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Enhancement of positron annihilation with core electrons
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A theoretical treatment is presented of the enhancement of positron annihilation with core
electrons in a solid. A first estimate is obtained from the simple result for Coulomb scattering
of a single positron-electron pair. For relative velocity u large compared to the Bohr velocity

Uo = e /A the enhancement is small, being given approximately by X —1 = m'UO/v, where X is the
enhancement factor. Since core electrons typically have velocities much larger than vo, the
enhancement for core annihilation is expected to be small. Modifications due to the fact that
the electron is embedded in a system of interacting electrons bound to an atomic nucleus are es-
timated from calculations partly for an electron gas of high density, and partly for a single elec-
tron closely bound to a nucleus. The enhancement is found to be similar to the result for a sin-

gle, free electron but somewhat reduced in magnitude mainly due to the Pauli exclusion princi-

ple. Quantitative estimates of the small enhancement are derived for the core contribution to
both the total and the momentum-dependent annihilation rates. The enhancements are much,
smaller than obtained in earlier treatments, and they lead to corrections for core annihilation
which are significantly smaller than those derived from semiempirical estimates.

I. INTRODUCTION

Thermalized positrons in matter predominantly an-
nihilate with outer electrons, owing to the high po-
tential barriers close to nuclei. As a result, positron
annihilation has become a useful tool in studies of,
for instance, the momentum distribution of conduc-
tion electrons in metals. ' This type of investigation
relies to some extent on the possibility of subtracting
the background of less frequent events corresponding
to annihilation with core electrons. The correction
for core contributions has been based either on em-
pirical fitting procedures' or on theoretical predic-
tions.

To calculate ~he annihilation probability per unit
time one must evaluate the electron density at the
position of the positron. The simplest estimate of
this quantity is obtained on the basis of the indepen-
dent particle model (IPM). . Within this approxima-
tion the interaction between the charged particles is
described through average fields only. In particular,
the electron-positron correlation is neglected. In the
case of outer electrons this correlation leads to a con-
siderable increase in the electron density in the im-
mediate vicinity of the positron, and the observed an-
nihilation yields differ from the corresponding IPM
values by enhancement factors as large as 10. The

present paper is concerned with the calculation of
enhancement factors pertaining to core annihilation
rates. The generally accepted theoretical prediction, .

due to Carbotte and Salvadori, 3 gives an enhance-
ment factor of the order of 3 for L-shell electrons in

Al. This markedly disagrees with the results of a re-
cent experiment by Lynn et al. , in which the rare
events from annihilation with high momentum core
electrons in Al were isolated. The experimental spec-
tra were satisfactorily reproduced by IPM calculations.

A new investigation of annihilation with core elec-
trons is warranted on two counts. First, there is a
lack of reliable information for core subtraction im-

plied by the large discrepancy between calculated and
observed core-enhancement factors. Second, annihi-
lation spectra corresponding to electron momenta far
beyond those of the outer electrons are now experi-
mentally accessible, These spectra may well be worth
studying in their own right. As indicated by Lynn
et aI. 4 these high momentum spectra should be supe-
rior to the conventional low momentum spectra for
the characterization of vacancy-type defects in solids,
provided that the spectra can be accounted for within
the IPM, or that the enhancement, if important, can
be estimated reliably,

For outer electrons the theoretical description of
annihilation rates has been based on electron-gas
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results. ' In this paper the application of the
electron-gas picture will be extended to the inner
parts of the atoms, the electron cloud being
represented locally by a free gas, Such a procedure,
of Thomas-Fermi-type, is known to give useful
results not only for atomic charge densities and po-
tentials' but also for the energy loss of charged parti-
cles penetrating matter. In the latter case one uses
the electron-gas picture to estimate the dynamic
response of atomic electrons to a perturbation from
an external charge. The atomic binding cannot be
completely neglected, but it may be taken into ac-
count through a correction of the local plasma fre- .

quency which governs the response of a gas for low

momentum transfers. In contrast, for the evaluation
of density enhancement at the position of a perturb-
ing positive charge mainly the velocity distribution of
the electrons is important, and one may hope for
even better accuracy of estimates of Thomas-Fermi-
type. This expectation is supported by the excellent
results obtained by this type of calculation for the
so-called shell corrections to the electronic stop-
ping, ' which are also determined by the velocity dis-
tribution. We have checked the accuracy of the
momentum distribution for atomic electrons obtained
with the local gas picture by comparing the
momentum-dependent annihilation rates calculated
within the IPM with- atomic wave functions and with
the plane-waves characteristic of the local gas picture.
The high momentum tails arise from annihilation
with core electrons and therefore directly reflect the
momentum distribution of these electrons.

A calculation of the electron density at the position
of a positively charged particle in an electron gas is
particularly simple for the high densities correspond-
ing to atomic cores. The density enhancement is

small, and a first-order perturbation treatment is suf-
ficient. Furthermore, in the limit of high densities
the screening of the Coulomb interaction becomes
unimportant for calculations of scattering. The
enhancement in this limit has been calculated by
Kahana, but we shall give a simple derivation based
on the Born-approximation result for two-body
scattering. Such a procedure, not relying on methods
of field theory, is more transparent as regards the ap-
proximations involved. The momentum-dependent
as well as the total enhancement are calculated both
for a positron and for a very heavy positive particle
(e.g. , a proton). A comparison between these two
cases elucidates some features of the results, in par-
ticular the role played by electron-electron exchange.
The simpler case of an infinitely heavy positive parti-
cle also turns out to be useful for estimating the

higher-order corrections which are important at lower
densities. The electron-gas results for the enhance-
ment may be applied in a straightforward manner in
the local gas approximation to obtain a momentum-
dependent enhancement for annihilation with atomic
electrons, which can be used directly in the analysis
of experiments.

For subtraction of the core contribution from total
annihilation rates the enhancement for individual
atomic shells is needed. Partly for this reason, the
Thomas-Fermi-type treatment in which the atom is
divided into regions with different density but not
into shells with different binding is complemented
with calculations using atomic orbitals for inner elec-
trons. The enhancement corresponding to annihila-
tion with core electrons should be insensitive to the
structure of the solid, and thus the problem is re-
duced to an atomic one. For a single atom the calcu-
lation of enhancement is straightforward when
Coulomb wave functions are used for the free elec-
tron and positron states. The problem is similar to
that treated by Carbotte and Salvadori, " " but since
the complications introduced by the band structure of
a solid are avoided, the calculations may be carried
through without the crude approximations applied by
these authors. It is then also possible to identify the
approximation which led to their erroneous result of
a very strong enhancement for core annihilation. In
addition to supplementing the Thomas-Fermi-type
results for the momentum-dependent enhancement,
the atomic calculations provide a check of some of
the approximations inherent in the free-gas model.
In particular, it can be shown that although the ex-
istence of a potential barrier for the positron close to
nuclei is crucial for the calculation of the annihilation
yield from inner electrons, the barrier is not impor-
tant for the evaluation of the corresponding enhance-
ment factor. This is important for the application of
the local gas picture, since here the effect of barrier
penetration on enhancement is neglected.

II. BASIC FORMULAS

The annihilation of positrons in matter is dominat-
ed by processes which result in the emission of two y
rays. In this section we list a few basic formulas per-
taining to this situation.

Consider a positron annihilating within a system of
electrons. If Q(x) and P(x) denote the positron and
electron field operators, the probability per unit time
for' the emission of two y rays with total momentum
fq within t3d'q is given by I'(q) d'q, where'"
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Here c is the velocity of light and ro the classical electron radius. The expectation value is for the ground state,
and the equation includes an average over spin directions.

A simple evaluation of the right-hand side of Eq. (I) leads to the following expression in terms of the antisym-
metrized total wave function gati(r, r~, r2, . . . , rN) for the system consisting of the positron withaoordinates r and
the electrons with coordinates (r~, r2, . . . , rii),

I' C

8~2 rw (2)

(3)

As discussed in the Introduction, we shall be concerned with the evaluation of enhancements above the predic-
tions of the independent particle model (IPM). For a positron with wave function $ annihilating in a system of
electrons described by a Sister determinant of single-particle states i'; one obtains from Eq. (2)

' CI'""(q)=, X ~
J~d' r e '~' @(r)y;(r) ('

VT
g

The results of Secs. IV—VII will be presented in terms of the momentum-dependent enhancement factor

F(q) =I (q)/r""(q) (4)

and the average enhancement factor

+=Jtd q I'(q)/J~d q I'P (q)

I

III. THOMAS-FERMI APPROXIMATION
WITHIN THE IPM

As we shall see, the enhancement of positron an-
nihilation relative to the IPM result depends mainly
on the electron velocity distribution. Before consid-
ering the positron-'electron correlation in an electron
gas, with the aim of estimating the enhancement of
positron annihilation with core electrons, we apply a
Thomas-Fermi-type treatment to the calculation of
momentum-dependent annihilation rates within the
IPM. Since the high-momentum tail directly reflects
the momentum distribution of inner electrons, this
provides a check of the accuracy with which this dis-
tribution is reproduced by a Thomas-Fermi-type
model.

In the Thomas-Fermi picture of the atom it is as-
sumed that the electron cloud may be divided into
volumes 0 small enough that the potential energy
V(r) of an electron is essentially constant over 0
and large enough that 0 contains several electrons.
The electron states in 0 are described by plane
waves,

ili (r) = (II) '"e'" ' r e II

The states are filled in order of increasing momen-
tum, reaching a local Fermi momentum Eke(r),
which is related to the local potential energy through

@2k''(r)/2m + V(r) =0

x (II) I/2eik T-(2'
With the assumption that for most electrons the
quantity k r varies rapidly within 0 while R+(r)
remains essentially constant, we obtain

' C

4~2 4~

ror q kF(rn) (9)

where r ~ specifies the position of O.
The total annihilation probability within the IPM is

obtained by integration over r ~. Since the atomic
density varies monotonical)y with r, the condition
q ~ ke(r) may be replaced by an upper limit on the
integral,

r 2 c &R(&)I' "(q) = dr r'R+(r)
2 Q 0

may be determined by numerical integration of the
Schrodinger equation with potential

~
V(r) ~. The

solution is obtained in the form of a spherically sym-
metric function, (4rr) ' 'R+(r), inside the Wigner-
Seitz sphere for the solid under investigation. The
contribution of the electrons in 0 to the
momentum-dependent annihilation rate is then, ac-
cording to Eq. (3), given by

I n(q) = ', X ~J~d r e '&~(4m) ' R+(r)4+2

where m is the electron mass.
For the therrnalized positron the wave function

with

kp-(R (q)) = q
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The simple interpretation of this formula is that
the momentum q is provided by the annihilating elec-
tron while the positron wave function, which does
not contain high Fourier components, only provides a

weighting function for the average over the momen-
tum distribution of atomic electrons. As usual for a
Thomas-Fermi-type estimate, the assumptions made
in the derivation of Eq. (10) are only strictly fulfilled
at very high atomic numbers, and for light atoms the
accuracy of the estimate should be judged through its
application.

The formula (10) has been applied to calculate the
rates of positron annihilation in Al and Cu, and in

Figs. 1(a) and 1(b) the results are compared with the
rates calculated directly from Eq. (3) with atomic
electronic wave functions. The agreement is good
over several orders of magnitude in I'(q), and this
indicates that in the region of interest the momentum
distribution of the electrons is fairly well represented
by the local gas picture.

IV. ENHANCEMENT IN DENSE ELECTRON GAS

For a positive particle in an electron gas the density
enhancement at the position of the particle is deter-
mined by scattering of the electrons in the attractive
screened Coulomb field. As will be shown in Sec.
V A, in the limit of high densities the wavelength of
an electron at the Fermi level is short compared to
the screening length, and therefore an unscreened
Coulomb potential may be used to calculate the
scattering for most of the electrons. To obtain a first
estimate of the enhancement, we consider the
scattering of a single electron. The effect of ex-
change may then be studied by a consideration of the
corresponding three-body problem.

A. Two-particle scattering

The positive particle with charge e is given an arbi-
trary mass M, as a comparison between the cases
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FIG. 1. (a) Independent-particle annihilation rates for Al, obtained from Eq. (3) and from the electron-gas formula (10).
Electron and positron wave functions were calculated from the Schrodinger equation with overlapping atomic potentials ob-
tained from Clementi wave functions. The electron potential included Slater exchange. The length ao is the Bohr radius
ao= II /(me ). The contributions from individual electron orbitals are shown, and their sum is compared to the results from
the local gas approximation. (b) Similar to Fig. 1(a), but for annihilation in Cu. For the configuration (1s), which is not in-
cluded in the figure, one finds I"(q =0) 4~ I(I'0 c) =6.6 X 10
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M = m and M ~ will prove useful later on. Since
the enhancement is expected to be small in the cases
under investigation, the Coulomb attraction between
the two particles can be treated as a perturbation.
Denoting the quantization volume by V and letting
coordinates r and r1 refer to the positive and negative
particles of momentum h k0 and h k1, respectively, we
obtain to first order for the wave function

Q(r, rt) = $0(r, rt) + St)(r, rt)

ik r ik1 r1
V

—1
' 0 e 1 1

2 2 24me t k
~k ( )

k2 2m,k WO

V
—le 0 e 1 1

i(k —k) r i(k +k) ~ r

Here the reduced mass m, = mM/(m + M) and the
velocities vO and v1 of the unperturbed particles have
been introduced.

For the density enhancement we obtain

tinction between the two quantities in the
corresponding many-body problem.

B. Average enhancement for M

3 7T
2

F —I = 2 455r„r, 0
2 hvF

(14)

For a positive particle in an electron gas the
evaluation of enhancement factors is complicated by
exchange effects, but for a particle of infinite mass
the situation is simple. In this case all the electron
orbitals are solutions to the same one-particle
Schrodinger equation, and are therefore automatically
orthogonal. The average electron density at a point r,
represented by the sum of one-particle operators
X, 5(r —r;), is then the same whether calculated
from a simple product wave function or from the
Slater determinant of the orbitals in the product func-
tion. By averaging Eq. (13) over the velocities of the
electrons within the Fermi sphere, one obtains for
the average enhancement F in the limit of high den-
sity n,

& =
IV (r, r) I'/leo(r, r) I'

2
X

4vre2 f k + fk (-„-„)
V- — k2 2m,k /0

(12)
4m

rs = ~on

I i'

where vq is the Fermi velocity and r, the usual densi-
ty parameter,

As expected, only the relative velocity enters in Eq.
(12). The problem is in fact more naturally treated
in the center-of-mass reference frame, but for the
purpose of generalizing to the many-body problem
for an electron gas, we stay in the laboratory frame.
Without loss of generality we may set vo =0, and by
direct evaluation we obtain

x(k) - I =
kv

(13)

where Ak and v now denote the momentum and
velocity of the electron. It is a remarkable feature of
this formula that the enhancement factor is indepen-
dent of mass for fixed relative velocity. This result is

not restricted to the Born limit but is retained in an
exact treatment of the scattering of two particles in-

teracting through a Coulomb field. The exact value
of the enhancement is given later [Eq. (31)j. It will

be noted that the enhancement for two-body scatter-
ing has not been denoted by the symbol F introduced
in Sec. II for the momentum-dependent enhance-
ment. The reason is that there is an important dis-

ao = t'/me~ being the Bohr radius.
As was noted already, the two-body enhancement

factor is mass independent and one might therefore
expect that the formula (14) would apply for arbitrary
mass M of the positive particle in the high-density
limit where screening can be neglected. To see that
this is in fact not true, we need only study a system
containing two (identical) electrons interacting with
the positive particle.

C. Three-particle scattering and exchange

For simplicity we neglect the Coulomb interaction
between the two electrons. It is straightforward to
show that to first order it influences neither the total
nor the momentum-dependent enhancement. With
an obvious generalization of the notation used above,
the following expression is then obtained to first ord-
er for the enhancement of the electron density at the
position of the positive particle,

1 2F I= —,
-

V kWO

k &k —k2 1

2 2 247re t k fk ( „)
2m,

I

+—2
V k&0

k Wk1 —
k2

2 2 247re k k +kk ( )
2m,

In general, this result is different from the average of the two-particle enhancement factors, given by Eq. (12),
since the summation over momentum transfers is restricted in Eq. (15). The restriction arises from the exchange
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term, which must be subtracted from the corresponding direct term. The presence of an exchange term in the
expectation value of a sum of one-particle operators, $,. 8(r —r;), originates in the nonorthogonality, to first or-

der, of the orbitals g;+5/;. In the special case M ~, (i.e., m, =m) these orbitals are orthogonal and the two
exchange terms in Eq. (15) cancel. For antiparallel electron spins the exchange term of course vanishes.

D. Average enhancement for arbitrary mass

The formula (15) may be directly generalized to the case of W electrons with parallel spins, described by a
Slater determinant,

1
X

2
X

4rre' t'k' lt'k k'

]k'] &kF tk +k~ &k k 2
(16)

This result, applicable for an electron gas of high density, was first derived by Kahana9 for the case of M = m,
with a correction for screening included. It turns out that for pure Coulomb scattering the evaluation of Eq. (16)
can be carried rather far analytically, and one obtains

1

3m e 2 ~I't&+P&
' dz

I
I +z +,"' a dz

I
1+yz

2 AbF m "o z 1 —z "o z 1 —z
(17)

where P = m/M and y = (M + m)/(M —m). The enhancement is here written as a product of two terms, the
first of which depends on the gas density only, and not on the mass of the positive particle. The mass depen-
dence is given by the second factor, which for M ~ approaches unity such that the result (14) is obtained. For
the case M = m the mass-dependent factor is equal to 0,5. Hence, for a positron in a high-density gas, the aver-
age enhancement factor for positron annihilation is given by

37K 2

F —1= = 1.228r,
4 huF

E. Momentum-dependent enhancement

Having noted the particular simplicity of the limit M ~ in the calculation of the average enhancement F in
an electron gas of high density, one might expect the corresponding momentum-dependent enhancement factor
to be given by Eq. (13) in this limit. However, once again exchange invalidates the simple expectation.

As above, we consider two noninteracting electrons scattered by a positive particle of mass M, and for simplici-
ty we immediately set vo=0. The annihilation rate I (q), given by Eq. (2), reduces to

I'(q) =2
2

d3 rz~ d r e '&'+y(r r r,)(8~' ~ (19)

As expected, we find that to first order I'(q) vanishes unless q = k~ or q = k2, and we obtain for two electrons
with parallel spins

I'(q =k)) =
z

1+—I'O 'C

Sm V kWO

k W k2-k)

4 e2 )y2k2 )y2 k '—+-
2m, m

(20)

F(q) —I =—=2
V k~O

74+k I )kF

(21)

The result of the direct process, the annihilation of an electron with momentum hk~, is reduced by the exchange
process, the annihilation of an electron with momentum Ak2 together with a replacement of the momentum Ak~

by hk2 for the other electron.
The formula may immediately be generalized to the case of N electrons with parallel spins, described by a

Slater determinant, and we arrive at an expression for the momentum-dependent enhancement factor for a dense
electron gas with Fermi momentum kF,

4me k' k h2k q
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To first order the annihilation rate I'(q) vanishes for
q ) kF. The result (21) will be discussed and applied
later (Secs. V and VII). At this point we merely em-

, phasize that the exchange effect reflected in the re-
striction on momentum transfers in Eq. (21) is cru-
cial for the determination of F(q). In fact, if ex-
change is neglected, one arrives at an enhancement
given by the function X(k=q) in Eq. (13), which
decreases for increasing q and diverges in the limit

q 0. In contrast, as shown later for the case
M = m, the formula (21) leads to a function F(q)
which increases with q and diverges at the Fermi sur-

face, q kF,
It will be noted that by summing Eq. (21) over

momenta q one can recover the expression for F in

Eq. (16). We should also note here that the expres-
sion appearing in Ref. 9 which corresponds to our Eq.
(16) was derived with a dynamically screened poten-
tial rather than with the static Coulomb potential.
For a dynamic potential, the summand in the expres-
sion for F is no longer directly identifiable with the
momentum-dependent enhancement factor F(q).

We have several reasons for presenting this
rederivation of some of the results of Ref. 9 at some
length. First, we find an elementary treatment, not
relying on methods of field theory, more transparent
as regards the approximations involved. Second, we

have attempted to elucidate the origin of the spectac-
ular difference between the shape of the momentum
dependence as obtained from Eq. (21) and from sim-

ple expectations based on formulas like (13). Final-
. ly, the generalization of Kahana's formula to a posi-

tive particle of arbitrary mass will find useful applica-
tions below.

2

V(r) = ——e '~',
where

1/2
7Tap

ap=
4kF

'
me'

(22)

(23)

In the formulas for annihilation rates, such as Eqs.
(16) and (21), this simply leads to a replacement of
the Coulomb potential by a screened potential,

4me 4me
k2+ a

(24)

In the limit of very high densities the screening
length a becomes long compared to the wavelength
kq ', and the enhancement approaches that of a pure
Coulomb field.

Kahana obtained the average enhancement at Pigh
densities from a series expansion of the free
electron-positron Green's function, with an effective
dynamic interaction potential equal to the Coulomb
potential 4rre /k divided by Lindhard's longitudinal
dielectric function e(k, co). His final average
enhancement factor, obtained after an integration
over cu, is given by Eq. (16) with the replacement

4me 4n e2

k k

Fermi description, is determined from the Poisson
equation and the requirement that the single particle
energy at the Fermi level be independent of position
[cf. Eq. (7)]. At high gas densities the induced
charge density is a small correction and a point
charge e of infinite mass gives rise to an exponentially
screened Coulomb potential,

V. SCREENING AND NONLINEARITY

r

x a k, o)= [(k+k')' —k']
2m

(25)

In Sec. IV we have treated the electron gas in the
limit of high density, where pure Coulomb scattering
in the Born limit suffices to calculate the electron-
positron correlation. We ultimately want to apply the
results to annihilation within atomic cores but
although the electron density is high in these regions,
corrections to the simple limiting results may be of
significance. In this section we estimate the two most
important corrections due to screening of the
electron-positron interaction and deviations from the
linear treatment. Since the corrections are expected
not to be very large for the electron densities of in-
terest, simple estimates should suffice.

A numerical evaluation of the formula (16) with the
replacements (24) and (25) shows that the two esti-
mates of screening do, in fact, give the same results
in the limit M ~. In Table I the average enhance-
ment as a function of r, is represented in terms of

TABLE I. Values of l(r, ) from Eq. (26) in the limit

M —~. The second and third columns correspond to the
replacements (24) and (25), respectively, in Eq. (16). The
fourth column is obtained from Eq. (27).

rs

A. Screening

For a positive particle of infinite mass at rest in an
electron gas, screening can easily be introduced into
the description. Free electrons are scattered by an
average static potential which, within the Thomas-

2.43
2,39
2.31
2.08
1.51

2.43
2.39
2.31
2.06
1.53

2.44
2.41
2.33
2.10
1.59
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the slowly varying quantity 1(r,), defined through the
relation

(26)
2.0—

rs

.05

At high densities l(r, ) approaches the constant value
determined by Eq. (14), and thus the deviation from
this value at lower densities is a direct measure of the
importance of screening.

In the derivation of the modification (25), the con-
tribution to F from plasmon excitations is omitted.
The increase in density at the position of a positive
particle of infinite mass may, however, be evaluated
directly within the dielectric description, and one ob-
tains for the density enhancement

p oo

F = —
d. xx'[I —e '(x, O)], M —~ . (27)

2 0

Here no distinction is made between single-particle
and plasmon excitations, i.e., the expression (27)
contains the total enhancement within the dielectric
description. In Table I it is seen that F derived from
Eq. (27) agrees closely with the enhancement deter-
mined from single-particle scattering alone. This
result supports the conclusion of. Kahana, 9 who es-
timated the contribution from plasmon excitations to
be small.

For the subsequent application of electron-gas
results to the atomic case it is important that single-
particle excitations determine the enhancement ef-
fects at high densities. The reason is that in the ap-
plication to an atom the collective features, character-
-ized by the local plasma frequency, have to be modi-
fied to take into account the binding force. For ex-
ample, this effect is important in calculations of the
stopping power for high-velocity particles penetrating
matter. As we have seen, a similar complication
does not arise in the calculation of positron annihila-
tion with core electrons. The enhancement is deter-
mined by the velocity distribution of the electrons
and not by the restoring forces.

%e shall now consider a positive particle of finite
mass, in particular a positron, M = m. Because of the
recoil of the positive particle, a static potential is not
strictly applicable. In spite of this, the simple
screened potential (24) does lead to accurate
enhancement factors for the gas densities of interest.
This is seen from Table II, which gives a comparison
of average enhancement factors obtained with
Kahana's expression (25) and with the Yukawa po-
tential represented by (24). Again, the results are
presented in terms of the function l(r, ) introduced in
Eq. (26). With the static approximation (22), the
momentum-dependent enhancement factors are ob-
tained from Eq. (21) with the replacement (24), and
the results for a positron are given in Fig. 2 for a
number of r, values. In analogy to Tables I and II,
the results are presented in terms of the function

1.6—

U
ti) f2—

0.4—

l I l I I0, 02 . 06 1.0

q/kF

FIG. 2. 1(r, ,q) for a positron at the gas densities charac-
terized by the r, values given in the figure. The momentum
tq is given in units of the Fermi momentum tk&. The func-
tion l(r, ,q) is introduced in Eq. (28), and the evaluation is

based on Eq. (21) with the replacement (24).

0.80.4

l(r, , q) introduced through the relation

F(q) —1 = r, l (r„q) (28)

In contrast to the enhancement corresponding to a
two-body collision, the enhancement in a gas is an in-
creasing function of q. In the Coulomb limit, r, 0,
the enhancement factor even diverges logarithmically
for q k~. The increase in F(q) close to the Fermi
momentum is, however, considerably reduced for r,
values corresponding to typical core electron densi-
ties, 10 ' ( r, (1. This was to be expected, since
screening mainly affects small momentum transfers,
and owing to the Pauli principle such mornenta can .

only be imparted to electrons close to the Fermi sur-
face. %e conclude this discussion of screening by
mentioning that for positron annihilation in an elec-
tron gas of a much lower density a static scattering
potential has been found to provide reasonably accu-
rate values for the momentum-dependent enhance-
ment factor. "

rs

10-5
10 3

10 2

10-~

1

1.22
1.19
1.12
0.97
0.67

1.22
1 ~ 18
1.13
0.97
0.71

TABLE ll. Values of I(r, ) from Eq. (26) for M =m. The
second and third columns correspond to the replacements
(24) and (25), respectively, in Eq. (16),
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B. Nonlinearity

The simplicity of the theoretical treatment of
enhancement in an electron gas of high density
derives mainly from the application of the first-order
Born approximation. As opposed to the situation for
1ow densities typical, say, for conduction electrons in
a metal, a first-order approximation is expected to be
quite accurate for the high densities corresponding to
atomic cores. Still it is desirable to be able to assess
the accuracy from simple estimates of deviations
from linearity.

Such an estimate can fairly easily be obtained for
the average density enhancement F at a positive par-
ticle of infinite mass. As discussed in Sec. IV, for
M ~ the total electron density can be obtained as a
sum of independent single-particle contributions.
Therefore, if the one-particle Schrodinger equation
corresponding to the scattering potential around the
positive particle is solved exactly for all electron mo-
menta a value of F is obtained, which is exact in the
sense that scattering in the average screened potential
is included to all orders. Exact analytical soIutions
are available, not only for the pure Coulomb field but
also for the following screened Coulomb potential in-
troduced by Hulthen, '"

e2
V(r) = —' (e "—I)-' .

a~
(29)

X(k)

2m sinh(2mka~)

kQp cosh(2mkaH) —cos(2rr(2a~/ao —(ka~) ) ' )

(30)

In the limit aH ~ this expression reduces to the
exact formula for the enhancement for Coulomb
scattering,

X(k)= (1 —e ) ' a„-2m/ka

kao
(31)

The index H has been introduced to distinguish the
screening length in this expession from the one given

'

in Eq. (23), which belongs to the Yukawa potential
(22). The relation between the two lengths is dis-
cussed below.

For an electron of momentum hk at large distances
from the center of the scattering potential (29), the
density-enhancement factor X(k), defined as the ra-
tio between the densities at r =0 and r = ~, is given
by the expression"

which to first order in (kao) gives the formula (13).
The corresponding Born result for the Hulthen po-
tential is obtained from Eq. (30) in the limit ao

X(k) =1+ (coth(2rrka„) —(2mkg„) ']
kap

(32)

In order to use these expressions to estimate the im-
portance of nonlinear effects for the density enhance-
ment at the position of a heavy positive particle in an
electron gas, we must first determine the screening
length aH as a function of gas density. It turns out
that in the Born approximation the enhancements
X(k) obtained with the two potentials (22) and (29)
are virtually identical for all momenta k ( kF if we
choose the value of aH to be aH =0.6a, where a is
the screening length for the Yukawa potential, given
by Eq. (23). With this value of aH the average
enhancement for an electron gas has been calculated
from the expression

F = Jl dk k2X(k)
k)

(33)

According to the discussion in Sec. IV, this procedure
is correct for an infinitely heavy positive particle.
Results obtained with different approximations for
X(k) are shown in Fig. 3(a). Since the effects of

screening and nonlinearity partly cancel, the total
correction to the first-order result for a pure
Coulomb interaction is not very large in the density
region of interest, r, & 1.

Although these estimates only apply in the limit
M ~ we might expect the situation to be similar
for positrons, i.e., for M =m. If we make the plausi-
ble assumption that for fixed magnitude of the first-
order density correction the additional correction due
to nonlinear effects is similar for a positron and for a
heavy particle, we may use the curves in Fig. 3(a) to
derive an estimate of nonlinear effects for a positron,
as shown in Fig. 3(b). In this case the cancellation
between screening and nonlinearity effects is even
more pronounced than that observed in Fig. 3(a),
and we may conclude that for gas densities
corresponding to r, & 1 the density enhancement for
a positron in a gas is obtained quite accurately from a
first-order calculation with pure Coulomb interaction
[Eq. (18)j. The high degree of cancellation is
perhaps a little surprising since it is known that in the
limit of high densities the leading correction to pure
Coulomb scattering with small momentum transfer is
due to screening. ' On the other hand, the density
enhancement at the position of a positive particle is
dominated by scattering with fairly large transfer of
momentum, and our conclusion therefore does not
contradict this result.
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FIG. 3. (a) Average enhancement F as a function of the density parameter r„ in the limit M ~. The evaluation of F is

based on Eq. (33), with functions X(k) given in the Eqs. (31), (30}, (13), and (32), respectively, for the curves labeled C, H,

BC, and BH. For F ( 2 nonlinear effects and the correction for screening nearly cancel, i.e., the curves labeled H and BC
nearly coincide. (b) Average enhancement F for positron, as a function of density parameter r, . The evaluation of the curves

labeled BC and BS is based on Eq. (18) and on Eq. (16) with the replacement (25), respectively. The curve labeled S includes

an estimated correction for both screening and nonlinear effects and it is constructed from the curve labeled BS in the following

manner: A Born value (Fss —1) in Fig. 3(b) is multiplied by the ratio (F& —1)/(FsH —1) taken from Fig. 3(a), the relation

between the r, values in the two figures being such that F&H in Fig. 3(a) is equal to F~~ in Fig. 3(b). For all values of r, (2,
the combined correction for screening and nonlinear effects is small, i.e, , the curves labeled S and BC nearly coincide.

UI. ATOMIC CALCULATION OF CORE
ANNIHILATION

In Secs. IV—V we have analyzed positron annihila-
tion in a uniform electron gas of high density with
the aim of applying the results to core annihilation in

solids through a Thomas-Fermi-type local gas approx-
imation. We now complement this approach with cal-
culations of the enhancement of positron annihilation
with a single electron closely bound to an atomic nu-

cleus. This quantity is important for estimating the
core contribution to the total annihilation rate in a

solid, since in the independent-particle model the
contributions from different orbitals are calculated
separately. In the local gas picture no distinction is
made between shells, and the enhancement of an-
nihilation with individual electrons is not easily ob-
tained.

In addition to complementing the Thomas-Fermi-
type treatment in this way, atomic calculations with

1

realistic positron and electron wave functions may
serve as a check on the applicability of the simple
electron-gas picture, in which the independent-
particle wave functions are assumed to be plane
waves. - Finally, in the calculations to be presented
belo~, we use the same type of procedure as that
employed by Carbotte and Salvadori in a series of
publications, " " and subsequently by other authors
using their expressions. " As noted earlier, Carbotte
and Salvadori arrived at much larger enhancement
factors than those obtained in this paper. We shall
show that this discrepancy results from errors in their
evaluation of certain matrix elements.

According to the previous discussion, a first-order
perturbation treatment suffices for the evaluation of
core enhancement factors. We consider a positron
with unperturbed wave function ohio and energy eo in-

teracting with an atomic electron described by the or-
bital Jot'1 and with energy —b, t'1. To first order in the
electron-positron interaction potential U(r) the wave
function titt')(x, y) for the interacting pair is given by

(34)
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The summation extends over all excited positron states @& with energy e& and over all excited electron states P
with positive energy E . According to the electron-gas results, the exclusion of excited bound states accounts for
the main effect of the correlation with other bound atomic electrons. The contribution of electron orbital i to the
momentum-dependent annihilation rate is given by

2

I '( )= (J d're 'P'y "(r, r)('
8

2 ~ fa

d' r e-'~+yt l(-,-)~~+2/ I d
— -'p '5/&'&(r, r) d' r e'p 'y, '&'(r, r)8~2' (35)

If the electron-positron interaction is represented by a Yukawa potential U(r) = —e2exp( r/a)/r—, the expression
for I't'~(q) can be transformed into a convenient form through a straightforward calculation. With the electron i

in a state of angular momentum Ip in the spherically symmetric atomic potential, and with an s state for the posi-
tron ground state, we obtain for the annihilation rate, averaged over the values of the magnetic quantum number
mp corresponding to Ip,

rt l(q) = I t'&(q) + gr«&(q)

dr r jl (qr) R p (r) R p+ (r) (

+ ', —X(2I+I) $ l,c(IOIpo~I'0) p JI dk Jt dk' k'+k'+ 2m (a —ep)
Sm2 (I 0 0 A

t

P oo t p oo

J dr r G,'(k, r)RkI (r)Rp+(r) „dr r2jI (qr)RkI(r)Rk+I (r) dr r2jI (qr)Rp (r)Rp+(r)

where the function G,'(k, R) is given by (36)

1 RG'(k, R) = — /tl
' '- —' dr r jI —' Rkl(r)Rp (r) ——jI '

dr r h~
' —' Rkl(r)Rp (r) (37)

In these expressions Rk~ and RkI are the positron and electron radial wave functions corresponding to wave
number k and angular momentum I, and j~ and hl

' are spherical Bessel functions and spherical Hankel functions
of the first kind. The ground states are described by the radial. functions Rp and Rp. The quantities
C(lml'm'~LM) are Clebsch-Gordan coefficients, and as usual ap denotes the Bohr radius ap= t'/me . The func-
tion G, (k, R) only depends on electron wave functions. It also appears in the description of processes like

proton-induced inner shell ionization, and in the Coulomb limit, a ~, our numerical values agree with pub-
lished curves is

The numerical evaluation of the -momentum-dependent annihilation rate and of the corresponding enhance-
ment factor is hampered by the second last factor in Eq. (36). At large values of r the integrand is proportional
to r ' times a product of sine functions and the integral is only slowly converging. The integral is essentially a

Fourier component of one of the excited electron-positron states in terms of which the perturbation 5/M( x, y ) is

expanded. The perturbation of a localized function Qp(x, y) must again be fairly localized, but since the pertur-
bation is expanded in extended continuum states, the localization is only obtained after the final summation over
the quantum numbers (k,k', I).

A similar difficulty is avoided for the total rate of annihilation with electron i and the corresponding average
enhancement factor F;. Utilizing the property of the jl functions,

1
dq q jI(qr)j I(qr') = m 8(r —r')— —

we obtain an expression for the quantity F; in which all of the integrals contain the localized product function
Rp+R p,

F; —I = dq q~SI' ' (q) I dq q2I'pl (q)I Jp

=
J dk dk' —X(2I +I) X (C(IOlp0[l'0) (

k' +k +
2 (rL —ep)

0 ~0 Qp I I'
t

dr r2G,'(k, r) Rk&& (r) Rp+ (r)

P oo 'I '
ta oo

x Jl dr r2Rkl(r)Rp (r)Rk+I (r)Rp+(r) / &
dr r (Rp (r)Rp+(r))2 . (39)
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A numerical evaluation of this expression has been
performed with Coulomb wave functions, which are
solutions of the Schrodinger equation with potential
+Ze'/r. The integrand of the double integral in Eq.
(39) is shown in Figs. 4(a) and 4(b) in the form of
contour curves in the (k, k') plane. It is seen that the
integral receives appreciable contributions from a
fairly localized region around the line k =O'. To ob-

.75

tain convergence in the I summation in Eq. (39) it
was necessary to include 10—20 partial waves. Owing

to the scaling properties of the model the figures
describe the results for all values of Z.

The quantities I'; —1 are proportional to Z, i.e.,
as a function of Z they are inversely proportional to
electron velocity. Moreover, the values of F; —1 for
different orbitals are found to be inversely propor-
tional to the characteristic velocity for the i th orbital,
u; = (u~),t/~. This is seen from Table III, which gives
the enhancement factors for the orbitals 1s, 2s, 2p,
and 3s in the case of an unscreened electron-positron
interaction. The result

&p e2
F; —1=—,vp=—

lPI
(40)

kp 3

OO

14—

0.8
kp

0.6

(a)

0.25

is analogous to the electron gas formula (18). Not
only have we retrieved the proportionality to the in-

verse of a characteristic electron velocity, but also the
factor of proportionality —,m in Eq. (18) between

F —1 and the quantity ua(u ') = —,uavF' compares

very well with the factor —1 in Eq. (40). It is also
instructive to relate the results to the density
enhancement at the center of the atom, when an ex-
tra proton is added to the nucleus. The relative den-

sity increase (Z + l)s/Zs —1 =3/Z is of the same
order as that obtained from Eq. (40) with a value of
v; corresponding to a 1s electron, v; = Zup. The
agreement becomes even closer when we allow for
the usual factor of 2 between electron densities in-

duced by protons and positrons.
As for the electron gas the effect of screening

turns out to be small. To estimate the effect we in-

troduced a Yukawa potential with a screening length
determined from the total electron density around
the maximum of the radial density-for the orbital.
For Al the decrease in F; —1 due to screening was

found to be &10% for the 1s and &20% for the 3s

0
0

l I

0.2 0.4
I

0.8 1,0

{b)

l

1.2

TABLE III. Enhancement factors corresponding to un-

screened electron-positron interaction in hydrogenic atom
with atomic number Z. The evaluation is based on Eq. (39)
with Coulomb wave functions for electron and positron ex-
cited states, The velocities up and v; are the Bohr velocity

vo = e2/s and the characteristic orbital velocity, v, = (u~) t/2.

The accuracy of the calculated values of F —1 is about 10%.

FIG. 4, (a) Contour plot of the integrand in the double

integral in Eq. (39), for a 1$ electron in a hydrogenic system

of atomic number Z. Electron and positron wave numbers

k, and k are in units of Z/aa, and the integrand is in units

of aa2/Z . The integrand has been evaluated with pure

Coulomb interaction between the electron and the positron.

(b) Similar to Fig. 4(a), but for a 3$ electron.

Z(F -1)
Z lfp/ill

1$ 2$

2.2
2

2.0
2

3$

3.0
3
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electrons. For heavier materials screening will be
even less significant. Since the electron-positron in-

teraction is not completely local, and the positron
wave function decreases strongly towards 'the atomic
center these calculations probably overestimate the
effect of screening. Furthermore, according to the
results of Sec. V, the small screening effects are ex-
pected to be largely compensated for by nonlinear
terms.

The results obtained in this section may be applied
in the shell-by-shell subtraction of core events need-
ed in studies of annihilation with outer electrons. We
shall postpone discussion of this to Sec. VII and turn
to a discussion of how the atomic calculations clear
up an apparent difficulty in applying the Thomas-
Fermi picture to estimate enhancements.

Within the Thomas-Fermi treatment both electrons
and positrons are represented by plane waves.
Although it was shown in Sec. III that such a pro-
cedure gives a satisfactory distribution of electron
momenta, serious problems might seem to arise in

the description of the positron. Low-lying positron
states must penetrate high potential barriers and are
strongly reduced in intensity when they reach the
core region. Consequently, matrix elements involv-

ing such states are vastly overestimated if the posi-
tron is represented by a plane wave as in the
Thomas-Fermi calculation. In spite of the fact that
free positron states are inapplicable in the calculation
of core annihilation rates, they can still be used to
evaluate the corresponding enhancement factors.
This may be understood from the expression in Eq.
(39). The positron ground state appears twice in the
numerator and twice in the denominator, and thus an
overall depletion of intensity in the core region does
not affect the ratio. On the other hand, low-lying ex-
cited states with a similar barrier penetration are only
present in the numerator. We obtained a quantitative
check on these effects by repeating the evaluation of
enhancement for the I s,electron in the absence of a
positron barrier. The resulting enhancement factor
changed by less than 10'/o. The main reason for this
is that the contribution to the integral (39) from
small k' values is insignificant even when the density
of excited positron states is not reduced by barrier
penetration.

In the papers by Carbotte and Salvadori positron
states were also effectively replaced by plane waves,
but only in the expression SI't'l(q) for the increase in

annihilation rate due to correlation and not in the
corresponding independent-particle value I pt'l (q) .
This amounts to applying plane waves in the numera-
tor but not in the denominator of the expression (39)
for the enhancement factor. Since the IPM overlap is
reduced by orders of magnitude due to barrier pene-
tration, this clearly leads to gross overestimates of
the enhancement. The manner in which this error
was introduced is discussed in detail in the Appendix.

VII. CORE ANNIHILATION IN SOLIDS

In this final section we discuss positron annihila-
tion with core electrons in a solid, on the basis of the
results obtained in Secs. IV—VI. The quantity of in-
terest is the enhancement of the annihilation rate re-
lative to that calculated in the independent-particle
model, and we shall consider partly the total
enhancement of annihilation with individual tightly
bound atomic electrons, and partly the momentum-
dependent annihilation rate in the high momentum
region, where the core contribution dominates. First
we try to draw some general conclusions concerning
the order of magnitude of the enhancement, and
then we shall derive more precise estimates, which
may be directly applied in the analysis of experi-
ments.

The starting point of the discussion has been the
simple result obtained for the scattering of a particle
in a Coulomb field or equivalently, for the mutual
scattering of two charged particles. The probability
for finding two free particles with charges +e at the
same point in space is enhanced by the factor

(I + vrup/v), where v is the relative velocity of the
particles, assumed large compared to the Bohr veloci-
ty up ——e'/t. For core electrons the velocity is gen-
erally much higher than vo, and on the basis of this
simple estimate the enhancement of core annihilation
is expected to be small. Our analysis of enhancement
of positron annihilation in an electron gas and annihi-
lation with inner electrons in an isolated atom may be
seen as an investigation of the applicability of the
simple free-particle result to more complicated sys-
tems of many interacting electrons moving in the at-
tractive Coulomb field of an atomic nucleus. The
result of the investigation is that the simple free-
particle enhancement provides a good qualitative esti-
mate, and that in fact the enhancement of core an-
nihilation is small. This is in contrast to the finding
in earlier treatments, in particular that of Carbotte
and Salvadori, ' of large enhancement factors for posi-
tron annihilation with strongly bound electrons. In
Sec. VI we have identified the inadmissible approxi-
mation which is the main source of error in their
treatment (see also the Appendix).

Although the perturbation result for free particles
provides an excellent guide for order-of-magnitude
estimates, the modifications for many-particle sys-
tems of bound electrons are important for more accu-
rate calculations. It was found both for the electron
gas and for an electron in an inner atomic orbital that
the enhancement is reduced relative to the free-
particle result by a factor of the order of 2 to 3. For
both cases the reduction may qualitatively be ex-
plained as an effect of the Pauli principle, which only
allows virtual excitations to states above the Fermi
level and to continuum states of positive energy,
respectively, For the purpose of obtaining realistic
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estimates of core annihilation in solids, the two
models complement each other. The atomic calcula-
tion provides the total enhancement for annihilation
with specific atomic shells, which is needed for sub-
traction of the core contribution to the total annihila-
tion rate. On the other hand, the Thomas-Fermi pic-
ture, which does not group electrons into shells, is

particularly valuable for estimating the momentum-
dependent enhancement in the high momentum tail
of the annihilation rate.

A. Average enhancement for core annihilation

The results from the atomic calculation are remark-
ably simple. Apart from a reduction to -1 of the
factor m in the single-particle formula (13), this
result applies with a value of v corresponding to the
average kinetic energy of the bound electron. The
model is of course greatly simplified compared to the
case of an atom embedded in a solid, and it is ap-
propriate to discuss the possible modifications. we

might expect for this case.
First, wave functions and binding energies for a

hydrogenic atom have been applied. It should be
straightforward to introduce more realistic values but
only minor modifications of the results would be ex-
pected. Thus, the rather drastic changes in binding
energies turn out to be fairly unimportant, since
these energies are added to larger energies of excited
states. The main effect of screening is a replacement
of Z by an effective atomic number Z —a-, where
o- =4 for L electrons.

For the feasibility of the calculation the most im-

portant simplification is the representation of excited
electron and positron states by Coulomb wave func-
tions. It is difficult to estimate quantitatively the in-

fluence of this approximation on the results, but it
could hardly be expected to be very large. As seen
from Figs. 4(a) and 4(b), the enhancement receives
contributions from a broad range of excited electron
and positron momenta, and a restructuring of the
continuum into the bands characteristic of the solid
should to a large extent be averaged out.

Finally, since the enhancement F —1 is so small,
only limited accuracy is needed to improve on the
methods for subtraction of the core contribution
from total annihilation rates.

8. Momentum-dependent enhancement

In measurements of the momentum dependence of
positron annihilation rates in a solid, the velocity of
the annihilating electron (or at least one component)
is apparently specified and it would be tempting to
apply the corresponding free-particle enhancement.
However, in our analysis of the momentum-

dependent annihilation rate in an electron gas we

found an important qualitative modification of this

picture. The momentum dependence of the enhance-
ment is strongly reduced by the Pauli principle, in

particular when screening effects are included, and
the enhancement may be approximated by a constant
value determined by the gas density. This result sug-

gests a Thomas-Fermi-type estimate of the
momentum-dependent annihilation rate

c «(&)
I'(q) =

z J dr r~R+~ (r) F(r)4~' ~0 (41)

with

kr(R (q))'= q

This formula is an extension of the IPM result (10)
based on the local gas approximation, which in Sec. III
was sho~n to give results in good agreement with
those obtained from an IPM calculation with atomic
orbitals. The contribution from distance f is in-

creased by the average enhancement factor for an
electron gas with the local density. An even better
result should be obtained by calculating the IPM an-
nihilation rate with realistic atomic orbitals, according
to Eq. (3), and applying the local gas approximation
only to calculate the (small) enhancement,

t R(q)
dr r'R+'(r)F(r)

42

J dr r~R f (r)
with

F(q) —1 = — ', qaa ) 2= 20
(qao)

'

which agrees closely with the simple estimate.

(43)

kr(R(q)) =q

In this formula we have neglected the momentum
dependence of F for fixed density, illustrated in Fig.
2. As it turns out, the inclusion of this relatively
weak dependence in the expression (42) has a negli-
gible effect on the resulting function F(q). It might
also be questionable to introduce such details of the
gas results in the description of an atomic system, for
which the local density in the core region is dominat-
ed by a few energy levels well below the Fermi level.
,As was illustrated in Fig. 3(b), the reduction in
enhancement from screening is nearly cancelled by
nonlinear. terms, and the simple formula (18) has
therefore been applied in the evaluation of the
expression (42). The major contributions come from
distances close to R (q), and therefore the value of
[F(q) —I] is expected to be of the order of
1.228r, (q), where r, (q) is the density parameter for a
gas with Fermi momentum fiq With.
r, (q) =1.92/(qao), this estimate may be written as
[F(q) —I] =2.36/(qao). For both Al and Cu we ob-
tain by numerical evaluation the result
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C. Comparison with experiment
2.0—

P;(q, ) =r Jt dq q Jt dn, r, (q) (44)

where

r = $ JI d' q I'; ( q ) (45)

For an annihilating electron-positron pair with fin-
ite momentum the angle between the two emitted y
rays differs slightly from m, and the energies of the
photons are Doppler shifted in opposite directions.
Either of these two effects may be used to measure
one component of the rnornentum of the annihilating
pair, and a one-dimensional probability distribution in

a single component of the momentum fq is obtained.
Let P; (q, )dq~ denote the probability that a given posi-
tron will annihilate with an electron in state i and that
the annihilating pair will have a momentum com-
ponent in the direction of interest with absolute value
lying between fq~ and Wq~+dq~). Theoretically it is

given by the expression

1.8—

1.2—

1.0 I

'4

q )Qo

10
I

12

FIG, 5. F&(q&) from Eq. (46). The IPM-annihilation rate,
I' M, is given in Eq. (10), while I (q) is obtained from the
formula (41). The enhancement F(r) in this formula is ob-
tained from Eq. (18) with a value of r, determined by the
local electron density at distance r. Virtually identical results
were obtained for Al and Cu, and hence the curve applies
for both materials,

is the total lifetime of the positron in the material.
This quantity is determined mainly by annihilation
with outer electrons. Any inaccuracy in the calcula-
tion of this constant of proportionality would lead to
additional and unnecessary uncertainties in the com-
parison between experimental values of P;(q~) for
core electrons and the corresponding theoretical dis-
tribution. Therefore, as noted in Ref. 4, the experi-
mentally obtained total lifetime should be applied in
the formula (44) to obtain a probability distribution
from the calculated (absolute) core-annihilation rate.

As we have seen, the independent-particle model
may, to a good approximation, be applied to calculate
the annihilation yield from inner-shell electrons.
This is the quantity needed for core subtraction. As
an example we consider the case of Al. With a meas-
ured lifetime ~ =175 psec we obtain by integrating
P;(q~) in Eq. (44) or, alternatively, by a three-
dimensional integration of the curves in Fig. 1(a), an
independent particle value of 3.7 +0.7% for the total
probability for annihilation with the ten core elec-
trons. The shell-by-shell calculations in Fig. 1(a) are
identical to the ones presented in Ref. 4.' As ex-
plained there, the quoted uncertainty of the IPM
value is associated with the difficulty of normalizing
the positron wave function. Inclusion of the average
enhancement factors found in Sec. VI leads to a
value of 4.3 +0.8% for the total probability for an-
nihilation with core electrons. Clearly the uncertainty
of the enhancements is insignificant for this estimate.
The result is much lower than the value —15% ob-
tained from an empirical fitting procedure.

For convenience in comparing the results from the
electron-gas picture with high momentum spectra we

finally present a plot of the function

p oo

dq q Jt d fI-, I'(q )

dqq J dn, r»M(q)
Jqt

(46)

where the annihilation rates I'(q) and I™(q)are
obtained from Eqs. (41) and (10), respectively.
Again the results for Al and Cu are indistinguishable,
and a common curve may be drawn as shown in Fig,
5, The numerical results are still represented fairly
well (with —10%) by a formula similar to Eq. (43),

F)(q() —1 = 1.8
(qi~o)

(47)
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Due to the averaging over two momentum com-
ponents the constant in Eq. (47) is slightly lower than
that in Eq. (43), and the proportionality to the in-

verse momentum is not quite as accurate.
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APPENDIX

x y, (x, ')Xo(x~') d x, 'dx~' . (A2)

The Eqs. (A2) —(A6) are numbered as in Ref. 11,
and the notation and units (atomic) of this reference
are used. Orbitals P and X refer to electrons and

positrons respectively, the ground states of which are
denoted by indices c and 0. The excited states, com-
patible with the Pauli principle, are all in the continu-

um, and they are identified through an index k. The
above expression is analogous to Eq. '(34) of the

present paper.
The matrix element of the Coulomb potential is

expressed in Fourier components and the correction
term $,~(x„x~) takes the form

y-„(x,) Xp( xp)
, (x, x k2+ k'2+ 5 f1

k, k'

x $ (k I q Ic& &k'I-q lo&~,
Q'

(A3)

In this Appendix we shall show explicitly at which
point Carbotte and Salvadori introduced the error
leading to their large overestimates of core-
enhancement factors. %e refer to Ref. 11, where the
correlated wave function for a positron and a core
electron, interacting through a Coulomb potential, is

presented in the following form

p,~(x„x~) =Q, (x,)XO(x~) +@,~(x, , x~) . (Al)

The correction term @,~ is calculated to first order

y-„(x,) X-„,( x,)
X~, Xp

-„-„,E;+ Er —E
q

E~~, —

x y-„'(x, ') Xp'(x, ')
x~ —xp

where 0 is the quantization volume. The integration
over electron and positron coordinates is now per-
formed in separate matrix elements,

( k I q I c) ' —=
J

~ d x, ' y-„"( x, ') e ' y, ( x, ')

and

(A4a)

(k'I —q I0)'=—„ld x~' X-„,"(x, ') e ' Xo(x, ')

(A4b)

The binding energy 4, of the core electron has been
introduced together with the values E/ =0, E-„'=k',
and E-„,= k' .

The positron matrix element in Eq. (A4b) is now

replaced by a 5 function

(k'I-q Io)~= 5-„,, —, (AS)

and this leads to

p(x, ) X-„.(x,)
0 —, k2+ k'2+ 6y, (x„x)=-

k, k' C

x (k I

—k'Ic)' (A6)

The approximation (A5) is based on the observation
that positron wave functions are farly well approxi-
mated by plane ~aves outside the small core regions.
The approximation is, however, completely inade-
quate in the summation over q in Eq. (A3), since the
many small contributions from q values in the vicini-

ty of q = —k' add up to a term which almost cancels
the contribution from the 5 function. To see this, we

note that the core wave function P, is strongly local-

ized, and hence the matrix element (k I q Ic)'
depends only weakly on q within the range of q
values for which the matrix element (A4b) is appre-
ciably different from zero. Therefore, instead of Eq.
(A6) we obtain as an order of magnitude estimate

(A7)

The last factor in this expression gives
~~~ I

J, d x, '
X-„,"(x~ ') g e Xo( x, ') = Jt8 x, 'X-„,'( x, ') 115( x, ') Xo( x, ') = 11X-„,'( 0 ) Xo( 0 ) (Ag)

Because of the high potential barriers for positrons
close to nuclei the factor OX-„,'(0)XO(0) is much

smaller than the corresponding factor of
A(A) ~ (0) =1 in Eq. (A6).

By way of a simple analytical example in one di-

mension we may illustrate in a little more detail, how
the integral over the delta function is almost can-
celled by the integral over the correction terms. The

(A9}

one-dimensional analogue of the q summation in Eq.
(Aj) is of the type

f oo

J' A f(e)g (e)

The function g (q) is the Fourier transform of a

function g(x), which increases from small values in

the vicinity of x =0 to a much larger constant abso-
lute value in the limits x + ~. As an example of
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such a function we may take We therefore obtain

t

g(x) =e lk0x 1 A
A =L

L x2+A2 (A 10)

o

where the lengths k0 ', L, and A are constants.
The integrand in the expression (A9) is the pro-

duct of the Fourier transform

f oo

g(q) =
I dxe ""g(x)

2~ J-
1 A lq k01= —8(q —k ) ——e0 (A11)

and the Fourier transform f (q) of a function which
is localized within a distance short compared to A.

f oo
1 1dqf(q)g(q) =f(kp) ———

OO L A

=f (kp)g (x =0) (A12)

With the approximation introduced by Carbotte and
Salvadori, only the 8-function part of g(q) is re-
tained. This leads to an overestimate of the integral
(A9) by a factor of the order of
~g(x ~)/g(x =0) ~, in analogy to the difference
between the Carbotte-Salvadori expression (A6) and
the estimate (A7) and (A8).

Finally we may mention that in Ref. 10 the sarge
error is introduced, when the expression in Ref. 10,
Eq. (3.5) is replaced by the quantities in Eqs. (4.4a)
and (4.4b) of that reference.
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