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We report photoluminescence measurements on the electron-hole liquid (EHL) in germanium in magnetic
fields up to 19 T (190 kG). The line shape of the luminescence spectra for allowed (LA) as well as
forbidden (TA) transitions could be fitted theoretically taking into account the detailed structure of the
conduction and valence bands in a magnetic field. All details of the experimental line shape, including their
polarization properties, are well reproduced by their theoretical counterparts over the entire field range. The
low-energy tail of the EHL spectra could be described quantitatively by an energy-dependent quasiparticle
lifetime. This line-shape analysis yielded the field dependence of the important parameters of the condensed
state: equilibrium density, ground-state energy, and work function. It was found that there exists an
enhancement of the carrier masses of about 10/o. The sum of the exchange and correlation part of the
ground-state energy turned out to be only weakly field dependent. Therefore a simple model is proposed
which allows the calculation of the field dependence of the basic EHL parameters in an approximate way.
The relative intensities of the TA- and LA-phonon replicas are quantitatively described over a large region
of magnetic-field, strength which confirms earlier findings on the nature of the electron-photon matrix
elements involved. No evidence for a field-induced transition from electron-hole droplets to electron-hole
fibers, as predicted theoretically, has been found in our high-field optical experiments.

I. INTRODUCTION

The electron-hole liquid (EHL) in semiconductors
is a discovery of the last decade. At liquid-helium
temperatures a high-density gas of nonequilibrium
carriers undergoes a phase transition to form a
quasistationary two-component Fermi liquid.
Electrons and holes populate the lowest-energy
states of conduction and valence bands up to Fermi
levels 8& and E&, respectively, uniquely deter-
mined by thd equilibrium density of the electron-
hole liquid and the band parameters. Although
this phenomenon has been found in a great variety
of semiconductors, Qe has proved to act as a mod-
el substance for the thorough study of the proper-
ties of the condensate.

In a magnetic field such a degenerate system
should show quantum oscillations periodic in 1jH
in analogy to the well-known de Haas-van Alphen
effect in metals. Indeed various kinds of magneto-
oscillatory effects have been found, namely mag-
neto oscillations of

(1) the intensity of the e-h radiative recombin-
ation,

(2) the far-infrared absorption, 4'8 "
(3) the e-h lifetime, ' and
(4) the half-width of the luminescence band. '

However, the interpretation of these oscillations
cannot be as straightforward as in the case of a
metal. The simple geometrical constructions,

commonly used to interpret magneto oscillations
in metals, rely heavily on the fact that the Fermi
energy FJ; of the electron liquid is much bigger
than the energy of the magnetic perturbation, Sf&„
and the thermal energy kT. For the EHI, in Ge,
having Fermi energies of only' several meV, both
conditions are no longer guaranteed Pe~ se. In
addition a more fundamental difference between
the electron liquid in a metal and the electron-hole
liquid in a semiconductor enters: In contrast to
the case of a metal, the e-h density of the liquid
is not independent of external perturbations, but
adjusts itself to a value that optimizes the total
energy of the system, balancing between the re-
pulsive kinetic energy of the particles and their
attractive exchange and correlation interaction.
All three contributions to the ground-state energy
must be considered to be magnetic-field depen-
dent, leading to an explicit field dependence of
the density. Nevertheless, magneto-oscillatory
effects in the EHL so far have been interpreted in
close analogy to the de Haas-van Alphen effect.
To justify this approach, an independent data
source for the field dependence of the density is
highly desirable.

Actually little information concerning the field
dependence of the density and related phenomena
can be gotten from magneto-oscillatory effects in-
asmuch as the oscillations cease right at the be-
ginning of the most interesting field range, the
quantum limit. This lack of information is unfor-
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tunate, for theoretical models predict dramatic
effects for the high-field region. The liquid might
undergo an additional phase transition to form a
hexagonal lattice of e-h columns centered around
the field lines. ' ' Again, a detailed study of the
field dependence of the ground-state parameters
of the condensate, such as the e-h density and the
ground-state energy, can give indications for the
existence of such a phase transition.

In the absence of a magnetic field the method of
analyzing the spectral distribution of the radiative
e -h recombination, the luminescence line shape,
has been proven to be a powerful tool to extract
the parameters of the EHL. ' Basically the method
is to fit the line shape with a convolution of the
well-known (zero-field) densities of states and
Fermi functions of electrons and holes with the
ground-state parameters considered as free vari-
ables. From the spectral position (chemical po-
tential) of the line the ground-state energy and
work function are easily determined; the width of
the (fitted) line represents the sum of the electron
and hole Fermi energies, which immediately
translates into an e-h density, assuming that the
masses of the carriers in the EHL are known.

Being so successful in the absence of a magnetic
field, this method should yield reliable data in the
presence of a magnetic field, too. However, im-
mediately a serious complication arises. The
analysis of the EHL line shape requires a detailed
knowledge of the density of states around the ex-
trema of the bands under the influence of a mag-
netic field. In Ge, the quantization of the electrons
into Landau levels is readily accomplished. The ~

fourfold degenerate top of the valence band, how-
ever, exhibits a very complicated Landau struc-
ture that can only be treated using tedious numer-
ical methods. The calculation of the dispersion of
the holes (with respect to k„,the wave vector along
the magnetic field) has not been performed until
recently. "'7 This might be the reason that, though
magnetoluminescence of EHL was reported ear-
lier, the description and analysis remained quali-
tative. '8+3

To obtain a clear picture of the behavior of the
EHL under the influence of a magnetic field we
therefore studied the magnetoluminescence of Ge
at low temperatures. The field range employed
extends far beyond previous studies to magnetic
fields of up to 19 T (190 kG). We studied inten-
sively the strong polarization effect of the EHL
radiation. The experimental procedure is briefly
described in Sec. II.

Section III, the central part of this paper, con-
tains a detailed description of the line-shape anal-
ysis of the dominant EHL (LA) recombination line
in all four polarizations. It is subdivided into

several parts. Part IIIA summarizes briefly the
analysis as it is performed in the absence of a
magnetic field, introduces nomenclature, and
serves as a reference for the line-shape analysis
in the presence of magnetic field giveninpartIIIB.
There the important conduction- and valence-
band densities of states are developed and the in-
fluence of a quasiparticle liketime on the EHL
line shape, reported earlier for the zero-field
case, is discussed. Section IIIC presents the ac-
tual numerical calculations. A set of examples
demonstrates the power of this method of analysis
and the influence of the different fitting parameters
onto the computer-generated line shapes. The
findings of the section lead directly to the conclu-
sion that there exists a mass renormalization of
the carriers in the condensate and give the first
experimental evidence for this theoretically
predicted effect. ' Section IIIE contains all em-
pirical data resulting from the line-shape analysis.
The most important features are a strong increase
of the e-h density with increasing field strength
and an increase of the ground-state energy but at
the same time a constancy of the work function
(energy gap to the free-exciton energy). The dis-
cussion of these results follows in Sec. IV. A

simple way of understanding the newly found pro-
perties is presented, followed by a comparison of
our data with the various theoretical predictions
for the EHL in a magnetic field. In addition we
present results of our own calculations. They are
based on a new point of view that, in the field
range employed, it is the kinetic part of the
ground-state energy which is predominantly influ-
enced by the magnetic field, while the sum of ex-
change and correlation energy is much less af-
fected. Section V presents experimental data on
the other phonon replicas appearing in the EHL
radiative recombination spectrum, i.e., the EHL
(TO) and the EHL (TA) line, that differ in shape
from the EHL (LA) line discussed in the previous
sections. We show, using the results from the
EHL (LA) line, that we can generate the EHL (TA)
line shape theoretically at all magnetic-flux den-
sities. Measurements on total luminescence in-
tensities are presented in Sec. VI. Explicit data
are given on the field dependence of the ratio of
the total intensities of the EHL (TA) and the EHL
(LA) line, which increases by more than a factor
of 2 over the field range studied. As in the afore-
mentioned case of the shape of the EHL (TA) line
the intensity increase is satisfactorily explained
by the difference in the k dependence of the two
recombination processes.

In the conclusion, Sec. VII, we will summarize
the spectrum of new results emerging from our
studies and will give a prospective on some in-
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teresting questions that remain to be settled for
the EHI in a, magnetic field.

II. EXPERIMENTAL

The experiments were performed on ultrapure
Ge crystals with an impurity concentration of less
than 10" cm . The samples were immersed in
superfluid He at temperatures between 1.6 and 2K.
Magnetic fields up to 19 T (190 kG) were supplied
by a 10-MW Hitter magnet with 50-mm bore. In
all experiments, the field was oriented parallel to
one of the [100] directions of the crystal, so that
the degeneracy of the four conduction-band minima
remained unchanged. The samples usually were
aligned by visual adjustment of the x-ray oriented
crystals, a method that is probably accurate to
about 2'. In some cases the alignment was per-
formed by means of far-infrared cyclotron reson-
ance, using an H20 laser (see also Sec. III). The
accuracy of this method is better than 0.1'. The
experimental results from samples oriented in
both ways did not differ from one another, so that
data from both kinds of alignment were used for
subsequent analysis. Free carriers were created
by a, focused argon ion laser. The absorbed power
was typically 300 m%. The recombination radia-
tion emerging with wave vector k from the elec-
tron-hole liquid (EHL) could be detected in Fara-
day (k (JH) as well as in Voigt configuration (kiH).
In the latter case, a small mirror close to the

. sample deflected the emitted light towards the
exit window at the bottom of the cryostat. The
emitted radiation was analyzed with a 1-m grating
spectrometer and detected by a cooled PbS cell,
whose signal was processed with routine lock-in
technique. Different polarizations were selected
using either a linear analyzer in Voigt configur-
ation or a circula, r analyzer, consisting of a
Fresnel rhombohedron and a linear polarizer in
Faraday configuration.

The depolarization of the EHI. radiation before
it reaches the detector poses one of the most ser-
ious problems in this type of experiment. Pre-
liminary studies showed that the most intense
radiation is often emitted from crystal edges and
not from the position of the laser spot. Owing to
multiple reflections inside the crystal, the mix-
ture of the different light modes (o,a, v) leads to
completely unpolarized spectra. In order to
avoid the collection of light quanta which have been
reflected internally, most of the sample surface
(dimensions approximately 8&8 mm ), including
the edges, was carefully masked leaving only a
circular hole of 1.5 mm in diameter in the middle
of the surface. %ith masked edges the polarization
of the EHI luminescence varied only slightly for

samples of a great variety of dimensions and
shapes (rhombohedrons with parallel, wedged,
and uneven surfaces, as well as hemispheres)
which should lead to very different conditions for
internal reflections. Prom these results we con-
clude that we mainly collected directly emitted
radiation with an unimportant fraction of intern-
ally reflected light.

The presence of impurities seems, to suppress
the amount of internally reflected light, which we
ascribe to impurity-related reabsorption of the
luminescence light within the bulk of the sample.
So we observed a strong polarization from the
luminescence of doped crystals without masking.

III. LUMINESCENCE SPECTRA OF THE LA REPLICA

AND THEIR INTERPRETATION

The indirect band structure of Ge requires the
emission of a momentum-conserving phonon during
the e -h recombination process. Three different
lines connected with the emission of TA, LA, and
TG phonons can be separated in the experimental
spectra. ' In general, the recombination probabil-
ity depends in a complicated way on the wave vec-
tors of the three particles involved in the process:
e, h, and phonon. This k dependence of the elec-
tron-phonon coupling is a major source of com-
plication for all attempts of interpreting the ex-
perimental results. For the I A-assisted recom-
bination, however, group theory establishes the
process to be k independent, which, besides its
high intensity relative to the other lines, makes
the EHL (LA) line most suited for comparison
with theoretical predictions on its shape. A slight
disadvantage of the EHL (LA) line is its overlap
with the very weak EHL (LO) line. Contributions
from this underlying line will be neglected through-
out this paper but might be partially responsible
for some difficulties apparent in the line-shape fit
on the low-energy wing.

Figure 1 presents a collective survey of the be-
havior of the EHL (LA} line under the influence of
a magnetic field. This is a three-dimensional plot
of the luminescence intensity as a function of pho-
ton energy and magnetic-flux density, seen from
two different projections. The shape at the front
of this "mountain" reproduces the shape of the
well-known zero-field EHL (LA} line. Cuts at
higher-flux densities yield the luminescence line
occurring at those field strengths. The polari-
zation of the line is not yet analyzed in this repre-
sentation.

The following salient features are noted:

(1) With increasing flux density the line shifts to
higher energies. '~

(2) The smooth line shape in zero field becomes
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tistics). The 5 function assures energy conser-
vation of the process. The index i distinguishes
between the various phonons. The explicit form
of the electron-phonon matrix element M~(k, „kh) is
unknown. However, when dealing with highly sym-
metrical points of the Brillouin zone (i.e., I' point
and I, point) we can expand the matrix element as

M((k„kh)=M(+M) 'k, +M) 'k„+'' '. (2)

For the allowed LA transition I,=M« is finite,
and following the usual custom, we assume M„A
and M&A to be negligible by comparison. In the
case of a forbidden transition, however, M& van-
ishes and one is compelled to go to the next (k-de-
pendent) terms in the expansion (see Sec. V B).
When M& is independent of k (allowed transition) it
may be taken out of the integral (l) and one ob-
tains the simple one-dimensional convolution in-
tegral

I(av) ~ IMO» I' D'(Z')f(Z', Z'„,T)

xD "(E")f(E",Zs, T)dE', (3)

with the simultaneous condition F."=h,v -F' -8»'""
(Es =Zs —Ke»). Here D'(Z') and D "(E")are the
densities of states of e and h, respectively,
f (E',Ehs, T) and f(Zh, Ehs, T) denote the Fermi dis-
tribution function for a temperature T and with
Fermi energies Z& and F~&, respectively; 8» " is
the reduced band-gap energy F» diminished by the
energy of the f, -point LA phonon (h&u""). This
formula was used by many authors to analyze the
line shape of the EHL (LA) recombination line and
to extract values for the reduced band-gap energy
F» and the e -h density

pOO

n=
J

D'(Z') f(Z', Es, T)dE'

Dh(Zh)f (Zh Eh T)dEh (4)

B. Theory of the line-shape analysis in the presence of a
magnetic field

The analysis of the EHL (LA) spectrum in the
presence of a magnetic field is performed in corn-
plete analogy to the zero-field case. Again we as-
sume the time for thermalization of the carriers
to be much shorter than their lifetime. This meets
the experimental fact of not having observed lumin-
escence from hot carriers as in Ge under unaxial
stress. ' To synthesize theoretically the line shape
for the various polarizations labeled by the index

P in a magnetic field II, we write the convolution
integral in the following form:

I,(hv, H) IM» I p c.(s „M,)v,
S)q Ny

n(H) = I D'(E', H)f(Z', E'„(H),T)dZ',
J0

DA gh II gh gA ~ y yah
0

(6)

which must be solved iteratively. D' and D" are
total densities of states resulting from a.sum-
mation over the partia1. densities of states in each
of the bands

D'(E', H) = Q Ds((E', H)

Dh(Eh H) QDh (Eh H)
Af)

The integral (5) can be reduced to

x i Ds,(E',H)f (E',E'z(H), T)
d0

»"~ (E"»)f (E",Z"s(H), T)dZ',

(5)
with

Z" =hv-Z, ' "(H) -Z',
1 1 38( —+~, M~ —+~, +~, p —0, +1,
0 foriwj

$j 1 f I ~

The electron-phonon matrix element IM„„I' is as-
sumed to be field, spin„and k independent. Ds,
(Z', H) and D "»(Z",H) are partial densities of states
for electrons with magnetic quantum number S&
= + & and holes with magnetic quantum number M&

=+&, +&, respectively. 3' Their particular form
will be made c1.ear in the fol1.owing section. The
Fermi energies Es(H) and Zh~(H) as well as the
reduced energy gap Zs "(H) now are assumed to
be field dependent. The Kronecker symbol guar-
antees the conservation of the projection of total
spin parallel to H for electron plus hole plus pho-
ton (for an indirect optical transition there exists
no such selection rule on the Landau quantum num-
ber)." The function n(S„M&)represents the sta-
tistical weight for the transition between initial
state 8, and final state M&. Again the Fermi en-
ergies Ef,(H) and Zsh(H) are determined uniquely

by the e-h pair density n(H) through the equations

CCI

1(Ih, H) IM„„I' P(P) Df„(E',H)f (Z', Z'(H), T) D",
~ „(Z",H)f (Z",Z" (H), »«'

0
p 00

+y(P) D ))2(E H)f(Z', EP(H), T)xD"&g2 h(E",H)f(E",Ez(H) T)dZ
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where E"=kv-E,—' "(H) -E'. The quantities p(p)
and y(P) are listed in the following table:

p Polarization p(p) y(p)

4 3 2 1

10

10

For a given polarization index P, there remains
the sum of two convolution integrals: the first one
treating all possible recombinations of electrons
with spin projection S& ——~ with holes of spin pro-
jection Mz ——+ ~ +P, the second one treating all
those of electrons with spin projection S, = -2, with
holes of spin projection M~=- —,'+P. In both cases
a photon with angular momentum P = —1,0, + 1 re-
lative to the magnetic-field direction is emitted.

The fundamental condition for the performance
of the analysis is the detailed knowledge of the
density of states D~, and D"„for Ge in the pre-
sence of a magnetic field.

1. Density of states of the conduction band

The lowest conduction band of Ge is constituted
by four minima at the I. points of the Brillouin
zone with spheroids as surfaces of constant en-
ergy. The density of states of the conduction band
with a magnetic field applied along the [100] di-
rection can be written in analogy to a formula
given in Ref. 34:

1 1 2mg&' 2

D,'„,(E',H) = 4 21, 2--
27tl 2m

- 4/2
B — 2g+ 1,+—

p. ~II
m~e

'

2j
(8

with

1 eH
l It:

The effective mass in the H direction is

m,*=m*, cos 9+m*, sin 9
and the cyclotron mass is"

1 cos 9 sin 9~~

~+m* m* m*m* '
C j

For' the longitudinal and transverse mass we use3~

mr* ——1.588m p

m,*=0.08152mo )

and the angle 0 is

0 =

are

cos�(l/~3

for H ii [100].

This yields

H ll [Spi

4 3 2
0/ave Nuzber ()0 g~ j

-5
Ul
L
4l
C

QJ

~ i ~ I i I a ~ i I 0
0 5 10

[ Oensity'of Slates[10 fneV cm 1

FlG. 3. Dispersion relation and density of states of the
conduction band of Ge, computed for a magnetic field of
5 T parallel to the I. 100] direction of the crystal.

m,*=0.5837m(),

m,*=0.1345m() .
For the g factor of the electrons we use

g= 1.57.
Bohr's magneton is denoted by

8A

2m, c

and the Landau quantum number by

2. Density of states of the valence band

In zero field, the top. of the I"» valence band of
Ge is fourfold degenerate, leading to a complicated
splitting under the influence of a magnetic
field. '6"'3 The dispersion of the Landau levels
can be evaluated only numerically. Recently, this
computation has been done taking Ge as a model
substance by J.C. Hensel and K. Suzuki, who also
verified their theoretical results experimentally.
Figure 4 shows the dispersion of the Landau levels
in a field of 5 T. The plot was calculated by diag-
onalizing the secular matrix of the problem, trun-

n=0, 1,2, .. . .
The factor 4 appears because of the energetic de-
generacy of the four conduction-band minima. The
term 1/l2 describes the degeneracy ot' states in k
space in the plane perpendicular to the field (k„k„).
The rest of formula (8) is a sum over the density
of states of one-dimensional bands, labeled by the
Landau quantum number n „beginning at energies
E„,= [(2n + 1)(mo/m*) +g/2] p, sH. The summation
extends over all n for which the square-root term
remains real. A plot of the density of states and
the E(k) relation is presented in Fig. 3 for a mag-
netic field of 5 T parallel to the [100] direction of
the crystal.



20 MAGNKTOLUNIINKSCENGE OF THE ELECTRON-HOLE LIQUID. . . 4219

, --0
M =3/2

j
M =1/2

j

5

E

m 10 .10 tLj
C

I i I

M =-3/2
j

I « i I & I i I

M =-1/2
j

cated to a dimension of 80&SO in small steps for
400 fixed values of k„(thewave vector along the
field direction). The usual functions,

+„u(kH)=u„1kH,M&), n=0, 1,2, . . . , M& ——+z, +~

(9)

a product of an oscillator function u„and a Bloch
function 1k„,M&) with spin projection M&, served
as a basis. For each k„,the diagonalization re-
sulted in 80 eigenvalues E „(k„)and 80 eigenstates

g„(k„)= Q Q a„(k„,M, )u„1k„,Mq},
n

which are linear combinations of the basis func-
tions with coefficients a„(k„,M&).

Thus an individual eigenstate Q (k„}is composed
of a linear combination of the four spin projections
M&, each contributing with a weight of

(10)

g~„(M))= Q 1a„(k„,M~)1 ~ 1, M~ ——+2, +~

I l

0 1 2 3
Wave Number (10 cm ) ) Density of States(10 meV cm ]

FIG. 4. Dispersion relation and density of states of the
valence band of Ge, computed for a magnetic fieM of 5 T
parallel to the [100) direction of the crystal. The disper-
sion relation was taken from the work of Hensel and Su-
zuki {Ref.17).

I i I ) I i & I i I i I

0 5 t0 15 0 5 10 15

ENERGY I meV]

FIG. 5. Density of states of the valence band of Ge in
a magnetic fieM of 5 T parallel to the I100] direction.
The four quadrants illustrate the distribution of the den-
sity of states among the four different magnetic quantum
numbers.

are not taken into account. This approximation
needs the following justification:

(1) Conduction band. The energy of the highest
populated state in the EHL at maximum field (19 T),
is less than 10 meV above the band edge at II =0.
For such energies, the mass increase due to non-
parabolicities is less than 1'Pp, '0 which is out of
range of the sensitivity of our line-shape analysis.

(2) Valence band Numer. ical calculations of the
valence-band Landau levels, using the program of
Pidgeon and Brown, ' which includes explicitly the
interactions of the valence band with the conduction
band and the spin-orbit split-off band, show a
maximum deviation from linearity of less than 8'%%uq

at 19 T (and considerably less at lower fields)."
The deviations at kH ~ 0 are assumed to be of the
same magnitude.

where

g~ I) =1.

Using the recorded unpublished results for E (kH)
and Q„(k„)from Ref. 17, we evaluated numerically
the four partial densities of states of the valence
band corresponding to M& ——+~, +~. The result is
presented in Fig. 5. The total density of states
as given by D"(8")=Z„&D„"(8"}is shown in Fig. 4.

3'. Nonparabolieities of the bands

In the calculation of the density of states near
the extrema of the bands, all relevant energies
are assumed to vary linearly with the magnetic-
flux density, i.e. , nonparabolicities of the bands

4. Lifetime broadening of the levels

The simple theory we have outlined above pre-
dicts that the low-energy side of the line shape in
the presence of the highest fields applied ap.-
proaches a step function from zero to maximum
intensity corresponding to the singular nature of
the one-dimensional densities of states. In actual
fact, however, at fields above 8 T the EHL lum-
inescence line shows a low-energy tail of almost
exactly Lorentzian shape. Therefore ther'e must
exist a broadening mechanism that smears out
these singularities. This finding led us to apply
a model earlier suggested by P.T. Landsberg
to describe the low-energy tail of x-ray fluor-
escence of simple metals to the recombination
spectra of EHL. (This model has successfully
been used to describe the low-energy tail of the
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EHL spectra in the absence of a magnetic field,
too. ) Following Landsberg, each state in the band
has to be replaced by a Lorentzian distribution of
half-width I'=0/v over all neighboring states. 7 is
the quasiparticle lifetime, i.e. , the lifetime of the
two vacancies that are left in the Fermi seas of
electrons and holes, respectively, after the re-
combination process. The half-width I'(E) of the
replaced states of each band is a complicated
function of energy, which has a maximum I'0 at
the band edges and decreases monotonically to
zero when E approaches the Fermi level. %hile
this result was derived for the case of three-di-
mensional, isotropic, parabolic, nondegenerate
bands, which strictly speaking does not correspond
to our situation, nevertheless we believe that the
result is sufficiently general that the basic pro-
perties are not much changed, i.e. , we expect a
maximum broadening I'0(H) at the bottom of the
bands and I"(E) to be zero at the Fermi level.
Several test calculations, trying various mono-
tonically decreasing interpolation schemes be-
tween these two fixed points actually resulted in
slightly different theoretical EHL line shapes, but
the positions of the characteristic structures were.
not influenced. Therefore, we adopted the sim-
plest of those interpolation functions

(12)

for all future analyses. The replacement of the
discrete energy states by a broadened level of
half-width I"(E) leads to a modified density of
states which is given for the electrons by

3 I 3

g s
2- g Q -2
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')- 'I -')

O
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Fll oooo
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Te 2K

CJ

I

CJ

I ~ ) I I

4- -4

I
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FIG. 6. Hlustration of the effect of level broadening on
the density of states for the case of II = 5 T in the [100]
direction: (a) unbroadened density of states times Fermi
distribution function, (b). schematic sketch of the Lorentz
function which is convolved with the density of states
function from (a), (c) energy dependence of the hal&vidth
of the Lorentz function, (d) resulting density of states
times Fermi distribution function after performance of
the level broadening.

D (E,H) =
40

L(E',Ef}D~ (Ef,H)dEf, (13)

with

6(E'-Ei) for Eg~ Ep,

distortions to the line shape; e.g. , a plasmon sat-
ellite. %e will neglect those contributions in our
analysis.

1 I"(Ef)
( ) ~()

2 (E8 E8)2 + [F(E8)/2]2

Analogous expressions hold for the densities of
states of the holes. As in the zero-field case,
the same broadening parameter I'0(H) = I'0(H)
= I'0(H) has been used for electrons and holes.
Figure 6 illustrates the procedure described here,
using the total density of states at 5 T as an ex-
ample.

For the actual calculation of the line shape, the
partial densities of states D~, (E',H) and D"„(E",H)
in the convolution integral (7}have to be replaced
by their broadened counterparts D @&(E',H) and
D"„(E",H). In addition to the broadening mech-
anism described above there will be higher-order

C. Numerical calculation of the line shape

To sum up the foregoing discussion we note that
there are only three adjustable parameters left
for the analysis of the EHL (LA) line shape in a
given magnetic field, and one set of parameters
has to reproduce the line shapes of all four senses
of polarization. The free parameters are as fol-
lows:

(1}the electron-bole density n(H) that determines
the Fermi energies via Eq. (6),

(2) the broadening parameter I'o(H) of Eqs. (12)
and (13), and .

. (3) the electron temperature T46 that is com-
pletely determined by the high-energy cutoff of
the line and shows no field dependence.
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FIG. 8. Degree of population of the densities of states
for conduction and valence bands at 5 T for the densities
used in Fig. 7. For simplicity the total densities of
states are shown.

spect to the characteristic peaks in the densities
of states of Fig. 8. '

From the above it is evident that there is little
latitude in determining the e-h density; the opti-
mum fit to the line shape requires that a second
peak in the valence-band density of states (see
Fig 3) be occupied in order to produce the ob-
served structure. Thus we tentatively fix the value
of the density (at each given field) by. optimizing
the fit to the structure. However, we are left with
an unsatisfying discrepancy in the linewidth. This
is especially disturbing in view of the fact that this
discrepancy is seen in every case analyzed over
the entire field range from 2 to 19 T.

D, Mass renormalization

In order to bring the theoretically generated
linewidth into agreement with the experimental
one we are forced to look beyond the standard ap-
proach we have used up to this point. An almost
perfect agreement between theoretical and experi-
mental line shape can be achieved if we use a re-
duced energy scale for the plot of the calculated
line, i.e., compressing the line by approximately
10%. Such a scale reduction implies a reduction
of the energy scale of the densities of states shown
in Fig. 8 as well. This in turn is formally equiva-
lent to an increase of the cyclotron masses of the
carriers by a factor of )=1.1. (This is readily
understood recalling that the energy inferred be-
tween singularities in a simple band is reciprocal:
ly proportional to the cyclotron mass. ) From
there we conclude that the apparent scale reduc-
tion demonstrates a renormalization of the carrier
masses of the RHL being approximately 1.1 times
heavier than the one-particle band masses, which

were the basis for the calculation of the densities
of states.

The degree of agreement that can be established
between theory and experiment under the assump
tion of a mass renormalization of )=1.1 is shown
in Fig. 7(d). We now also include the finite quasi-
particle lifetime via the broadening parameters
Fp

' which round s off the edges but does not in-
fluence the position of the structures on the line.
We see that the fit is excellent.

In the same way all experimental EHL (LA) lines
have been synthesized numerically from the "com-
pressed" densities of states for electrons and
holes. Some selected examples are presented in
Fig. 9. Good agreement was found in all 14 cases
of magnetic field strength analyzed. Finally,
these line-shape fits yielded the field dependence
of all characteristic parameters of the condensate
(see Sec. III E).

A possible field dependence of the renormaliza-
tion parameter $ cannot be excluded. There exists
a mutual dependence among the parameters n(H),
I'0(H), and $ that makes it possible to create simi-
lar line shapes Kith slightly different sets of pa-
rameters. However, from all the curves we syn-
thesized, we conclude that the uncertainty in $ is
less than 5% so that 1.05~ $ ~ 1.15. While a field
dependence within these limits is conceivable, '
nevertheless, we assume the mass renormaliza-
tion factor to be field independent, g = 1.1, in order
to avoid introducing another field-dependent ad-
justable parameter.

This analysis of the luminescence line shape in
the presence of a magnetic field gave the first ex-
perimental evidence" for the predicted mass en-
hancement. 2' In the meantime a mass renormali-
zation was also found by Gavrilenko et a/. "from
m agnetoplasma resonance experiments.

E. Field dependence of the EHI. parameters

Our line-shape analysis, presented in the fore-
going chapter, yields the first consistent set of
data on the field dependence (up to 19 T) of most
of the EHL parameters. Those parameters are as
follows:

(1) the ground-state energy E~(H),
(2) the reduced band-gap energy E L"(H),
(3) the chemical potential p, LA(H),
(4) the Fermi energy Ez(H) =EI, (H)+Ez(H)

~LA(H) —E' L A(H)

(5) the work function P(H),
(6) the electron hole density n(H), and

(7) the broadening parameter I', (H), a measure
for the quasiparticle lifetime.

All this empirical information is summarized in
Figs. 10 to 13. The values for the parameters (1)
through (5) of the list above, as they result from



20 M A G N E T 0 L U M.I N E S C E N C E 0 F T H E E L E C T R 0 N - H 0 L E L I Q U I D. . .

H= 5T, N= 5. 1 x 10'~ (cm-3 ), m "/m = 1.1—exp

H= 8T, N=5. 2 x10' (Cm-i}, m&/m*1. 1—exp

I-
CO

I I / I I I I ] I I I

7r
I $ I I I I ) I I

40

UJ
e
I l I I I 1 ) I I I I t I I I I l I I 1

X 7r (y-+

O
X

I I . ( I I I I / I I I I i I I I I l I 1

705 710 705 710
PHOTON K~RGY (meV)

(o)
H = 10T, N = 6. 1x 10' ({;m-3)I m"/m = 1.1—exp.

I
1

I I I I ') I. I I I
/ I I I I J 1 I 1

710 705 710
PHOTON FNKRGY (meV)

(b)
H=14T, ¹8.4 x)0" (cm-~), m~/m& l.f

FIG. 9. Comparison of
experimental and theoreti-
cal EHL (LA) line shape for
various flux densities in all
four modes of polarization,
computed with 10@ mass en-
hancement and lifetime
broadening of the levels.

l-
Ch
K
Ul

K
I i I I I I f I I I i I I I

X
K 71

I i I I I I

Cll
K
LLl

I I I I ] I I I I 1 I I 1 I

I ) I I I I
1 I I I ) I I I I } I I I I

705 710 705 710
PHOTON ENERGY (mev)

(c)
PHOTON E,~RGY (meV}

(d)

our line-shape analysis procedure, can directly
be taken from Fig. 10. The ground-state energy
Ee(H) is repeated separately in Fig. 11. (LA de-
notes in all cases an energy reduction by one-LA-
phonon energy. ) The shaded area marks the ener-
gy range of EHL (LA) luminescence, bounded by
the chemical potential p, ""(H) and the reduced
band-gap energy E~L"(H). (In reality EHL (LA)
luminescence appears slightly beyond these bound-
aries owing to thermal broadening at the high-en-
ergy side and the quasiparticle lifetime at the low-
energy side. ) The data points labeled ELr~~ repre-
sent the position of the peak of the free-exciton lu-
minescence. The PE line was measured without a
polarizer at T =. 4.2 K. No line-shape analysis was
performed for the free exciton. " The upper
straight line of Fig. 10 denotes the variation of the
indirect band gap as determined from the edges of

the calculated densities of states for electrons and

holes.
The data points in Fig. 12 show the electron-hole

density of the condensate versus magnetic-flux
density, assuming a field-independent mass re-
normalization of 10%. Figure 13 illustrates the
field dependence of the broadening parameters
1,(H) = r;(H) = r,"(H).

IV. DISCUSSION OF RESULTS

The success of our line-shape analysis proves
that the shape of the recombination spectrum of
the electron-hole liquid in Ge in the presence of a
magnetic field can be understood on the basis of
the single-particle dispersion relation of its con-
stituents with a slight renormalization of their
masses. The conclusion that a mass renormaliza-
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FIG. 12. Electron-hole density as a function of the

magnetic-flux density. The values are obtained from the
line-shape analyses including a mass renormalization of
10%. The straight line through the origin has a slope of
6 &&10 6 cm T and describes well the behavior of the
e-h density in the high-field region. The curved line re-
sults from our theoretical calculation presented in Sec.
IV and Appendix A. The points 0 are taken from Ref. 14.

tion exists can only be drawn from the EHL line-
shape analysis in the presence of a magnetic field
(for which there arises the apparent contradiction
between linewidth and line structure) ~ However,
from a reliable determination of g (=1.1) at the
relatively small field of 3 T and from its weak de-
pendence on field strength, we conclude that a re-

I I I I ~ I I I I j I I I I
i I I I44~ ~4

4
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I I I I } I I I I I I I I I I I I I I
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FIG. 10. Field dependence of the characteristic EHL
parameters. Both the chemical potential p"Aand the re-
duced band gap E,LA were yielded by the line-shape anal-
yses. The points EFEA mark the position of the line maxi-
mum of the free-exciton luminescence. The variation of
the band gap is calculated using the proportionality fac-
tor 0.6315 meV/T.

normalization is present even at zero field. A
mass renormalization in the EHL in zero field has
been predicted by Rice" and Hbsler and Zimmer-
mann. " The theoretical values of g are anisotrop-
ic and differ for electrons and holes. " They cover
a range from )=1.0 to 1.1 for electrons and )=1.1
to 1.15 for holes. Our analysis is neither capable
of confirming an angular dependence nor distin-
guishing differences in the renormalization be-
tween electrons and holes. However, our experi-
mental value of 1.05& g~ 1.15 confirms the mag-
nitude of the theoretical predictions.

Taking ( to be 1.1 in zero field, where by a line-
shape analysis a mass renormalizationby $ is in-
distinguishable from a density change by $'", we
find that the actual electron-hole density in the
absence of a magnetic field is approximately 15%
higher than has been deduced so far from all zero-
field line-shape analyses.

The strong increase of the e-h density with in-
creasing field is an important fact. Already in the
field region from 0 to 5 T, where most of the mag-

0
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FIG. 11. Field dependence of the ground-state energy

Ez in comparison with the results of our theoretical cal-
culation using two different functions for the correlation
energy taken from Ref. 70 (SPH II is a self-consistent
particIe-hoIe approximation, HA II is a Hubbart approxi-
mation) . .The points O are taken from Ref. 14.
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FIG. 13. Field dependence of the broadening parameter
r, at the bottom of the bands I,see Eq. (12)].
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neto-oscillatory effects were recorded, a density
increase of approximately 50% occurs. This
should be taken into account in all future interpre-
tations of magneto-oscillatory data. " Another
point to notice is the independence (within accuracy
of the experiment) of the work function of the
EHL'4 " (see Fig. 10). The constant work function
raises the interesting question that remains to be
answered. Why is it that the energy of the two-
particle system, exciton, and the many-particle
system, EHL, behave energetically so similar
under the influence of a magnetic field?

The field dependence of the broadening param-
eter 1",(H) presented in Fig. 13 is in accord with
the increasing carrier density. A quantitative un-
derstanding, as in the absence of a magnetic
field, ' however, cannot be presented. It would

require reconsideration of the possibilities for
Auger processes within and between Landau levels
of the liquid in the presence of magnetic field. "

Let us now try to understand the field dependence
of the ground-state parameters of the EHL. Given
the variation of the indirect band-gap energy E,""(H)
with magnetic field and given the value $ for the
mass renormalization, then the shape and energy
position of the EHL line is essentially determined
by only two parameters the ground-state energy
E~(H) and the electron-hole density n(H). [Note the
interrelation between Fermi energies Er.(H) and

density n(H), and reduced band-gap E ""(H) and . --.

ground-state energy E (H)j. The main character-
istics of the electron-hole liquid under the influ-
ence of a magnetic field, therefore, are given in
terms of Ee(H) and n(H).

As Fig. 11 shows, the ground-state energy ~Ee ~

= E —p, increases by more than a factor of 2 when
the magnetic field is raised from 0 to 19 T, i.e.,
the condensed state becomes increasingly favored
with respect to free electrons and holes. Over the
same field range Fig. 12 reveals an increase in the
density of approximately a factor of 4 through the
width of the EHL (LA) line (a measure of the e-h
density in zero field) varies only slightly. These
features will be discussed in detail in the context
of our theoretical model, but can be understood in
terms of very simple arguments. The density of
states is locally increased at the bottom of the
bands, owing to the formation of singularities.
This leads to a reduction of the average kinetic en-
ergy, E„,» per e-h pair of the liquid. If we as-
sume that the sum of the exchange and correlation '

energy part E is not strongly affected by the
magnetic field, then the ground state will be shifted
in position to lower energy and higher density. An
increase in the density, on the other hand, causes
an increase (attractive) in E„,=E„+E,which in
turn lowers the ground-state energy of the conden-

sate, i.e., increases ~EG(H) ~. Therefore, the
field dependence of the ground-state parameters
E~(H) and n(H) originates from the change in the
densities of states induces by the application of a
magnetic field.

So far, four theoretical calculations for the field
dependence of the ground-state parameters of the
EHL exist. ' "' '6 The only low-field calculation 6

results in predictions for the oscillatory behavior
of the total intensity (see also Sec. VI) whose am-
plitude diverges from experiment' by about a fac-
tor of 10, which casts doubt on the applicability of
the theoretical model used. The three other theo-
ries represent high-field approaches to the prob-
lem, assuming that all carriers are condensed in-
to their lowest Landau level and lowest spin state.
In this extreme quantum limit the field dependence
of all three contributions to the ground-state ener-
gy E«„E„,and E, can be evaluated within well-
known approximation schemes. This aim, how-
ever, can only be achieved on the basis of a con-
siderable simplification of the valence-band dis-
persion. In practice this idealization cannot be
approached in Ge at the present time. Even in the
highest magnetic field available, four Landau lev-
els of the valence band still are populated, leading
to a far more complicated situation.

%e have performed calculations for the ground-
state energy based on a simple model" which
seems to be applicable to the magnetic-field re-
gime appropriate to our experiments. As we know
the actual densities of states of the bands, we can
treat the field dependence of the kinetic energy
accurately. Exchange and correlation energy',
however, can not be calculated in a simple man-
ner. Therefore, we made the not unreasonable
assumption that the energy contribution E„,=E„
+E, is not explicitly dependent on magnetic field.
The details are presented in Appendix A and the
results are included in Figs. 11 and 12.

The calculated field dependence of the equilibri-
um density shows very good agreement with our
data. The strong increase of the electron-hole
density is well reproduced with slight deviations
at the very highest fields employed. The occur-
rence of oscillations in the theoretical curve can-
not be confirmed by our present data because of
their relatively large uncertainty. However, the
existence of these oscillations in the density has
been indirectly proven by measurements of the
field dependence of the total luminescence intensity
performed by Betzler et al."' and by ourselves.
They are, in fact, the origin of most of the mag-
neto-oscillatory effects discovered earlier. ~""

The field dependence of the ground-state energy
)E~(H) ( in Fig. 11 is less well reproduced by our
model. A considerable deviation from the experi-
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tors perpendicular to the A line (k„,k„,) have an
effect on the transition probability. The matrix
element may therefore be written as

Therefore, neglecting higher orders, the elec-
tron-phonon matrix element turns out to be

Mr„(k,k~) =Mr~kek+MT„k) (15) MTA( e{ )I) ™TAkeJ. MTAk)i ' (16)

In case of the holes being near the I" point, where
the four A lines meet, we have to take the sum of
the individual recombination probabilities with
electrons from all four valleys, i.e. , we have to
sum over k~ to all four A lines. This can be shown
to be proportional to k~.

To simplify the calculation we treated only the two
extreme cases of coupling for the purpose of our
theoretical line-shape analysis, where one term
or the other of the sum of Eq. (16) can be ne-
glected. The expression for the EHL (TA} line
shape becomes:

lv(kv, H) (M*„(({)(k) ) k,D(&vf(E')D&&v vf{E )d .+E(P)vk'D „&vf(E,')'D~». vf(E.")de') . (17)

E"=hv -B' Ze "(H—), x denotes e& or h, and a
shortened form of notation has been used, as com-
pared to Eq. (7). Rewriting the k dependence of the
transition probability as an energy dependence, we
are able to derive effective densities of states for
the TA recombination that include the reduced
transition probabilities for carriers having small
wave vectors, i.e. , small energies (see Appendix
B). These effective densities of states for elec-
trons and holes are shown in Figs. 15 and 16 and
should be compared to Figs. 3 and 4. In this way
the numerical calculation for the line shape of the
EHL (TA) band becomes equivalent to the calcula-
tion of the EHL (LA) band presented in Sec. IIIC,
with the mere difference that now the effective
density of states for the TA recombination are
used. As a final step, the theoretical shape of the
EHL (TA) line is computed for the two limiting
cases in Eq. (16}. In the first case, where we
assume only the electron contribution to be pre-
sent, the effective density of states of the elec-
trons is convoluted with the actual density of states

of the holes, and vice versa for the second case.
%e have not attempted an independent determin-
ation of the parameters I"0, (, and n but have taken
them from the EHL (LA) results. The chemical
potential p "(H) is also deduced from I(.""(H) by
adding the energy difference between the LA and
TA phonon (19.7 meV). " Thus, the fit to the EHL
(TA) lineshape is completely determined by the
EHL (LA} results. Our only option is the choice
of the form of the matrix element (16) to be de-
cided by the experimental result. For comparison
with the unpolarized measured spectra, the line
shapes are calculated for all possible polarizations
and then summed, with account taken of their rel-
ative contributions, to obtain the total intensity.

Figure 17 presents the theoretical results in
comparison with the experimental data for four
different flux densities. In all cases, the EHI
(TA) line shape synthesized using only the hole
term in the electron-phonon matrix element ex-
pansion agrees well with the experiment, while
the complementary theoretical curve (electron
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H II [Iooj

I [ I I I I [ I
I I I I [ I I I I [ I I I I

H =5T
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FIG. 15. Effective density of states of the electrons for
the calculation of the EHL (TA) luminescence line.

FIG. 16. Effective density of states of the holes for the
calculation of the EHL (TA) luminescence line.
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higher magnetic fields a monotonic decrease of
the. total intensity in the Voigt configuration and a
relatively constant total intensity in the Faraday
configuration is observed, both with weak oscill-
ations in the e-ft density (see also Sec. IV).

However, the total intensity varied somewhat
from run to run although, we hasten to add, the
luminescence line shape in all cases was repro-
ducible. Because the position of the magneto os-
cillations did not change we believe that this effect
is due to a field dependence of the shape of the
electron-hole droplet cloud around the laser spot.
A contraction (or elongation) of this cloud can lead

EHL(TA)
n=5.2.10 cm

17 -3
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—exp.—theo r. [h]—theor. [e]
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FIG. 17. Comparison of experimental and theoretical
EHL (TA) line shapes for various flux densities. Voigt
configuration, unpolarized: Dashed line ———represents

i@I, I
» IMT&l Ik I, dotted line ""represents

I ~8TA
I
'I +. I

'» ll TA I
'I &n I

'.

VI. FIELD DEPENDENCE OF THE TOTAL INTENSITIES

Having discussed the structures on the lumin-
escence line and their origin we shall now turn to
the total intensities of the luminescence bands in-
tegrated over kv. In general, our experimental
results on the field dependence of the total EHL
(LA) intensity agree with the data of Betzler et
a/. ' measured in fields up to 3 T. We differ from
those authors regarding the relative intensity of
the oscillations, which presumably results from
differences in experimental conditions. " For

term only) deviates strongly. This result estab-
lishes even more emphatically than the zero-field
analysis of the EHL (TA) line" that the main con-
tribution to the EHL (TA) line comes from the hole
term in the expansion of the electron-phonon rna-
trix element. We believe that this preference or-
iginates from the fact that the average k„is much
larger than the average k„due to the extremely
slim ellipsoidal Fermi surfaces of the electrons.
Incidentally, the good line fits we have just ob-
tained can be regarded as another independent
check of the accuracy of the parameters of the con-
densate found from the EHL (LA) analysis.

to an increase (or decrease) of the total intensity
that falls on the detector due to purely geometrical
reasons and must not necessarily be related to a
change of the quantum efficiency of the recombin-
ation process. However, measurements of the
ratio of total intensities are not affected, e.g. , the
ratio of the total EHL (TA) luminescence Ir„com-
pared to the total EHL (LA) luminescence Iz,~. The
field dependence of IT„(H)/I»(H) will provide an
independent check for the results of Sec. VB on the
nature of the TA-assisted radiative recombination
mechanism and will be outlined below. The other
important ratios of total intensities are I„/I, in
Faraday and I,/I, in Voigt configuration. They
could provide a very sensitive source for the de-
termination of the field dependence of the e-k den-
sity. Unfortunately our data on these polarization
ratios are too incomplete to report at the present
time.

A. Experimental results on the ratio Izg (H)/Il. g (H)

'The relative intensities of the TA and LA line
were determined in two steps. First the total in-
tensities of both lines were evaluated at various
field strengths by graphically integrating the TA
and LA luminescence of complete spectra taken at
fixed magnetic fields (no polarizers were used
because of the weak intensity of the TA signals).
This procedure has the advantage over previously
used methods' ' (that recorded the total intensity
directly by using a monochromator with widely
opened slits as a band filter) of being free from
any falsification of the result caused by the ener-
getic boundaries and the transmission character-
istics of the filter used (e.g. , slit function of the
monochromator). Figure 18 shows the result of
that procedure. At H =0, the total intensity of the
KHL (TA) line is about 6% that of the EHL (LA)
intensity. With increasing H this ratio stays ap-
proximately constant until about 2.5 T, then it
increases and follows an almost linear law for
fields higher than about 4 T.

We explain this behavior as follows: For H
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FIG. 18. Dependence of the relative intensities ITA/ILA
upon magnetic field. The slope of the line, drawn to de-
scribe the high-field region, agrees with the result of
our calculations.

small, when the separation between Landau levels
is small compared to the Ferm, i energies, the
changes of the k vectors due to the rearrangement
of the states in k space is small compared to the
Fermi vectors, i.e. , the Fermi surfaces are es-
sentially unperturbed. Thus the k-dependent TA
recombination process is unaffected. For high
fields, when the Landau quantization becomes
dominant (starting approximately at 2.5 T the elec-
tronic system is in the quantum limit) there is an
increase of the EHL (TA) luminescence because of
the expansion of the Fermi surface. This is shown
explicitly in the calculations that follow.

sity (see Appendix C)

IT„(H=0) ~ 5.39lMTA„l'n(0)'~',

which leads to the ratio,

(19)

IMh I'
TA (H -0) —5 39C TA n(0)2/3

~z, A I LAI-
(20)

where C is a constant assumed to be field indepen-
dent. Using our experimental va.lues n(0) =2.55
x 10" cm ' and (I»/I») „,=0.061, we obtain a
value for the ratio of squares of the matrix ele-
ments which we need in calculations to follow:

IMh I'
=2.g4x j.P-' cm'.

I ~„AI'

Z. In the presence of a magnetic field

(21)

n'(H)' =n', ,(H) g g(P)n,"„(H)
+n y/2(H) g F(p)n gg2+p (23)

The total intensity of the EHL (LA) luminescence
in a magnetic field is evaluated in complete anal-
ogy to the zero-field ca,se by integration of Eq. (7)
with respect to the photon energy hv and summa-
tion over al1 polarizations P. This leads to

(22)

B. Calculation of the ratio Iz~(H) jIL~(H)

1. In the absence of a magnetic geld

I,„(o) l
~„„l'n(o)'. (18)

A similar integral gives the EHL (TA) total inten-

We begin by deriving an expression for the ratio
of the EHL (LA) and EHL (TA) luminescence in-
tensities in the absence of field. Our approach is
similar to that of Bdnoit a la Guillaume et al."and
of Martin. " The total intensity of the EHL (LA)
luminescence I«(H =0) is the integral of Eq. (3)
over kv which gives

[p(p) and y(p) are defined in Sec. IIIB.] The
partial densities of the band are defined by

g$,
nI(H) = DI(E")dE", x=e, h,

0
(24)

where the magnetic quantum numbers take the
values i =+-,', +2 for the holes and i=+~for the
electrons. The total intensity of the EHL (TA)
luminescence cannot be reduced to an expression
as simple as in the ca.se of EHL (LA). Setting
x =h, the integration of Eq. (17) with respect to
hv and summation over all polarizations results
ln65

(25)

where we used the substitution k'„=k',+k„'
developed in Appendix B.

In principle the integrals of Eq. (25) can be
evaluated numerically to yield the field depen-
dence of the ratio I»/I». However, the impor-
tant physical features are clearer if we make an
approximation: From the line-shape analysis of
Sec. IG C we know that in fields higher than 8 T

only the four lowest Landau levels of the valence
band are populated. An inspection of these eigen-
states shows that they all consist mainly of enve-
lope functions with Landau quantum number n =0,
with admixture of higher n's of less than 4/o.
Hence under these circumstances, k', of Eq. (25)
is almost. energy independent and equal to (e/kc)H
(see Appendix B), resulting in an enormous sim-
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plification:

(26)

The k„dependence is included in (k„')which stands
for the squares of the wave vectors parallel to the
field, averaged over all hole states:

@h

0 Eh

0

(27)

The ratio of the total intensities follows immedi-
ately:

(28)

where C is the same constant as in Eq. (20). This
reduces to

c(=4.50x10' (T '), q=2.96x10 "(k„')(cm') (29)

with the help of Eq. (21). The first term, linear
in H, reproduces exactly the slope of the experi-
mental results for fields higher than 4 T (see
Fig. 18). This finding suggests that the increase
of the intensity of the EHL (TA) line is a. result of
the expansion of the hole wave functions in k space
perPendicular to the field direction.

The second term, q, then has to be field inde-
pent. %e did not perform the detailed numerical
calculations necessary to evaluate (k~~) via Eq. (27)
but demonstrate in Appendix D that, making some
simplifying assumptions about the bands and the
e-k density, (kH) actually turns out to be field
independent, leading to R value of 0.038 for q.
This value is 35% smaller than the experimental
result 0.061 in Fig. 18. However, considering the
simplifications in the evaluation of (k„'),this
agreement is satisfying.

In summary, we can state that the increase of the
total intensity of the EHL (TA) recombination un-
der the influence of a magnetic field can be under-
stood on the basis of a linear dependence of the
TA electron-phonon matrix element on the wave
vector of the holes involved in the recombination
process outlined in Sec. VB.

VII. CONCLUSION

In conclusion we have reported the first data on
the optical recombination spectra of the e-h liquid
in Ge in very high magnetic fields (up to 19 T) in-
cluding the LA-, TO-, and TA-assisted recombi-

nation lines and the complete polarization prop-
erties of the strongest, the EHL (LA) line.

In an analogy to the zero-field case, all experi-
mental data on the shape of the EHL (LA) line in
all four polarizations can be fitted theoretically by
convoluting the one-particle densities of states
around the extrema of valence and conduction
bands of Ge in the presence of a magnetic field.
The structure in the recombination line is a result
of singularities appearing in the densities of states
of the bands due to Landau quantization. A dis-
crepancy in the width between experimental and
theoretical line shapes can only be resolved if we
invoke a mass renormalization of the carriers of
approximately 10%. Extrapolating to zero field we
conclude that a renormalization of the same mag-
nitude also exists in the absence of a magnetic
field.

Our fitting procedure yields accurate data on the
field dependence of the following EHL parameters:

(1) ground-state energy,
(2) electron-hole density, and
(3) work function.

In going to the highest fields we find a continuous
increase of the ground-state energy by more than
a factor of 2, an increase of the electron-hole den-
sity by more than a factor of 4, an almost field-
independent work function, and a decrease of the
quasiparticle lifetime by approximately a factor of
2. The behavior of ground-state energy and e-h,
density can be understood as resulting from the
field-induced increase of the densities of states at
the bottom of the bands.

Our theoretical calculation, based on the as-
sumption that the sum of exchange and correlation
energies is only density but not directly field de-
pendent, is in good agreement with the experimen-
tal data over a large field range. This calculation
also reproduces the small oscillations in the e-h
density that are responsible for most of the mag-
neto-oscillatory effects reported earlier. All EHL
parameters show a continuous variation with mag-
netic field. From this fact we conclude that no ad-
ditional phase transition occurs in the electron-
hole liquid under the influence of a magnetic field.

Our experiments elucidate the nature of the elec-
tron (hole) —phonon interaction essential to the re-
combination process. First, they show (even more
strongly than in the zero-field work) the EHL (TA)
line shape can be generated theoretically if we
assume that the interaction matrix element is lin-
early dependent on the carrier wave vector, spe-
cifically the wave vector of the holes. Second,
measurements of the integrated intensity of the
EHL (TA) line with respect to the EHL (LA) line
reveal an increase of a factor of 2 when we go to
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our highest fields, a result which can be under-
stood quantitatively in terms of the form of the re-
combination matrix element quoted above.

From a theoretical point of view the quantum
limit, a situation where all carriers condense into
the n =0 Landau level, represents a most interes-
ting configuration. Our experiments, however, re-
veal that for the FHL in Qe the quantum limit can-
not be reached in fields of 19 T. Though the elec-
tronic system reaches this limit at approximately
2 T, four Landau levels of the valence band rema. in

populated up to 19 T and the picture is greatly
complicated by the strong nonparabolicities (cam-
elbacks) of the hole dispersion. This makes accu-
rate theoretical calculations on the ground-state
parameters impractical. The quantum limit, how-
ever, simplifies this situation considerably. There
exist various theories that apply for this case that
bear interesting analogies to degenerate proton-
electron systems in ultrahigh magnetic fields (up
to 10' T) as they might exist in the universe. The
realization of a model system of an EHL in the
quantum limit therefore is highly desirable. The
application of sufficiently high fields to the EHL in
Ge seems not to be practical in the near future.
Assuming that the Fermi energy stays constant, an
assumption that holds reasonably well up to 19 T at
least in the [100]direction, fields of approximately
200 T are necessary to reach the quantum limit in
the Valence band. The study of other substances
that show condensation also seems not to solve the
problem. They all exhibit degenerate bands that
will result in similar complicated dispersion re-
lations in a magnetic field, but only in Ge has the
valence band in a magnetic field been studied ex-
tensively.

A way to reach the quantum limit for the EHL
might be to apply stress to the semiconductor
under study. The inspection of two graphs given in
Ref. 17 showing the energetic shifts of the valence
bands of Qe under the influence of simultaneous
stress and magnetic field reveals that for the [100]
direction as well as for the [111]direction the
lowest two levels (n=0, spin+-,', in the limit of
very high field strength) can be split apart from
the remaining levels by 10 to 15 meV in fields of
20 T and stresses of 10' kg/cm'. Both values are
technically attainable. A combination of high
stress and high magnetic field might be able to
produce a situation where existing many-particle
theories for the quantum limit can be checked for
the first time and the predicted electron-hole fi-
bers (EHF) might occur. To reach the extreme
quantum limit, however, a configuration where
only the lowest spin states of the n=0 Landau
levels are populated, fields higher than 20 T are
needed. This limitation is due to the small spin

splitting of the electrons. Under the assumption of
a constant Fermi energy, fields higher than 22 T
in the [111]direction and higher than 25 T in the
[100] direction would be necessary to reach the
extreme quantum limit for the electrons. However,
the assumption of a constant Fermi level might be
too pessimistic as it is known to decrease when
uniaxial stress is applied to the sample. "
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APPENDIX A: CALCULATION OF THE FIELD
DEPENDENCE OF THE GROUND STATE

In zero magnetic field, the ground-state energy
per e-h pair E~ and the equilibrium density n, is
determined by the minimum of the sum of three
contributions: the kinetic energy E„~,the ex-
change energy E„,and the correlation energy E,":

E~ =min[E~(~, ) +E„,(r,)],
where we combined E„,=E„+E,.

Both terms depend only upon the interparticle
spacing x, being proportional to n ' ' (n represents
the e-h density). E~ is measured relative to the
band-gap E,. Analytic expressions -exist for E«,
and E„while the term E, is calculated numerically
and tabulated. The values of E, (r,) depend on the
underlying theoretical concept. However, the
ground-state parameters calculated with various
tabulated correlation energies given in the litera-
ture"-" altogether show good a.greement with ex-
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per iment. '
To calculate the ground-state parameters of the

EHI, in a magnetic field 0, we proceed in the
same way as in the absence of a magnetic fieM.
The ground-state energy at equilibrium is found by
minimizing with respect to x, :

E~(H) =min[E„. (r„H)+E (v„H)]. (A2)

Under the assumption that E„,is only density but
not expli. citly field dependent, expression (A2)
simplifies to

E~(H) —min[E„. (x„H)+E„,(r„o)].
To smooth out the singularities occurring in the
numerical calculations and for a better match with
the experimental condition, we actually calculate
the free energy F~(r„H,T) at a temperature of
2.5 K and minimize it with respect to x,. Again we
neglect the temperature dependence of E„,which
was shown to be small. " In this way we yield for
the-average energy E per e-h pair

Z(H, r) -min[z .„.(&„H,r)+E„,(~„O,O)]. (A4)

However, for the purpose of comparing theory with
experiment we will not distinguish between EG(H)
and Z(H, T =2.5 K). The difference between both
values is of the order of ~DE~(H),"which is com-
parable with the experimental accuracy. The av-
erage kinetic energy per electron-hole pair
E,„(r„H,T), can simply be calculated numerically
on the basis of the density of states in a magnetic
field D'(E' H) and D"(E" H) developed in Sec. III C:

approximation) which in conjunction with E„and
E„describe well the experimental ground-state
parameters in zero field. The tabulated values of
the two functions were approximated by the inter-
polation formula E,(x,) =A +8/Wx, . The constants
A and B were determined empirically to ensure an
optimum agreement in the range 0.2 &x, &1.

The results are summarized in Fig. 19 which
reproduces a set of curves of the free energy per
e-h pair relative to the band-edge energy E (H =0)
as a function of the mean pair distance x, in the
field range from 0 to 20 T. The ground-state
energy E~(H) snd the equilibrium density n, (H) can
directly be extracted from the minima of the set.
With increasing magnetic field, the minima shift
to smaller values of x, and therefore to higher
densities, an observation which meets the experi-
mental results. The precise numerical determi-
nation of the minima in small steps of 0.1 T yields
a magnetic-field dependence of the equilibrium
density and ground-state free energy shown in
Figs. 11 and 12. They are discussed in Sec. IV.

APPENDIX B: EFFECTIVE DENSITIES OF STATES FOR
THE TA-ASSISTED RECOMBINATION

Equation (17) for the TA line shape is equivalent
to Eq. (7) for the I A line shape except for the in-
clusion of the quantity k„'(x being k or e, ). In this

0,5

O' E', 8 E', E'„x,T E'dE'
z. (r HT)= '

kin st r +(+ H)

D "(Z„,H)f(Z", E,"(~„H),T)Z"dZ"

n(~„H)

n(r„H)= D'(E', H)f(z', E;(~„H),T)dz

D "(Z",H)f(Z", E„"(~„H),r)dz~.

The Fermi energies Ez(x„H)and E"(x„H)were
evaluated iteratively using the equations

UJ

LLI
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(A6)

The exchange energy expressed in units of the
theoretical exciton Ry" is

E„(r„o)=-- —'--1.1503

For the correlation energy we use two tabulated
functions of Ref. 69 (SPH II is a self-consistent
particle-hole approximation, HA II is a Hubbart

I i i i i I

0.5 1
I's

MEAN PAIR DISTANCE

I IG. 19. Total energy per e-k pair as a function of the
mean distance bebveen pairs at various magnetic-flux
densities. The numbers on the curves denote the flux
density in T. The energy is expressed in units of the ex-
citon Hy and measured relative to the band edge at zero-
field F~(H = 0). The distance between pairs is expressed
in units of the exciton Bohr radius.
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appendix we show how this term can be combined
with the related density of states (D~ or D„")to.
obtain an effective density of states for the TA
recombination, which then can be used in the
standard way for line-shape calculations.

First we transform the k dependence into an en-
ergy dependence. We use the following qualitat:ive
picture: The eigenenergies E„(k„)of an isotropic
parabolic band with an effective mass m* in a
magnetic field H are given by

[oo)]

—LINE

IN a

110]
Ik'E„(k„)= (n+ —,')1(d, + ",n = 0, 1,2, . . .2m*' (Bl)

where (o, = eH/m*c is the cyclotron frequency, k„
the component of the wave vector parallel to II,
and ~z the Landau quantum number. 'The eigen-
states are restricted to rotational cylinders cen-
tered around the field axis. The quantization in
the direction of H remains unchanged. We can de-
fine

k,'= (2n+ 1)—,eH

k' =(2n+1)—.eIJ
e~ Nc

' (84)

This is combined with the electron densities
D,', &, from (8) to result in the effective densities
of states for the TA recombination shown in Fig.
15

FIG. 20. Evaluation of the wave vector that is relevant
for the TA-assisted radiative recombination.

which is a measure of the momentum of the parti-
cle in the plane perpendicular to the field and
yields for the total wave vector

k,',D;„,(E',a) = m*, ll' g (2n+ 1)

x E —
~ + @AH (B6)

k =k~+ka. (Bs)

For the strongly anisotropic situation of electrons
and holes in Ge this simple model does not direct-
ly apply and we have to work in an approximate
scheme.

A. Electrons, H II[0001)

We work out, in a semiclassical way, the sur-
faces in k space that represent the eigenstates of
the electrons for Hll[001], the direction of field
used in our experiments. We find that these sur-
faces are concentric tubes centered around an
axis that is only slightly (4.2') inclined with re
spect to the axis of the electron Fermi surface,
i.e. , the A axis, (see Fig. 20). In fields higher
than -2.5 T only the innermost of these cylinders
is populated and expands with increasing field.
Figure 20 shows for an arbitrary electronic state
on this cylinder its wave vector k, defined in Eq.
(B3) as well as k„,the quantity that determines
via Eq. 16 the strength of the phorion coupling in
case of the TA transition. As an approximation to
k„,the distance of the state from the A line,
which actually depends slightly on k„,we use k,,

kp kz sin'n . The constant sin term can be ne-
glected, because our line-shape calculation yields
only relative and no absolute values. Using rela, -
tion (B2) we finally obtain

(constants of proportionality have been omitted).

B. Holes

For the purpose of the evaluation of k„'of Eq.
(16), an isotropic model is a reasonably good ap-
proximation to the valence band of Ge, so that ex-
pression (B3) can be used. The effective densities
of states for the TA process, however, can only
be calculated numerically. For each hole state
[see Eq. (10)]

(k„)=Q Q a„(ks,M,.)u„lka,M~), (B6)
N)

the value for k„'as defined in Eq. (82) is a sum of
an average k~2, perpendicular to the field, calcula-
ted via Eq. (B2) and the square of the explicitly
appearing wave vector parallel to the field kH:

k((7 (k ))= P (~a„(k„,M&)~'(2m7 ))—)+)z. (87)
g Ng

Then, for the effective density of states, each ei-
genstate Q„(ks)having energy E (ks) is not count-
ed with the weight 1 as in the LA case, but with
the weight k„'((t)„(k„)).The distribution over the
various magnetic quantum numbers M& is per-
formed, as in the IA ease, via Eq. (11). This
yields four weighted density of states k„'D~(E",H),
the sum of which is shown in Fig. 16 for a flux
density of 5 T.
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APPENDIX C: TOTAL INTENSITY OF THE EHL(TA)
LUMINESCENCE IN ZERO FIELD

The total luminescence intensity for the EHL is
the integral of Eq. (3) over kv. In treating the
TA line we substitute in the integral the approxi-
mate form of the square of the recombination
matrix element (M „(k„k„)('= (MT"„('k„'esta. —

blished in Sec. VB and obtain for T= 0 the follow-
ing:

f,„(H= o)

D E~ k2D„E"dE dh,

tor is close to unity. Inserting the appropriate
numbers into Eq. (C5) eventually results in

z,„(0) 5.39 ~M', „~'[~(0)]'~'. (c6)

APPENDIX D: (k2H) FOR A DEGENERATE PARABOLK
BAND

Vfe derive a simple expression based on a model
band structure for the average of kz which finds
applic. ation in Sec. VI B. For a q-fold degenerate,
isotropic, and parabolic band of mass m* in a
magnetic field II, the density of states for the
lowest Landau level is given by

w'here Ey = Eg+ E~ and

+ —E~ EIL (C2)

(the origin of the energy scale is at the bottom of
the Landau level). Thus, the (field-dependent)
Fermi energy at T=O is

We transform the integration over hv into an in-
tegration over E„using relation (C2) and perform
the integration over E'. Noticing that fsJD, (E')dE'
= n(0) and that D„(E")= 0 for E"( 0, Eq. (C1) results
ln

Z, (dd)=("( ))''

If kz is the wave vector in the direction of the
magnetic field, then the average k~2 can be ex-
pressed (at 7= 0) as,

(D2)

@h

I „(0) iM".„i'n(0) f 0+,(d")dd".
0

Moreover, we assume that ~MT"„~'is equal for
light (lh) and heavy (hh) holes. Assuming iso-
tropic bands and with the help of the usual rela-
tionships

(c3)

hh Eh and k2 1h
hh Q lh

we write the total intensity as
@h

1 „(0) iM"
„

i'n(0),""f dd0 „(n")dz"

jP 1h+ n dd0 (d")dd")

(c4)

in terms of the density of states for light (D») and

heavy (Dhh) holes, respectively. This yields upon
integration

1+
5/2

1 „(0) jM" i*[n(0)]'n-.'(Bn*)*'*+

m „(c5)
Owing to the large difference between light and

heavy hole masses (m»/m»= 0.121)"the last fac-

Ey (8)
(k„')= k„'D(E)dE .

Using equations (Dl) and (D2) and k„'= 2m*E/k~ we
obtain

(D3)

(„))4 ))0 n(H)'(kc
0 3 ~ (

~ (D4)

Assuming a proportionality between the carrier
density and the field strength such as n(H) = pH,
(k„')can be written as

This result shows that for a linear field depen-
dence of the carrier density, (k„')is independent of
the effective mass and independent of the flux den-
sity.

For the e-h condensate in Ge, a linear depen-
dence of the carrier density upon the magnetic
field is a good approximation for the region above
8 T. There the density varies as n= pII, with
p=6x 10" (cm-'T-'), (see Fig. 12). With @=4, for
the number of levels that are populated at fields
above 8 T, (k„')turns out to be (k„')=.1.3x 10"
cm-', which leads to the value 0.038 for the con-
stant q in Eq. (29).
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