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A generalization of the linearized analysis of Cahn, Hilliard, and Cook is applied to a simple
model of phase separation dynamics in *He-*He mixtures at early times. An instability region is
found in which the structure function for concentration fluctuations exhibits maximum growth
at a nonzero wave vector. The coupling of concentration fluctuations to the superfluid second-
sound mode produces an additional "flickering” component in the scattering. Equilibrium exper-
imental data from both sides of the coexistence curve are used to estimate the size of these ef-
fects. The instability region is found to be quite asymmetrically placed inside the two-phase re-

gion.

I. INTRODUCTION

There has been considerable interest recently in the
dynamics of phase separation, particularly in alloys,'
and in binary fluid mixtures.? Rapid quenches into
the two-phase region of such substances [Fig. 1(a)]
are followed by a coarsening into two phases. When

" the order parameter is conserved by the dynamics, as
is the case for the examples cited above, one expects
unstable order-parameter fluctuations at a preferred
nonzero wave vector. Indeed, light scattering experi-
ments on binary mixtures? reveal a striking ring-
shaped intensity pattern during the initial stage of the
separation. Such behavior is expected within the un-
stable "spinodal" region shown in Fig. 1(a); outside of
this region, separation requires thermal activation and
proceeds via a nucleation mechanism.!
~ Although a complete description of the separation
into two phases is a formidable problem,’ the initial
coarsening can be qualitatively understood using an
approach due to Cahn,* Hilliard,’ and Cook.® To
treat binary alloys at a fixed mean concentration, for
example, one first writes down a phenomenological
model of the dynamics of the conserved order param-
eter ¢(X,t), namely,

dc 2 SF

— =AV‘"—+17 , 1.1

ot dc¢ K - : (1.1
where .

F=fd3x[%rc2+;‘(§c)2+uc4] ‘ (1.2)

and n(X,t) is a Gaussian noise source with correla-
tions

(RO N(X' 1)) = =2k TAV?
x§(X—=xN8(t—1t) , (1.3)
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and zero mean. Here, ¢ (x,t) represents the deviation
of the concentration from its critical value.

Let us suppose the system is quenched from an in-
itial state in the one-phase region to a point in the
two-phase region, represented by a temperature
7 <0, and a concentration ¢ [see Fig. 1(a)]. The
basic approximation made in Refs. 4—6 is to linearize
the diffusion equation (1.1) about the state (7,¢) im-
mediately after the quench,

-E%c'(i,z) =A\Vi(F— VZ +12ue ) e (X,1) + (X, 1)
(1.4)

A straightforward calculation' then shows that the
Fourier transformed equal-time correlation function is

S(k,f) = (Ck(f)(‘_k(f))

_A 9Dk + N
S (k,0) Dlexp( 2Dk t)+D , (1.5)

where D is a wave-vector-dependent diffusion constant
D =D (k) =A—|F|(1 =3¢%cH) + kD =rx""(k) ,
(1.6)

and ¢ =|F|/4u describes the coexistence curve. The
quantity x"'(k) is a wave-vector-dependent concen-
tration susceptibility continued into the two-phase re-
gion, and S (k,0) describes the correlations just be-
fore the quench. It follows from Eq. (1.6) that for

c? <]7c,25c>.2, , (1.7a)

the correlation function S (k,¢) will grow in time over
a range of k with a maximum growth rate at

k=[5 |71 (1 =382/ (1.7b)
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FIG. 1. Schematic temperature-concentration phase di-
agram for a binary mixture or alloy. A quench in tempera-
ture is indicated by the vertical arrow, and concentration
fluctuations are unstable following such a quench in the
shaded (“"spinodal”) region. Two fuzzy "spinodal" lines
bound the instability region. (b) Temperature-concentration
phase diagram for 3He-*He mixtures. A quench from the
normal phase is indicated by the line segment 4B, quenches
from the superfluid phase are also possible. The asymmetric
shaded region of unstable concentration fluctuations is now
bounded by a fuzzy spinodal line ¢, on the left, and a some-
what sharper spinodal line ¢y on the right.

It should be mentioned that the existence of a sharp
"spinodal line" ¢%=c2, separating unstable and meta-
stable regions, as well as the vanishing of k, on this
line, are artifacts of the linearization.

3He-*He mixtures also phase separate, below a tri-
critical point which terminates a A line of continuous
superfluid transitions [Fig. 1(b)]. The separation is
now into a *He-rich superfluid phase and a 3He-rich
normal phase,” and one expects that the superfluid

degrees of freedom will participate in any spinodal
decomposition. The equilibrium properties of mix-
tures along the coexistence curve have already been
studied with light scattering.®® Experiments analo-
gous to those of Ref. 2, capable of studying *He-*He
mixture spinodal instabilities, are also feasible.!”
With such experiments in mind, we have applied
the Cahn-Hilliard-Cook analysis to-a phenomenologi-
cal model of the dynamics of superfluid mixtures,
studied by Siggia and Nelson.!! The model repro-
duces the superfluid hydrodynamics of Khalatnikov!'2
and Griffin'® near equilibrium, and it can be used to
study phase separation dynamics as well. In contrast
to binary alloys, concentration fluctuations in super-
fluid mixtures are coupled to fluctuations in two oth-
er conserved quantities, the superfluid velocity and a
local entropy variable. The magnitude of the order
parameter, on the other hand, is not conserved, and
we have assumed that it relaxes rapidly to a value
determined by the local concentration and tempera-
ture.
" As illustrated in Fig. 1(b), we find an asymmetric
spinodal region where concentration fluctuations are
inherently unstable. Instead of Eq. (1.5), concentra-
tion fluctuations take the form

S(kt) = (Ck(f)C—k(t»

B k2 —(B.+D)k2
-2D gk (Dy+D ke

t —
=ae YV +aze cosit kt

75 12
Dok ‘cos2inkt +aq (1.8)
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+aje
where ¢, (1) is the spatial Fourier transform of the
3He concentration. The coefficients a; are time in-
dependent, but depend in a complicated way on the
hydrodynamic parameters and the initial conditions.
The diffusion constant Dy(k) is negative over a
range of wave vectors, in analogy to Eq. (1.6). How-
ever, i5,(k) and D,(k), which are nonequilibrium
versions of the second-sound velocity and damping
rate, are typically positive, at least near the tricritical
point. Thus, the first term of Eq. (1.8) grows, while
the oscillating third term dies out in time. The
second term, which also oscillates, grows or shrinks
depending on the sign of Do +D,. Unfortunately, we
find that Dy + D, is typically positive near the tricriti-
cal point, so the oscillating components of Eq. (1.8)
may be difficult to detect experimentally. We also
find a region at lower temperatures where the
second-sound mode becomes unstable, but the validi-
ty of our model is more questionable there. Esti-
mates of the damping rates and velocity in Eq. (1.8)
can be found in Sec. III B.

Spinodal lines dividing instability and nucleation-
activated phase separation are usually rather fuzzy,!
as indicated in Fig. 1(a). Although this is true of the
"superfluid" spinodal line ¢, in Fig. 1(b), the "nor-
mal" spinodal line ¢; is much more precise, at least in
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the mean-field approximation. Whereas the inverse
concentration susceptibility (continued into the two-
phase region) passes continuously through zero on
the line c,, it turns out to change sign discontinuous-
ly along the line c;.

These results apply only to the early stages of
phase separation in superfluid *He-*He mixtures
when linearization of the equations of motion might
be valid. We have not attempted to study later
stages, nor have we examined in detail critical fluc-
tuation effects which occur in the dynamics as one
approaches the tricritical point.!!

In Sec. 11, the model is defined, and its equilibrium
properties are discussed. Phase separation dynamics
is treated in Sec. IIl. A number of detailed computa-
tions are contained in Appendices A—C.

1. MODEL OF 3He-*He MIXTURES
A. Statics

We shall use a version of the model considered by
Siggia and Nelson!! in a study of critical dynamics
near equilibrium. The statistical weight associated
with a particular configuration of the fluctuating con-
centration ¢ (X) and the complex superfluid order
parameter y(X) is taken to be proportional to

exp(—(l/vo) fd3x S(w,c)] ,
where vg is the volume per particle, and
F=31 Tyl +3rlyl +ulyl* +olylf
+ 13|V +ixt e 4 yeluli—ac . @)

The quantity ¢ (x) can be thought of as the local *He
concentration measured from some reference value,
and /g is a length. For simplicity we take r, u, v, v,
and X, to depend only on the temperature T, the
chemical potential A = u; — uq + Ay enters the last
term only (A is a constant). In Ref. 11, the term
linear in ¢ was eliminated by shifting the reference
3He concentration, and r, u, vy, etc., were taken to be
unspecified analytic functions of Tand A. An addi-
tional fluctuating "entropy" variable was included in
because of the role it plays in the dynamics, but we
shall suppress it in this subsection, since it does not
affect the statics in the present model.

The mean-field approximation to the free-energy
density F(T, A) is obtained by minimizing Eq. (2.1)
over ¢ and ¢, for fixed 7 and A,

F(T,A) = lvdin(%rl.pP+u|¢;|“+v|¢|"’
+%x,,“c2 +yclyl*=ac) . .2)

We have omitted the gradient terms since they van-

ish in mean-field theory for a uniform system, and
have included a factor (kg T) ™' in the definition of
F(T, A); we also assume that v and X, ! are positive
for stability. The phase diagram follows simply by

first minimizing Eq. (2.2) over ¢ with  fixed, to ob-

tain

F(T, 8) =n|1£ln(;—r~|¢|2+a|¢l“‘+v|¢|6) +2XaA7

(2.3a)
where
F=r+2yAX, , (2.3b)
d=u- %X,,yz , (2.30)
and we have substituted
¢ =X (A= vyl =cr — yXal 9’ 2.4

into Eq. (2.2). The phase diagram and thermo-
dynamic functions near the tricritical point are now
given by the well-known results of minimizing Eq.
(2.3a) to obtain |¢|>(T, A)."* For & >0, there is a
line of second-order transitions at 7 =0, i.e., at
r=r.(A) =-=2yAX,. For negative &, there is a line of
first-order transitions at 7 = ﬁ2/2v, with a tricritical
point at 7 =0, & =0. The different phases and phase
boundaries in the 7 — A plane are shown in Fig. 2.
The value of || on the superfluid side of the first-
order line is

lyl?=yi=lal|/2v , (2.5)

while the associated jump in concentration follows
from inserting this into Eq. (2.4),

Cp—Cs=yXqli|/2v . ' 2.6)
T
B T,(8) NORMAL

(lyl =0)

SUPERFLUID
(1y1#0)

A A
FIG. 2. Temperature—chemical-potential phase diagram
for 3He-*He mixtures. The A line defined by the condition
7 =0, # > 0 terminates at the tricritical point (7,, A,). The
heavy line of first-order transitions below 7, has an equation
F=a%/2v,i <0.
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It is tedious but straightforward to verify that the
concentration susceptibility obtained from Eq. (2.3) is

F
x=|2Z
9A |,
+3v|y|?
—x, |3l (2.7a)
i +3v|([1l2
when |¢| #0, and
X=X, (2.7b)

otherwise. On the superfluid side of the coexistence
curve, Egs. (2.7a) and (2.5) reduce to

u+|il

1+2|—=
la|

X=Xs =X,

] . (2.8)

Note that X, diverges like |i|™" as the tricritical point
is approached, but that the susceptibility remains fin-
ite ( and equal to X,) on the normal branch of the
existence curve. This artifact of the mean-field ap-
proximation will be discussed further in Sec. III.

B. Dynamics

The dynamics of ¢(x,t) and c(x,¢) is defined by
the equations'!

M=—2F*‘8—K—i lwﬂ

EY sur Vs

"igzdl% +ny(x1) (2.9a)

dc(x,0) (]4 ,OW

QXL 2gIm |y 2 |+ L vl

o & m["’ S 54
H‘VZ%{K +n.(x,1) , (2.9b)

9g (x,1) SW , W

=2gIm|y* 2= | + K A2

Y gilmiy oy y
AN EDI 2.9¢)

with
WELfd’x(H%C“qZ) (2.10)
Vo

and the m; are Gaussian white noise sources with
zero mean and correlations

my(Dmy*(1)) =4Rel'8(1 -1 , (2.11a)
(e (1)) =292 ~17) (2.11b)
M, (1) =-2KVs(1-1) , (2.11¢)
MM, (1Y ==2L V2801 ~1) , (2.11d)

and all other cross.correlations equal to zero. The
variable g represents the "entropy", which couples to
the superfluid order parameter in pure “He to make
second sound.!! Note that we have not inserted a
term y,q |¢|? in the free energy W, so that our model
corresponds to the "symmetric" model of superfluid
helium, " with no singularity in the specific heat C at
the phase transition. Since the specific heat does not
diverge at the tricritical point, this should be an ade-
quate approximation. The constants, ', gy, &, K, L,
and A\ are dynamic parameters of the model, whose
physical significance will be discussed below.

If we linearize the equations about same point in
either the one-phase or two-phase regions, we find
that || at long wavelengths relaxes rapidly to a value
given by minimizing Eq. (2.2) with fixed concentra-
tion. Near equilibrium in the superfluid phase, the
Fourier transformed variables ¢, ¢, and the phase 6
of ¥,

Pl 1) = plx 1) | e 2.12)

now satisfy the hydrodynamic equations

0
-%—;—=—Fk29k+g1C‘1qk+g2X"'Ck+T)o B (2133)
i _ lw|2k2 2,1 Lk~
W"‘_gll\l’ k0 —Kk*C™ gy — Lk*X e +my
(2.13b)
dck 2,2 21 2,1
5 = lvlk0 — LIPCT g = M e+
(2.13¢)
where
(me(k)me* (k")) =2Tk28(k — k') . (2.134d)

Equations (2.13) lead to a diffusion mode and two
coupled second-sound modes.!! In the normal phase,
|¢| vanishes, and one is left with two coupled diffu-
sion modes for g and c¢. First-sound excitations,
which occur at much higher frequencies, are neglect-
ed in this model.

IIIl. SPINODAL DECOMPOSITION

Consider a *He-*He mixture, initially in equilibri-
um in the normal or superfluid one-phase regions,
which is suddenly quenched into the two-phase re-
gion by lowering the temperature. Figure 1(b) shows
such a quench, from the normal phase. Slow thermal
diffusion times may make rapid temperature
quenches difficult in practice; one alternative is to
enter the two-phase region by abruptly changing the
pressure.'® Although it is easier conceptually to think
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of a temperature quench, our results should apply to
pressure quenches as well.

Figure 3(a) shows the three-dimensional coex-
istence volume necessary to describe phase separating
mixtures. A quench produces an initial unstable or
metastable state within this volume, and one then
wants to follow the dynamics as the system separates
into the two coexisting equilibria indicated by the
heavy lines.

A first step toward understanding this decomposi-
tion is to determine spinodal lines in the T — ¢ plane
within which the nonequilibrium concentration sus-
ceptibility is negative. This is done in Sec. Il A. As
we shall see, a negative susceptibility is associated
with anomalous concentration fluctuations, just as for
the simple example discussed in the Introduction.

112

—

FIG. 3. (a) Squared superfluid order parameter ||? as a
function of temperature and concentration. At equilibrium,
a three-dimensional coexistence volume describes a *He-rich
phase with |¢|2=y2(T), ¢ =¢,(T), coexisting with a *He-
rich phase with |¢|2=0, ¢ =¢,(T). A system quenched into
this coexistence volume will ultimately decay to a two-phase
equilibrium of phases given by the two heavy lines. (b)
Cross section of the coexistence volume at fixed tempera-
ture. Contours of the thermodynamic potential F(|y]|,c)
continued into the two-phase region are shown. Degenerate
minima occur at (y2,¢,) and (0,c,), with a saddle point in
between. Because || is not conserved, it relaxes rapidly to
the heavy line connecting the minima, while the concentra-
tion remains fixed. Two such rapid relaxations, representing
quenches from the normal and superfluid phases, are indicat-
ed by vertical arrows.

A. Constrained superfluid order parameter
and concentration susceptibility

According to Eq. (2.9a), the superfluid order
parameter is not conserved, and obeys instead an
equation of the form

g_.d‘_=_2l‘.§£+

'a( S(b* +TN, » (31)

where the dots represent mode-coupling terms. The
fields ¢ and ¢, on the other hand, are conserved, and
they couple to the phase of . Because of the ab-
sence of V2 in Eq. (3.1), we shall assume that im-
mediately after the quench, the magnitude || of the
order parameter relaxes rapidly to a constrained value
E, determined by the initial values of the conserved
quantity ¢ and the temperature. It follows that after
the quench we may consider the considerably simpler
problem of dynamics on a surface within the coex-
istence volume of Fig. 3(a).

The subsequent phase separation then proceeds
more slowly since it is limited by hydrodynamic
processes. The initial stages can be discussed using
the linearized equations of motion, with |y| adjusted
to its constrained value ¢. Since by Eq. (2.7a) the
concentration susceptibility X depends on |¢|, it will
also assume a constrained value X =X, which deter-
mines the dynamics of concentration fluctuations.

Neglecting the gradient terms in Eq. (2.1), and ig-
noring thermal fluctuations, one finds from Eq. (3.1)
that the relaxation of the magnitude of  is deter-
mined by

oyl _ 85 __ .
Y, = FSN" = 2r‘¢‘|‘)'[(‘ C(‘lﬂ)] , (3.2a)
where
= _ r 2u 2 3]} 4
c(yh) =- = + 28+ 22 w4l . Ga2b)
Yy v y

Figure 3(b) shows a cross section of the coexistence
volume at fixed temperature. Contours of constant
free-energy density F(y,c) are also shown. Immedi-
ately after a quench, || is rapidly driven by Eq. (3.2)
either to zero or to the solution ¥ of

c=c(y) . (3.3)

We assume that the cénserved concentration variable
remains fixed during this initial relaxation. It follows
from Eq. (3.2) that the solution || =0 is stable only
for

ci<c<e, (3.4a)
where

ci=—r/2vy , (3.4b)
and the solution (3.3) is stable for

G <c<c . (3.4¢c)



2670 - P.C. HOHENBERG AND DAVID R. NELSON 20

The locus of stable constrained values to which ||
relaxes is shown by the heavy line in Fig. 3(b). We
shall relate ¢; to measurable quantities below.

Let us illustrate the foregoing discussion with an
example. Consider the quench corresponding to the
segment AB of Fig. 1(b). Immediately after the
quench, one has || =0 and ¢ =¢;, which we
represent as the point B in the (|y|,c) plane [Fig.
3(b)]. Noise fluctuations neglected in the equation
of motion (3.2a) will force || off this unstable ex-
tremum, and allow the rapid relaxation represented
by the arrow BB, to the point B, on the line :
|y| =¢(c). In the (T,c) plane of Fig. 1(b), the sys-
tem has remained at B, since the concentration and
temperature have not changed.

Associated with the locus g(c) is a "constrained
susceptibility" X, which we obtain by inserting J(c)
into Eq. (2.7),

X(c)=X,, c1<c<cy, , (3.5a)
—

X(c) =X —i{——?i—g‘l’?] g <c<c . (3.5b)
—|a v

It is this quantity which turns out to enter the none-
quilibrium versions of the equations of motion
(2.13). Note that X, is not the limit of Eq. (3.5b) as
¥ —0. This is to be expected, since Eq. (3.5a)
corresponds to a different branch of the free energy
than Eq. (3.5b). From Eq. (3.5b), one is immediate-
ly led to define a spinodal point ¢, at which

|@| =3v|y|? and X! =0. Note that X! is negative
for ¢, < ¢ < ¢}, and that the above analysis can be
repeated at every temperature in the coexistence
volume.

As shown in Appendix A, it is possible to express
the constrained quantities E and X entirely in terms
of the measurable equilibrium values of Y (T),
Xs(T), x,(T), ¢,(T), and ¢,(T), via the parameter

p=50—X) /X . (.6)

The concentrations ¢; and ¢, defined above are then
also expressible entirely in terms of ¢,, ¢, and p. In
mean-field theory X, is a constant, and Eqgs. (2.7b)
and (2.8) imply that

p=X Y] <t >>1 (3.7)
where
4=|T,-T|/T, . (3.8)

Experimentally, however, X, diverges at T, in *He-
“He mixtures [see Eq. (C5)], and the parameter p is
essentially constant near 7,, with

p=45 , (3.9

which is also rather large. The expressions for ¢ and

X simplify in the limit of large p, where we find

X/x3 = (cp—c)/(ea—cs) (3.10)
Xs/X=1[3(ca—c)/(cp—c)]1 =2, (3.11)
cp—c1=01/4p)(c, —c5) (3.12)
c,,——c,,z-i—(c,,—c,) . (3.13)

The function X is plotted in Fig. 4.

Our results thus far can be summarized as follows:
The two-phase region of the (7,c) phase diagram is
divided into three wedges: an inner portion, for
which X~! <0 (c, <c < ¢1), and two outer portions
(¢, <c <cgyand ¢y <c <c,) where X™' >0. Note
from Eqgs. (3.9), (3.12), and (3.13), that these three
wedges should be quite asymmetrically placed.
Indeed, were we to take mean-field theory literally
and assume X, =const near the tricritical point, Egs.
(3.9) and (3.14) would predict (using
¢y — s« |T —T,|) that

= < |T—T , (3.14a)
in contrast to Eq. (3.15),
ch—Cox|T—T, . (3.14b)

We feel, however, that a more realistic estimate of
the lines ¢, and ¢, of Fig. 1(b) can be obtained from
Egs. (3.12) and (3.13), using the measured value of p
at any temperature.

To conclude this discussion of the constrained sus-
ceptibility X, note that the above calculation can be
repeated for finite wave-vector disturbances. The
result, using Eq. (2.1), is

X1k) =X+ 1§k?

=XM1+ (X/x)k2¢2 (3.15)
where
£ =13 X, (3.16)
X}
Cs ‘:‘o C <§n ¢

FIG. 4. Constrained susceptibility X as a function of con-
centration at fixed temperature, as given by Eq. (3.11). For
clarity of the figure we have chosen X; =4X,. The spinodal
region ¢, < ¢ < c¢; has X1 <0, with X"1=0at co and a
jump at ¢;. In the present approximation we have
X=X, =const, for ¢ >c,.
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is the square of the concentration correlation length
in the superfluid.

B. Spinodal dynamics

The foregoing analysis of the two-phase region
focused entirely on the static quantities ¢ and X. To
draw further conclusions we now describe the
response of the system following the rapid relaxation
of |y| to its constrained value. We shall use the
remaining hydrodynamic equations, (2.13), for the
conserved variables ¢ (x,1), g (x,1), and 8(x,t), linear-
ized, say, about the point B, of Fig. 3(b).

This linearization is carried out in Appendix B.

Just as in the equilibrium superfluid, there are three .

hydrodynamic modes whenever ¢ is nonzero, a dif-
fusiort mode!'®

@o=Dok*+0 (k% , (3.17)
and two second-sound modes
@+ =ik +3Dk2+0 (K . 3.18)

The full expressions for Dy, D5, and &, in terms of
the model parameters are given in Egs.
(B4)—(B13). It is convenient at this point to note
that Dy and 7, may be written

Do=rkeigl /g2 X(1 +®) , (3.19)
i =yet(1+®)/C , (3.20)

where X and EZ are the constrained quantities dis-
cussed in Sec. IIl A. The parameters, ke, &1, &2, and
¢ remain positive and finite near the tricritical point
in the mean-field approximation, while ® vanishes as
T — T,7, and will be neglected here.

The calculation of the nonequilibrium correlation
functions outlined in Appendix B leads to the result
quoted in Eq. (1.8), namely,

D +D.)k2
_(DO+DZ)I‘ t

=2
2D k2 _
S(k,t)=are = ¥ +aye cosiiykt

2

P cos2in,kt +aq . (3.21)

-2
+ase

The analysis of Appendix C shows that near the tri-
critical point we may write

Dok) = Dos (X, /X +k2£2) (322
i ~ul @D (3.23)
D,=D,, , (3.24)

where Dy, Uy, &5, and D, are the corresponding
equilibrium quantities on the superfluid side of the
phase-separation curve at the given quench tempera-
ture.

Equation (3.21) predicts unstable growth of con-
centration fluctuations whenever Dy < 0, which ac-
cording to Eq. (3.22) occurs when X! <0, i.e., for

¢y < ¢ <c;. The wave vector of maximum growth
can be estimated in the way discussed in the Intro-
duction and turns out to be

k= €7 (5| X /XD (3.25)
The corresponding frequency is
|@om | = 5 Dosk | Xs/X]
=3 D077 O/X) (3.26)

The quantities Dy and &; have been measured by
light scattering in the superfluid phase, and the
results near T, are [Egs. (C10) and (C11)]

Dos =2.5 x107*, cm?¥/sec , 3.27

&=134"R (3.28)
leading to

[@om| =1.8 X 10 £2(X,/X)? sec™ (3.29)

km =0.541,|X,/X|12 A7 (3.30)

In the metastable regions of Fig. 1(b) (.e.,
€1 < ¢ <cpor ¢g< ¢ <Cy X' >0), the linear
analysis predicts a stable correlation function, i.e.,
wg > 0. Phase separation presumably proceeds via a
nucleation mechanism in this case.’

According to Eq. (3.23) the second-sound frequency
i,k remains real, its magnitude at k = k,, being of order

Bam = ups &5 (X0 12| X[ WDV (3.31)

Equation (3.21) predicts that in addition to the insta-
bility represented by the first term, there will be an
oscillating component, proportional to a,;, which is a
"flickering" of the instability, caused by coupling of
diffusion and second sound. This feature can only be
seen if the exponential factor leads to growth, i.e., if
Do+ D, <0. Inserting the estimates (3.22) and
(3.24) we need ‘

Dos 22D, , (3.32)

since |X;/X| < 2. The second-sound damping D, has
been measured, but from scaling arguments'” it is ex-
pected to diverge near T, so that in view of Eq.
(3.27) the inequality (3.32) is not expected to hold in
the critical region. It appears doubtful, but not im-
possible, that a region of temperatures can be found
below 7, where Eq. (3.32) will hold,and where the
"flickering" might be observable.

Let us discuss briefly the effect of the coefficient

®=giC/gtX , (3.33)

which we neglected in Egs. (3.19) and (3.20), since
& vanishes at 7,. According to the numerical esti-
mates of Appendix B, however, the quantity 1 + ® is
predicted to become negative in a region of the phase
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NORMAL

SUPERFLUID

FIG. 5. Two-phase region in *He-*He mixtures with ac-
count taken of the term ® of Egs. (B7)—(B9). In the cross-
hatched region ¢, < ¢ < ¢ appearing below T,, the second-
‘sound mode becomes unstable.

diagram appearing below some temperature 7, which
we estimate to be 0.55 °K [see Fig. 5]. In this region,
Egs. (3.19) and (3.20) imply that second sound be-
comes unstable, while the diffusion mode is stabil-
ized. Needless to say, the relevance of our model to
experiment becomes more questionable as one goes
further below T}, but it would be interesting to see if
any of the anomalies associated with this effect can
be detected experimentally. Further discussion of
these points is included in Appendix B.

Another anomaly, which is in principle possible at
lower temperatures, is associated with a change of
sign of the coefficient v, which is positive near T,.
For u < 0 our model predicts different values of E
depending on whether the quench is initiated in the
superfluid or normal one-phase regions. From Eq.
(2.8) we see that u <0 for X, <3X,, which we esti-
mate to happen below 7 =0.6 K.

Note added in proof: It has recently come to our
attention that spinodal decomposition in alloy systems
has been treated by S. M. Allen and J. W. Cahn,
Acta Metall. 23, 1017 (1975); 27, 1085 (1979); and
to be published.
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APPENDIX A: CONSTRAINED SUPERFLUID
ORDER PARAMETER § AND CONCENTRATION
SUSCEPTIBILITY X

In this Appendix we calculate E and X and relate
them to measurable quantities. The initial relaxation
of the magnitude of ¢ is determined by the first term
on the right-hand side of Eq. (2.9a), since the other
terms couple to the phase of ¥, as does the term in
g’ in Eq. (2.10). We may thus write

alyl _ 53 _
Sryal F—5|¢| ==2T|yllc —=c(y)] , (AD)
c(yD) ==1C/2y) + Qu/p |2 + Gu/y) W],

(A2)
as in Eq. (3.2). It follows that |y| relaxes rapidly to a
value ¢ obtained from the initial concentration ¢ and
temperature r < 0 by inverting the relation

c=t(y) . (A3)
This yields
3vq_,2=—u —+—[u2+3'yv(c,,—c)—%172]1/27, (A4)

where we have used Egs. (2.3b) and (2.4) and the re-
lation #° =2Fv valid in the two-phase region, to elim-
inate r and 7. The constrained susceptibility X is then
obtained by inserting Eq. (A4) into Eq. (2.7a), as in
Eq. (3.5). We may now express ¢ and X in terms of
measurable quantities by using Eqs. (A4), (2.5),
(2.6), (2.8), and (3.6), to write

2 3 [a—c 1 ]]"

2 _ _3p |G—c_ 1| _

vl ER 1+(p—l)2 e —c 4p’ ok
(A5)

X _ 38 e,

= =1+2p) o 1/[2 el (A6)

Equation (AS) implies that ¢ vanishes at a concentra-
tion ¢ =c; such that :

(ca—c)/(ca—=c)=1/4p , (A7)

which can be shown to agree with Eq. (3.4b). The
spinodal line ¢, at which X! vanishes is obtained in
terms of ¢,, ¢, and p from Egs. (AS) and (A6). In
the limit of large p one easily finds the expressions in
Egs. (3.10)—(3.13). ‘

APPENDIX B: SOLUTION OF THE LINEARIZED
LANGEVIN EQUATIONS

In this Appendix we treat the spinodal decomposi-
tion which occurs after the initial rapid relaxation of
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[¢| to g and X to X. We use the hydrodynamic
model (2.9) in its linearized form shown in Eq.
(2.13), but with ¢ and X written in place of ¢ and X.
Let us rewrite Egs. (2.13) as

Fiy

ot

in terms of the vectors T(¢) =(6,q,c) and
7 = (ng, Mg, ) (We are suppressing the variables k
and 9. The matrix Q is given by

=—-Q-u+7 , (B1)

l"k2 ~g1C" ——g{i"'
Q=|g0'k? KC'k2 LXk? (B2)
U k? LCT'KkE AXk?
and has eigenvalues o satisfying the equation
(0 =Tk (w0 — D k) (0 — D_k?) + wils k*

—Doiisk*=0 , (B3)

with

Di+D_=\X"'+KC™ , (B4)
D.D_=\K —L*N/XC =x/XC , (BS)

—  Agi +Kg}-2L
Dy= &i zfz . 8182 (B6)

gi X+giC
=g} keni/gt (1 +®)X , (B7)
keir=k + A (g1/g2—L/N? , (B8)
®=g7C/gfX , (B9)
il =9'gCT (1 + @) . , (B10)

The solutions of Eq. (B3) to lowest order in k are!®

@o=Dok? + O (k%) (B11)
@+ =ik + 3Dk + 0 (K% , (B12)
D,=D,+D_+T D, . (B13)

When the system is in equilibrium in the one-phase
region, Egs. (B1) may be used to calculate the time-
dependent correlation or response functions, in the
usual way.!> The modes (B11)—(B15) appear as
poles, with X, {p—, and u; replaced Qy the usual equili-
brium values X;, ¥s, #2;. Equations (B11)—(B13) for
the diffusion and second-sound modes in the super-
fluid phase correspond with those of Griffin!® and
Khalatnikoy!? (with the transcription of notation de-
fined in Table I). Equation (B12) also reduces to the
usual second-sound mode for pure *He (g,=0).! In
the normal phase (y=0), Eq. (2.13a) does not hold,
since it was obtained from Eq. (2.9a) by dividing by
|@|2. The hydrodynamics then involves the two cou-
pled modes g and ¢, and diagonalization of the ap-

TABLE I. Comparison of parameters of Ref. 11 with

_ those of Refs. 12 and 13.

Khalatnikov-Griffin Present paper and Réf. 11

kB TE/’[ 81
kBTC/ﬁ I$)
(TR)™'9Z /dc x~!
R7IC,, c
«/p? o k=K —L*x

kr XL /N

D A/X
ths/pn mkg T ‘1’:2
ps&s r

aGriffin (see Ref. 13) uses K for the quantity denoted « by
Khalatnikov (Ref. 12). R is the gas constant.

propriate 2 X 2 matrix yields the modes!?
w =D,k* , (B14)
wy=D_k? . (B15)

In the case of a rapid quench, we can calculate the
correlation functions

Sap(t) = (a(Dup(D)y (B16)

solving the matrix Langevin equation (B1). Let U be
the matrix which diagonalizes

(UQU ™ ap=wadap - (B17)
If we define ‘

v=U-u, (B18)

=U-%, (B19)
then

Vo= —WuVatla , (B20)

where the w, are given by Eqs. (B11) and (B12).
The solution of Eq. (B20) is analogous to Eq. (1.5),
and we find

(WD up(0) = ¢ =" (0,0 uy0)) — 22
Wy +(l)ﬁ
TR (B21)
W, + wg N
where
(LD LBy =2T ,48(1 —1)
= Upgy (ny(1)n3(1)) Usg
=28(1 = 1) Uy TyaUsg - (B22)
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The physical correlation functions are given by

Sap(t) =(u (Dugn))

—(w, twg)t
=yl U Uss y 8
ua,U.ﬂ' BS 55'€

2F 'S (@ '«
x | $,5(0) + —2E— (7" 2 1)
W, + s

(B23)

Thus each correlation function is made up of terms
proportional to exp(—2wot), Reexpl—(@g + w4) 1],
and Reexp(—2w4t), with complicated coefficients
depending on the elements of the matrix U. This is
the result indicated in Eq. (3.21). The frequencies g
and @4+ can be related to the corresponding diffusion
and second-sound modes wys, w4s at the same tem-
peratures in the equilibrium superfluid phase. Since
the quantity ® in Eqs. (B7) and (B10) vanishes near
the tricritical point, we shall first neglect its contribu-
tion. Then Dy and i, are given by

Do=(X,/X) Dy, , (B24)
i =(/XDud, . (B25)
At finite k we replace X' by X' +/8k? [Eq. (3.15)],
and we have
wo(k) =X;/(X71 + 13k Dy,
=D03(xs/>—<+§s2k2) , (B26)
04 (k) =uys OP/xDk . (B27)

Let us now discuss briefly the effect of ® in Eqs.
(B7) and (B10). According to the estimates of Ap-
pendix C, Eq. (C8), we have

@, =gfC/gf X, =1.2¢, (B28)

and since |X,/X| <2+ (p—1)"1=2.3, it is legitimate
to set 1 +® =1 near the tricritical point (¢, —0). It
is nevertheless interesting to explore the regions of T
and ¢ where the factor 1 + ® can vanish, since the
dynamical equations are then drastically modified.
Indeed, suppose that for some temperature we have

7(01)
Xs(Cl)

o, =—

then there is an interval ¢; < ¢ < ¢y, in which
1+ ® <0, with ¢; defined by

s =—X(c2)/Xs(cd) . (B30)

In that case the model predicts that Dy is positive for
¢y < ¢ < ¢y, diverges at ¢ = c,, and is negative for

¢y < ¢ < cp. The velocity &, is imaginary for

¢, <c <cy, ie., second sound is also an unstable

]=[2+(p—l)"‘]“‘; (B29)

mode,'¢
w1 =t|i|k +3Dyk? . (B31)

Moreover, Eq. (B13) implies that the second-sound
damping coefficient D, becomes negative for ¢ > c3,
since Dy is large and positive. The behavior of the
correlation functions in the region ¢; < ¢ < ¢; shown
in Fig. 5, will be quite anomalous, although as men-
tioned earlier it is not clear how far below 7, our
model can be trusted. From Egs. (B29) and (B30)
and the estimates given in Appendix C we find that
¢, first appears at t, =0.36, i.e., below T =0.55 (see
Fig. 5). A more accurate estimate of ® may be ob-
tained by using Egs. (B9), (AS5), and (A6). In this
way the frequencies in Eqs. (B11) and (B12) may be
expressed throughout the two-phase region in terms
of measurable equilibrium properties.

APPENDIX C: EXPERIMENTAL ESTIMATES
OF PARAMETERS

In the model defined in Eq. (3.1) we have chosen
units such that § and c are dimensionless, i.e., F
represents the free energy per particle divided by
kgT. It follows that X, is dimensionless and |¢|? has
units of (length)?. For the dynamic model, Egs.
(2.9)—(2.11), we also take W, g, and C to be dimen-
sionless, g; and g, to have dimensions of frequency,
and L, «, A\, T, with dimensions of a diffusion con-
stant (/2/t). With these conventions, we then estab-
lish the correspondence with the parameters of
Khalatnikov,'? shown in Table I. The quantity
T =0 —c00/dc in the left-hand column is dimen-
sionless, with o =S/R equal to the entropy per parti-
cle, in units of kz. The susceptibility 8Z/dc is in
joules/mole, and the specific heat Gy isin
joules/mole K, thus making X and C dimensionless.

The parameters entering Eqs. (3.22) and (3.24) are
related to quantities which are in principle measur-
able, in either the superfluid or the normal phase, for
arbitrary temperatures. Many of these, however, are
only known approximately, and typically only near
the tricritical point. We have often approximated
regular quantities by their value at T,, and we have
estimated from various sources those quantities
which were not explicitly published. Clearly, more
accurate determinations of parameters in the one-
phase regions would help to refine our estimates for
the two-phase properties.

The important quantities we need are® % 1920

c=¢=067 , cn
o=0.52 , (c2)
and?®

[9&] =6.01, joules/mole . (C3)
9c Je=c,
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This implies

X;'=0.83¢ ‘ (c4)
X' =83y, (0]
C=C,/R=092 , (c6)
g1/§2=5/c=08 , cn
&,=g3C/glx; =124 . (C8)

If the measured thermal conductivity is e we have!®

Kefr = Kot/ pR =1.9 X107 cm?/sec , (c9)
so that’ '
} 2.5x 1074,
Dy = Keii82 = L cm?/sec .

Ceix,(1+d) 1+1.2
(C10)

Finally, the measured correlation length near ¢ is?

&=13414 . (C11)
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