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The addition of a BUS,?‘Sj"-type coupling between the tunneling motion of one proton and the
tunneling motion of another to the Ising model in a transverse-field Hamiltonian, or the addi-
tion of the probably larger S¥FQ;-type pseudospin phonon coupling (describing the modulation
of the distance between the two equilibrium sites in an O—H - - - O bond by nonpolar phonons),
results in a temperature-dependent renormalization of the proton tunneling integral. This is im-
portant close to T, where the soft-mode frequency vanishes, wy;, —0. This may lead to large
isotope shifts in 7¢ on deuteration even for small values of the tunneling intergal and may ex-
plain some phenomena recently observed in PbHPO, and squaric acid as well as the dependence
of the effective proton-lattice interaction constant on hydrostatic pressure in KH,PO4-type sys-
tems. This last effect may be also due to the presence of a S¥D¥Q;? term in addition to the
Kobayashi S7F7Q; term when coupling with polar optic phonons is taken into account. When
the lattice motion is so anharmonic that the lattice ions move in a double-well potential, and the
proton-lattice coupling so strong that the protons can tunnel in only one out of the two possible
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lattice configurations, two Curie temperatures may appear.

I. INTRODUCTION

The pseudospin-% Ising model in a transverse field

(IMTF) has been extensively used to describe struc-
tural and, in particular, ferroelectric phase transitions
in hydrogen-bonded systems, where the transition is
triggered by the ordering of protons into one out of
the two equilibrium sites in the O—H - - - O bonds.!™
The fact that the spontaneous polarization often ap-
pears in a direction which is perpendicular to the H
bonds has been accounted for by Kobayashi*’by in-
troducing the coupling of the pseudospin proton tun-
neling modes with polar optic phonons. The IMTF
Hamiltonian is just a first approximation to the true
physical situation in systems like KH,PO,4, where
four-body Slater-type interactions®™® (which are in
KH,PO, equivalent to introducing a pseudospin-lzs—
Hamiltonian) have to be included for a complete
quantitative fit=® of the thermal and dielectric prop-
erties. Nevertheless, it has been remarkably success-
ful in providing a consistent, simple, and qualitatively
correct description of both dynamic and static aspects
of structural phase transitions in widely different
classes of H-bonded solids such as KH,PO4,* and
NaH;(Se03),,° pseudo-two-dimensional squaric
acid,!® and pseudo-one-dimensional'!"'? PbHPO,.
One of the most remarkable features of the IMTF
Hamiltonian is the prediction of the simultaneous oc-
currence of: (i) a soft proton tunneling mode!* 14

20

the frequency of which decreases on deuteration and
vanishes at T¢; (ii) an increase in the Curie tempera-
ture Tc on deuteration?; (iii) a decrease in T with
increasing hydrostatic pressure!*—or, what is the
same, increased tunneling probability'®—leading to a
vanishing of ferroelectricity at high pressures.!>!¢ In
deuterated isomorphs, where the tunneling term is
smaller, ferroelectricity should vanish at much higher
hydrostatic pressure'> !¢ than in undeuterated sys-
tems.

In all H-bonded systems studied so far these three
phenomena, which result from the presence of the
"tunneling" term, have been indeed found to coexist,
though the proton tunneling mode is, except at high
pressures,l7 usually overdamped.

Recent far-infrared,'® submillimeter dielectric, "’
and Raman?® scattering experiments in PbHPO, and
squaric acid,?! however, seem to show some new
facts which cannot be, even qualitatively, explained
within the simple IMTF framework or the modifica-
tion introduced by Kobayashi.!> Whereas it follows
from the IMTF Hamiltonian that a significant isotope
shift in 7¢ on deuteration should be found only in
those systems where the frequency of the proton tun-
neling mode is comparable—though smaller—than
kTc, this rule seems to be broken in PbHPO,.'#-20
Here T¢ shifts from T¢y=37°C to Tcp=187°C on
deuteration, whereas the frequency of the "soft" pro-
ton mode (~1 cm™') is by more than two orders of
magnitude smaller??! than kT¢. At the same time

1991 ©1979 The American Physical Society



1992 BLINC, ZEKS, SAMPAIO, PIRES, AND Sa BARRETO 20

another "hard" temperature-dependent proton tunnel-
ing mode has been observed below (but not above)
Tc.2 The situation is similar in squaric acid, where
Te,n=97°C, Tcp=243°C and the soft-mode fre-
quency is rather low.2!

The purpose of this paper is to investigate whether
the above phenomena can be understood within an
extension of the IMTF Hamiltonian where the effects
of the tunneling motion of one proton on the tunnel-
ing motion of another, either directly or via
pseudospin-lattice coupling, are taken into account.

In Sec. Il a model Hamiltonian is derived which
takes into account the direct effect of the tunneling
motion of one H-bonded proton on the tunneling
motion of another, as well as the indirect coupling
between the tunneling motions via nonpolar and po-
lar optical phonons. The case of lattice motion so
strongly anharmonic that the protons can tunnel only
in one out of the two possible lattice configurations is
also considered. In Secs. III-VI the static and
dynamic properties of the above model Hamiltonians
are discussed in the molecular-field and random-
phase approximations.

It should be noted that the modulation of the tin-
neling integral and the pseudospin coupling constant
by acoustic phonons in H-bonded systems have al-
ready been discussed.??

1. MODEL HAMILTONIAN

A. Proton-phonon coupling

The total Hamiltonian of the coupled proton-
phonon system we are investigating is the sum of a
protonic term, a lattice term, and a proton-lattice in-
teraction term*>

H=HP+HL+HI . (1)

The Hamiltonian H, of the "bare" O—H - -- O proton
system in a rigid lattice can be written in the usual
pseudospin-% operator formalism'™

Hy=—Q 3 S~ % 21;1,,555; —+ %B,,S,-"Sj‘ ,

@

where () is the proton tunneling frequency, J; is the
pseudospin-pseudospin Ising interaction constant, and
B, measures the effect of the tunneling motion of
one proton on the tunneling motion of another. It
should be noted that the first two terms in expression
(2) represent just the usual IMTF Hamiltonian.!™
Whereas the tunneling term () is proportional to the
overlap integral s < 1 between the protonic wave
functions at the two equilibrium gites in the
O—H - - - O bond, B is proportional to the square of
the overlap, s

H; represents the usual Hamiltonian of lattice vi-

brations

H, = % E (PgpP_yp + wg.qu.pQ—q,p) , 3)
ap

where Q,,, P,,, and w,, are the normal coordinate,
momentum, and frequency of the pth lattice mode
with wave vector gq.

The pseudospin-phonon interaction consists of
three different contributions

H) = H/(”) + Hl(b) +Hl(c) . 4)
Here

Hf® == SiF, 0 (5a)

describes the well-known interaction® of the pseudo-
spins with polar optical phonons, which makes the
two potential wells for proton motion unequivalent.

Hf®, on the other hand, describes the modulation
of the distance 2¢ between the two equilibrium sites
in the O—H - - - O bonds, and the resulting modula-
tion of the tunneling term Q by nonpolar optic pho-
nons

H® = -3 SIFrQ; . (5b)

This term provides an indirect coupling between
the tunneling motion of one proton and the tunnel-
ing motion of another, which may be larger than the
direct S7'Sf interaction.

Expanding the tunneling integral ) in powers of
the lattice coordinates Q

Q) =00 + |22 0+, )
a0 |,
we see that
9
Fr=—1 . @)
00 |,

If one, for the sake of simplicity, répresents the
O—H - - - O bond potential by a sum of two harmonic
potentials, displaced by 2¢, one finds () as

Q =EO—\47%— exp(—¢?) . (8a)
Here
@ =2mE.£/ %, (8b)

where m stands for the proton mass and Ej is the
protonic vibrational zero-point energy in a given har-
monic potential well in the absence of tunneling. If
we further assume that the distance between the two
wells linearly depends on the phonon coordinates

§=§0+CQ ’ (80)

one finds that F* is proportional to the tunneling in-
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tegral ()

x_ (82
F [ag

F* is thus proportional to the overlap s and not to s?
as the "direct" S* S* coupling constant. F* is positive
if the lattice vibration results in a compression of the
0O—-0 bond distance so that ¢ < 0. It should be noted
that F*Q may be in some cases comparable to Q(0).
The third term in expression (3), H/® represents

the coupling of the tunneling motion with polar optic
phonons. For crystals, which are not polar above T¢,.
symmetry requires this coupling to be an even func-
tion of Q

H9 =-3 SrD,,0% . (10a)

B - fe 9
’aQ (2¢ )g . 9

Polar optic phonons thus make the two potential
minima in the O—H - - - O bond nonequivalent [Eq.
(5a)] and in addition produce a deformation of the
intervening potential barrier resulting in expression
(10a).

The deformation in the shape of the potential well
produces a fluctuation in £y such as

Eo=E(0) +dQ? , (10b)

so that one finds that 3Q/80Q, =0, 8°Q/8Q2=2D
where )

D=-Q4° 3)2E . (10¢)
0

B. Proton-lattice pseudospin coupling

Here we wish to present the model Hamiltonian for
the case where the lattice motion is so strongly
anharmonic that the lattice ions move in a double-
well potential and the proton-lattice coupling is so
strong that the protons can tunnel only in one out of
the two possible lattice configurations. In this case it
is convenient to descnbe the lattice motion in terms
of Pauli pseudospm-— matrices

and

and we can write the Hamiltonian of the coupled
proton-lattice pseudospin system

H=-Q 385 —0p) —5 3JySiS}
i i)

+A 3 oi-TR SoF . (1)
i i

In the above expression I'R stands for the lattice
ion tunneling integral which should be much smaller
than its proton counterpart ), whereas A measures
the possible asymmetry in the lattice double-well po-
tential.

In the following let us separately analyze the ef-
fects of the new terms we introduced in the model
Hamiltonians (2), (5b), (10a), and (11).

1II. DIRECT S§/7Sf COUPLING

Let us first investigate the IMTF Hamiltonian with
the addition of the "direct" S}'Sf interaction term.
The Hamiltonian given by expression (2), can be in
the molecular-field approximation (MFA) replaced
by*

pr?',!FA=_ﬁi‘—S-'i . (12)

The molecular field H, represents a vector in the
pseudospin space H; = (H,, 0,H,) with components

Hy = n+23,,<y>_9+30<s*> , (132)
Ho=3J,(8]) =Jo(S") . (13b)
J

In contrast to the usual IMTF not only H, but also
H, is temperature dependent.

The thermal expectation values of the pseudospin
operators are now determined from the self-
consistency equations*

(=1 tanh’-@—}il , (142)
2 2
(8 =% tanh[ﬁzﬂ] , (1ab)

where H = (H2+ H})'? and B=1/kT. Nonzero
solutions for the spontaneous polarization, which is
proportional to (%), are stable below the transition
temperature T¢. This is given by
2(Q + By (5% )
Jo

where Bc =1/kTc and (Sy)c = (Sy) Te

Eliminating (S*) ¢ with the help of Eq. (14a), we
can rewrite Eq. (15a)

20 tanh Bc Jy
JO—BO 2 J()—'BO

=tanh[+B8c(Q + By (SH )] , (15a)

(15b)

The dependence of the transition temperature T¢
on By is shown in Fig. 1 for two representative cases:
(i) 2Qy < Jy (undeuterated system) and (i)
2Qp << Jy (deuterated system). The transition tem-
perature of the undeuterated system T y decreases
continuously with increasing By and ferroelectricity
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Deuterated: QL =1°K, J, =850 °K
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FIG. 1. Dependence of T on the B,,S,-"Sj‘ pseudospin

coupling constant By= EJ Bij.

vanishes (T —0) for
Bo?.’o"‘zn . (163)

In the same range of By values T¢ p does not
depend on By so that the isotope shift in the Curie
temperatures (7¢,p — Tc,n)/ Te,p continuously in-
creases with increasing Bj and reaches the value of 1
for Bo=Jy—2Qy. It should be noted that Fig. 1
closely resembles the experimentally observed depen-
dence of T¢ on hydrostatic pressure'® in KH,PO,4 and
KD,P0O,. In KH,PO4 Ty —0 at ~16 kbar, whereas
no vanishing of 7¢ p was observed in KD,PO, even
at much higher pressures.!* We shall see later that a
similar effect is produced by the indirect SSj cou-
pling via phonons (F*=0).

It should be noted that the presence of the $*S*
coupling term amounts to a temperature-dependent
renormalization of the tunneling frequency

Q'=Q+By(S%) . (16b)

The renormalization is not significant at high tem-
peratures, T — oo. For T =< T¢, however, we find

Jo

16
T =B, (16¢)

Q'=0

Expression (16¢) shows that the S*S* term may result
in a significant increase of the effective tunneling in-
tegral close to T¢ if By is positive and close to Jo. In
such a case there will be a large isotope shift in T¢
even for a small value of Q.

Let us now study the dynamic properties of the
above system.

Introducing collective variables as Fourier
transform of the pseudospin operators,!>* we can
rewrite expression (2)

Hy=—QS5 — 5 3./,8i5%,— 5 3 B,S;8%, (1)
q q
and obtain the linearized random-phase approxima-

tion (RPA) Heisenberg eq_pations _9f mo_tjon for the
spin deviation operators 8S,e’“'=S, — (S) as

iwdSE=1J, (58S . | (18a)

i8Sy = (—Jo (%) + B, (5°)) 88}
+(Q =T, (S))8SE (18b)

jw8Si=—Q'5S] | (180)

iq-(T,-T)

where J;=3 Jse /" as well as

i T (T -T)
B,=3,Bye' ",

The homogeneous system of linear Egs.
(18a)—(18c) has a nontrivial solution only if the
corresponding secular determinant is identically equal
to zero. The resulting equation for the eigenfrequen-
cies is
iol—w?+ Q' (Q =1 (%) +Jo(SH2(Jy— B)]1 =0 .

(19)

One solution which corresponds to longitudinal ex-

citations!* is
w; =0 . (20a)

The frequency of transverse excitations which
represent the free precession of the pseudospins
around the molecular field,* is, on the other hand,
obtained as

wiy=Q'(Q —J, (S0) +Jo(SH2(Jo—B,) (20b)

and approaches zero as ¢ —0, T — T, where T¢ is
given by expression (15). It should be noted that the
B, S5;S%, term renormalizes the soft-mode frequency
(20b). The renormalization effects are significant
only close to T- where they, as discussed above, in-
crease the isotope shifts in 7¢.

For T > T¢ we get

wii=Q(Q =J, (5%, T>Tc , (20¢)

which is the same as in the IMTF model except for

)’ instead of Q. At high enough temperatures

B
1+—2|—-0 (1)

Q=0
4kT

so that the soft-mode frequency is the same as in the
absence of the BS7S} term though T is different.

IV. $* FQ, COUPLING

Let us now discuss the coupling of the pseudospin
tunneling motion with nonpolar optical phonons,
which results in an indirect S7Sf coupling. The cou-
pling of S* with polar optical phonons® is taken into
account.
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The Hamiltonian of our problem is now

H=-Q3S~7 _2}.1,-_,S,-’Sf— 3 S5, FroM
i i, q

2
-3 S0P+ 3 3 (PPPY)
q

q p=l1

+qu.qu(p)Q£'§)) , (2)
where Q," is the normal coordinate of a nonpolar
optic phonon, interacting with S* and qu the normal
coordinate of a polar optic phonon interacting with

SZ.

The thermal expectation values of the pseudospin
operators are—within the MFA —again determined by
the self-consistency equations (14a) and (14b). The
components H, and H, of the molecular field are,
however, now given by

H,=Q+F§(QW) , (23a)

H,=Jo(S%) + F5 (Q®) , (23b)
where

QM) = (F§ /ot o) (5% (230)
and

(@) = (F§/w}o) (S . (23d)

Nonzero solutions for the spontaneous polariza-
tion, which is proportional to (S?), are stable below
the transition temperature 7¢. This is given by

Bc Jotb

20
=t
anh =  —a

.]0+b"a

) (24)

where B¢ =1/kT¢ and a =|F§|*/w},0, b =|F5|%/w},.
Equation (24) is analogous to Eq. (15b). Expression
(24) shows that at T proton-phonon interactions re-
normalize the tunneling integral
QO—QWJy+b)/(Jy+b—a). Fora=b=0, we ob-
tain the equation for 7 of the IMTF Hamiltonian.?
Since a is proportional to the square of the tunneling
integral, the renormalization of () is mass and pres-
sure dependent. A nonvanishing solution for 7¢ ex-
ists only if

20 < Jy+b—a . _ (25)

Introducing, as before, Fourier-transformed collec-
tive variables, we find [using expression (22)] for the
linearized pseudospin and phonon deviation operators

iwdSF = (Jo (S7) + F§ (QD))8S] | (26a)
iwdSy =— (Jo(S?) + F5 (Q)) 887
+(Q —J, (S%) + F§ (QM)) 88
—FZ(S%8Q2 + FF(sH8QL ,  (26b)
i08S:=—(Q +F5(QV))8S) , (26¢)

iwdQV =8P , (264)
i08QP =8P , (26e)
iwdPV =—wl, 50,V + FX,8SF , (261)
iwdP? =—w} 50 + F2 58S . (26g)

The above system of linear equations has nontrivial
solutions if the corresponding secular determinant
vanishes. The resulting equation for the eigenfre-
quencies of the coupled proton-phonon modes can be
written in the form

2

(0 — 0l ) (0 — w},) (0 — wh) —w)(w?—wi,)

—wi(?—wi) =0, 27)

where
wh=wht+g®, (28a)
wi=Q"(Q"—J, (%) , (28b)
Q"'=Q+F5 V) , (28¢)
g =Jo(S) +F5 (Q?) , (28d)
wi=Q"|F|2 (s , (28e)
wé=g|F¥*(s% . (28f)

The frequency of the longitudinal excitations, i.e.,
fluctuations parallel to the molecular field is zero
both above and below T¢.

For T > T,, (S = (Q®) = w¢ =0, and we find

o’ =0}, (292)
and
ot — w0 (w} +w22,q) +w12;w22,,, —wi=0 . (29b)

The dispersion relation (29b) is equal to the
Kobayashi® result if only € is replaced by the
temperature-dependent renormalized frequency Q".
The frequencies of the two coupled transverse modes
are given by :

wi = % {(w}_q +w§) + [(wzz,,, —w%)z +4w3]l/2} ,
T>Tc . (30

where wp is the soft-mode frequency of the "renor-
malized" protonic system given by Eqgs. (28b) and
(28¢).

The w- mode describes the in-phase motion of the

. pseudospin system and the lattice, whereas in the

"hard" w4 mode the two systems move with opposite
phase. It should be noted that the coupling with the
polar phonons occurs via the F? term, whereas the
nonpolar phonons are above T decoupled from the
proton modes.

The stability limit of the paraelectric phase is deter-
mined by the temperature T [expression (24)]
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where w_ vanishes.
If F;=0, we find for T > T¢ that w;=w, 4 and
w-=wpg. Below T¢ we obtain in this case

w'=w}, (31a)

and

wi= % {(wi, +0) + (0}, — 0§)? +4wi]'),
T<Ts, (lb)

where wg' and wc are given by expressions (28a) and
(28f). The frequency of the w_ mode approaches
zero at T¢ for ¢ =0, whereas the w; mode varies
only weakly with temperature.

The above results show that the S*, F¥Q," cou-
pling renormalizes the frequency of the "proton-like"
mode w- both above and below T, but makes the
"nonpolar-optic-phonon-like" mode frequency, wy,
different from w4, only below T¢ where (S%), and
hence wc, are different from zero. This is quite dif-
ferent from the S2,F:Q,® coupling® where the
"polar-optic-phonon-like" frequency w is different
from wy 4 for T > T¢ as well as T < T¢. The differ-
ence is the result of the fact that (S%) #0 only below
Tc, whereas (S*) # 0 both above and below Tc.

In looking for S*,FQ." effects on the lattice vi-
brations we should thus study the temperature
dependence of the lattice modes®® below T¢ and not,
as in case of §%,FZQ,? coupling, above T.

The temperature dependence of the "soft" w_ and
"hard" w+ modes is presented in Figs. 2(a) and 2(b)
for F=0, whereas Fig. 2(c) shows the temperature
dependence of the spontaneous polarization, (S?).

The dependence of the paraelectric soft-mode fre-
quency w- on the strength of the F* coupling is
shown in Figs. 3(a) and 3(b) both for a deuterated
(Qp=1°K, T¢p=213°K) and an undeuterated sys-
tem ‘(QH =144 °I(, TC,H =122 OK).

The strength of the F* coupling is measured in
terms of the parameter a = Jo(F¥)2/4wf Q? which
should be—in view of the proportionality of F* to
{} —mass independent. Whereas the F* coupling
practically does not affect the soft-mode frequency
and T¢ in the deuterated system, it affects w_ of the
undeuterated system close to T¢y and T¢y itself
even for rather small values of a. For a =1, (w )y
#0 down to T =0, whereas (w-) and T p are not
changed at all. The high-temperature value of (w_)y
is as well only insignificantly higher than for a =0.

The dependence of T¢y and T¢,p on F* is present-
ed in Fig. 4 whereas Fig. 5 shows the dependence of
the normalized isotope shift (T¢.p — T )/ Te,p on
a=|F|4 Q% for Qp=1°K, Jy=Jp=850°K
and different values of Qy.

The F; coupling thus provides a mechanism which

- allows for large isotope shifts in 7¢ even in systems

z
s ————e p/200=2"
043 a=0.2
0.33
J°/2ﬂ=3
\‘ a=5
‘.l (c) W/=05
0 1 -
O ofy 922 kT/Jo
w+/Jg i
0.57k-—ee !
O.SZWT
|
| 1
'
) (b)
[
S
0] '
O  of 022 KT/Jo
w"/Jo ;
0.40 :
|
I

O.19F===~

-
-

O
\"'\‘

0 ofe o.22 KT/Jo

FIG. 2. Temperature dependence of w_, w, and (S?%) in
case of SFF*Q; pseudospin phonon coupling. Here a is
a =Jo| FF2/(40f Q?).

with relatively low Q and low proton-tunneling-mode
frequencies. At the same time it could also account
for the observed rather different dependences of Ty
and T¢ p on pressure.

The effects on T¢ are qualitatively similar to those

w-(°K) (a) Deuterated
LUO" e
a= I.GSB; 150
o . —===a=10
0 Tep=213 639 T(°K)
I
. w-(°K) ! (b) Undeuterated
i
135F T e
; - a=168(No Transition)
! e @2 1,0
i -=---0=0
639 T (°K)

FIG. 3. Dependence of w_ on temperature and strength
of the S}F*Q; pseudospin phonon coupling
a =Jo| F*|* /40 Q? for a deuterated (Qp=1°K,
Jo=850°K) and an undeuterated system (Qy =144°K,
Jo=544°K).
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FIG. 4. Dependence of Ty (Qy=144°K, Jy=544°K)
and T¢cp (Qp=1°K, Jy=850°K) on the normalized
strength of the SFF*Q; pseudospin phonon coupling

a=|F2|/40f Q2

provided by the "direct" S*Sf coupling but are prob-
ably more significant in view of the larger magnitude
of the S*,F7Q," term as compared to the BSFS%,

" term. The proton-lattice coupling again results in a
temperature-dependent renormalization of the tun-

neling integral :

- Fi

. 2
Q=0+

(S
,0

[

(31¢)

2
so that the term F§ /w{, plays the role of B in ex-

Tco~ToH
To
(OK)LO v 7
: ! N=10°K
X : ¥ 000
B ; S l:J-JD=850°K
" ' I
) g ! e
0.5 h /
{
I/ ’/I
’ 4
I’ ’/,
6.l 16 (10 Y°K)

FIG. 5. Dependence of the reduced isotope shift
(Te,p—Te,w)/ Te,p on a=|F2|/40f Q2 for different values

of Q.
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pression (16b). It should be noted that here the

‘proton-lattice coupling always increases the effective

tunneling integral.

V. $*D;Q2 COUPLING
j¥ixj

For the sake of completeness let us now also look
into the coupling of the tunneling motion with polar
optical phonons. In crystals with a nonpolar high-
temperature phase, this coupling is of the form
SfD; Q7. The linear coupling term vanishes due to
symmetry as Sf— S}, Q,— —Q;, S;— —Sj on inver-

sion.
The Hamiltonian of our problem can be thus writ-

ten
-~ Q 35—+ 3,88 3, StFQ,
i iJ i

~ 350,07 +5 3 (PP +wh0d . (32)
Within the molecular-field approximation we now
find that
HM™ = —H,;-5, - F{(S) 0

+2[P?+(0h—2D(S)) QA ,  (33a)
where
H,=Q+D (0% = Q +D(Q)? (33b)
and
(33¢) .

H,=Jo(S) +F§(Q) .

In expression (33b), the fluctuations in the polar
phonon coordinates are neglected. The expectation
value of the polar phonon coordinate is now obtained

as
8 (S
= (
@ wly —2D (%) (33d)
The expression for T¢ is given by
(34)

20 _ tanh(%ﬂc Q) ,

0,C
where J.o,c stands for the renormalized pseudospin
interaction constant
(F3)?
wih—2D (5%

at T =T¢c. The proton-phonon interactions thus re-
normalize the Ising pseudospin interaction constant
Jo—Jo. Since both D and (S*) are proportional to
), the renormalization is strongly mass and tempera-
ture dependent. This might be at least in part
responsible for the fact that (J)y # (J)p in H-bonded
ferroelectrics. The mass-dependent renormalization
disappears in the Kobayashi model where D =0.

35)

JQ=J()+
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The resulting equation for the eigenfrequencies of
the coupled "transverse" proton-polar optic phonon
modes is

1 ~2 ~2 ~2 ~2
wzt = '2‘ {(wph +w5) + [(wph - w5)2

+4(w) + 0w —wb)]?} , (362)
where
a§h=m§,,—20 M, (36b)
op =00 —Jo(5) + Ty (59)? , (36c)
0=0+D(Q)?, (36d)
o} tot-—wh= (S")ﬂ | F§ |2+

z 2 _
S,,>J 0($92(Q) -

The renormalization of the coupling term is critically
temperature dependent and vanishes at 7 = T.. In
addition it is also dependent on the mass of the tun-
neling particle and on hydrostatic pressure thus ex-
plaining the strong dependence of this term on pres-
sure in KH,PO,-type crystals below T¢.2*

VL. QS¥(3 — o) COUPLING

Let us finally investigate the case where the motion
of the lattice ions which couples to the proton tunnel-
ing is so strongly anharmonic that we have a double-
minimum-type single-particle lattice potential. Limit-
ing ourselves to the two lowest-lattice energy states,
we can express the relevant lattice Hamiltonian in
terms of pseudospin-% Pauli matrices o* o7, and o*.
We thus deal with two interacting pseudospin systems
instead of with a proton-phonon system as before.

If we further assume that the coupling between
these two systems is so strong that the protons can
tunnel only in one out of the two possible lattice con-
figurations, we can write the Hamiltonian of our
problem in the form

H=-0 ESX(-_U',
+A20’f~—FREai"
i i

In the MFA, expression (38) decomposes into a
"proton"

7 }_‘,J,,S’S,

(38)

Hs;=—Q(5 = (0%) SF—Jo(S?) ¢ (39a)
and a "lattice" part
H,;=-TRo¥+(Q(S* +A)a? , (39b)
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w)=Q|F5|*(5% (36e)
wé=4D%Jy(SH2(Q)? , (36f)
wph =2DF§ (0 +Jy(S%) (5% (Q) . (36g)

Expression (36a) is valid both for T > T and
T < Tc. Above T¢ our result is equivalent to the
one obtained by Kobayashi except for the mass and
temperature-dependent renormalization of the pho-
non frequency o} — o} —2D (S¥). There is, howev-
er, a considerable difference below 7¢c. The coupling
term o} +wé — wp is in the Kobayashi model given
by Q|F3|2(S*), whereas it is in the present case ob-
tained as

2F5D
> T+ =

37)
- (

1
where Jy = 2 Jy. 1t should be noted that the lattice
motion will be always biased (i.e., (%) #0) in view
of the coupling with S* even if the intrinsic asym-
metry in the lattice double-well potential A is zero.
The lattice pseudospins introduced above thus
represent a nonpolar optic lattice mode in crystals
with a nonpolar high-temperature phase.
Expressions (39a) and (39b) can be rewritten

Hg=—H,sS*— H,sS* (40a)
and
‘Hy=—H, q0*—H, ;0" , (40b)
with
Heys=0Q(5—(o9) , (41a)
Hy,s=Jo(S%) , (41b)
H,,=TR , (41c¢)
H,,=—(A+ Q(S%) 41d)

The thermal expectation values of the pseudospin
operators are now determined from the self-
consistency equations

m

(5% =% 5 tanh(+ TBHs) (42a)
s
(5% =% S tanh(LBHy) | (42b)
s
2\ l z,0
(0% = TH. tanh(58H,) , (42¢)
1 Hyo
@) =3 tanh(38H,) |, (42d)
where



Hs = (H}s + H25)'"?
and
H¢7= (Hz?u +Hx2.o)l/2 .

Expressions (42a)—(42d) and (41a)—(41d) show that
we are dealing with a strongly temperature-dependent
renormalization of the tunneling frequency. The
paraelectric-ferroelectric transition temperature T¢
determines the boundary of the region where a
nonzero value of (§%) becomes stable. Since the stat-
ic properties of the system are not significantly affect-
ed, if we put A=T®=0, let us determine T for this
case. From Eq. (42a) we find the equation for T¢

203~ (090
Jo -

QB¢
2

»

tanh[

(';‘ = (%) ¢)

ﬂc = l/kTC , (433)
where (o®) ¢ has to be determined from Eq. (42¢)

2
B;;Z (%—W)C)] . (43v)

(0%)c=—7 tanh

We thus deal with a system of two self-consistency
equations for B¢. The solutions of this system are
shown in Fig. 6, where kT¢/Jo and (o?) ¢ are plotted
as functions of Jo/2 Q.

For Jo/2Q > 1, there is a single T¢ separating the
high-temperature paraelectric from the low-
temperature ferroelectric phase.

For Jo/2 Q =1 ferroelectricity appears below
kTc =0.2J, but the ferroelectric phase becomes un-
stable at 7 =0. This is a consequence of the fact that
Eq. (43b) has now two solutions for (o%) ¢

(Uz)cul=—]7 and —(V2-1)/2 , (44a)

corresponding to

T

<<:Iz>T 00
{

-03

-05

o
0.25

2 3 Jo7200
FIG. 6. Dependence of kT¢/Jy and (o?) 7. On Jo/2Q in

case of QS"(% -0 protbn-lanice coupling. The dotted

line shows the dependence of kT¢/Jy on Jy/2 Q) for the sim-
ple IMTF Hamiltonian.
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(kTe/J)in=0 and V2/[8In(1 +v2)] .  (44b)

For 0.922 < Jy/2Q =<1 we have two Curie tem-
peratures, T¢; and T¢yp, and the ferroelectric phase is
intermediate between a high-temperature paraelectric

~and a low-temperature paraelectric phase. With in-

creasing ) the upper T¢ decreases and the lower T
increases so that the ferroelectricity disappears at
Jo/2©Q =0.922 where

Q0 1o =20~ (0 =

For Jy/2Q < 0.922 there is no solution for T and
the paraelectric phase is stable at all temperatures.

The temperature dependence of (S*), which is pro-
portional to the spontaneous polarization, is present-
ed in Fig. 7 for Jo/2Q =1.5, Jo/2Q =1, and
Jo/2Q =0.95. The existence of two second-order
transition temperatures, Tc; and Ty, separating the
polarized phase from two disordered phases is clearly
seen for Jy/2Q =0.95.

Introducing Fourier-transformed collective vari-
ables, we find the linearized RPA Heisenberg equa-
tions of motion for the pseudospin fluctuations
around the MFA solutions as

iwdSF=1Jy(S?)8S] , (452)
iwdSy=(Q/2—Q(c%) —J, () 8S:
—Jo(SH8SF— Q(SHdoZ , (45b)

SH Jo/2N.=1.50
----- Jo/2N=1.00
0.45r Jo/2.120.95
0.30t
,,’/-\\\
,’, \\\
0.I5¢ / Voo
7. \ :
4 \ t
1 \ H
/ \
/ Vo
/ Vo
lo] -/’ 1 l. i i
0 0.125 0.250 kT,

FIG. 7. Temperature dependence of (S?) in case of

QS*(5 — o) proton-lattice coupling for Jo/2Q =1.5, 1.0,
and 0.95.
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iw8Si=—(Q/2—Q(c%))sS] , (45¢)
iwda*=—(Q(S*) +A)d0,” , (45d)
iwda?=(0(S*) +A)s0]

+TR3a+ Q (%) 8S] , (45¢)
iwdci=-TRsa} . (451)

The two longitudinal-mode frequencies are again
zero, wy , =0, both above as well as below T¢. The
frequencies of the four coupled transverse modes are
obtained as

ok =1 {(0] +wd) tl(j—w))?+4C1YY | (462)
where now

wi=o(S5)2+Q'(Q'—Jy(s9) , (46b)

wp=(TR1+(Q (%) +4)? , (46¢)
and

C =JoQXTR2(SH2 (o™ , (464d)

with €)' standing for the renormalized tunneling fre-
quency

Q=03 - (o)) . (46e)

For T > T¢, (§%) = C =0, and we get a soft
"proton-like" and a hard "lattice-like" mode

wl=wiacT-Tc (473)
and
wi=wh . (47b)

The temperature dependence of the "hard" w,; and
"soft" w_ modes from expression (46a) is shown in
Fig. 8 for Jo/2Q =1.5, 1.0, and 0.95. For sake of
simiplicity we assumed that T®=A =0. It should be
noted that w4 corresponds to an "out of phase" and
w_ to an "in-phase" motion of the proton and lattice
systems.

For Jo/2Q =1.5, w- vanishes at kT¢ =0.2375J,,
and increases with decreasing temperatures close to
Tc¢ in ferroelectric phase. For Jo/2Q =1, w_ van-
ishes both at kT¢-=0.2J, and T =0, whereas it van-
ishes for Jy/2Q =0.95 at kT¢;=0.18Jy and
kTciy=0.95J, but is nonzero at T =0. The frequen-
cy of the hard mode, w4 increases with decreasing
temperature in all three-cases discussed above and
shows no critical temperature dependence.

VII. CONCLUSIONS

The obtained results show that:

(i) The introduction of "direct" B,S7Sy coupling
between the tunneling motion of one proton and the
tunneling motion of another, or the introduction of

— Jp/2.0=0.95

w “’/Jo

————— Jo/2 N.=1.00

0.25 ceeeenn Jo/2 NL=1.50
0.11

o )

0 024 0.48 kT/Jo

w-/Jo
037"
(b)
L N

0.2

1
0.48 kT/Jo

FIG. 8. Temperature dependence of w; and w_ in case of
QS"(% — o?) proton-lattice coupling for J,/2Q =1.5, 1.0,
and 0.95.

i
0.24

the probably larger "indirect" coupling of this type via
S¥F*Q; pseudospin-phonon interaction describing the
modulation of the distance between the two equilibri-
um sites in an O—H - - - O bond by nonpolar optical
phonons, may lead to a situation where large isotope
shifts in T¢ occur on deuteration though the un-
renormalized tunneling integral ) and the renormal-
ized frequency of the proton tunneling modes are low
even far away from T¢. This is qualitatively different
from the predictions of the pure IMTF Hamiltonian
and may perhaps explain some phenomena recently
observed in PbHPO, type systems'®~2° and squaric
acid.2' The physical reason for this effect is the fact
that the mass and temperature-dependent renormali-
zation of the proton tunneling integral is important
only close to T¢ where w_—0 and not far away from
Tc.

(i) The increase in the "coupling constants" By or
F*—which are both functions of the tunneling in-
tegral and thus very sensitive to the shape of the
O—H - - - O bond potential —with increasing hydros-
tatic pressure leads to a decrease in T¢ y and an
eventual vanishing of ferroelectricity in undeuterated
systems, whereas T¢ p of a deuterated system is, for
the same range of By or F* values, not affected at all.
The corresponding T¢,y vs F* or By curves are simi-
lar to the T¢ versus hydrostatic pressure curves ob-
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served in many H-bonded systems."’

(iii) The S*F*Q and S*DQ? couplings lead to a sig-
nificant change in the dynamics of the coupled
proton-phonon system below 7¢ and could be the
reason for the observed large pressure dependence of
the proton polar optic phonon interaction constant in
KH,PO4-type crystals.!”2! This might also explain
the presence of the "hard" proton tunneling mode w4
[expression (31b) or (36)] observed in PbHPO,
below Tc.2°

(iv) When the lattice motion is so anharmonic that
the lattice ions move in a double-well potential, and
the proton-lattice coupling so strong that the protons
can tunnel only in one out of the two possible lattice
configurations, two Curie temperatures may appear
for 0.922 < Jo/2Q < 1 as a result of the T-dependent
renormalization of the tunneling frequency so that
the ferroelectric phase is bounded by a high-
temperature paraelectric and a low-temperature
paraelectric phase.

It should be noted that all above results have been
obtained in the MFA and RPA approximations and
that the finite width of the soft modes and damping
effects?® have not been taken into account. A recent
continued fraction calculation?® has however shown
that the MFA and RPA represent useful first approx-
imations for the statics and dynamics of the Ising
model in a transverse tunneling field Hamiltonian so
that the above results are still qualitatively meaning-
ful. The basic predictions agree with those recently
obtained by a variational treatment of the proton-
phonon system in KH,P0,.?
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