
PHYSICAL REVIE% B VOLUME 20, NUMBER 10 15 NOVEMBER 1979
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The present understanding of the optical and electrical properties of free-electron metal

(FEM) films does not permit the optical characteristics to, be related to the dc conductivity in

terms of the microscopic parameters when both the optical and electrical characteristics are be-

ing measured simultaneously. To resolve this dilemma, a new set of expressions for the reflec-

tance and transmittance of thin FEM films is developed from the work of Reuter and Sondhei-

mer. The expressions are used to calculate the effects of electron scattering from the internal

surface of a hypothetical gold film. The results demonstrate that it should be possible to deter-

mine the microscopic parameters of a thin film from optical measurements.

I. INTRODUCTION

Recent work with halide adsorption on gold
films' has raised serious doubts about the present
understanding of the optical and electrical properties
of thin films because no current theory can explain
the effects observed. The dilemma is that changes in

the optical characteristics of gold films induced by I
adsorption cannot be related to changes in the dc
conductivity in terms of the microscopic parameters
when both the optical and electrical characteristics are
being measured simultaneously. A single physical
description of a thin film which could account for
optical and electrical properties is needed. In the case
of free-electron metals (FEM, i.e., simple metals,
such as sodium, and Au, Ag, and Cu) much work
has been done by describing the FEM in terms of
electron density, N, mean free path, I, fraction of
electrons scattered specularly at the surfaces, p, and a
number to account for interband transitions and core
electrons, S.

In this paper, the theory of the optical properties of
FEM with surface scattering of electrons is developed
for films from Maxwell's equations and Boltzmann
transport theory. The resulting expressions describe
reflectance and transmittance of films in terms of
their microscopic parameters. The expected optical

response of gold films is calculated using reported
microscopic parameters of bulk gold and the effects
of surface scattering of electrons.

Reuter and Sondheimer were the first to consider
what effect surface scattering of electrons had on the
optical properties of FEM. Their work was concerned
with reflection from semi-infinite FEM at whose sur-
face a fraction, p, of the electrons were scattered
specularly; the rest, 1—p, were diffusely scattered.
Holstein' used energy considerations to evaluate the
absorptivity of light incident normal to a FEM sur-
face as a function of p. Dingle6 sho~ed that
Holstein's results were the same as Reuter and
Sondheimer's and expressed the theory in dimension-
less form. He applied the theory to bulk FEM under
varying circumstances and to films of arbitrary
thickness with totally diffuse scattering. Most work-
ers since Dingle have con'sidered either totally specu-
lar or totally diffuse scattering on bulk FEM, '

with some films' "being considered. There have
been corrections introduced to account for oblique in-

cidence in the cases of p-polarized (TM) and s

polarized (TE) light. Also, new mathematical tech-
niques have been used to obtain more precise results
than Dingle. This paper presents a more detailed set
of expressions for the reflectance and transmittance
of FEM films than has been reported previously.

II. THEORY

The arguments used by Reuter and Sondheimer4 for deriving the integro-differential equation obeyed by the
electric field in a bulk FEM can be extended to films with very little difficulty (see Appendix). The resultant
equation is
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~here z is the depth into the film, d is the thickness of the film, I is the mean free path in the bulk material,
tv =1+ants with nt =2rrf, f being frequency and r being the electronic relaxation time, n = 8mznte2m2a 213/czh3

with m being the effective electronic mass, e is the Fermi velocity, c is the velocity of light, and h is Planck s
constant. All distances are in terms of land t is 4—1.

The above equation for the electric field may be solved in closed form only for p =0 and p =1. Since values
of p between zero and one are desired, the above equation is solved by a series such as Dingle9 found for the
above equation when p =0. Consider the possible solution

(z) = e
—uwa

which when substituted in Eq. (1) results in

1

esw
(s-d)

tv'(u'+gS)e " = ' K(u)e " ' e—""s ——— ds
$ s s+u

2)

] 1
—sw (2+d)

-uwd e
pe

s s3 s+u
t

t

e-sws
ds —(1 —p)

s s' s —u
t

ds

where q = (ntl/ctu)' and

1K(u) =
s

+ ds = -', 2u + (u —1) ln
1 1 1 1+u
s3 s+u s —u u"' 1 —u

(4)

If uz = /K(u) +g, where & = ca/ttt3, we cannot account for the three integrals on the right-hand side of Eq. (3).
So, consider
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This leaves only terms of order g' so the process can
be repeated to form a series in g. The solution is of
the form

E,(z) = E,(z) + E (z) + 0(gz) .

There is another solution, Ett(z), which is found by
using —u instead of u. 1"he electric field is a linear
combination of these two solutions

Ht(0)„=H2(0)„„,,
02(d) tang

=H3(d) tang

(8a)

E(z) =AEt(z) +M„(z) .

By using boundary conditions, we can obtain four
relations between A, 8, i, r, and t, where the latter
are the incident, reflected, and transmitted ampli-
tudes of the electric field. Consider that for perpen-
dicular polarization the boundary condition is that the
tangential components of the magnetic field must be
equal across the boundaries, i +r =E(0),

l =E(d),

(9a)

(9b)

(i —r) n t cos8t =,'i, E'(0) cos8z, (9c)

field instead of the magnetic field. However, for ob-
lique incidence, the above expressions for the electric
field must be re-derived for each polarization because
the wave equation becomes a pair of coupled equa-
tions between the x and y components of the electric
and magnetic fields. If, instead, the electric field (or
the magnetic field, depending on the polarization) for
normal incidence is multiplied by the cosine of the
angle of incidence, and used as the tangential com-
ponent, the result is a simple but good approxima-
tion. For the zeroth order in g (no surface con-
siderations of electron scattering), this approximation
gives the same results as the derivation of reflectance
and transmittance using traditional optical constants.

For perpendicular (transverse electric or TE) polar-
ization the four relations are

and from Maxwell's equations, the magnetic field is
related to the curl of the electric field. For parallel
polarization the same argument holds for the electric

rn3 costi3 =
ti2

E'(d) cos'9z— (9d)
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(i + r) cos8, = E(0) cos8, ,

r cos83 =E(d) cos82,

(los)

(lob)

(i r) n—, =—'—E'(0),
1/2

(loc)

rn, =,'„E'(d) . (lod)

For parallel (transverse magnetic or TM) polarization
they are

E'(z) denotes differentiation of E(z) with respect to
z. Also, 8 is the angle of incidence for phase m,
and ni and n3 are the optical constants of the first
and third phase.

Approximations can be made which make calcula-
tions simpler and physical interpretations easier. For
the electric field j

E(z) =~e ""-+ae"~
is a very good approximation because i/i « 1.
Also, we can approximate E'(z) by the expression

E'(z) =A (
—uwe " —(w[e " 'Ei(w(d —z)) —pe " IEi(w(z+d)) —(I —p)E1(wz)]}

where
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and

(12)

1
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~ 1 $2 S4

((0) = n (0) cos8, = [[n (0)]' —n1' sin'81}'i2 . (18c)

The definitions of g'(0), g(d), and g'(d) are analo-
gous to that of $(0) and

because i21i « 1. For convenience, let

I(2
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is the familiar expression for the dielectric constant
of a free-electron gas with corrections for interband
transitions and the effect of core electrons. There-
fore, n(z) and n'(z) act as optical constants contain-
ing both a bulk and a surface contribution.

Since the algebraic solutions of Eqs. (8) and (9) for
the reflectance and transmittance are very involved,
intermediate variables have been created to simplify
the resultant expressions. For convenience, let
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(20j)
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function as Fresnel reflection and transmission coef-
ficients. Then, setting the incident amplitude to uni-

ty, the reflection and transmission coefficients be-
come

1.4

1.2

rl I2+a+rl23e '
fl =

1 + fl I2 fl23e

rIII2+ rII23e 2&P

A + fII]2 fl123e

tl I2tl 23e'
tl =

1 + fl12 fl23e

n (d) rlll2ril23e
II t 2aP+ rll12 "II23e

The reflectance and transmittance are given by

(21a)

(21b)

(21c)

(21d)
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FIG. 1. Comparison of actual values of absorbance
(——) vs wavelength with predicted values ( ) based on
microscopic parameters determined from five transmission
measurements (marked with x's). Parameters of filrp were
d =178.8 A, N =5.43x10 electronslcm, i =45.8 A,
S -7.9, p -0.018, nI = 1.00, n3 = 1.50, and k3 =0.00.

TII =Re l ill l

n 1 6
n3(I

(22d)

These, forms for Rl, Tl, RII, and TII compare well

with the traditional expressions for films. If the sur-
face contributions are ignored (zeroth order in g),
the above expressions reduce to those for reflectance
and transmittance given by Hansen. 26

III. RESULTS

Two interesting questions arise in connection with
this work. First, can the above theory adequately
describe the optical properties of thin films? And
second, what are the effects of surface scattering on
the optical properties of thin films?

In a later paper, ' a procedure used to numerically
invert the optical equations and determine the micro-
scopic parameters of a gold film from optical meas-
urements will be described. The results from a
representative film were

N = 5.43 X1022 electrons/cm',

1=45.8 A, S =7.9, p =0.018

(determined from five transmission measurements at
normal incidence at wavelengths between 16000 and
20000 A, film thickness of 178.8 A). The compari-
son between the experimental optical measurements
and those predicted from the above parameters is
sho~n in Fig. 1. The comparison is very good with
most differences being less than 5%, even at
wavelengths well removed from those used for the

characterization. Much of the difference at shorter
wavelengths can be attributed to the value of S
changing as the photon energies approach the inter-
band transition threshold. This demonstrates that the
expressions contained herein can describe the optical
properties of thin FEM films.

To see the effects of electron surface scattering re-
flectance and transmittance were calculated for a hy-
pothetical film with the microscopic properties of
bulk gold. The number of electronslcm, N, was
5.9X1022, and the mean free path I was 350 A. . The
parameter S, which accounts for the effects of inter-
band transitions and core electrons, was reported as a
function of wavelength by Theye. However, for
convenience, an arbitrary value of 3.5 was used for S
in all calculations. Other parameters of the film were

d =100 A, nI =1.50

n3 = 1.00, k3 =0.00

Surface scattering has a second-order effect on the
optical properties of FEM, as expected. This is clear-
ly seen in a graph of internal reflectance as a function
of angle of incidence (Fig. 2). Indeed, changes in p
affect internal reflection (and internal ellipsometry,
which is associated with internal reflection) more
dramatically than changes in any other optical meas-
urement. This is due to increased electric fields at
the film surface for internal reflection.

The electrons are affected by surface scattering
only when they interact with the surface. The small-
er d/I, the more often the electrons interact with the
surface. This can be shown by the difference in ab-
sorbance (A = —logioR) when p is changed from
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IV. SUMMARY AND CONCLUSIONS
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APPENDIX

d with its first surface the.A thin film of thickness, d, wi
' '

e
=0 and its second surface at zx—yplane, at z =, an
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dH ao)E + 4mJ
dz c c

(Al)

has electromagnetic radiation incident upon it in the
form of an electric field E(z) e'"', pointing in the x
direction, and a magnetic field H(z) e'"', pointing in
the y direction. (The time dependence will be omit-
ted from further expressions. )

Under these conditions, Maxwell's equations are

development started with a distribution function

f =fo+fi(v, z), (A4)

where fo is the Fermi function and ft is an unknown
function of v and z which is to be determined. Since
a steady-state situation will exist, the distribution
function is determined by the Boltzmann transport
equation

and

dE
dz

(A2)

Bf 2me E+ 1 vxH p' f+v p f
Bt h c

d E o) E 4mao)J

z c c
(A3)

where J =J(z) is the current density. The second-
order differential equation obtained by eliminating H
1S

(AS)

where h k =2m' v and r is the space vector.
Neglecting the product of E and f~ and H gives the
result

Further progress is dependent on finding some re-
lation between J and E. Such a relation was
developed by Reuter and Sondheimer. 4 Their

haft 1+srurft+
7'&S

e ~foE
m &z ~'ux

The general solution of Eq. (A6) is

(A6)

1 +LQlr)z F( ) + e Bf
~ E( ) 1 +LQlr

&&z
(A7)

where F(v) is an arbitrary function determined by boundary conditions. The only difference between the results
Reuter and Sondheimer4 had and those used in this paper is the electrons can not travel beyond the edges of the
film. So 0 ~z ~ d and this must be remembered for several integrations which are performed. The limits on the
integrations will be d rather than ~, as they are for a semi-infinite mass.

The current density is calculated by
t 3

mJ(z) = —2e —
Jl ~ v„fdv dv~dv,J x x y (AS)

which results in
f

2me2m2v2 t d

(A9)

where a = cur, (is the mean free path of the electrons, and

k, (u) = Eit I(1 + ~a)
~
u [) —Ei3 ((1 + ~a) [ u

~ j (A10)

with

eo —SM

Ei„(u) =
J „ds, Re(u) )0

S

The use of Eq. (A9) in Eq. (A3) gives the basic equation of the problem

(A 11)

1

2 2 2 2 2 2 teo pddEo+) ESmacoem v
k

z —r ~() z —r
(

dz c c h 4-d ( J 0 0
(

(A12)

This second-order integro-differential equation may be put in a convenient dimensionless form for analysis, as is
Eq. (1).
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