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A detailed study of the Mossbauer effect of divalent Fe ~ impurities in Th02 shows several
remarkable features. Although the most probable impurity sites have nearly cubic symmetry,
the spectra have large quadrupole splittings (l.9-2.8 mm/sec). The Debye-WaBer factor f
is surprisingly low I,'0. 3-0.4), nearly independent of temperature from room temperature to
10'K. The isomer shift ( 1.0 mm/sec re metallic iron) is smaller than the usual value for
divalent charge states. Al]. three abnormalities can be explained through the assumption of
effective potential wells of the impurities which have a "wine-bottle' shape. Quantitatjve com-
parisons based on a simplified "squared wine bottle" with a high central maximum yield an
outer radius R, =0.941 and inner radius RI ——0.19k. The empirical R& is comparable with an
average "rattle radius" 0.26 A corresponding to hard spheres with known ionic radii in the
Th02 structure. Such a model yields f values in close agreement with observations at all
temperatures, and a large negative thermal-shift contribution which provides a plausible ex-
planation for the total observed shift. The central maximum of the assumed potential forces
the impurity ions into positions of noncubic symmetry, offering a mechanism for the quadru-
pole splitting. The possibility of a relaxation process is suggested to account for the reduced
magnitude of this splitting as well as for the broad lines. Theoretical analysis for f and the
thermal shift in spherically symmetric mine-bottle potentials is given, and the occurrence of
similar potentials in other impurity systems is discussed.

I. INTRODUCTION

The present work was initiated as a result of
recent demonstrations of the utility of the Moss-
bauer effect in studies of low-temperature anhar-
monlclty. As discussed 111 Hef. 2 a. VR1'lety of
homogeneous and impurity systems contain Moss-
bauer sites having ma, rkedly anharmonic potential
minima. The temperature dependence of the Debye-
Waller factor f is a sensitive gauge of such anhar-
moniclty ~ A 11Uantltatlve tlleoI'y fol' I'61R'tlIlg tile
temperature dependence of f to the shape of the
potential mell was used to analyze the results of
a study of FeCla. Substantial agreement was
found between the mell parameters resulting from
the Mossbauer study and a simple model based on
the relative sizes of the ions in the crystal.

Thorium oxide is a highly refractory material
with a melting point above 8000 C and correspon-
dingly strong force constants. '' Thus if Co'
could be introduced substitutionally for Th as an
impurity in ThOs, and if the impurity-host binding
forces were comparable to host-host binding, we
would expect a Debye-Wailer factor f approaching
unity even at room temperature. On the other
hand, if the effective potential near the minimum
is primarily determined by the separation and hard-
ness of ionic cores, then the small si,ze of the iron
ion relative to thorium wouldproduce@nabnormal-
ly low f and anharmonic behavior at low tempera-
tures.

This paper describes a Mossbauer study which

provided a quantitative test and an elaboration of
the previous studies of low-temperature anharmo-
nicity.

II. EXPERIMENT'AL

Optical and ESR studies (see Sec. VA) have
shown that ThO3 crystals can be grown with ap-
preciable concentration of cation impurities, in-
cluding Fe. These results indicate that the im-
purities are Fe ' in sites of essentially cubic sym-
metry, and hence are presumably substitutional
or quasisubstitutional for the Th ' . We found
thermal diffusion of Co at moderate temperatures
(-600' C) to be sufficiently rapid to allow innocu-
lation of several single-crystal and polycrystalline
ThO host materials. The basic preparation for
each source consisted of (a) doping the material
with 0.1N Co'7 Cl~ in H~O solution prepared com-
mercially, Ic(b) baking under vacuum or partial Hs at-
mosphere at 575-600 'C for 15-20 min, (c) wash-
ing with HC1 Rnd distilled HaO, and (d) abrading the
surface with emery paper when feasible. The
ratios of 14-keV radiation to high-energy back-
ground [from 122-keV peak mainly ( & 95k)] were
used as an indication of the averaged diffusion
depth, typically on the order of 0. 1 mm.

Samples were prepared by the above technique
from an optica, lly pure single crystal, ' powder,
and a sintered pellet. The spectra of these sources
were identical within experimental error at room
temperature. The f values of the polycrystalline
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sources were reduced from those of the single
crystal by about 5-15%. We feel that this was due
to nondiffused activity remaining on the crystal
surfaces as it was impossible to abrasively clean
the polycrystalline faces. The f values of thepoly-
crystalline sources were increased by 15% at all
temperatures to compensate, a correction we feel
is conservative in that it decreases the degree of
low-temperature anharmonicity.

In order to study the temperature dependence of
the sources, they were mounted in the sample
holder of a cryostat. The sample holder was rig-
idly clamped against vibrations without thermally
linking the sample to room temperature. " Tem-
peratures of the samples were stable to within
0. 5 K at all temperatures over a 24-hour period.
The various absorbers were mounted on amechan-
ically coupled speaker pair driven in a linear ve-
locity mode. Counts were stored in a Nuclear Data
Model 130 multichannel analyzer operating in co-
incidence mode.

III. MEASUREMENTS AND PROCEDURE

A. Procedure

A detailed background analysis was carried out

by previously described techniques. ' '3 We mea-
sured the fraction of the ThO~: Co' sources with

an enriched wide absorber (EWA) by comparison
of absorption areas of several known sources and

by an "on-off" technique described elsewhere. '
The latter was valuable even in our case of broad
emission lines for two reasons: It allowed us to
compare effects of geometry with the sample in

and out of the cryostat, and it gave us the ratios,
I(~):I(0):I (background), as a checkonthe veloc-
ity spectra of the ThO~ source versus the EWA.

The technique of relative f measurements via
absorption area was the best suited for Th02. Co'
with its broad emission lines, because the areaof
the velocity spectrum is independent of the source
line shape or velocity-independent instrumental
broadening and is only weakly dependent on the ab-
sorber line shape. ' When an area comparison is
made between the spectra of two sources, the effect
of the absorber is eliminated, being the same for
both. Where one of the source fractions is known

absolutely in a relative measurement, all compara-
tive fractions are determined absolutely. Thus, we
chose the EWA for the comparison absorber be-
cause of the magnitude of its effect, and we chose
to compare the ThO3 sources to the Cu: Co" copper
source previously studied in this laboratory. '

The Mossbauer fraction for ThO, :Co' was given
by

fThcq:co fcu:co x (g,/g, ) x (Itz/II~),

where A. , is the absorption area of velocity spec-

trum ThO&. Co" versus EWA, A, is the absorption
area of velocity spectrum Cu: Co" versus EWA,
8& is the percent of 14-keV radiation of the ThO~:
Co ~spectrum, and Rq is the percent of 14-keV
radiation of the Cu: Co spectrum

Velocity spectra of Th02: Co' sources weretak-
en versus the EWA along with measurement of I (~),
I(0), and I' (background) at all temperatures stud-
ied. In order to study the emission line shapes of
the Th02 sources, velocity spectra were taken
versus a single line enriched Na4Fe(CN), ~ 10H~O
absorber. " Velocity calibration of the spectrom-
eter was performed via the above Cu source versus
Armco natural iron foil spectrum for each run.

B. Results
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FIG. 1. Velocity spectrum of Th02 N3 versus enriched
Na4Fe(CN)6'10820 at T=78 K. Positive velocity is de-
fined for the absorber moving away from the source. A

theoretical fit from the relaxation calculation shown is
by the solid curve. The Fe ' and Fe components are
identified above the fit. Velocity defined as in Fig. l.

Figure 1 is a representative spectrum of Th02: Co57

versus the enriched Na, Fe(CN), ' 10H,O absorber.
The emission spectra at all temperatures studied
are resolvable into two very broad dips of weak
intensity. The spectra were approximately fit
by a computer program using Lorentzian lines, '6'7
Fitting was attempted with 2, 3, 4, and 5 lines.
None of the fits appeared to be consistent at all
temperatures. The best approximate fits were
generated for a pair of lines with identical half-
width and intensity and a small third peak located
between these with broader half-width. The ap-
proximate velocity positions of the pair and the third
peak led us to associate quadrupole split Fe ' ions
with the pair and Fe~' ions with the third peak. The
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area ratios of the peaks lead us to conclude that
the iron impurities are about 66% divalent and 33%
trivalent. No evidence for other charge states
could be found. The poor computer fit, broadlines
of weak intensity, and reduced value for the quad-
rupole splitting led to a set of fits incorporating
relaxation broadening, which we discuss later,
enabling us to fit the spectra more consistently.
The solid lines are the fit to the spectrum in Fig. 1
by the calculation allowing for the Fe ' and Fe '
components. The half-widths of all three lines
were relatively independent of temperature to with-
in statistical uncertainty in the range of 1.2+0. 2
mm/sec for Fe ' and 1.4 + 0.3 mm/sec for Fe" .
The velocity shift of the Fe ' component shows a
very weak temperature dependence [Fig. 2 (a)].

The chemical shift from the room-temperature
isomer shift is - 1.2 s 0. 1 mm/sec, which is re-
duced from the expected shift for ionic Fe ' in
eightfold symmetry. ' ' Owing to the small in-
tensity and large half-width, the isomer shift of
the Fe ' component illustrates no observable
temperature dependence. All the values are in
the range of 5v =0. 3+0.2 mm/sec. The quadru-
pole splitting of the Fe ' component varies from
1.88+0.05 mm/sec at room temperature to 2. 5"I

+0.05 mm/sec at T=10' K[ Fi g. 2(b)I. The quad-
rupole splitting at all temperatures is substantially
weaker than the expected value for ionic divalent
Fe' in the case of very slow relaxation, where
AEo =

A Eo (- 4.0 mm/sec) for all temperatures. '
The temperature dependence also shows marked
deviation from fast relaxation behavior, which is
characterized by &E@ &Eo tan—-h(6/2kT), where
A is the electronic orbital splitting (see Sec, VC).

The Mossbauer fraction exhibits abnormaQy weak
temperature dependence, varying from f =0. 30 at
room temperature to f = 0.41 + 0. 02 at T = 10 'K.
These results are shown graphically in Fig. 3.
They are compared with theoretical cuxves based
on Rn Elnsteln IQodel with characteristic teIQpex'R-
ture of ez = 10V 'K, and R Debye model with 8~
= 185 'K, both curves being matched to the mea-
sured f at room temperature. The deviation of
the experimental values from these curves isquite
marked. Table I summarizes the relevant data at
each temperature.

IV. PRELIMINARY ANALYSIS: HARMONIC FORCES
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FIG. 2. (a) Velocity shift (isomer shift) of the I"e '
component versus temperature. The solid lines are
curves for the velocity shift of a wine-bottle potential
with hard central maximum with a chemical shift of 1.4
mm/sec. The upper curve is the high-temperature
classical behavior extrapolated to low temperatures;
the lower curve is the isomer shift corresponding to po-
tential well radii of 82=0. 245 A and B,=0.195 A or,
equivalently, the ground-state energy of f&/k=600'K,
(b) Quadrupole splitting of the Fe2' component versus
temperature. The solid line is calculated from the equa-
tion &Eq(T) = &Eo tanh (4/2k') with GEO ——4.0 mm/sec
and 6/k = 306'K.

The experimental results for f, EEo, and the
isomer shift are aQ abnormal in that they show
considerable departuxes from the values or tem-
perature dependences of convential models. Of
the three experimental quantities f is the most
anomalous and also provides the strongest clues
toward the development of a plausible and compre-
hensive model. In Sec. IV we compare the mag-
nitude and temperature dependence of f with the
behavior of simple harmonic substances.

The simplest treatment for the f of impurities
ls to Rssume theIQ to be bound harmonically with
the characteristic force constants of the host, 1.e. ,
to tl eRt them Rs slIQple lsotoplc 1IQpux'ltles ~ Two
roughly equivalent methods for the practical pre-
diction of f are available: the theories of Lipkin
and of Dawber and EQiott. In both theories it is
shown that the isotopic impurity f can be closely
estiIQated by adjusting the characteristic tempera-
ture of the host by the square root of the impurity-
to-host atomic mass ratio. If we do assume that
the Fesv ions are isotopic substitutional impurities,
then with the measured characteristic Debye tem-
perature e~ = 394 K of pure Th03, the character-
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perimental value at one temperature, thereby
fixing the value of the effective force constant acting
on the impurity. If this is done, normalizing at
room temperature, then we find the calculated
value at O 'K to be O. S15. A graphical comparison
of the data with both of the above calculations is
given in Fig. 3.

The Einstein model has a special significance.
Housley and Hess' have shown that if f is normal-
ized to data at a single temperature, then an Ein-
stein model provides the lowest possible value of

f (0 'K) afforded by any distribution of harmonic
modes. Therefore, we find that the temperature
dependence of f implies a considerable degree of
anharmonicity of Fe'7 in ThO~. In Sec. V we in-
spect the data in greater detail and compare the
results with a specific anharmonic model.

V. DETAILED ANALYSIS
A. ImpuI'it/ sites

0.2
0 IOG 200

TEMPERATURE 'K
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FIG. 3. Mossbauer fraction of Th02. Fe5~ versus tem-
perature. The solid lines are calculated from an Ein-
stein model of the frequency distribution with character-
istic temperature 8@=107 K and from a Debye model
with characteristic temperatures OHD

——185 'K and OHD

=796 K.

istic temperature of the impurities is (scaling ac-
cording to the mass ratios of Fe' and Th '

) O, ,
= 796 'K. Corresponding f values calculated ac-
cording to the usual Debye formula are

f, (300'K)=0. 93 f, ~ (0 K)=0.96.

We may also compare the f with values corre-
sponding to an impurity having a 6-function (Ein-
stein) frequency distribution. Such a model might
be a reasonable one for the relatively light irn-

purities, which can be expected to vibrate in a
localized high-frequency mode. ' The Einstein
model also affords a greater degree of flexibility
in that it is possible to normalize the f to the ex-

The crystal structure of ThO3 is isomorphous
to CaF~. Figure 4is aperspectivepacking drawing

showing the distribution of Th ' and 0 within a
unit cell. The oxygen ions form a simple cubic
lattice. Each Th ' is found at the center of a cube
of eight 0 ions at the corners and each oxygen j.s
found at the center of atetrahedronof thorium ions.
The impurity structure of this material has been
previously discussed since its physical properties
are often measured via impurity atoms. It was
found by ESR studies that the cubic symmetry of
ThOz is present to a high order with impurity tri-
valent gadolinium, despite the fact that the Gd '
has a smaller size thanthe atoms in the host lattice.
It was suggested that symmetric charge distribu-
tions (S states) attract nearest neighbors uniform-
ly and prevent the formation of vacancies or asso-
ciated interstitials in the neighborhood of the impurity.

It was shown by Hund and Durchwachter 6 by x-ray
analysis that in a high-purity crystal of ThOz there
are some negative vacancies randomly distributed
throughout the crystal. Recently, optical and ESR
studies showed that in single crystals of ThO~being
subjected to ionizing radiations, there is local tet-
rahedral symmetry which is very slightly distorted
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shift

4v mm/sec
I e2+

Half-width
I" mm/sec
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Velocity
shift

5v mm/sec
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10.6+0.5
78.0+0.5

120.0+0.5
298.0+0.5

0.41+0.02
0, 42 +0, 02
0, 39+0.03
0.30 +0.02

1.4+0.2
1.2+0. 2
1.0+0.3
1.1 +0.2

1,1+0.1
1.1+0.1
1.1+0.2
0.9+0.1

2. 57 +0.05
2.60+0.05
2. 35 s0.1
l.88 + 0.05

1.5 +0.3
1.5*0.3
1.8+0.5
1.0 +0.3

0.3+0.3
Q. Gs0. 3
0.3 ~0.4
0.5 +0.3
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samples, However, if the mechanism for charge
compensation for impurities is taken care of by
oxygen (as suggested by Low and others), the con-
centration of oxygen vacancies deduced from, simi-
lar cases in the literature is of the same order of
magnitude as required for our sample, i.e. , as-
suming that the 0. VmC of radioactive cobalt( 10'~

nuclei) are charge compensated by oxygen vacan-
cies for the known active volume( 10 4 cm'). The
ratio of Co ' to Co ' is 2: 1 from the relative in-
tensities in the emission spectra. A simple cal-
culation shows that the average distance between
two cobalt ions in the sources is about 15 lattice
parameters, and for Mossbauer purposes it is
dilute.

B. Recoil-free Fraction and Thermal Shift

Dash et al . have shown that for an arbitrary
degree of low-temperature anharmonicity, fac-
torization of f is a reasonable approximation at all
temperatures:

fhoat xf |oa

(b)
UNIT CELL ThO

FIG. 4. (a) Perspective packing drawing of the posi-
tions of the iona in the unit cell of Cap2-type structure.
The oxygen ions of Th02 occupy the &, 4 positions and
the thorium ions occupy the D, 2 positions. (b) The unit
ce11 of Th02 with the ions given their relative sizes.

axially along the body diagonal in the over-all cubic
symmetry of the ThO& lattice. These vacancies play
an important role in the electric field gradient (EFG)
considerations and in the charge-neutrality mech-
anism of the crystal in the presence of impurity
ions. ESR results indicate that the oxygen va-
cancies are probably not localized in the immediate
neighborhood of the impurity ion. In determining
the location of the cobalt impurity in the host Th03
we have to meet several restrictions: (i) The
Mossbauer patterns suggest the presence of di-
valent and trivalent cobalt. (ii) The cobalt ions are
substitutional for thorium ions or interstitial in
the Th substructure. ' (iii) The ThO3 remains
electrically neutral on the average. (iv) The low

f implies ample rattling space for the cobalt ions.
(v) The similarity of the spectra for the single-
crystal and polycrystalline sources indicates the
bulk of the diffused Co is not influenced by crys-
tal defects. We have no means for accurately
determining the number of oxygen vacancies in our

where f is the measured f of impurity, f„„,isthe
f binding local well to harmonic solid, and f»,
is the f due to shape of local well.

The relatively strong force constants of pure
Th02 indicate that f„„,= 1 over the explored tem-
perature range. We can then assume as a first
approximation that the experimental f is essential-
ly equal to f„,. If we now assume for the local
potential a simple spherical cavity, we can ap-
proximate the magnitude and temperature inde-
pendence of f with a cavity having an effective
radius of 0. 215A. However, the thermal shift
implied by this radius appears too small to account
for the total observed shift. It appears that the ob-
served line shift is at least 0.2 mm/sec smaller
than can be accounted for by the chemical shift of
divalent impurities. Furthermore, the high
symmetry of a simple spherical cavity allows no
mechanism for the large splitting. Although one
does not usually attempt to explain f, shift and
splitting through the assumption of a potentialwell
of special and unusual shape, we do find it possible
to explain all three in this material.

The potential suggested by f, shift, and splitting
has a spherical wine-bottle shape. Wine bottle is
a term first used by Elsasser to describe poten-
tial wells having central maxima. Such -~veils were
for several years believed to characterize single-
particle potentials in heavy nuclei, "but have since
been replaced by complex potentials with simpler
spatial dependences. There are several atomic
systems which appear to have mine-bottle potentials,
including dense gases and simple liquids, "solid
helium, ' clathrate compounds, ' and small sub-
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stitutional impurities in ionic crystals. ' Co in
ThO& can be expected to resemble the last class of
materials owing to the relatively small size of the
Fe ion in the Th02 sites. Detailed studies of small
substitutional impurities in ionic crystals have
given evidence of subsidiary minima distributed
about the central maximum. However, we pres-
ently have no evidence for subsidiary minima in
ThO, :Co'7, and therefore have assumed the simpler
shape of a spherically symmetric hard-walled
cavity having a strong and hard central maximum
[Fig. 5(c)j. The detailed calculation of the Debye-
Waller factor and thermal shift for such a potential
is given in the Appendix. Parameters yielding the
best fit to the measured values f (T &10 K)
=0.43 and 5v = —0. 3 mm/sec are

outer radius (R, ) = 0. 245+ 0. 005 A,

inner radius (R~)=0. 195+0.005A.

C. Quadrupole Splitting

(a)

V(f)

Vp
The above suggested model also allows one to

postulate a mechanism leading to an explanationfor
the observed quadrupole splitting. In an attempt
to fit theoretical curves to the velocity spectra,
several approximate Lorentzian fits were obtained
that were consistent for the various temperatures.
The two dips appear resolvable into a quadrupole
split doublet which we associate with the Fe ' ions.
The approximate values obtained for the quadrupole
splitting, the broad linewidth, the weak temperature
dependence of the isomer shift, and poor computer
fit then suggested the possibility of a quadrupolar
relaxation process which we discuss below.

As discussed earlier, we assume that the Fe '
ion is either substitutional for Th ' or else in one
of the vacant sites (body center of the fcc Th' sub-
lattice). In either case, it is surrounded by a cube
of eight 0 ions, i. e. , it has eightfold coordination
(fluorite structure, Fig. 4). The observed quadru-
pole splitting b E presumably can come about by
a static perturbation of the perfect cubic symmetry
by any of the following: nearby charge compensa-
tion, distortion of the 0 cube, or with the ferrous
ion in an off-center position. In cubic symmetry,
it can also come about through a slow relaxation
between members of a spin-orbit multiplet or by
means of a dynamic Jahn-Teller effect as dis-
cussed below.

In eightfold coordination the atomic'D state of
the Fe ' ion is split into a low-lying orbital dou-
blet '1"& and an orbital triplet 'I'„some 10' cm '
higher in energy. ' One expects the splitting in
eightfold coordination to be about the same as the
splitting found in a sixfold (octahedral) coordina-
tion, namely, 10 cm ', for a near-neighbor dis-

0

tanceof 2. 1A. In the present case, the nearest-

(c)
V(r)i(

R) R~

FIG. 5. (a) Typical radial dependence of a wine-bot-
tle potential. (b) RadiaL dependence of a squared wine-
bottle (SWB) potential. (c) Radial dependence of SWB
potential with hard central maximum.

neighbor distance is 14/0 greater than the usual
octahedral spacing. Thus it is possible that the
T 3 I 5 cubic splitting ~ p ls reduced to perhaps
4000 cm '. Spin-orbit coupling to the I", levels
splits the I', levels in second order by 24K /&0
or -30-60 cm ', where X(-102 cm ') is the spin-
orbit parameter. This is in marked contrast to
the octahedral case where the lowest orbital l, is
split in first order by 5A or -500 cm '. '4

The two FB orbitals transform as ~x —y ) or
!3s —r ). Any of the perturbations mentioned
earlier can remove their degeneracy, and if great-
er than the spin-orbit perturbation, the two re-



MOSSBAUER STUDy OF I,OW- TEMPERATURE

suiting orbital wave functions may be represented
in first order by

= cos& Ix —y ) +sin& j 38 —t'$

= -si» I x~ -y~) + cosa I 3@~—r~) .
Using the usual definition, neglecting a lattice con-
tribution,

3 cos'6 -],
+me =~0= —e

y3

V„„—V„=eqq =-e(q, ~3sin'ecos'y ~yg (4)

= "'(-,')-"'
The quadrupole splitting due to either orbital state

is thus

«, =-.""qe(I+-'. n')"'=(2"e/&) (I/~'),

less, perhaps, some 1% by split-orbit coupling.
This is in marked contrast to the octahedral case,
where spin-orbit effects can reduce the orbital con-
tribution appreciably. If the two states have a
probability difference p = t p, -p I and there is rap-
id relaxation between them, then the quadrupole
splitting is 4E =4~OP". For the usual case the
probabilities a,re Boltzmann factors and p=
tanh(&/2kT), where & is the splitting between the
bvo states. 36 For ionic Fe ' octahedral complexes,
the factor b Eo = ~~e Q (I/r') varies from 3.5mm/
sec for Fe ' in MgO, to 4. 1 mm /sec for Fe ' in
FeSiF8 6H30. " [The room-temperature isomer
shifts (IS) vary from 1.0 to 1.4 mm/sec, respec-
tively, with respect to metallic iron. ] In the pres-
ent case such an analysis of the spectrum yields
4Eo = 2. 8 mm/sec (and IS = l. 1 mm/sec).

The above expression &E = b E~tanh (6/2kT) has
been used to explain the quadrupole splitting of
Fe ' in tetrahedral symmetry ' in which the F3
state is also lowest, . In these cases the parameter
~ Eo is in the range 2.8-3.2 mm/sec and the isomer
shifts are approximately 0.8-1.0 mm/sec. Itis
somewhat doubtful that covalency, spin-orbit effects,
or lattice EFG contributions can entirely account
for these small values of ~EO. A more reasonable
explanation' is that there is a configuration inter-
action causing some 4p admixture. L0%' and %cger
have stressed the importance of such an effect in
cases with no inversion symmetry, such as tetra-
hedral symmetry.

Although the values of IS and &Eo for the ThOp
case are similar to the tetrahedral cases above,
the deviation (reduction) from ionic, octahedral
behavior is yet more pronounced, even in the pres-

ence of inversion symmetry. Our linewidths are
also much greater than in the tetrahedral cases.
Moreover, the simple impurity potential model can
predict an anomalously strong thermal shift, large
enough to explain ".he IS reduction. It has recently
come to our attention that Fe ' in highly doped
CaF3" (to our knowledge the only other experiment
of Fe ' in eightfold symmetry) yields IS and hE
values which are slightly larger than the greatest
found in octahedral cases, namely PeSIFS 682 's

For the above reasons we consider a model of slow
relaxation as a possible alternative to covalency
and, configuration interaction in order to explain our
spectra.

A modification on the above crystal-field treatment
of two ionic levels is to assume that the re laxation
time 7 associated with transitions between 0, and
4 is comparable with the quadrupole precession
time. The theory for such a process has been given
by several authors. " ' Qualitatively, the resulting
spectra may be described in several regimes (Fig.
6). For very short times, one obtains narrow lines
and a splitting ~E = 4Eop as shown previously. For
very long times, narrow lines are obtained, but
~E = ~ED, independent of the probability difference
p, since the ion is in either 0, or + during the
y-ray emission, and either state produces the same

VELOClT Y

FIG. 6. Emission spectra for various probability dif-
ferences p and relaxation times w.
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splitting. For intermediate relaxation times with

p —""1one finds narrow lines and &E = &Eo. However,
at lower values of p there is considerable line
broadening. Moreover, in this intermediate case
(p&1) the splitting is greater than n. E&p but less
than &Eo.

Assuming a value &Eo =4. 0 mm/sec correspond-
ing to a relatively ionic case, 1t is possible to fit
the Fe~' component with values of 7 on the order of
10 sec, which decrease with increasing tempera-
ture; we also find p-0. 5 with little temperature
variation (Fig. 7). The errors on 7 are sufficiently
great to limit extensive critical analysis, however,
the dependence of p upon T is sufficiently accurate
to rule out either the possibility of strict Boltz-
mann population and constant ~, or equal proba-
bilities (p =0).

If & is permitted to vary with T in order to as-
sign a Boltzmann interpretation to p, i.e. , p
=tanh(&/2kT ), then b would have to roughly equal
AT to give the observed dependence. If the split-
ting ~ were due to some charge compensation, the
latter would be roughly 20A away at 10 'K and its
distance would decrease to within 7 A at 300 K, an
unlikely possibility. However, if the splitting were
due to the Fe ' being displaced off center, it would
be displaced by -0.05 A at 10 'K and -0.3A at
300 K. The latter behavior is also probably too
extreme, but is not entirely ruled out.

It is also possible to obtain fits to the spectra
with &Eo=-3. Omm/sec, corresponding to a, high
degree of covalency (not shown). In this case,
the lifetime parameter v turns out to be roughly
three times greater at all temperatures than for
nE, = 4. 0 mm/sec, but the factor p then increases
with increasing T, although its uncertainty is very
large. In Sec. VI we include a discussion of the
types of motion which could give the observed quad-
rupolar relaxation and also again briefly touch upon
the probability factor p.

VI..DISCUSSION

We have assumed that the anharmonicity islim-
ited to the interactions between certain atoms and
their immediate neighbors, while the remaining
interactions in the crystal are essentially harmonic.
The close-packed array of relatively large oxygen
iona together with the low f suggest that the size
of the cage around the cobalt impurity is not lim-
ited by the overlapping cobalt-oxygen clouds, but
rather by oxygen-oxygen electron clouds overlap-
ping. The cobalt nearest-neighbor force constant
may be influenced by the electrostatic and covalent
forces. The latter will add an attraction nonlinear
with the separation, and this will tend to drive the
cobalt toward one of its oxygen neighbors; the
purely electrostatic effects may also tend to make

laJ
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FIG. 7. Temperature variation of probabilig differ-
ence p and relaxation time ~ fit to experimental spectra.

the center of symmetry a position of a stable equi-
librium. Because of the short-range nature of the
overlap forces, the destabilizing forces acting on
the cobalt ion candominate at the centerof sym-
metry and lead to minima near the oxygen ions.
If the energy barriers between these minima are
not greater than AT or the zero point energy, the
cobalt will not be trapped at any of the positions
and the dynamic center will still be at the center
of symmetry. Accordingly, the cobalt ions will
move in a very nonharmonic potential at "low"
temperRtures Rnd the meRn-squal e displacement
will be larger at low temperatures than expected
on the basis of harmonic analysis of the high-tern-
perature results.

We find that the empirical outer radius (E2) of
the mine-bottle potential is an approximate agree-
ment with a hard-sphere model. Using the known
unit-cell dimensions of ThO& and ionic radii
1.00A for Th ', 1.40A for 0, and 0. 74A for
Fe ', the calculated "rattle space" for Fe ' is
0. 26A. This agrees rather well with the empiri-
cal R~ of 0. 245+0. 005A.

This model has the further feature that, with
the center of symmetry a point of astable equili-
brium, the potential will lift the cubic-typedegen-
eracy of the impurity ion, splitting the I"3 electron-
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ic state. This we feel provides the basis for a re-
laxation process leading to the broad emission
lines and reduced low-temperature quadrupole
splitting which we observe. The relaxation for-
mula we have used in fitting the spectra is, how-
ever probably oversimplified, since it is based
upon a static splitting between the two orbitals +,
and +; yet it permits a reasonable interpreta-
tion to the gross features of the data in terms of
two parameters, relaxation time ~, and probabi-
lity difference p.

In view of the anomalously large mean-square
displacement, it is thus fair to question the notion
of a. deviation from cubic symmetry and resulting
crystal-field splitting in order to see such alarge
quadrupolar interaction. One can imagine the
Fe ' ion undergoing several types of motion which
give a time-varying ~. The ion would see an av-
erage ~, which might have considerable tempera-
ture dependence, especially if the character of the
motion changes with temperature. For example,
if the motion were like an s state (I",), one would
expect ~ to vanish. The same would apply to a
triply degenerate motion like a P state (I",). How-
ever, if only one member of the I"4 triplet were
populated, as in linear motion along one axis, or
if two members were occupied, as in circular
motion (wine bottle), one would see a nonvanishing

Thus if the motion were I'& at low tempera-
ture and I'4 at high temperatures, one would see
& increase with temperature. This could possibly
explain the temperature dependence of the probabi-
lity factor p. Of course, there are also manypossi-
bilities of temperature-dependent relaxation between
these modes. A more general three-axis relax-
ation' model would then probably bypass the some-
what artificial problem of the factor P and split-
ting 4.

Another possibility is a dynamic Jahn- Teller
effect. ' " The qualitative behavior would be
much the same as discussed above. Such a case,
of course, contributes to the quadrupole splitting
of Fe' in MgO although the main cause is relaxa-
tion between strain-split I'~ spin-orbit levels. '
Jm principle, a behavior similar to the latter would
yield much larger quadrupole splittings in thepre-
sent case where the I', state is lowest, "but it
seems unlikely that such a splitting would then
persist to room temperature.
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APPENDIX: f AND 5v FOR A SIMPLE WINE-BOTTLE
POTENTIAL

A spherically-symmetric wine-bottle potential
has the general shape shown qualitatively in Fig.
5(a). A simplification, for calculations of the
Debye-Wailer factor f and thermal shift 6v, is
afforded by the squared wine bottle, illustrated
in Fig. 5(b). We willbase our calculations of both
quantities on this simplified single-partj. cle po-
tential for the "classical" high-temperature regime.
For low temperatures, we further simplify the
calculation by assuming a very strong central
maximum

I Fjg. 5(c)]. Thus, we base the calcu-
lations on an assumed form:

V(r)=V„O&r &R,

V(r)=0, R, &r&R, (Al)

V(r) =, x &82,

where for low temperatures we take Vo-~.

1. f at High Temperatures

It has been shown' ' that when thermal relaxa-
tion is rapid, the single-particle f in the high-
temperature classical regime is, for all single-
particle potentials V(r),

v'f(R, ) —(1 —e o "o)Q'Ef(R, )
V&»~» 1 (1 e-oro)qo

where Q=R, /Ro and

v f(R)= [S/(kR) ] (sinkR/kR —coskR) . (A5)

From the condition that the high-temperature ap-
proximation is valid when the thermal energy is
much greater than the energy level separation, we
find Eq. (A4) holds when Pw k /8 m (nR) «1.

The general dependence of f, » on the parameters

(AS)

Fpr a spherically symmetric V(r),

gf = g" e o v~"'rein(kr)dr/k jo"e '"'r dr (AS).

'Equatjpn (AS) jmphcjtly assumes that the particle's
mptjpn js well averaged in 8 and Q during the life-
time of the z ray. The calculation of Ecj. (AS) with
potential Eoj. (Al) is straightforward, and it can
be neatly expressed in terms of the f factors for
hard-walled spherical cavities of radii R, and B»
for the squared wine-bottle factor f,„» we obtain
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is interesting. We see that f,„» correctly ap-
proaches f(R, ) as Q or Vo tend to zero. The tem-
perature dependence is strikingly different from
either the square well or harmonic behavior:

PVo 0 f,~» f(Ro)

(A8)
PVo-"' 4f. »-fvf(Ro) @'df(R-1)]/(1 —@')

gf = sin kR/kR. (AV)

This expression, which is identical to that for a
one-dimensional square well, 4' shows a spectrum
of zeros atkR =no for n = 1, 2. . The zeros arise
from the interference of the radiation emitted from
the various polar angles 8. Interference occurs
in the more general Eq. (A4), although it is
weaker if the flat bottom has a finitewidth.

f « f otv Temperature

For the low-temperature limit T = 0, we must
use the ground-state wave function to calculate

f, = (0 I

e*'"
I 0& (A8)

For all spherically symmetric potentials the
solution of the Schrodinger equation is

The asymptotic expression for f,„» at large PVo is
smaller than for small PVo, i.e. , f decreases at
loseer temPexatuxes. The decrease comes about
because the central maximum forces the particle
to larger average values of x as the temperature
falls, and of course, the f factorisgenerallysmal-
ler for larger average displacements. The decrease
at lower temperatures is illustrated by an extreme
example: a tight-binding wine bottle, in which the
particle is constrained to remain at a fixed value
x =R while averaging rapidly over the spherical
angles. In this case e '"' has the form of a 5

function, constant 5 (r-R), and Eq. (A3) becomes

of factors for simple spherical cavities:

where

( / )
[A(R,) -A(R, )]

[»R —(sino'ER)(cos2&R, „)]

and for the wine bottle
2[(oR,)' —(o.R,)']

(A18)

when tkR+2&R) &1.8. In Fig. 8 wepresent curves
for the variation off with well radius, for several
values of hR, calculated according to Eq. (A12).

3. Thermal Shift

The thermal or second-order Doppler shift 5v

for all potentials and temperatures, is given by

5v/c = bE„/Z„= (e ) /mc', (A17)

where (e) is the thermal average kinetic energy

A(R) =-,'[2Si(kR) —Si(kR+ 2&R)-Si(kR-2&R)],

Si(x)= J (sinx'/x')dx' . (A12)

and &R =Ro-R» R„=—,'(R, +Ro). The factor at
T = 0 for a hard-walled spherical cavity of radius
R is

[fo(R)]'"=[&&(R)/k] (oR —,' sin 2oR) '. (A13)

When
I
kR +2o'R

I
is not much larger than unity,

the expression can be reduced to simpler form
by the series expansion"

x' xSi(x)=x—,+ (A14)

For x ~ 1.8, the first two terms give the sum to
within 3%. Within this range we obtain solutions
independent of k; for the simple cavity

Kfo(R)= 2(&R) /3(uR —o sin 2nR), (A15)

l((r) ct-"slnor; coeur (A10)

where o = (2mE/h')'". We will assume that the
central potential Vois sufficiently large [Fig. 5(c)]
to set the "exterior" solutions (r &R„r&Ro) to
zero. Then we obtain, for the radial wave func-
tion in the ground state,

1)I(r, 8, y) = (tt, /211)P, (cosa)e' ' y(r)/r,

where' (r) is a solution of the radial equation

—(h /2m)(d y/dr )+[1(l+1)/mr ] X=& X. (AQ)

The ground state n=1, l =0 has simple harmonic
solutions, for R& & x & Rz,

1.0
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Calculating fo with the radial wave function [Eq.
(All)], the result is again expressible in terms

F&G. 8. Mossbauer fraction at T—-0 K versus radius
R& for a spherical square-wel1. potential of various bR
(~=R, -R,).
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of the particle. When kT is much larger than the
level spacing, (e) = —',kT, but at low temperatures
the finite level spacing causes deviation from clas-
sical behavior. For the squared wine-bottle poten-
tial, the kinetic energies will depend upon both
tluantum numbers n and / in Etl. (A8). However,
if AR is small compared to 8,„then the radial term
dominates. For simplicity, we will here assume
that the orbital terms are degenerate in energy.
From the s-state solutions to Eq. (A9) we have

These levels now have degeneracies
n-1

g„=Z (21 + 1).

0.0
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E
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The mean kinetic energy is an ensemble average

(A20)

'where z is the single-particle partition function

(A21)

Numerical calculations of 5v were carried out
for the energies and degeneracies given by Eqs.
(A18) and (A19): The results for several choices
of &1 are shown in Fig. 9. For each &1, the shifts
are nearly temperature independent when p&1

& 1,
and they rapidly approach the classical shift at
higher temperatures. An important feature of the
curves is the asymptotic value at T = 0, a contri-
bution that is superimposed on the temperature-
independent chemical shift. Since &, depends on
~B and not on the mean mell radius, the tempera-
ture dependences of 6v and f can be used to deter-
mine the two parameters of the squared wine-bottle
potential.

FIG. 9. Thermal shift (second-order Doppler shift)
versus temperature for spherical wine-bottle potentials
of various ground-state energy levels e&/k.

Real potentials of the wine-bottle variety have
finite central maxima, in contrast to the simpli-
fication on mhich we have based our calculations.
This complication will cause f to have a bizarre
temperature dependence, tending to decrease at
lower temperatures, as we have noted in the classi-
cal calculation. The decrease arises when the ther-
mal average energy of the ion decreases to values
comparable with the height of the central maximum
and the ion becomes trapped in the spherical annu-
lus. When this occurs, the ion is forced outward
to larger radii, resulting in larger mean-squared
displacements. If there are subsidiary minima'o
distributed around the spherical annulus in which
the ion can be trapped, then a further surprising
change will occur: At still lower temperatures f
will rise again to relatively large values (-1) and
remain large to 0 'K.
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