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Venturi level differences in liquid-helium-II flow
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A calculation is given of the expected Venturi level difference in liquid-helium-II flow. It
disagrees with a calculation by Putterman which finds no level difference, and agrees with
Meservey that a level difference 4z= (p„/2pg)5&„entirely due to normal fluid will obtain. The
experimental situation is surveyed, particularly the pioneering experiment of Pellam.

Here IM, is the chemical potential which satisfies

dp, = (1/p) dp —s dT —
z (p„/p)d( v„—v, ) (2)

The late J. R. Pellam was the first investigator to
study Venturi level differences in liquid-helium-II
flow. ' According to the "generalized Bernoulli equa-
tion" derived by Pellam and Morse, the normal fluid
and the superfluid were each expected to give rise to
a level difference due to the flow of that component.
However, Meservey' concluded that the requirement
V x v, =0 would prevent any level difference for
(subcritical) flow of superfluid. This has been con-
firmed in clamped (u„=0) geometries by Van Al-
phen et al.4

Meservey also predicted that for arbitrary flow of
both superfluid and normal-fluid components there
will be a level difference of (p„/2pg)hu2, although
he did not furnish an explicit proof. On the other
hand a recent calculation by Putterman' leads him to
conclude that no level difference will be observed in
an arbitrary flow.

Pellam's early measurements' of the level differ-
. ence caused by a resonant second-sound wave bear
on this disagreement, since in this arrangement there
is both a normal flow and a superflow. In fact he did
report a small level difference ("a fraction of a mil-
limeter") of the right sign at an unspecified tempera-
ture and heat input. Unfortunately his observations
must be considered too qualitative to constitute a de-
finitive test of the conflicting theories.

Putterman's result seems to contradict one's physi-
cal intuition in this problem. One purpose of this pa-
per is to show that, in fact, Putterman's calculation is
incorrect, and that a normal-fluid level difference
should be obtained, as predicted by Meservey. A cal-
culation is also made of the expected magnitude of
the level difference in a Pellam-type resonator
under optimal conditions.

Consider first the standard two-fluid equation (in-
cluding the external gravitational field 0 =gz)

Ds vs

where s is the specific entropy and the other symbols
have their usual meanings.

Assuming 9 &&v, =0 and steady flow, rlv, /Bt =0,
with the. help of a vector identity one easily finds

'7 (p, + —,
'

u,'+ gz) = 0 .

Now add and subtract from Eq. (3) the quantity
s '7 ( v„.A ), where A = (p„/ps) (v„—v, ). Rear-
ranging Eq. (3) one finds

(1/p) '7 p —s 9 ( T +v„A ) + s 9 ( v„A )

(3)

V(p+ —,
' p„u„'+ —,

'
p, u,'+pgz) =0 . (5)

Let us now calculate the level difference expected
in an apparatus such as that depicted in Fig. 1. Be-
fore applying Eq. (5), however, we must critically ex-
amine the physical situation which obtains. For suffi-
ciently narrow standpipes' viscosity will keep the nor-
mal fluid at rest. There will be a vortex sheet at the
entrance to the standpipes, with v„=0 in the stand-
pipe. Assume that we have one-dimensional flow in
the channel, i.e., that v„, v, do not vary across the
channel (except very near the walls in the case of v„
due to viscosity). At the vortex sheet '7 x v„and
V' x A &0 . But in the standpipe, at A, 8, and in
the body of the channel we may take these quantities
equal to zero. Hence Eq. (5) will hold separately in
the standpipes and in the channel, and the quantity
in the bracket will be a constant, the constant differ-
ing across the vortex sheet.

—
—,
'

(p „/p) '7 ( v„—v, ) '+ —,
' 9 u,'+ g 9 z = 0 .

(4)
Ignore the spatial derivatives of the thermodynamic
quantities p, p„, and s. If we next assume that
V x v„=0, then we have from the definition of A,
'7 xA =0. Putterman (Ref. 5, p. 31) has shown that
(for steady flow conditions) this implies that the
quantity '7 (T+v„A) =0 .

Using this in Eq. (4) we finally find6
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follows that the change in the constant is just the
change in the quantity 2 p„v„ through the sheet.
Therefore,

bz = (p„/2pg)hv„'= (p„/2pg)(v„'s —v„'~), (8)

v=Q
n

FIG. 1, Flow apparatus. Dashed lines at entrances to
standpipes indicate normal-fluid vortex sheets.

Now consider the level difference between points 1

and 2 in Fig. 1. At the top of the standpipes, p =po,
the vapor pressure. Meservey's calculations show
that although the superfluid flow penetrates the
standpipe, the velocity falls off exponentially with

height, and for all practical purposes we can take
v, =0 at the tops. Thus from Eq. (5),

i.e., the result which Merservey stated. Putterman
failed to get this result because he neglected to in-
clude the influence of the vortex sheet in his calcula-
tions.

Next consider the expected magnitude of the level
difference in a Pellam-type second-sound resonator
(see Fig. 2). Even though this is not a case of steady
flow the theory derived is completely applicable since
in this case we are interested in the mean-squared
average of v„, v,', the time-dependent terms are first
order in the velocity and average to zero.

For this theory to be valid for a resonator of
characteristic diameter d, the superfluid velocity must
be limited to the critical velocity v„, where v„satis-
fies the relationship v, , —d ' cm sec ', Employ-
ing the condition for zero mass flow, p„v„+p, v, =0,
one has

po+ pgz) = C

po+ pgz2 = C2

so that

pg(z~ —zz) =pghz = C~ —C2

= (Ci —C) + (C —C2),

(6)
~zmax = (pa/2g ppa) (v, )

= (p /2g p p, ) (0 5/d' ) cm' 2 sec

Figure 3 is a plot of Az,„vs T for a channel of di-
mension —1 cm —presumably approximately that of

where C, C~, and C2 are the values of the constant
quantity in parentheses in Eq. (5) in the channel and
the two standpipes, respectively. Since the pressure,
superfluid velocity, and gravitational potential are
continuous through the normal-fluid vortex sheet, it

~zmax
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FIG. 2. Schematic of Pellam's apparatus. Bashed line in-
dicates particle velocity amplitude for half-wave resonance
(after Pellam, Ref. 1).

FIG. 3. Maximum level difference &z~,„vs temperature
T for a channel of dimension —1 cm, for which v„= 1

cm/sec.
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Pellam's apparatus. It is seen that for T —l K a lev-
el difference of approximately the magnitude ob-
served by Fellam will obtain.

It appears the effect is only marginally detectable
by visual observation. It would be interesting indeed
to see the results of an experiment in which small

level differences could be detected with greater sensi-
tivity.
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We may estimate the needed standpipe diameter t as fol-
lows: in the Poiseuille flow formula & = {mp„/128')

1x (4p/I) t set the mass flow rate & —(p„~„)t 4 (m t ) ],
1

Lip —
2 p„v„, and l —1 cm. Then t = (64'/p„v„}

For q —10 poise, p„—p, v„—1 cm/sec, t —1 mm.
R. De Bruyn Ouboter, K. %. Taconis, and %. M. Van Al-

phen, Progress in Low Temperature Physics (North-Holland,
Amsterdam, 1967), &ol. U, p. 74,


