)‘—§—2(—_.)‘, A3(k)=_‘é"_(_}(l___e__iﬂ_)_
AL detFo( k) AL detI‘o( k) AL detFo( k)
where
k2 +c(K)VH/NE  —kiky+c(K)VEINE c(K)VE/AE
Io(K) = |~koky +c () VA /AR kP +c(K)VE/NE c(KY V4 /a2
c(K)VE N} c(K)VE /AR K+ c(K)VE /g

VAF +VHF, —kika+c(K)VE/AE  c(K)VE /N
T(K)=|VaF +VHF, ki +c(K)VEH/AE c(K)VE/NE
VHF, + VLF, c(K) VAR kKr+ce(K)VE/NE
k}+c(K)VE/NE  VRFI+VEF, c(K)VE/NE
,(K) = |—koky +c(K)VE/N} VAEF +VHEF, c(K) VN
c(K) VE /At VHF + VHF, kKc(K)VH/E

’

k? +c(k) Vﬂ/k% —kiky+c(K) VEH/NE VHF + VHF,
I(K) = |—koky +c(K)VH/N} kP +c(K)VH/N}  VAF + VLF,
c(K)VH/NE c(K)VE /¢ VAF, + VLF,

2.9)

2.10)

(2.11)

(2.12)

(2.13)

(2.14)
(2.15)
(2.16)

.17
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The magnetxc field h(X) due to a single vortex can be obtained by feeding the vector potential (2.13) into the

relation h(X) =¥V x A(X), ie.,

h(R) =i -(%ms(i)exp(;i-f), (2.18)
hy(X) =—if (2 )2 L _45(K) exp(ik %) (2.19)
hy(X) =i (2 )2 L2 _[k14,(K) — kA4, (k)]exp(:k X) ., (2.20)
or

hnXx)=i —‘l’—lf Q) k’f désinec (k, ¢)g{3{;3—%%i—;exp[ikrcos(x—¢)] , 2.21)

w olk,
hy(r, X) =—i—)% j:) o )2k2f d ¢ cosec (k, ¢)%§Z—'£§exp[ikrcos(x—¢)] , (2.22)

L y
hs(r, X)-—l o )zkzj; ¢Ee—ct—r(7]‘i(—3%)—[cos¢detrz(k,¢)—sind>detF1(x,¢)]exp[ikrcos(¢>—x)] ,

0

where (r, X) and (k, ¢) are defined through the rela-
tions,

xy=rcosX, lky=kcoso,
X,=rsinX, lk,=ksin¢ . (2.24)
Recalling that the third axis in this coordinate system
is directed along the vortex, we find that the nonvan-
ishing components, h; and h;, of the magnetic field h
indicate that the microscopic magnetic field due to
the vortex is not generally along the vortex direction.
In order to evaluate the integrals (2.21)—(2.23), we
need c function and V), for the anisotropic supercon-
ductors. ‘It will be shown in Sec. III that the Fourier
amplitudes, ¢ (§) and V;(Qq), for the cubic supercon-
ductors with Fermi-surface anisotropy and the isotro-
pic BCS coupling depend, not only on VN (0) and
q &, but also on the parameters aq; (/ =4,6,8,...)

(a) The Fourier amplitude of the ¢ function
c(q) =co(q) +c4(q) H(§) +cs(q) He(§)

where

(2.23)

r

which measure the Fermi-surface anisotropy. Here V
is the BCS coupling constant, N (0) is the total densi-
ty of states at the Fermi level, & is the average
coherence length at 7 =0 K defined as & = vy/mA
where v is the mean Fermi velocity. The parameter
a, is defined by

a,=fd2kpp(Ep)H,(ﬁp) y (225)
where p(Kp) is the direction-dependent density of
states in direction of the Fermi momentum Ky and
H(3F) is the cubic harmonics of /th order. Here vf
denotes the direction cosines of the Fermi velocity
Vr. Taking into account only the two parameters a4
and ag and assuming VN (0) =0.32, we obtain the
following expressions for ¢(q) and V,;(q) in the
coordinate system given by the principal axes in the
crystal:

(2.26)

colg) =expl[—0.4228(q £9) %] —0.3621a? {(q£0)3**®exp[—0.9681 (g £,)312]—0.7458 (g £) 537 exp[—0.4096 (¢ £,)°1) ,

2.27)

ca(g) =0.3535a,4(exp{—0.7631(q £y) ¥ tanh [0.4939 (¢ £&0) -%46°] } — exp (—0.4228 (g £&0) >**! tanh[0.3664 (g £0) *41))

(2.28)

c6(q) =—0.5679a4(exp {—0.4196(q £,)' "% tanh[0.6569 (¢ £&) 221 }—exp {~1.733(q £0) " tanh[0.1168 (g £,) ' 1))

(2.29)
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and H,(§) and H¢(§) are defined as

Ho(@) =) +4; +45 -2 (2.30)
He(@) =+ (11 x21)(26)'2141d:d5 ++7 (@ +d> +d3 — ) — 5] - @31
Here g denotes the direction cosines of q.
(b) The function V;(q)
Vi@ =1+5QD"a,y4(@) 41 — % = [H{(@1)
++123126) P agy, (¢) 14333 + S THo D1+ @67 =) — & =31H(@)) (2.32)
V(@) =1+52Dasy4(@) 4; -3 — [H(D])
++123126)Pagys(9) 3341 + 5 IH{(D] +5G; =) — 55 =3[Hg(@]) (2.33)
V(@) =1+5QDa4y4(@) a3 — 3 — [H{(D]) |
++123126) Pagys(9) a4 + 4 [H(@D] +5d5 =) — 55 —3[H(D]) S Q34
r
V(@) =0 ,«fori=j , (2.35) Note that choices (i) and (ii) are very similar to each
other. The Figs. 3, 4, and 5 respectively correspond
where to the choices (i), (ii), and (iii). Comparing Fig. 3
) )2 with Fig. 4, we see that the magnetic field is quite
v4(q) L 277(q o , (2.36) sensitive to the choice of parameters.
15 42 + 72 (q £0)*/ VN (0) Let us now consider the preferential orientations of
1 72(q £0)* the FLL in the weak-field region (the intermediate
velq) = 5 5 , .37 region), i.e., B < By. Here B is the magnetic induc-
3465 26 + (g £0)"/66 VN (0) tion and By denotes the drop of the magnetization at
and H = H.;. In the case of h!I[001], where the CL has
(H. ()] = NP NP | , . 2.38) fourfold symmetry, the FLL prefers a square lattice.
+(q @742 T TS ( According to Figs. 3(a) and 4(a), the magnetic field
. 222 . . . . i .. -
[Ho(§)] =G1324: +712—(q14 +G1 +41 - _;_) - for the choices @ 'and‘(u) takes a minimum value
when it is in the direction of [110] or [110]. There-
(2.39) fore, when we use the crudest approximation in

We now summarize the results of numerical compu-
tations of the magnetic field in the cases in which the
vortex is in [001], [111], and [110] directions,
respectively. In these three cases, Egs. (2.32)—(2.35)
and (2.17) lead to

hi(X) =hy(X) =0 . (2.40)

In Figs. 3, 4, and 5 we present h3(X), the distribu-
tion of the magnetic field around the field reversal
regions in the plane perpendicular to the vortex, for
the different sets of the parameters (kq,a4,a¢) Where
ko= A./&. The angles given in these figures are de-
fined in such a way that the [110] direction
corresponds to 0°. We tried three choices of parame-
ters (ko,a4,a¢) —
choice (i):

K0=0.75, a4=0.2, a6=—-0.1 »

choice (ii):

K0=0.8, a4=0.22, (16=—0.08 y
choice (iii):

K0=0.8, (14‘-—“'—0.2, a6=0.1

which the lattice constant of the square lattice is
equal to the distance where the magnetic field takes
its minimum value, the nearest-neighbor direction in
the cases of choices (i) and (ii) are parallel to [110]
and [110]. This is the situation which corresponds to
the first figure for the (Nb, [001]) case in Fig. 1. A
similar consideration shows that the choice (iii) leads
to the square lattice with the nearest-neighbor direc-
tion parallel to [100] and [010]; this situation is simi-
lar to the (Pb-T1, [001]) case in Fig: 1. However,
these results can easily be modified when we take
into account also the next-nearest-neighbor interac-
tions. For example, Fig. 4(a) shows that, in the case
of the choice (ii), the magnetic field at the next
nearest neighbor is highest (i.e., least attractive)
when the nearest neighbor is parallel to [110] and
[110]. We thus expect that the nearest-neighbor
direction may somewhat deviate from [110] and
[110]. Situation is different in the case of the choice
(i). In this case Fig. 3(a) shows that the magnetic
field at the next nearest neighbor is lowest when the
nearest-neighbor direction is parallel to [110] or
[1T0]. Moreover, an approximate estimation of the
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FIG. 5. Magnetic fields in the plane perpendicular to the single vortex line, (a) E‘H_[()Oll, (b) RII[111], and (c) W II[110], for
the parameters (kg=0.8, a4=-0.2, ag=0.1). The angles are measured from the [110] direction.

vortex-lattice interaction energy in these cases shows
that the energy difference caused by different orien-
tations of the square lattice is very small when the
next-nearest-neighbor interaction is taken into ac-
count. We may thus expect the appearance of the
domains with different orientations of the square lat-
tice. This situation is similar to the one observed*
experimentally in Nb, where the two FLL’s are tilted
with respect to one another by the angle of 30°.

Let us now turn our attention to the case h Il [111].
When we use the choice (i) or (ii) for the parame-
ters, Figs. 3(b) and 4(b) show that the magnetic field
takes the minimum value in the direction [110] and
also in the directions tilted by angles of 60° and 120°
with respect to [110] direction. This agrees with the
experiments of Nb. In the case of the choice (iii),
the minimum of the magnetic field appears in the

[112] direction and those tilted by angles of 60 ° and
120 ° with respect to [112] direction. This agrees
with the experiment of Pb-T1. The stable FLL is a
hexagonal lattice in which the nearest neighbors are
located at the minimum positions of the magnetic
field. This is consistent with the fact that the crystal
has the threefold symmetry. '

In the case of hII[110], the situation is quite com-
plicated. According to the Figs. 3(c), 4(c), and 5(c),
the directions, in which the magnetic field takes
minimum value, in general, do not agree with any
crystal symmetry direction. However when we con-
sider the reflection symmetries with respect to the
(110) and (110) planes, we find that the basic cell of
the FLL forms an isosceles triangle, whose base is ei-
ther in the [110] direction or in the [001] direction,
depending on the choice of parameters (kg,a4,as).
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FIG. 6. Structures of the vortex lattices predicted by the
calculated magnetic field for the two sets of parameters
(Ko =0.8, a4=0.22, ag =—008) and (K0=0.8, ay =—0.2,
ag= 0 1)

The base angle « also depends on these parameters.
For example, when the choice (ii) for the parameters
[see Fig. 4(c)] is used, the base of the triangle is in
the direction [110], agreeing with the experimental
observations in Nb (see Fig. 1). On the other hand,
in the case of the choice (iii) [see Fig. 5(c)], the
base of the triangle is in the direction of [001]. This
is the situation which has been observed in the case
of Pb-TI (see Fig. 1). The observed base angle of the
isosceles triangle in Nb is a little larger than 60 °,
while our estimation of the vortex lattice energy
shows that the choice (ii) for the parameters leads to
the base angle somewhat smaller than 60°. We feel
that this minor discrepancy may diminish when we
take into account the temperature effect.

Our theoretical results for the basic cell of FLL dis-
cussed in this section is summarized in Fig. 6. Com-
paring this with Fig. 1, we find a reasonable agree-
ment between the theoretical and experimental
results when we use the choice (ii) for Nb and choice
(iii) for Pb-Tl.

Recently, we calculated H,, and H., of Nb by
means of the choice (ii) (i.e., xo=0.8, a4=0.22,
ag=—0.08). The results well agree with experiments.
A detailed account of the study of anisotropic
behavior of H., and H,, at various temperatures will
be published in a forthcoming paper.

III. DERIVATION OF THE MACROSCOPIC EQUATIONS
FOR ANISOTROPIC SUPERCONDUCTORS
WITH CUBIC SYMMETRY

In this section we derive the macroscopic equations
(1.1)—(1.3) for the cubic superconductors with aniso-
tropic Fermi surface.

Let us consider the BCS Hamiltonian,
Hpycs = ’l'f d*x [w{e(—fa)wt + qpfe(—ia)d/l

—vylelww — Gl +ulepl
3.1)

where ;| are the Heisenberg fields for the electrons,
w is the chemical potential, and V'is the coupling
constant (¥ > 0) among electrons. It was assumed
that the superconducting interaction is an isotropic
contact interaction. In Eq. (3.1) €(—/9) is the deriva-
tive operator defined by

e(—id) exp(iE-T() =e(K)exp(ik-X) , 3.2)

where e(k) is the one electron energy measured
from the Fermi level. It has a cubic symmetry.

In the boson formulation the superconducting state
is described in terms of the free fields ¢, ;(x) and
B(x), where ¢,,;(x) are the quasielectron fields and
B (x) is the boson field which is the collective mode.
These fields can be written in terms of creation and
annihilation operators

3 -
¢(X) =f "("2—‘11‘;)]‘5“3/‘2‘[(1,(]11]( exp(i k-X— iEkt)

+af veexp(—i K-X+iED]
(3.3)

BGo) = [—LL_[B exp(i-T—iwy0)
X) = (2’”)3/2 qexp Iq X I(Dqt

+Blexp(—iT-X+iwgt)l/Qw,)'?

(3.4)

where ¢(x) is the doublet field for the quasielectrons
1(x)

o(x) = ¢f(x) . (3.5)

The creation and annihilation operators ayy, |, “IIL 1
and B,, B,,' satisfy the fermionlike and bosonlike
commutation relations, respectively. We use the
Fock space of these quasiparticles. Then any physical
operator is expressed in terms of a linear combination
of normal products of these free fields.

The quasielectron field ¢(x) satisfies the free-field
equation,

e(—i6)13+%§;—An $(x) =0 (3.6)
where the = matrices are the Pauli matrices. This
equation can be obtained by imposing the condition

A==V (0|y¢;|0) #0 on the Heisenberg equation for
the electron fields. Equation (3.6) determines ug, vy,
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and Ej as

cosOy —sinf;
U= Ising, | > Yk~ | costy

>

E, =[e(k) + a2 |

In Eq. (3.7) the parameter 6 is defined through the relations

C0820k=€(E)/Ek, sin20k=~—A/Ek ,

where the energy gap A is obtained from the gap equation

Sk 1
1=1v | 25— .
2 f Qn)3 Ex

3.7

(3.8)

(3.9)

(3.10)

Next, we expand bilinear products of the Heisenberg fields ¢ in terms of the free particles;

Tt ()] =x(x —y) +f d’q fd’p F“)(p,q,x,y)a,”a,ﬁ'fdsq fdJP FO*(p,gxy)afiop

+ f d’q f d&*p FO(p,g.x,y) aliap + f d’q f &*p FP(p,q.xy)alia,,

+ [ #169Uxn B+ [ 16D Uxy)Bl+ -

Here T is the chronological operator. In this expan-
sion the conservation of spin of quasielectrons is as-
sumed. The coefficients in the right-hand side of Eq.
(3.11) are defined through the following relations:

x(x —y) = ©O|Tly(x)yt(10) , (3.12)

FO(p,q.xy) = O Tlp)y' ]| agiey) . (3.13)

GyT) =0Ty WMIIB) . etc. (3.14)
These quantities are called the Bethe-Salpeter (BS)
amplitudes. The equations for these quantities can
be obtained from the Heisenberg equations. When
the pair approximation is used, the equation for the
BS amplitude (3.14) is the following homogeneous
integral equation'?:

G(x,y;ﬁ')=ifd“zS(x-—z)G(z)S(z —-y) . (3.19)
Here

S(x—y) = O|Tlp(x)8'(M1[0) ,
which is the Green’s function of Eq. (3.6), and

(3.16)

B —AGpu(xx;3) MG (xx:q)

GO = AG(xx;@) —AG(xx;q) 3.17)
By using the Fourier representation,

Gx,x)=G(q) exp(iT-X—iwgt) , (3.18)

SG) =i ‘g’;‘)’fsm exp(iK-X—ik) , (3.19)

.11

r

we can rewrite Eq. (3.15) with x =y as follows:

d*k dE
Qm)*

G(q)=i S(KE)YG(QS(K-T.E —w,) .

(3.20)

From Eq. (3.20) follow the relations between the BS
amplitude and the frequency w, of the collective
mode'8;

G(F) =GP(T) =[Aw /(w2 -aDlg(T) , (.21)
wl=a, + 0T, w) (w2 —a,)
+2A2R (T, wp) (w2 +3,) (3.22)
where
G(@) =G(T), GO2@)=-Gu(T) ,
(3.23)

g(@) =G -6 (@) .

The quantities R (T, w,), @., and Q'2(T, w,) are de-
fined by

R(G.E) = &k o \
qQ.E)=7 (2”)3(E++E_)f(k,q, E) , (24
2, _ 1 d*k PRY
5@ B) = o ) e e)

x(E.+E)f(X,q, E) ,

| (3.25)
0, B) == | (;’;’;3 (EvE_—ese)
x(E4+E)f(KT E) , (3.26)
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E+=Eqsqpmgr €+=€(K:5T) , (327
f(X,Q, E)=—V/E,E_[(E,+E_)*—EY . (3.28)

Equation (3.22) is the relation which determines w,
self-consistently. The BS amplitude g(g) was ob-
tained in Ref. 18 as

=2

Let us now study the boson contribution to the
electric current. The boson current can be written

'j‘”(x)=f (2‘1)3,2 Ol7(x)[Bg) B, +H.c. . (3.32)

Here H.c. means the Hermitian conjugate. The ma-
trix element in Eq. (3.32) can be put in the form

©I71B,) =5 {[¥(=id,) =¥ (=id,)]

2
2= Wg — Wy — —

g(@) = Vol - 0,(G, 0] (3.29) X [Gy(x,y;8) + G(xp;@)xmy
where ’ (3.33)
2 — iy .

0,(3, wg) = 8122 03, E) s (3.30) where the operator V (—/9) is defined by
i V(=id) exp(i@-X)=v(q)exp(iq-X) , (3.34)
with with ¥V being the group velocity of the electrons, i.e.,
(g, EY =w, +0'%(q, E)(E*—a,)
v(g) =@ (3.35)
+2A2R (T, E)(E*+@,) . (3.31) 9T
The expression (3.33) can be written
- _ o o Pk _ -V
O]71B,) =exp(i - X qut)f am? v (k) 2E+E (E++E w2
[(e+—e_)(E++E_) —=— +(e-E,—e,E_ )]w,g(q) (3.36)
wq - w

where uses were made of Eqgs. (3.20) and (3.21). Calculation of this quantity in the case of isotropic supercon-
ductors is rather easy because this quantity should be in the direction of @ The result is

©OI71B,) =exp(i G- X —iwgt) T2 (T w,/q?

3.37)

for the isotropic case. However, in the case of anisotropic superconductors, the direction of (0| j IB,,) does not
need to be in the q direction. Therefore, we introduce a tensor a; and write (0) ] lB )

Olji|Bg)y =exp(iT-X —iwg) g (T wqayq;
where

d*k - 1 4
gy = (K
W f(27r)3v( )2E+E_ (EL+E)—

(€+— G-)

The current conservation law, 9., =0, together with Eq. (3.38) leads to

a;q,.9;=1 .

Let us now introduce the tensor ¥;(q) defined by
Vi(@) =q%ay(q) .

Then Eq. (3.40) gives

Vquqj =62

(3.38)
;—f—f—;j—:—+(e E,—eE.) | C o (3.39)
(3.40)
(3.41)
(3.42)

Note that this does not necessarily lead to V;=38;. Use of Egs. (3.38) and (3.41) leads to the following expres-
sion for the boson current in the anisotropic superconductors;

3
JBG) =f -z-z—‘jr—)q_.,—/-z-wqg(ﬁ') Vy(q)q;B,/T2exp(iT-X—iwgt) +H.c.

2
=d(=i V) Vy=i9)9,; [ Ezr—)%z-Bq/(qu)‘/zexp(iﬁfi—iw,,t) +H.c.

=d(—=id) V;(-id)9,B(x) ,

(3.43)
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where

d(@) =—12i/Qu) " (wi/T)e (T) .

(3.44)

It was shown in Ref. 12 that when the electromagnetic field is introduced, the replacement

B,B "’B,B _‘%7}(—/6)/‘,

should be performed everywhere in the theory. Here

(7)) =2i/Qw,) g (q)

(3.45)

(3.46)

and A is the vector potential. Such replacement makes the theory invariant under the gauge transformation

[A—A+Yy, B—B+(e/c)n(—id)x]. We thus have

JE=d(=iV)Vy(~iV)§,B(x) - —fd(—iv)n(—zv) V(=i ) 4;(x)

ck

=d(=iV)Vy(=iV)8;B(x) — 4mrfe

for the boson current. The following notations are
used:

o [ dkw o
c(x)——f (zﬂ)sc(k)exp(/k X) , (3.48)
c(k) —————n—d(o) @ (3.49)
Pl 3.50
MET@ 70 3.50
Using Eqs. (3.44), (3.46), and (3.29), we get
-2 2
— — 2 Wy — Wg
d(k) n(k) == (3.51)
(k) () =23 Vil— Q,(T, o))
and
d(0) n(0) =3 VN ©)v§ , (3.52)

where it was considered that, in the cubic supercon-
ductors, the anisotropy vanishes at ¢ =0. In Eq.
(3.52) N(0) is the total density of states at the Fermi
level and v¢ is the mean value of vZ(k) over the
Fermi surface [vs(k) means the Fermi velocity].
Now Egs. (3.49), (3.51), and (3.52) lead to the ¢
function

3(@, — wd)

T YN vEe - 0,(T, 0p)

c(T) (3.53)

for the superconductors with anisotropic Fermi sur-
face (FS). Although this expression is the same as
the one for isotropic superconductors, ¢ (q) for an-
isotropic superconductors is not a function of g2, be-
cause the Fermi surface is anisotropic.

We computed the ¢ function (3.53) numerically by
evaluating the integrals (3.24)—(3.26). We disregard-
ed the terms higher than the sixth order in the cubic
harmonics expansion. The numerical result was
presented in Sec. II. A detailed account of the calcu-

f &y e G-91V, =i 4,7 (4D

T

lation is given in Appendix B.
Let us now derive the explicit form of V. Equa-
tions (3.39) and (3.41) lead to

~ d’k = 1 -V
v, =q? (K
(D= f am? I E By~

X [(€+—€_)(E++E_)"?2A2:‘2‘

Wg = g
+(€..E+"€+E._)] . (3.54)
The integration element can be written
Lk _ N©) dedke p(K

A N3 ed kpp(kr) ’ (3.55)

Qm)
where

p(kp) =1/Qm)*N ) ve(kp) |, (3.56)

which is the direction-dependent density of states
along the kr direction and is normalized as

J e p(kp) =1 . 3.57)

Following the arguments in Ref. 18, we now intro-
duce a new integration variable w ;

w =(E++E..)2_(E+'—‘€..)2
=(E,+E)*—(q-vp? . (3.58)

We then find

E++E_

de d*kp p(Kp) ——=
e dkr p(kp) =

=dw d*kr p(Ky)

x4 _ 1
wi’2 (w —4A0)1/2

(3.59)
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The integration domain for w runs from 4A? to w,, defined by
W =4(0d +42 ,
with the Debye frequency wp. Substituting Eq. (3.59) into Eq. (3.54), we have

w -
=)o = g2 A2 m 1 11 ) - v,(T V)
Vy(@) g, =—24’A*VN(0) LAZ dw [w}—aj —w]fFSd krp(kp) RS

w‘/z(w _ 4A2)1/2
Let us now study the integral over the Fermi surface in Eq (3.61)

— -\ __ 2 T VF(EVF) __1__~ 2 =
sGN = d krp(R) = . dkep (D Inlz + (-7

We can evaluate this integral by using the cubic harmonics expansion (see Appendix B). The result is

o(zq) =% za,—a——[y,(z ,qvo) Hi(§)] ,

where
a;= (H,(V)) EfFS d*kp p(Kp) Hi(Bp)

1
vi(z,qvo) = j:) dx Pi(x) In(z + ¢*véx?d .

Here P;(x) is the Legendre polynomial of the /th order. Equation (3.63) can be divided into two parts;

a(z,a) =3V +32(7q) ,

where @ and @ are the components parallel and perpendicular to @, respectively, that is,
1 q*vix —
o “)(z,(_]') = Ea, J; dx P,(X)'z——'—z—-z—zHl(q )%
1
1
TP =3 201.‘; dx Pi(x) In(z +q2v02x2)%Hl(ﬁ') .
[ q

Substituting Eq. (3.66) into Eq. (3.61),.we obtain

Vi@ g =VPq+VPq ,

where
. ’ w
M — 5,242 m 1 1 1) wy_n2=
ViVq;=-2q%A VN(O)J;A2 dw w‘/2(w—4A2)‘/2[w2—aj oo w—-wiq) ,
w
@, __ m 1 1 1 c@(w —w?
Vg, = 2quZVN(0)j:1A2 dw w‘/z(w—4A2)”2[w2—52 " w-w,7) .
q

Since g;0® =0, Eq. (3.42) leads to
ViVa,=q

which gives
V( ) —

When we use the coordinate system given by the principal axes of the cubic crystal, we find

61;4(0) 5(21)1/2 9 {01 ——~[H4(q)]}

q1

az;.@) 5(21)1/2% (4; -2~ [H@))
q2

Y

929

(3.60)

3.61)

(3.62)

(3.63)

(3.64)
(3.65)

(3.66)

(3.67)

(3.68)

(3.69)

(3.70)

3.71)

(3.72)

(3.73)

(3.74)
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and
___f”gz‘l‘“ = £ 23100 106103 + 5 (@D + 4 G =) 5 —3UH@))
(D _ 11531260192 (3262 + L 1H,(@)] + (G2 - 2) =L —31H(@)]) (3.75)
8q; ¢ g2 4t tH@IF i = 5) =50 =3MH(Q) I '
BZZ?) = 31QOIT G + 35 @]+ @5 = 5) — 55 —3HA@D);

Here § means the direction cosine of @; and [H4] and [H¢] are defined by

[H(P] = Hy(§) , [He(Pl= Hq(q) . (3.76)

4 8
50212 231(26)12

Then Egs. (3.69)—(3.76) lead to the following expressions for V;i(g) in the coordinate fixed to the principal axes:

Vi@ =1+5QD 2 asy4(@) a7 — 3 — [H(D1)

+51231026) M agys() 14135+ [HA(@D1 + (3] —2) = =3[HDI) + - -

Var(@) =1 +5QD asys(g) ld; —+ = [H(@)])

»

35

+5123126) M agys(9) 14331 + 55 IHA@D) + (47 = 2) — 5 =3[H (@1} + - - -

Vis(@) =1 +52Da4y,(@) 43 — 2 ~ [H(@])

35

377

+5123126) P agye(@) a1d; +5 [HA(D] + 533 —3) — 55 =3[Hg@1) + - - -

V,j((—]‘) =0 for i Z=j .
Here

1

35

vi(q) =—g?A?VN(0) LA: dw

The above integral can be calculated analytically in
the two limiting cases, i.e., we have

2
y4(q) ~ %(450)2 ,

27?2
45045

for ¢ —0, and

v6(T) ~ (&)t (3.79)

7@ ~FVNO) | () ~ = VNO) ,

(3.80)
for g — oo.
The results of numerical computation of y,(g) can

be approximately expressed by the following rela-
tions:

1 2#2((]50)2
15 42 +[72/ VN (0)1(q &y)?

1 7r2(q§o)4
3465 26 +[72/66 VN (0)1(q &)*

y4(T) =— (3.81)

v6(Q) = .(3.82)

1 1
w2 (w —447)17 [ W=, W

1
j; dx Pi(x) In(w — 0l + q*vix?d) . (3.78)

r

These expressions ‘were used in our analysis in Sec.
11.

We are now ready to derive the macroscopic equa-
tions (1.1)—(1.3) for the cubic superconductors. The
persistent current T is the vacuum expectation value
of the boson currentTB. In the inhomogeneous

ground state TB is modified by the boson transforma-
tion

B(x) = B(x) +n(=id) f(x) , (3.83)

which regulates the boson condensation. Here f(x)
is a c-number function which satisfies the free-field
equation for B. The boson transformation induces
the persistent current

Ji0) =< 1710y

1
47 )}

J @y eG-n)v,=iv)

X

A4,(F) - %a,f(y)] . (3.84)
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The Maxwell equation then gives

(V28U - B,BJ)A,(T(') = ')\12— dey c()’(’-—?’) V,/(“Ia)
L

X

A,('y*)—%é),f@)] .

(3.85)

We thus obtained Eqgs. (1.2) and (1.3). It should be
noted that, according to the general theory of aniso-
tropic superconductors in Ref. 17, the quantity V;q,q;
is proportional to wg where w, is the boson frequen-
cy. Since f(x) satisfies the free-field equation for B,
we find

Vy(—i8)8,8,/ () =0 (3.86)

in static cases. This is Eq. (1.1). When we consider
the relation (3.42), Eq. (3.86) is reduced to the La-
place equation. Summarizing we obtained the follow-
ing macroscopic equations for the cubic superconduc-
tors:

Vif(X)=0 , (3.87)

(V28— 8,0) 4)(%) == [ by e (R=7) v (~i0)

X

A,(w—-’zﬂa,f(y)] .

(3.88)

These equations hold in any coordinate system,
although the expression of ¥ in Eq. (3.77) is true
only when the coordinate system is given by the prin-
cipal axes of the crystal. We can find V); in any other
coordinate system by means of suitable transforma-
tions [see Eq. (2.7)]. :
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APPENDIX A: CALCULATION OF §,f(X)
FOR SINGLE VORTEX

In the following we consider the single vortex state
in which the vortex line lies in the (110) plane, and
calculate 9,/ (X) by means of the method presented
in Ref. 13. We use the coordinate system, where the
third axis is in the direction of the vortex line and
the first and second axes are situated symmetrically
with respect to the (110) plane (see Fig. 2). To em-
phasize the fact that the derivative operator V;(—id)
depends on @ which is the angle between the vortex
line and the [001] direction, we denote it by
V;(—id,8). Then, according to Eq. (1.1), the equa-
tion for f(x) is given by

Vy(=id,0)9,0,/(X)=0 . (a1
We have
Vy(=id, 0) = uy(8) Vipun (6) , (A2)

where V,, is the derivative operator in the coordinate
system given by the principal axis of the crystal, and
therefore, is given by Eq. (3.77). The transformation
matrix u; was defined by Eq. (2.8).

The solution f(x) for the vortex under considera-
tion possesses the topological singularity expressed by

T x T f(X) =7838(x)8(xy) , (A3)

where €; is the unit vector along the third axis. In-
troducing g;(x) by

gy(X) =109, 9,1/ (%) , (A4)
we see from Eq. (A3) that
812(X) =—g5(X) =78(x)) 8(xy) (A5S)

and other components of g; vanish. Since 9 f(X)
appears in the expression of the current, it should be
single valued

[8:, 8,18,/ (X) =0 . (A6)
Let us now define

D;(8,0)=V;(—id, 0)9; (A7)
and

D(3,60)=9,D,(3,6) . (A8)
Then Eq. (A1) reads

D(®,0/(X)=0 . (A9)
Now, Egs. (A4), (A6), and (A9) give

D;(d,0)g,(X)=D(3,09,/(X) , (A10)

which leads to

8./ (%) = [ @ G(X-7)D,(0,00g,(7) . (A11)
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where G(X—7) is the Green’s function defined by
D(,0)G(X)=8(x) .
Considering Eq. (A5) we find that

alf(x)-'n'f [V (K, 01 + VoK, ko) [k exp(i K- T)

Qm )2

8, (X) == [ 2 W a® 0k + V(& Okl K exp( -5

8:/(x) =0, (A12)

where the relation Vjk;k; = k? was used.
APPENDIX B: CALCULATION OF THE ¢ FUNCTION AND &(z,7q)

A. Calculations of R(q,E), BZ(E.E), Q'%(q,E), and c function

. _2
Let us first calculate the integrals R, @,, and Q"2

. 4’k
R@E = [ A v r®ap (B1)
82 E) = —2L Lk (¢ V(E, +E)f(KTE (B2)
®,(T,E) iR ) @nr (e, — €)Y EL+E)f(KTE) ,
0"*(3.E) =—§f o )3 (E+E-~ere ) (E++E) f(K,GE) . (B3)
Here
f(K,QE)=—V/EE_[(E,+E_)*—E"] . (B4)

By using Egs. (3.55)—(3.60), we get the following expressions for Egs. (B1)—(B3):

N N D S % oK) L
R(Q.E) = ZALAz Ty fFSd krp(kr)w_E2+(a‘VF)2 . (BS)
) w
al(q.E) —+ A f4’" dw

) R(a‘,E) A2 wl/Z(w_42)l/2
A ¥m w— E? 2 X 1
N aw—2"E ___ [ pp pkp——L—— | B6
2R (3,E) f-mz ¥ G —aan Jes R e T T o

1

12(g ——I9A2R (T 2 ¥m
Q™(T.E) =20°R (G.E) +24°A [ 7 dw Ty CTE

w 2
—2A? " w—E 2 T | S
24 A.LAZ ‘_jw Wi (w —4A2) 172 fpsd krp(kp) Bt (Gvl B7)

where A= VN (0). To calculate Eqs. (B5)—(B7), we must treat the following integral over the Fermi surface:
1(z,8) =) d%krp(k )————-——— . . (B8)
q f FP\KF 2 +(q VF)Z

To evaluate this we use the Teichler’s method.?! Let us expand Eq. (B8) in terms of the spherical harmonics Yim.
We have the expansion .

I(z,q)—41r2 2 f @kpp(Kp) YB3 f de,(x)—mY,m(&) ,

0 m=—I

(B9)
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where P;(x) is the Legendre polynomial of / th order, Assuming that the anisotropy of Fermi surface is
vr and ¢ are the angular parts of Vr and @, respective- small (i.e., dvE/vd << 1 where dvi=vi—vd), we
ly. The expansion can be easily proved when we use replace v} with the average value v over the Fermi
the formulas surface in the above integral, neglecting the direction
. dependence of v The average value vd is defined
47 3 Yim(p) ¥Vin(§) = Q1 + 1) Pycosx) , (B10) by
me=—|
o vi=)  dkep(K)vE . (B14)
T 2 Q+DPE)PX)=8(x~x) ,  (B1D ‘ »
=0 Then we get
where X is the angle between q and Vy, i.e., 1(2,§) = 3 T (z.qud) H(§) , (B15)
1
G- Vr=qurcosX . (B12)
. where

We can rewrite the expansion (B9) in a compact form
when we use the cubic harmonics H;(§). A sym-

=(HWp)= ) dkrp(Kp) H/(3p) , B16
metry consideration applied to the integral over the @ = (Hi(5p) fFS rp(k) Hi(or) ( )

. ) 1
Fermi surface in Eq. (B9) leads to I a) =J; dx P,(x) - +1 g (B17)
a
reo=3(f, @ky p(Kp) H(Tp)
! Equation (B17) leads to
dx P, (x)-——————————-]H @G .
f ! +qtui? ) Fo(z,a)——-Ltan“’g— , (B18)
(B13) az z
55 1 35 22 352 30z , 3 L
To(z o) =—2>— — 222 4|3z 30z 3 « B19
4(z, @) YRR +[ ~ St tan . (B19)
1 1231 1 23822 | 231z* 2312° | 31523 105z 5 o
Te(z,0) = —|=——+ + - + —ltan™' =] .
¢(z, ) T [ 5 2 i e [ 7 o + = + e tan . (B20)

Applying the formula (B15) to Egs. (B5)—(B7), we obtain the cubic harmonics expansion of R (q,E), w:(a‘,E),
and Q'%(q,E),

T'(qvg,w — E?)
w'2(w — 44212

_2,, A *m 1 A *m  (w—E)T (quo,w — E?)
() =————— d 1{q vy
et 2R (q.E) sz Y W (y —4ania 2R (G.E) 2 d Wwi2(y —4AD) 172

R(T.E)=—3A3 g 4,; dw H(T) , (B21)
1

Hi(§) , (B22)

w w 2 2
12(5 F) =—2A2R (5 2 moo 1 m  (w—E)T(qug,w — E?) R
0'%(§,E) =—2A’R (G,E) +2A AJ;AZ Y e —aay T~ 207 ;a,LAZ W e aany i Hi@)

(B23)

The expansion parameters a; defined by Eq. (B16) are the phenomenological parameters which measure the
Fermi-surface anisotropy.

The frequency w, of the collective modes are determined by solving the self-consistent relation [Eq. (3.22)1,

0l=0,+ 0T, 0,) (w2—a) +20°R (T, 0,) (02 +a)) .

From the knowledge of w, and Egs. (B21)—(B22) we can compute the c function through the relation [Eq.(3.53)1,

3@, —wd)
AgWill— Q,(T, 0,)]

c(q) =

The numerical results of the ¢ function can be well approximated by

c(@)=co(q,a4,a¢) + cs(q.a4,a9 H(§) + cc(q,as,a9) H(G) , (B24)
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when we ignore a; with / 2> 8. The coefficients ¢, ¢4, and ¢4 have the following form:

co(q,a4,a6)=c0(q,0.0)+d1(°’ (7')042 +d2(0) (T)a43 +d3(0) (7)062 +d4(0) (7)0406 , (B25)
ca(g.aga0) =d® (1)ag+dfP (r)ai + d{® (1) ad +df® (1) aqaq , (B26)
ce(gag,aq) =d® ()ag+ d® (1) a2 +d{® (r)a} +d® (t)asaq , (B27)

where 7= q&,, £o=vo/mA, and 4P (7)’s are functions depending only on 7. We retain only the leading terms in

the right-hand sides of Egs. (B25)—(B27):
colg.agag) = co(1,0,0) + d©@ () a?
ci(gasa) =d® (r)a, ,

ce(g,as,a¢) = dl(é) (Mag .

(B28)
(B29)
(B30)

We have numerically computed cq, c4, and cg for |as4|, |ag] < 0.3 and VAN-(0) =0.32. The results are well approxi-

mated by the expressions in Egs. (2.27)—(2.29).

B. Calculation of o°(z,q)

Let us now calculate

Ve(@V) 1.9

ol =) = 2 ind

Fs dszP(EF) ln[Z+'(fl"Vp)2] (B31)

which was introduced in Eq. (3.62). To expand (B31) in terms of the cubic harmonics, we note that

w _ 1
S kep@mlz+ @ =4 T T [ ko@D Y0 L [ dx POO G + g0 xd) Y (@)

1m0 mm=—|

=Y ay(zqv) H(q) »
1

where

1
v(z.qvy) = fo dx P)(x) In(z + q*véx?

(B32)

(B33)

for small anisotropy case. Deriving Eq. (B32) we used the formulas (B10) and (B11). Equation (B32) leads to

G =13 a,fg[w(z,qvo)ﬂ,(ﬁ')] :
1

(B34)
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