
PHYSICAL REVIE% B VOLUME 20, NUMBER 4 15 AUGUST 1979

Analysis of the pretransition range of the
metal-insulator transition in doped semiconductors

G. F. Neumark
Philips Laboratories, Briarrliff Manor, /Vew York 10510

(Received 30 June 1977)

Various theories of the metal-insulator transition have been considered in regard to their like-

ly importance in the doping range prior to this transition, and screening appears to dominate. It

is then shown that screening —through its effect on impurity energies and radii —can explain the

various activation energies in this range. This is consistent with the recent conclusion that the

screening model can explain the temperature dependence of Hall data.

I. INTRODUCTION

The metal-insulator (Ml) transition in doped sem-
iconductors, first noted by Hung and Gliessman' in

1950, has since been extensively studied, with recent
comprehensive reviews by Mott et al. ' One observes
that at a particular ("critical" ) doping density (WD) the
low-temperature conductivity changes from an ac-
tivated behavior to a temperature-independent con-
ductivity. By definition, a material ~hose conductivi-
ty is activated is termed "insulating", whereas one
with no temperature dependence is metallic, and
hence one has an MI transition. Also of interest are
some of the details of the activated behavior as one
approacheS the transition. It was shown by Fritzsche
that, for doping densities less than ND, the conduc-
tivity (cr) can be approximated by,

-ei/kT —e3/kT
a = o-ie ' + a-2e + o-3e (l)

~here o.
~ && a-2, o-3, and ~t & ~2 & ~3. It is generally

assumed' that the energy ~2 is the one relevant to the
above MI transition, which takes place in the limit of

0. The process responsible for e2 is likely some
form of interimpurity transport. The detailed mean-
ing of ~2 is a main topic of the present paper. The
energy ei is identified' as that from an impurity into
the conduction band, and e3 is the energy required
for hopping' from a neutral to an ionized majority
impurity.

There are many prior theoretical analyses of the MI,
transition —each with use of different approximations
for the potential term in the Hamiltonian. One of
the eariiest treatments of this problem was by Mott' in

1949. He considered the screened Coulomb interac-
tion among charges in an assembly of positive ions
and electrons. This problem has lately been exten-
sively analyzed for various screening potentials and
various complications due to the detailed band struc-
ture. ' " In all these cases, ~ "with strong screening,
which occurs for a high density of ions and electrons,
there are no bound states in such a system. Thus,

metallic behavior ensues. Some later approaches are
based on the interaction of two electrons on the same
site, ~ 3 but neglect Mott's (original) long-range
screened Coulomb interaction. These later analyses
use a Hamiltonian introduced by Hubbard, ' and will

thus be referred to as the Hubbard model. Interest-
ingly, it was shown by Johansson" that the two treat-
ments (Mott and Hubbard) are mathematically
equivalent at the transition point. Nevertheless,
there is no apparent physical equivalence between the
short-range correlation of two electrons on one site
and the (long-range) screening of a sea of electrons.
In a recent paper' we have briefly argued that the
two approaches lead to different results in the doping
range just below the transition, with the screening
model giving improved insight into, and agreement
with, experimental Hall results. Another interaction
which has been considered in the literature' ' is
that induced by the bound-electron response (polari-
zation) to the potential of a center, i.e. , a change in
dielectric function. However, here again screening
appears to dominate in the pretransition range. This is
showri in Fig. 1, which compares the energy reduc-
tions predicted by several non-Hubbard theories.
The energy (Eq) normalized to the energy at infinite
dilution (Eo) is shown as a function of net impurity
concentration (N) normalized by the impurity Bohr
radius at infinite dilution (ao). The polarization
theory of Hugon and Ghazali" is compared with
screening results given by Krieger and Nightingale5
for two different screening functions (Thomas-Fermi
and Lindhard). Over most of the range of finite

E&/Eo both screening functions give an appreciably
greater reduction in energy than the polarization ef-
fect. Lastly, an important approach to the MI transi-
tion is the one which considers the disorder due to
random location of the impurities and consequently
of the random nature of the potential. This has two
consequences. ' First, it affects the density of states.
Second, it can lead to an Anderson" transition, i.e.,
to mobility edges2 as well as band edges. Here we
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FIG. 1. Energies (E„) predicted by various theories vs
net doping concentration (N). Appropriate normalized
quantities are used, namely, Ez/Eo and aoW, where Eo is1/3

the energy and ao the Bohr radius at infinite dilution.
Curves 1 and 2 are for the effect of screening, curve 1 for
Thomas-Fermi and curve 2 for dielectric (from Ref. 5).
Curve 3 is for disorder (from Ref. 20); since no results are
given in Ref. 20 for low doping, this part is shown dashed.
Curve 4 is for the effect of polarization (from Ref. 17),

shall neglect the second effect, which essentially
means that we assume the relevant mobility edge to
be very close to the (semiconductor) band edge. The
reason for this assumption is that, as discussed ear-
lier, "a mobility edge would give carrier activation,
and such carrier activation appears incompatible with
Hall results. Calculations on the density of states in-
clude those of Matsubara and Toyozawa' for un-
screened Coulomb potentials, with an improved cal-
culation of this type by Chao. ' In Fig. 1 we also show
the results of Chao' (using the peak of his distribu-
tion as Eq/Eo) as representing disorder alone,
without screening. It can be seen that, again, screen-
ing gives the stronger effect. It thus appears, both
from Fig. I and from our earlier work, ' that screen-
ing is the dominant effect in the pretransition range.
Nevertheless, it remains to be shown that the activa-
tion energies (and some other parameters) of the
screening model give reasonable agreement with ex-
perimental values, such as those reported by Davis
and Compton" on Ge(Sb). It is the aim of the
present paper to investigate this point.

It is well known that screening reduces the binding
energy of an effective-mass-type (hydrogenic) impur-
ity and in fact it-was shown22 that this process ac-
counts for the reduction of the e~ activation energy in
the "intermediate" doping range (see Ref. 22 for the
definition of "intermediate"). As the doping in-
creases beyond this range towards the MI transition,
some additional effects must also be considered: (i)
The impurity distribution broadens. (ii) There can be
a transfer of an electron from one donor to another,
giving a state with two electrons on one impurity (or

holes, in p material), the so-called D level. 3'3 (iii)
There will be an increase in the effective radius of
the impurity. 6 As a consequence of the latter two ef-
fects, carrier transfer among the impurities becomes
more and more likely with increasing doping. In the
present analysis one key aspect is that this transfer
gives increased screening. A second important aspect
is that the carrier transfer can be a hopping process.
Thus, the energy e2 can be attributed to an activated
mobility. ' As shown earlier, ' an activated mobility
can explain the data reported by Davis and Comp-
ton2' on Hall coefficients of Ge(Sb), whereas these
data cannot be explained with the usual Hubbard or
Hubbard —Anderson approach.

The model outlined above is presented in Sec. II.
Activation energies and conduction processes are re-
viewed in Sec. II A, and the detailed role of screen-
ing, with a resultant separation into two regions, is
discussed in Sec. II B. It is then shown (Sec. III) that
this model leads to a good description of the Hall
data ' in the pretransition range. As a speculation,
we also point out (Sec. III) that the model may ex-
plain persistent photoconduction. Some further dis-
cussion and a summary are presented in Sec. IV.

II. MODEL

A. Energies and conduction processes

In any semiconductor system, there is the usual
impurity to conduction-band activation energy E&,
with a corresponding "normal" conduction-band con-
ductivity. Moreover, there can be a distribution of
such activation energies around an average value E&,
with a half-width 4E.

An additional factor which must be considered is
the possibility of forming donor "molecules", with a
resultant ionized state. Specifically, if one considers
two donors, an electron can be transferred from one
to the other, leaving a hole behind

2D D +D+. (2)

This is the so-called D state'23 (the hole part is usu-
ally neglected). The excitation energy E„ to this state
1S

E.=E~-Q
where Q is the electron affinity of the D state. The
energies E~ and E„are shown, schematically, in Fig.
2(a) for the case of low doping. The situation at
higher doping, assuming 4E && E„, is shown in Fig.
2(b). Regarding conduction, this is possible once
carriers are excited to these states. Such conduction
can be either band- or hopping-type. Band-type is
through extended states, and has often been postulat-
ed2 for the upper Hubbard band or for excitation
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2rrE where q is the inverse screening length, K is the

dielectric constant, Ep is the energy and ap (where
ap = Kt'/m "e') the Bohr radius for q = 0, and the
other symbols are standard (and are defined in Ref.
22). The inverse screening length q, neglecting im-
purity band conduction, is given for n material by" "

FIG. 2. Schematic of the relevant energies. (a) shows the
energy to the conduction band (Ez) and that to a state with
two electrons per donor, the D state (E„). It is drawn for
low doping and assumes that the energy spread (4E) among
the different impurity levels is too small to show up on the
scale of this figure. (b) shows the situation at higher dop-
ing, after Ez had decreased, and for the case AE & E„.

where Eq is the "hopping energy" and is related to the
bandwidth (see below).

To simplify the subsequent discussion (Secs. II B
and III), we shall here assume that E„and Ep are in

general not comparable, i.e., one or the other dom-
inates. In this case the experimentally observed en-
ergy will be the larger of these two energies (E„or
Ep) Moreover, . since the hopping energy Ep can be
attributed to an activated mobility, 2 for EI, &) E„, the
overall conduction is of an activated-mobility-type. A
further point to note is that the hopping expected for
the case of Eq. (2) proceeds by transfer between Dp

and D states, i.e. , by formation of states with two
electrons. (We neglect "hole" transport via the D+

states; the probability of the D hopping is expected
to be larger than that of this D+-type due to the
larger radii of the D states). This differs from the
e3-type hopping' which consists of transfer of an elec-
tron from a neutral (Dp) donor to an initially ionized
(D+) donor.

It remains to estimate, quantitatively, the various
energies (E~, E„, hE, and Ep) introduced above.
This can be done reasonably well at lower doping,
i.e., in the "intermediate" doping range defined in
Ref; 22. %e first present primarily the results for
this case, and subsequently will discuss the difficul-
ties at higher doping. Following the approach of Ref.
22, we assume that, approximately, the energy is
given by a screened hydrogenic Hamiltonian

H = (p'/2m") —(e~/~r)e P",

with the solution for E~ of"
Ez/Ep = 1 —1.81apq +0.81(apq) (6)

above a mobility edge in the Anderson model.
Hopping-type is via localized states. Such a process
has been considered earlier by Davis and Mott, ' who
suggested that the conductivity in this case is of the
form

a —exp[ —(E„+E„)/kT],

4me2 n N~ +n N~ +n+
Kk T T Np

4me2 4me2
rtimp = (ND N&)imp .

KkT KkT
(8)

Regarding E„, the effect of screening on the elec-
tron affinity Q will be relatively minor, ~p so that E„
will decrease approximately as much as Eq [following
Eq. (3)]. As to the value of Q, this has been deter-
mined as 1.6 meV by independent measurements of
the photoconductivity of the D level. The next
quantity to be considered is the broadening in the
density of states. That iri E~ has been analyzed by
Morgan3' (see also Stern" ), who obtains a Gaussian
distribution" p(E)

N,
p(E) =

,&,
exp—

12'
E —Eg

(2)'"~E (9)

where
r 1(2

27r(Np++ Ng )hE=
K g

(10)

Regarding the broadening for the D states, we are
not aware of any work on this subject. However, thi"
problem can be circumvented. Thus, for E„&&AE,
there will be an effective broadening of the joint den-
sity of states of the D and D states. For this case,
it thus seems reasonable to assume that Eq. (10)
holds, at least approximately, for this joint density of
states. And, as regards E„))AE, in the situation
where this case is of interest in the present
problem —see discussion in Sec. II B—one does not
require 4E

It remains to discuss the relation between F& and
/r. E. This problem has been analyzed (for both low
and high doping) by Hill ' for a density distribution
which is uniform over a range of energies -2E . %e
shall henceforth assume ' that E is roughly
equivalent to the b E of the Gaussian distribution,
i.e., E = hE. Hill's conclusion is that the relation
between Eq and AE depends on two parameters, z

where n is the carrier concentration, T is the tem-
perature, k is the Boltzmann constant, and N~ and Np
are the acceptor and donor concentrations, respec-
tively. For conduction in the impurity band, the car-
rier concentration does not depend on the occupation
statistics, and consequently the screening is of the
Debye —Huckel form,



1S22 6, F. NPUMARK 20

and x, where

2 4mND

x =(b.E/kT) .
and P is the inverse Bohr radius. For small x
(x & 10), there is a relatively fast transition with

decreasing z from the case of nearest-neighbor hop-
ping with

to that of constant range hopping with

EI, =kT . (14)

B. Screening, and resultant separation
into two regions

As just discussed, screening lowers the activation
energy E~, and also the excitation energy E„. More-

(For larger x the transition region becomes broader
and also includes the variable range hopping regime. )
As an example, for x =2, the relation EI, = hE
holds for z & 2 whereas that of E& = kT applies for
z & 0.8. Note that z decreases with increasing dop-
ing.

We next consider the situation for E&, hE, and E„
at higher doping. For this range quantitative esti-
mates for these energies are unfortunately not very
reliable. There are several difficulties: (i) Use of the
one-electron, one-impurity Hamiltonian of Eq. (5)
can no longer be justified. (ii) It is not certain
which form of screening"0 " (Lindhard,
Hubbard —Sham, etc.) is best. (iii) Band-structure ef-
fects" " should be included. (iv) Corrections for
dynamic screening also may be non-negligible. (v)
Dielectric polarization effects become appreci-
able. ' ' Probably the best available calculation for
E~ in this high-doping range is that by Aldrich, "who
uses Lindhard screening and who includes the band
structure effects. [But note that points (i), (iv), and
(v) are not included. ] We shall use his calculation
for evaluating E& in this high-doping range. Regard-
ing AE, we are not aware of any calculation compar-
able to that of Aldrich for E&. We therefore analyze
only the lowest-doped sample of Davis and Comp-
ton ' which sho~s the ~2 activation energy, and as-
sume that the value of 4E in this case does not devi-
ate too far from that given by Eq. (10). As to E„,
since we analyze only the lowest-doped sample of
Davis and Compton, ' we again assume that the
value as given in the low-doping case [Eq. (3), with

Q = 1.6 meV) applies approximately. (Moreover we
require the value of E„primarily to show that
E„«4E, see Sec. III. Thus, a rough estimate is sat-
isfactory. )

over, screening will increase the effective impurity ra-
dius. As a consequence of the decrease in E„
and/or the increase in radius, there will be a relative-
ly rapid increase in interimpurity, i.e., D, conduc-
tion. To see this, note, first, that a lower E„ leads to
increased excitation [Eq. (4)l. Second, it is known"
that the hopping probability depends not only on en-
ergy, as given in Eq. (4), but also on the impurity
separation (R) and the inverse Bohr radius (P) as

Il—
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FIG. 3. Energy levels as postulated for the region with
the deeper impurities (region I) and that with the shallower
ones (region II) are shown on the left. The overall density
of states for the sample (both regions) is shown on the
right.

oq -exp( —APR),

~here A =2.8. A necessary next step is to realize
that mobile carriers are required for good screening
(with immobile carriers the potential in the Poisson
equation cannot adjust —also see Ref. 22 for further
discussion), so that higher conduction gives improved
screening. This results in more conduction, etc. , i.e.,
there is a feedback effect.

Because of the random distribution of the impuri-
ties, the feedback effect has several relevant conse-
quences. For a better understanding, we must
remember that the impurities are distributed at ran-
dom spatially, and that regions with a (random)
denser concentration will have better screening even
in the absence of the above feedback effect, and thus
contain the shallower levels. Introducing the feed-
back effect, this will now operate preferentially on
clusters of closer, shallower impurities. This has as
further consequence that because of the now even
better screening, the energy of these impurities be-
comes lower than a hypothetical value which would
exist in the absence of feedback. The deeper impuri-
ties, on the other hand, are not affected. With this
selective lowering of the energy of the shallower im-
purities, the overall energy distribution is no longer
uniform, but becomes split, as indicated in Fig. 3.
Moreover, since the feedback and lowering of impur-
ity energies takes place in clusters, there is also spa-
rial separation between (interspersed) regions of shal-
lower and deeper impurities. The impurity conduc-
tion thus takes place only along certain paths along
shallower impurities, i.e., conducting channels are
formed. As a further consequence, the number of
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carriers available for this conduction is now equal to
the number of impurities in the conducting region,
and not to the overall impurity density in the sample.
It must also be noted that in order to give dc conduc-
tion, the conducting channels must extend from one
end of the sample to the other. Problems of this type
are amenable to a percolation analysis, and it has
been shown by Webman, Jortner, and Cohen" that
for a random mixture this leads to the requirement
that the conducting reg'ion occupy 15% of the total
volume.

The observed activation energies of Eq. (1) must
still be associated with the various. .energies of the
model. For this, we define the region of deeper im-

purities as region I, and correspondingly region II for
the shallower impurities.

%e first consider region I, and note that the largest
activation energy expected from the present model is

E~ in this region, =E~. %e now identify this with

the largest observed energy, e~. Moreover, in region I
we expect Q « E~ and therefore E„—E~ [Eq. (3)].
Under this condition, conduction in the conduction
band will dominate over that in the impurity band,
since the former has both a higher density of states
and a higher mobility. Thus, neither E„nor Eq will

affect the conduction. Also, note that it is only in re-

gion I where, by hypothesis, there is the possibility of
E„»hE (see below). Thus, since Eq (and thus

EB will not affect the conduction here, we do not
require the value of )LE when E„»hE (as asserted
in Sec. II A). With no further" energies required for
region I, the energy e2 is assigned to region II. As
mentioned earlier in the present paper, we now as-

sume that since the data of Davis and Compton ' can
be fitted' by treating ~2 as an activated mobility, the
dominant conduction in region II is hopping under
the condition E„«Eq [see Eq. (4) and associated
discussion]. We thus identify' a2 with Eq. (We omit
superscripts on Eq, E„, and hE, since these are of no
interest in region I—see above. )

III. COMPARISON TO EXPERIMENT

As shown earlier' the present theory gives a good
fit to the Hall data on Ge(Sb) reported by Davis and

Compton, ' using the activation energies obtained by

these authors. It remains to be shown that these ac-
tivation energies are consistent with the screening
model.

The present analysis will be restricted to sample L3
of Davis and Compton. " Of those of their" samples
which are of interest here (i.e., those showing the a2

activation energy over a reasonable temperature
range), sample L3 is the lowest doped, and thus
comes closest to satisfying the criteria of intermedi-
ate" doping. For the calculation of Eq via Eq. (6),

the parameter values Ep= 10.2 meV (Ref. 40) with a

corresponding ao-39 A [from the defining equation
with m" =0.22 (Ref. 41)] are used, with q calculated
via Eq. (7) or (8). The value of ~ was taken as 16
(Ref. 42).

In region I, ND ——4.5 && 10'6, Ng/Np =0.02 (Refs.
14 and 21). Use of n as evaluated earlier" showed
that "intermediate" doping" was satisfied for
T & 40'K. Resultant evaluation at this temperature
via Eqs. (6) and (7) (n&0 =1.8 x 10"cm', as obtained
from the earlier'4 analysis of the Hall data2') gave
E& =4.4 meV. Similar evaluation at 100'K
(n~oo =3.5 X 10"cm ') gave E„' =5.6 meV. This
range of E& compares well indeed with the observed
value of ~~ =5.5 meV. Our identification of E~ with

e~ is thus seen to be fully consistent.
For region II, we have identified Ea with a2 (Sec.

1113), which requires that the inequality E„«Eq be
satisfied (Sec. II A). We thus wish to show that

Ez « t2or, 'from Eq. (3), that (E]' —Q) « s2. To
obtain E~", we first require q and consequently n;,
[Eq. (8)] in region II. The problem in this evaluation
is that for inhomogeneous samples, Hall measure-
ments give, at best, an approximate value of carrier
concentration as averaged over the entire sample. ' In
view of the increase of impurity radius with screen-

ing, 6 the area of region II is not well known; conse-
quently knowledge of the average concentration gives
only limited information regarding the required con-
centration in region II. However, in order to show

the adequacy of the model, it seems sufficient that a

plausible assumption-regarding this carrier density
gives results consistent with our identification of the
experimental values. Moreover, this approach is ex-
pected to be in line with the approximations already
inherent in the present analysis of the non-

"intermediate" situation. First, note that because of
the impurity conduction n;, = WD —N~. Then, one
must remember that the impurities in this region II
are somewhat more closely spaced than those in the
overall sample, since it is such a closer spacing which

leads these impurities to have the shallower energies
(Sec. II B). Assuming for specificity, perhaps a 50%
increase in density then leads to
(ND —N„) =6.6x10' cm . For T=8'K (which is

in the range showing e2), this leads to a value of
q =3.27 x 10' cm ' [Eq. (8)]. As discussed (Sec.
II A), we use the results of Aldrich" to obtain E&/Eo.
From Fig. 1 of Aldrich, " E~/Eo =0.05, giving
E~' =0.05 meV. This value is too 1ow, since by de-
finition EJ' & Q, and since it is known from photo-
conductivity measurements30 that Q =1.6 meV.
Nevertheless, this is not surprising in view of the ap-

proximations (see Sec. II A). Moreover, this result
indicates that E]' —Q must be close to zero, so that
the inequality E„(&Eq is indeed satisfied. It now

still remains to be shown that the value of e2 is rea-
sonable. To check this, we now evaluate d,E [Eq.
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(10)] and then Eq. For the impurity band conduction

ND + Ng = ND + Ng =6.9 x 10' cm

and consequently 4E =3.3 meV. Again considering
T = 8'K, this leads to x =4.8 [Eq. (12)]. For
evaluation of z [Eq. (11)], the inverse Bohr radius p
is also required. Assuming, for sample L3, an in-

crease of -50% in the radius over that at infinite
dilution, i.e., p = (60 A), gives z =1.3. From
Hill's' Fig. 4, for these values EI, = 2 4E, leading

to Ea —1.6 meV. Since a2 =2 meV (Refs. 14 and
21), the identification of e2 with Ea is consistent. It
can also be noted that with a 50% increase in radius
in region II, and since the impurities in this region
amount to about 5% of the total (Ref. 14), the
volume fraction of region II is about 1'7%. This satis-
fies the percolation criterion of 15% for conductivity
(Sec. II B).

Before concluding this section, we also still wish to
mention the possible application of the screening
model to the phenomenon of "persistent" or "storage"
photoconduction. It has been observed' on many
semiconductors that at low-temperatures photocon-
ductivity, once initiated, often does not decay. This
conduction can then be quenched only on heating.
Moreover, Kulp et al. 47 have shown that the trans-
port properties of those of their CdS crystals which
showed this effect "can be explained on the basis of
impurity conduction". We thus suggest that this type
of photoconduction results because of the extra car-
riers, and thus better screening, introduced by the il-

lumination. The resultant feedback then "switches"
the original nonscreened insulating state to a
screened, conducting system. However, details on
this respect have not yet been worked on.

IV. DISCUSSION

A disconcerting feature in understanding the "e2"

metal-insulator transition in doped semiconductors is
that there are several theories which can explain the
gross features of such a transition. Past attempts to
decide between such theories by more detailed anal-

yses have not met with much success. As two recent
examples: Mott, after generally favoring the Hub-
bard view, has recently concluded that the detailed

behavior of the Hall coefficient as a function of con-
centration is better understood by the Anderson
model. Arguments against this latter interpretation
have, however, already been advanced by Desh-
muk. Similarly, on the basis of localization calcula-
tions it has been concluded by Antoniou and
Economou' that, "at least for uncompensated speci-
mens, the electron-electron correlation and not the
randomness is responsible. ..". Whether these argu-
ments are conclusive has also already been ques-
tioned, by Weaire and Srivastava. "

The present work is a continuation of such at-
tempts to differentiate among the various theories.
As we have shown previously, ' the temperature
dependence of the Hall coefficient, in the pretransi-
tion range, is incompatible with excitation either to
an upper Hubbard band or to an Anderson mobility
edge. A screening model, coupled with a separation
into two regions, however can explain the data. In
the present paper, we have presented this model in
more detail. We have also estimated the appropriate
activation energies for the sample of Davis and
Compton which is most amenable to theoretical pre-
dictions. The calculations, without adjustable param-
eters, gave e~ =4.4 to 5.6 meV in the temperature
range of interest, as against an observed value of 5.5
meV. For aq some estimates are required (for in-
stance, the increase in impurity density in region II);
however, with reasonable values, the prediction is 1.6
meV, as against an observed value of 2 meV. We
feel these results strongly support the validity of the
model in the pretransition range. As regards the MI
transition itself, there is no question that screening
can explain such a transition, since sufficient screen-
ing always leads to zero activation energy. ' " How-
ever, as can be seen from Fig. 1, polarization and
disorder effects become increasingly important close
to the transition. We thus still regard this aspect as
an unanswered question.
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