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A tabulation of statistical tensors p;‘(l) for the analysis of y-ray emission from a non-axially-

symmetric nuclear ensemble

H=AL+P{~5U2~+1U +D] +5 U2 +12))
has been prepared. The tables cover all values of the magnetic and quadrupole hyperfine
parameters 4 and P, for 1 =</ =<8. Explicit rotation matrices are also given which enable the ta-
bulated statistical tensors to be transformed into those appropriate to other frames of reference.
Special attention is given to off-diagonal tensors p}(l), g #0, and it is suggested that
statistical-tensor diagrams p-}(l) Vs p02([), etc., are a useful‘way of presenting nuclear-orientation

data.

I. INTRODUCTION

In 1959 Samoilov! discovered that many elements,
dissolved in ferromagnetic metals, experience mag-
netic hyperfine interactions of sufficient magnitude to
produce anisotropy in their y-ray angular distribu-
tions at temperatures in the 10-mK range. Since that
time the vast majority of nuclear-orientation experi-
ments have been carried out on dilute magnetic al-
loys in which the nuclear hyperfine Hamiltonian
possesses simple axial symmetry about the direction
of an applied magnetic field. Even the earlier work
on self-cooling dielectric crystals of transition-metal,
rare-earth, and actinide elements exploited uniaxial
crystals, with their attendant simplicity in the angular
distribution of the emitted decay products.

However, in general, the angular distribution of
decay products from systems lacking axial symmetry
can be used to extract information concerning the
strengths and relative orientations of the interactions
to which the oriented nuclei are subject. Examples of
such systems are (i) the magnetic-field properties of
antiferromagnetic and more complex spin structures;
(ii)) Kondo-state systems in noncubic materials and;
(iii) singlet-ground-state systems with nonvanishing
quadrupole interactions. Such investigations of
course require single crystals per se. Motivation for
the present work stems from recent experiments on
the Van Vleck enhanced nuclear antiferromagnet
HoVO,. This compound affords an example of the
most commonly encountered nonaxial system in
which the magnetic hyperfine field makes a right an-
gle with the axis of an axially symmetric nuclear qua-
drupole interaction. Analysis of the angular distribu-

20

tions from systems with an n-fold symmetry axis
(n < oo0) is given in Paper II (following article, this
issue) and is relevant to various types of ordered spin
systems.

For the mixed magnetic plus electric interaction
described above, the nuclear hyperfine Hamiltonian
may be written in the form

H=AL+P—5[2=+1U+DI+5UF+12)}) , (1)
where ‘

and

P=3e2Qq/41Q2I -1) , 3)

which reveals that [, =m is not a good quantum
number. As a result, the standard treatment of the
+y-ray emission problem, detailed, for example, by
Steffen and Frauenfelder? and Steffen and Adler,’
must fail. In particular, statistical tensors p}(/;) with
q # 0 do not vanish identically and their presence
gives rise to azimuthal variations cos(q ¢) in the an-
gular distribution function W (9, ¢).

In order to facilitate the analysis of y-ray emission
from nuclear ensembles described by Eq. (1), tables
of statistical tensors pd(I), p#(I), pd(I), p3(I), and
p4(I) have been prepared. These tables cover all the
values of the magnetic and quadrupole parameters 4
and P, for 1 =7 =<8. The method adopted for the
computation of the statistical tensors is outlined in
Sec. III, and the system underlying the presentation
of the tables is explained in Sec. IV. In Sec. V, the
symmetry properties of the p)(I) are used to derive
rotation matrices, which allow the tabulated statistical
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FIG. 1. Relationships between the various right-handed
frames of reference used in this paper.

tensors to be transformed into those appropriate to
the three frames of reference shown in Figs.
1(a)—1(c). Finally, in Sec. VI, it is argued that sta-
tistical tensor-diagrams p#(I) vs pd (1), etc., are a use-
ful way of presenting nuclear-orientation data, partic-
ularly when nuclear spin-flop transitions are likely to
occur.

II. DEFINITIONS AND SYMMETRY CONSIDERATIONS

Following Steffen and Alder,? the angular distribu-
tion function for y rays may be written

W (e, 4>)——7T],2 S QL+D2QA+1)724,(y)

Aeven

x [pd (1) Yyo(8, &) + 20 o) Y2,
q>

W, ¢) = m 2(21,+1)‘/2(2>\+1) 12

x A, (M plI) Y\ *(6,¢) , (@)

where (i) [, is the spin of the initial nuclear state; (ii)
\ is the rank of the multipole emission (for*most
practical purposes we have A =2 and 4 only); (iii)
A,(y) is a nuclear parameter which depends, in part,
on the mixing ratio & for M1 and E2 transitions; (iv)
pa(l)) is a statistical tensor or state multipole*® which
describes the orientation of the nuclear ensemble
and; (v) Y,,(0, ¢) is a spherical harmonic of rank A.
For convenience a brief list of spherical harmonics
may be found in Table I. The statistical tensors
pM(I) may be calculated via the formula

(I)—E( ' L=m m'|\g) (Lm|p|lim")

(5)

where p the density matrix, is given by
p=e"PH/Tr(e™FH) (6)

for a system in thermal equilibrium, and
(I, —m I; m'|\q ) is a Clebsch-Gordan coefficient, de-
fined, for example, by Edmonds.5

The usefulness of the statistical tensor formulation
of the y-ray emission problem lies in their transfor-
mation properties under spatial rotations. Following
a rotation of the co-ordinate system through the
Euler angles «, 8, and v, the statistical tensors (p N
referred to the new primed axes are related to those
referred to the old axes via the equation

= 3D (e B,V )

where the D
matrices.®
Thus, the statistical tensors p, form a complete
set, transforming as a tensor operator of rank A.
One further symmetry relation which we shall find
useful is

*=()pd, . ®

This identity is easily proved on making use of the
symmetry properties of Clebsch-Gordan coefficients,
together with the Hermitian character of the density
matrix p. As a result, Eq. (4) may be recast in the
form

o (, B, y) are the well-known rotation

(8, 9) + ()Y, (I)Y,_,(6, $)] 9)
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which reveals that the angular distribution function is completely determined by statistical tensors p}(/;) with
q =0. For the Hamiltonian described by Eq. (1) therefore, we write

W, ¢) =

+A4(y)

where the series has been terminated at A =4. Note
that for arbitrary angles 8 between the magnetic hy-
perfine field B and the electric quadrupole axis, sta-
tistical tensors with odd ¢ may also be nonzero.

III. COMPUTATION OF STATISTICAL TENSORS

From the definition of the statistical tensors given
in Eq. (5), it is clear that matrix elements
(Im|p|l;m") are required, where m’ is not neces-
sarily equal to m:. This can be achieved with the aid
of a diagonalization routine which supplies not only
the energy eigenvalues Ej, but also the unitary ma-
trix U, which reduces H to diagonal form

(UHUY) e = (Hp) i = Exdpac - an

Given Hg, it is a relatively easy matter to form the
density matrix

[1 +A,(y) QL+ 1) [p¢ —(3 cos?9 —1) + p? ( )12(1 — cos26) cos2 ¢]

o -8-(35 cos*0 —30cos?0 +3) +p3 —( Y21 ~cos26) (7 cos?d — 1)cos2 ¢

‘3yn(1 29)2 cos4
+ pd 27 (1 —cos’0)?cos ot . 10
(o) =e " /Trle ") o (12)

which can subsequently be used to generate p, in the
Zeeman representation, via the back transformation

p=Ups U . (13)

The statistical tensors pg(/;) can then be calculated,
with the aid of Egs. (5) and (13), in conjunction with
a Clebsch-Gordan routine.

As noted earlier, statistical tensors with odd ¢ are
identically equal to zero, for the Hamiltonian defined
by Eq. (1), because the angle between the principal
axis of the quadrupole interaction and the magnetic
hyperfine field is 5 m. Consequently, in preparing

tables of the p}(/ ) it is only necessary to tabulate
(pé, pP) and (pd, p3, pd), for M1 and E2 y-ray transi-
tions. However, because of space limitations only the
tables for / =3, 7 are appended to this paper.’

TABLE L

Spherical harmonics for / =2 and 4

» Legendre polynomials

" — im+|m| 20+1 _1_-;!_"1]_ Iml ime — (1 — y2)Iml/2 dlml
Definition Y (8, 0) =i 4 U x|mD! P/m(cosh) e Pr(x)=(010-x% Sl P_,,(x)
S e 1
1=2 Y08, ¢) = yv PJ (cosh) P} (cos) = (3cos?0—1)
s 1]
Yy 4,08, ¢) = et P} (cosp)e*i2¢ P2 (cos6) =3(1 —cos?6)
12
1=4 Y40(6, ¢) = 22— P? (cos6) PJ (cosf) = %—(35 cos*6—30cos?0 +3)
Y4420, 0) = -49— —2— P (cos®) e Li2e P} (cosf) =-l-2§-(l —cos26) (7 cos?09—1)

12
9 1
Y4400, d) = [E )

P} (cosp)eTide

P} (cos6) =105(1 —cos?9)?
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IV. PRESENTATION OF THE TABLES

In order to tabulate statistical tensors for all values
of 4 and P, it is advantageous to recast the Hamil-
tonian defined by Eq. (1) into the equivalent form
discussed below.

First we rewrite H in the normalized operator form

H=A4'(/2D) +P' -+ 112= 11U +1)]

+3 U+ 1)Y= (]

where
A'=4x2I , (15)
P'=P[P-(()] , (16)

and ((71;)) implies that we have ((%)) =0,% if Iis in-
teger, half integer, respectively. Note that the total
splitting associated with the normalized Zeeman and
quadrupole operators, taken separately, is equal to

(14) unity.
Next we recast Eq. (14) in the form
H= W'[x(l,/zl) +A—x) (R -+1U +D] +5 U} +13)}/[12—((%))l] , an
where A4 __x _A 21 (20)
Wix=A'=A x2I | 18) Prol=x P p—((3)
W'(1—x) =P =PI2—(()] . 19)

W' is essentially a measure of the strength of the
Hamiltonian H, while x determines the ratio of the
magnetic to quadrupole parameters, via the equation

J

Finally we observe, from an examination of Egs. (5)
and (6), that it is BH rather than H which determines
the value of a given statistical tensor. We set there-
fore

BH = W[x(1,/21) +A=x) ~$ - F1U+D] +5 U2 +1£)}]/[12— (N1, Q1)

where

W=8W'=W/kT . ‘ (22)

This suggests that tables of statistical tensors pg (/;)
are best prepared in the form of a two-dimensional
array, spanned by the parameters W and x where, for
a given interaction, increasing W corresponds to de-
creasing temperature. Note that for x =0 (1.0), the
tabulated statistical tensors are those for the pure
quadrupole (magnetic) interaction, respectively.

Finally it should be remarked that statistical tensors-
p2(1) and p}(1) for even g, are unaffected by the
transformation 4 —— 4. However, this is not the
case for P —— P, which leads to changes in both
signs and numerical values. Thus, in preparing tables
of statistical tensors, it is necessary to consider the
two combinations (+4,P) and (+4, —P). This is
easily achieved by allowing W to take on positive
values (+4, +P) and negative values (—4, —P),
respectively.

r

V. TRANSFORMATIONS OF STATISTICAL TENSORS
UNDER SPATIAL ROTATIONS OF 6 = %w IN THE
z-x AND z-y PLANES, RESPECTIVELY

It has already been remarked that the accompany-
ing tables of statistical tensors have been calculated
with respect to the frame of reference defined by Fig.
1(a). However in certain situations, it may be prefer-
able to work with statistical tensors, defined with
respect to other frames of reference, such as those
shown in Figs. 1(b) and 1(c). For example, if the
quadrupole interaction is much stronger than that of
the Zeeman interaction, then the co-ordinate system
defined by Fig. 1(b), may be more appropriate. Such
transformations are easily effected using Eq. (7). For
A =2 and 4 we find

1,3 1
7@ T (e

) 1
P2 4
1,3 1 1.3
pd| =P -5 ||| @3
_2_ 1 1,3y12 1 z
P=2)s T 7(3) iy P=2)a
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and
1 M2 L(3yin m\? 1
4 16 8 8\ 2 8 16 i
P4 M2 1 LSy 1 2 .
p3 3 2 42 3 8 p2
3 1,5 1,35
pd| = %(%)1/2 —%(%)1/2 3 “7(7)1/2 '8—(7)1/2 pd , (24)
p m'2 1 _L(&yin 1 M2 P
4 8 3 42 3 8 pt
Pl X o2 Lssyp @R L ‘
16 8 82 8 16

which can be further simplified, on noting that we
have p?=p2,, pf=p*, and pd =p?s, for the Hamil-
tonian of Eq. (1).

For pure quadrupole alignment (x =0) only (p),
and (pg¢), are nonzero, with respect to the frame of
reference of Fig. 1(b). This observation, together
with Egs. (23) and (24), can be used therefore to
show that

r

which provides a useful symmetry check on the tabu-
lations for x =0. For the pure magnetic case
(x =1.0), the calculated values have been compared
with the earlier tabulations of Krane.! However for
general x it is not possible to devise symmetry tests,
other than the simple transformations 4 —— 4 and
P——P.

Finally, we observe that the matrices required to
transform the (p2), into the (p}). of Fig. 1(c), may

2(y — !
pilx=0) —— ()2 (25) be derived from those of Egs. (23) a(xnd (2)‘/12), on mul-
(x = 2 ’ s . +
po(x=0) ), . tiplying each matrix element by (=) V", For ex-
. ample we have
pix=0) | __ 14 (26)
H._ | 3
pe(x=0) |, . 1 L2y 1 )
p3 7 272 4 p3
and 2 1,3v112 1 1Lc3v12 2
$(x = 0) pi| =17 -5 73 es|. 28)
pa\x = 1 (3512 2 , 2
— | =+ () , Q7 P22 L _L3Hyin 1 P2
pe(x=0) |, 32 c r 7 (3) 3 a
0.05 0.10 0.15 0.20 0.25
T T T T T 2
—»po
__lomK 8mK
 —— — ——  A-7.23mK
e — //, —— ___ ——6émK
-0.05} — — _—
< - — _——4mK
— o — _
—_—— o A=2.17mK
— —
_— _—2mK
-
-0.10} //
- —
- A=0.723 mK
—
P=1.24mK - -
-o.15k
2
2
* a-0 [p3/p8=-F]

FIG. 2. Statistical-tensor diagram of p22 vs po2 for a fixed value of the quadrupole parameter P =1.23 mK and various mag-

netic hyperfine fields. (Ref. 9). The dashed lines are isotherms.
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FIG. 3. Spin-flop transition in a nuclear antiferromagnet
induced by a small applied field H.

VI. STATISTICAL-TENSOR DIAGRAMS

It is often convenient when analyzing the results of
a particular nuclear-orientation experiment, using
Eqgs. (9) and (10), to present the results in the form
of p?vs pé, etc., diagrams. Such an example is
shown in Fig. 2 for the particular case of a known
fixed quadrupole parameter P and various magnetic
hyperfine fields. The dotted lines are isotherms and
such plots can be used, for example, to determine
both the nuclear hyperfine parameter 4 and the
nuclear-spin temperature 7.

These diagrams are also useful in the identification
of either nuclear-spin reorientations or nuclear spin-
flop transitions. As an example, consider a nuclear
ensemble which orders antiferromagnetically, with
the spins directed along the z axis as shown in Fig.
3(a). For simplicity we set the quadrupole parameter

p2
x(-P), x(tH) 2 y(+P)

0 Ko=Tan"'F) pé
z(+P) z(tH), 2(-P)

y(-P),y(2H) x(+P)

FIG. 4. Statistical-tensor diagrams of p¢ vs p7 for either
pure magnetic or pure quadrupole interactions, directed
along various principal axes. x(H),y(H),z(H) denote a
pure magnetic hyperfine field directed along the x,y,z axes,
respectively. x(P),y(P),z(P) denote a pure axially sym-
metric quadrupole interaction directed along the x,y,z axes,
respectively.

P =0, so that the ensemble is characterized by a po-
sitive definite (pé); and a vanishing (p3);. If the ap-
plication of a small applied field along the z axis now
induces the spin-flop transition, shown in Fig. 3(b),
then abrupt changes in both the sign and magnitude
of p¢ and p# can be anticipated.. The situation is
summarized in Fig. 4, which has been prepared with "
the aid of the transformation tables of Sec. V. Fol-
lowing the spin-flop transition, the new statistical ten-
sors are related to those of the initial frame of refer-
ence Fig. 1(a), via the equations

pd =—5(pd); (29)
and
p3=—5 (" pd), (30)

provided the intrinsic nuclear polarization is un-

x(+P) P4 y(tH),y (+P)

z(+P) z(¢H),z(-P)
x(tH), x(-P)
y (+P)
pé x(£H), x(-P)
y(tH),y(-P)
9=Tan"(-13-1f§) o)
z(+P) z(tH),2(-P)

x(+P)
y(+P)

FIG. 5. Statistical-tensor diagrams of p4 vs p¢ and pd vs
pé‘ for either pure magnetic or pure quadrupole interactions,
directed along various principal axes. (See Fig. 4.)
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changed. Such techniques have recently been used
(Stone et al.®) in an attempt to identify a spin-flop
transition, in the Van Vleck enhanced nuclear anti-
ferromagnetic HoVO,.

Finally, in Fig. 5, we show similar diagrams for the
statistical tensors pg¢, p5, and p{. These are best
presented in the form of two separate two-dimen-
sional plots of pi vs p¢ and ps vs pf. Note that as
expected, p{ is unable to distinguish between the x
and y axes.
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