
4800 KHAN, RE YNOLD S, AND GOOD RICH

of the wave-function amplitude over the FS when they
become available. Since all of the calculations of the
amplitude of 0- involve approximations which either
eliminate the details of the wave-function amplitude
completely or are not applicable to this case, there has
been no attempt to make detailed comparisons to them.
It is hoped that these measurements and others will
stimulate more detailed theoretical studies of the effect.

ACKNOWLEDGMENTS

The authors are indebted to Dr. S. A. Khan for his
help in all phases of this work. One of the authors
(H.R.K.) wishes to acknowledge assistance from the
Dr. Charles E. Coates Memorial Fund of the L.S.U.
Foundation, donated by George H. Coates, for as-
sistance in the publication of this manuscript.

f Work performed under the auspices of the U.S. Atomic
Energy Commission; A. E. C. Report No. ORO-3087-39 (un-
published) .

' R. G. Goodrich, S. A. Khan, and J, M. Reynolds, Phys. Rev.
Letters 23, 767 (1969).' J. M. Reynolds, R. G. Goodrich, and S. A. Khan, Phys. Rev.
Letters 16, 609 (1966) .' S. A. Khan, J. M. Reynolds, and R. G. Goodrich, Phys. Rev.
163, 579 (1967) .

4 T. P. Das and E. H. Sondheimer, Phil. Mag. 5, 529 (1960).' J. I. Kaplan, J. Phys. Chem. Solids 23, 826 (1962); S.
Rodriguez, Phys. Letters 4, 306 (1963); D. G. Dolgopolov and
P. S. Bystrik, Zh. Eksperirrr. i Teor. Fiz. 46, 593 (1963) [Soviet
Phys. JETP 19, 404 (1964)J.

' M. J. Stephen, Phys. Rev. 123, 126 (1961).
'M. L, Glasser, Phys. Rev. 150, 234 (1966).' W. D. Knight, Phys. Rev. 76, 1259 (1949) .
9 C. O. Larson and W. L. Gordon, Phys. Rev. 156, 703 (1967) .
"N. W. Ashcroft, Phil. Mag. 8, 2055 (1963)."E.P. Jones and D. L. Williams, Can. J, Phys. 42, 1499 (1964) ."R.G. Goodrich, H. R. Khan, S. A. Khan, and J. M. Reynolds,

Rev. Sci. Instr. 41, 245 (1970) ."L. Tterlikkis, S. D. Mahanti, and T. P, Das, Phys. Rev.
178, 630 (1969)."L. M. Falicov and H. Stachowiak, Phys. Rev. 147, 505
(1966) .

"D. H. Howling, E. Mandoza, and J. E. Zimmerman, Proc.
Roy. Soc. (London) A229, 86 (1955).

PHYSICAL REVIEW B VOLUME 2, NUMBER 12 15 DE CEMB ER 1970

Inelastic Electron Scattering and the Lorenz Ratio of Liquid Metals

M. J. Rzcz

General Electric Research and Development Center, P.O. Box 8, Schenectady, Sex York ZZ301

(Received 5 August 1970)

Recent experimental work has led to the surprising conclusion that the Lorenz ratios of some of the
liquid metals exhibit substantial negative deviations from the ideal Sommerfeld value, hence indicating
that inelastic electron scattering effects may be an important factor in some liquid metals. Motivated by
these observations, we present in this paper a calculation of the electronic transport properties of a liquid
metal, which takes into account the effects of inelastic electron scattering from. the ionic density fluctuations
to leading order in the small dimensionless parameter E0/k&T. Here E0 denotes a typical inelastic energy
transfer and k~T the Boltzmann factor. This calculation, based on the nearly-free-electron model, is carried
through by use of the exact sum rules of Placzek and of de Gennes on the dynamic structure factor S(q, co)

of the classical ionic liquid component of the metal. The effects of inelastic electron scattering on the electrical
resistivity are found to be negligible. Non-negligible corrections, however, associated with small-angle
inelastic processes, are found to enter the electronic thermal resistivity. The corresponding depression
in the Lorenz number is expressed in terms of the electron-ion pseudopotential, the static liquid structure
factor, and the collective-mode frequencies associated with the density fluctuations of the liquid com-
ponent, Inspection of the theoretical expression for the deviation in the Lorenz ratio reveals, however,
that it is too small to account for the experimentally observed deviations. It is concluded that, within
the framework. of the nearly-free-electron theory, the effects of inelastic electron scattering are not the
dominant cause of the rather large anomalies in the observed Lorenz ratios.

I. SYNOPSIS

In the currently existing nearly-free-electron theory' '
of the electronic transport properties of liquid metals,
the electrons are considered to be scattered elasticakly
from the ionic density fluctuations of the liquid com-
ponent of the metal. A simple, but important, conse-
quence of this approximation is that the electronic
thermal conductivity K, is related to the electrical
resistivity p by means of the Wiedemann-Franz relation'

pK,/T =Lp rsrr'(ke/e) '. ——-

Recent experimental data for several liquid metals
show, however, significant negative deviations of the
Lorenz ratio L= p~,/T from the ideal Sommerfeld
value 1.0. For example, Yurchak and Smirnov and
Duggin" have observed a deviation in the Lorenz
ratio of liquid Ga of the order of —20 j~, while Filippov
has reported deviations in liquid Sn and Pb of the order
of —30 and —12% respectively. Deviations varying
between —20 and —40% were reported for Cu some
time ago.' Moreover, these deviations may be a fairly
strong function of temperature. ' Such negate pe



deviations cannot be accounted for by the existence of a
finite thermal conduction by the liquid component of
the metal. " Also use of a simple textbook formula"
shows that the CGccts of electron-electron scattering,
which would act to decrease the electronic thermal
conductivity while having no effect on the electrical
resistivity, are completely negligible. Thus, asslmieg
the soundeess of the experinseetal work, it would appear
that the anomaly in the Lorenz ratio is associated with
the electron scattering from the ionic density Quctua-
tions of the liquid, and, specifically, with a distinct
difference in the corresponding transport relaxation
times for electrical and thermal conduction. This
suggests that &st,lusher electron scattering from the
ionic density Auctuations may be a significant factor in
some liquid metals, As is well known in the theory of
electronic transport phenomena in metals, ""when
inelastic electron scattering is operative, the electronic
thermal resistivity receives a contribution from
small-angle inelastic scattering processes, a corre-
sponding contribution not appearing in the electrical
resistivity. This effect causes a depression of the Lorenz
ratio with respect to the classical value Lo." That
inelastic scattering effects may be important in liquid
metals was suggested by Duggin~ in presenting his

experimental mcasurcIQcnts on liquid GR.
Motivated by these observations, we present in this

paper a calculation of the electronic transport properties
of a liquid metal which takes into account the CBects of
inelastic electron scattering to leading order in the small
dimensionless parameter y= Eo/ksT. Here

Eo——5'kg'/2M

denotes a typical inelastic energy transfer, T the
absolute temperature, k~ Boltzmann's constant, 3f the
ionic mass, and kp the Fermi wave vector of the elec-
tron system. The results of this calculation will enable
us to determine whether or not inelastic scattering
CGects are in fact important enough to be responsible
for the observed deviations in the Lorenz number.
Following the work of Mannari" and of Baym, " we
first express the electrical resistivity p and the electronic
thermal conductivity x, in terms of the dynamic
structure factor 5(q, &v) of the ionic liquid component
of the metal. The leading-order inelastic corrections to
the usual nearly-free-electron-theory results for p and
~, are then obtained by explicit use of the exact sum
rules of Placzek" and of de Gennes" on the structure
factor. It turns out that the inelastic corrections to the
electrical resistivity are completely negligible. Non-
negligible CGects, however, associated with the small-
angle inelastic scattering processes, are found to enter
the electronic thermal conductivity. The deviation in
the Lorenz ratio from the Sornmerfeld value 1.0 brought
about by the new term found in K. is expressed in terms
of the static structure factor 5(q), the Fourier trans-
form n(q) of the effective electron-ion interaction, and
the collective-mode frequencies" co, associated with the

ionic density Quctuations. In princip1e, this result
would provide a new opportunity to test theoretical
calculations of the basic liquid-metal properties 5(q),
v(g), and ar„namely, against the experimentally ob-
served deviations in the Lorenz ratio. Inspection of the
theoretical expression for the deviation in the Lorenz
ratio reveals, however, that it is much too small to
account foI' the experimentally obsclvcd dcvlatioIls. %c
conclude, therefore, that within the framework of the
nearly-free-electron theory the cfEects of inelastic
electron scattering from the ionic density Ructuations
are not the cause of the rather large anomalies in the
experimentally determined Lorenz ratios of liquid Ga,
Sn, Pb, and Cu. In view of the difficulty of thinking of
another simple mechanism which could give rise to such
strong anomalies, we stress here the importance of
further experimental conhrmation of the presently
reported deviations in the Lorenz ratios of the liquid
metals.

II. CALCULATION OF TRANSPORT
COEFFICIENTS

The CAccts of the inelastic scattering of electrons
from thc ionic dcIlslty Quctuatlons ln a llqUld mctRl
may be readily incorporated into the usual nearly-frce-
electron theory' ' by following the work of Mannari"
and of Baym. "Here the rates of transitions among the
free-electron states induced by the scattering from the
ionic density fluctuations are calculated in the Born
appl oximatloIl in terms of thc dynamic structUI'c
factor 5(q, ~) of the ionic liquid:

2s
i r(q) i'

l'(&+ q~&) = — f~+.(&—f~)

ke 5(q, rv)b(«g~, —«g—Sa). (2.1)

In this equation the left-hand side denotes the elec-
tronic transition rate for transitions from the free-
electron momentum state h(k+q) to the state Sk, fq
denotes the electronic state distribution function,
«q=k'k'/2m is the free-electron energy, m is the elec-
tronic mass, and rt(q) is the electron pseudopotential,
i.e., the Fourier transform of the elective electron-ion
interaction. ' 4 The total number of electrons in the
system, of volume 0, is ZE, where X denotes the total
number of ions and Z the valence of the metal. The
dynamic structure factor is defined as the Fourier
transform of the liquid density Quctuation time cor-
relation function":

5(g, (v) = (2's)V) ' e '"'dt (p~(0) p~(t) )I., (2.2)

where p denotes the ionic liquid density Ructuation
operator

p, = +exp( iRg q), —

and the angular brackets denote an ensemble average



over the squid component of the metal. R, denotes the
coordinate of the jth ion of the liquid component. The
transition rate (2.1), together with the inverse rate
I'(k—+k+q), may be fed into the standard first-order
variational procedure of transport theory'9 in order to
obtain the following expressions for the electrical
resistivity p and electronic thermal conductivity v, ":

6~n~
Xe%'op

carry out this calculation it will 6rst be convenient to
express the dynamic structure factor S(q, cv) in terms
of a closely related function, namely, the spectral
distribution of density fluctuations A (q, ~),2i

A (q, s)) =—(2m')-' dh ~-'"(Ip, (0), p, (&) I )r..

In terms of A (q, ~), S(q, o&) is just"

S(q, (o) =A(q, u&) [m((a)+1j.

S(q ~)N(~)~ d (2 3) The integrals over frequency which have to be per-
00 formed in Kqs. (2.3) and (2.4) then have the form

6mQm 00

dx
i v(x) i' x'

Ãe'&'eFI. oT p 00
S(q, cd)n((o)~ (ka A(q, u))ir(&u) [e(o))+1](o"

6mQmp=, , dx
i

r (x) i' x'S(x),
Ãe'&'~~

p

(2.5)

which ls the usuRl Hhatla-Krlshnan- Gerstenkorn-Zlman
(BKGZ) result, ' ' where S(x) denotes the static
liquid structure factor

S(q) = S(q, a)) d(0.

The second point is that for 6nite ~ we see from the
second term of (2.4) that there is a significant contribu-
tion to the thermal resistivity 1/x, coming from small
values of the momentum transfer x= q/2k'. This is the
contribution to the thermal resistivity arising from
small-angle inelastic scattering processes that we
mentioned in Sec. I. It will be this term that provides
the main effect in the present calculation.

Ke wish to calculate the corrections to the transport
coefficients obtained in the Co~0 limit that are of 6rst
order in the parameter

y =Eo/ks T=6'k p'/2Mks T.

This parameter, whose magnitude measures the relative
importance of inelastic scattering, is typically of the
order of 10 '-10 ' at the melting point T~. In order to

&& [1+(3~'/«') (1/x' —3) 3 (2 4)

In (2.3) and (2.4) we have introduced the notation
cv=5cd/ksT and x=q/2k', and e~ denotes the Fermi
energy. Also, e(o&) denotes the Planck function

I(co) = 1/[exp(5s&/kiiT) —1].
There are two pertinent observations that can be made
from the results (2.3) and (2.4). First, in the limit of
high temperatures Co~0, in which the 6nite energy
transfer 5~ between the electron and ionic systems
may be neglected, we may put n(co)~=1 and neglect
the second term in (2.4) proportional to au'. In this case
the integrals appearing in (2.3) and (2.4) are the
same, and it follows that the %iedemann-Franz law
holds: px,/T=L0. The electrical resistivity is given by

This expansion, of course, is appropriate for liquid
metals (lithium excepted), since the dominant weight
of the spectral density function is con6ned to values of
~ less than k~T. The resulting integrations over + in

(2.3) and (2.4) may then be reduced to a sum of terms,
each of which involves a moment of the spectral density
function

ka A(q, ro)s)",

where e is an odd integer and e& —1. The 6nal step of
the calculation is to evaluate the moments (2.6) in the
high-temperature limit cv—+0. These moments have
been evaluated by Placzek'~ and by de Gennes, "
First, we note that in the high-temperature limit

a~ ii(q) is just the static structure factor S(q). The
first- and third. -order moments are'~ "

ag& (q) =5'q'/3AsT, (2.7)

&i»(q) =3&o)(q)[&n&(q)+3(&&~/ksq')'l~ (2 g)

where co, denotes the liquid collective-mode frequency,
given in terms of the conventional pair-density function

g(r) of tbe ioiiic hqu1d aiid the ioii-ioii po'teiitlal V(t')

by the relation"

O'V (r)
Mcoq' dr g(r) [1—cos(——qx)j, (2.9)

X

where x denotes the x component of the radial distance
r. %e will require only the first three moments for a
consistent evaluation of the transport properties to
leading oldel 1n p.

The resulting expressions for the transport coefficients

The next step of the calculation is to replace the
product of Planck functions appearing in these inte-
grands by the high-temperature expansion

n((u) [e(o))+1]
= (ks2'/5(u)'[1 ——,', co'+ (7(o4/720) — j.
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pa,/T =Lo/(1+ai), (2. 13)

Eo ((1—xax') L1—I'o (fiio./AT) 'j}

The angular brackets denote the wave-vector averages
1

(f(x) }=— Cx
~
o(x) ~' x'f(x). (2.15)

0

This completes our formal calculation of the CGccts of
inelastic electron scattering.

III concluding this scc'tioII wc recaH tliat Eqs. (2.3)
and (2.4) for the transport coefFicients were derived on
the basis of the usual first-order variational procedure
of treating the Soltzmann equation. ""If the electron
scattering were completely elastic, this procedure would
be exact." Since we are working close to the elastic
limit, we expect the use of the variational procedure

6~em
p= Ch

i I)(x) i'x'(S(x) —-', yyx'$, (2.10)
e'X&.~ 0

+p 36y0m
Ch ) o(x) P x'(1—ox')IpT xSe%eJ:I.pT

)($1—TIo (RIo,/keT) 'j, (2.11)

where we have defined

y = 1—P/60) (SIo,/4T) '

Rnd p appearing in (2.11) is given by (2.10). We now
note that the correction of order y appearing in (2.10)
for p may be neglected; i.e., the CGects of inelastic
scattering on the electrical resistivity are negligible.
This is because for all x we have the inequality

S(x)»-', x'7y (2. 12)

very well satisfied for liquid metals. To see this we
6rst note that for small x, S(x) may be estimated by
the relation" "

S(0) = ,'(keT—/Zop) 10 '-10 ' (typically),

while for x 1 we know experimentally that S(1)~1.'4
Also, it follows from the definition (2.9) that o),'~ x'
for x&&1, while for large x, ko, approaches a constant
So)s which is of order of the Debye energy kso~n of the
metal. "The maximum value of fko,/keT is therefore of
order OII/T))r, typically less than unity, so that for all
x, y 1. Thus, since y~S(0), we have (2.12) very well
satis6ed for all x. It follows that the expression (2.10)
for p may be replaced by the BKGZ formula (2.5).
On the other hand, the correction to 1/x. given by the
second term of (2.11) is in general non-negligible, since
it gives a contribution relative to the elastic contribu-
tion of order y/S(x) for a given value of x, and is
therefore important for small x, for which this ratio is
of the order of unity. The results for the thermal
conductivity may be written in the form

to introduce only a very small error in the above
calculations of p and K,.

III. DISCUSSION OF RESULTS OBTAINED

We have presented a calculation of the electronic
transport properties of a liquid metal in which the
effects of the inelastic scattering of electrons from the
ionic density fluctuations have been taken into account
to first order in the small parameter y=Eo/kiIT. To
this order, the efIects of inelastic electron scattering on
the electrical resistivity were shown to be negligible,
while non-negligible corrections, arising from small-
angle inelastic processes, were found for the electronic
thermal conductivity K ~ The 1csultlng elcct1 ollic
Lorcnz ratio Illay bc writtcll dowil fioIII (2.13) Rs

L =Io/(1+ni),

where n~ is the ratio of wave-vector averages defined in
(2.14). It will be convenient for our subsequent dis-
cussion to use the BKGZ result (2.5) for p in order to
I'ccxplcss Al ln thc form

8Z o (1—', x') pl —,', (5 ./4T)'j)
nl = — kP/P

g kgT (oo~)'

(3.1)

where lp is the electronic mean free path for conduction,

1/p= Z1Veolo/Mki . (3 2)

In the wave-vector average in (3.1) we have divided
out by the q=0 value of the electron pseudopotential4
—~3~~ in order to render these averages dimensionless.
We recall that the wave-vector average is defined by
Eq. (2.15).

We may now estimate the order of magnitude of the
inelastic term a~ and hence determine whether or not
inelastic scattering CGects are large enough to account
for the anomalies in the experimentally determined
Lorenz ratios. The magnitude of nl is determined by
the product of the dimensionless quantity

a= (SZ/or) (Eo/kIIT) kilo

= (SZ/or) (es/M) ( TF/T) 4lo, (3 3)

with the dimensionless wave-vector average defined in
(3.1). In (3.3), TI denotes the Fermi temperature
kIITe=or. At the melting point, use of (3.3) and (3.2)
shows that a j. typically. For example, at T~ we have
a=0.9 for Na, a= j..25 for Li, and a=0.72 for Ga.
Thus, the order of magnitude of O.l is determined by the
order of magnitude of the wave-vector average ap-
pealing ill A] ~ This aveI'age ls a little did. CUlt to estimate
without explicit recourse to detailed numerical calcula-
tions. ' "~ Its precise value will depend quite sensitively
on the shape of the pseudopotential and, to a lesser
extent, on the relative importance of the collective-
mode term. "An extreme upper limit to the magnitude
of the average may be obtained by neglecting the
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collective-mode term in the integrand of the average
and by neglecting the shape of the electron pseudo-
potential by taking

~
v(x) ~=sass for all x. In this case

the average appearing in n~ is 0.14, indicating a devia-
tion in the I orenz ratio of order —14%. In the more
realistic situation ss sr however, v(x) is substantially
less than -', ep in the important range of wave vectors
@&1.Thus, typically we would expect much smaller
values for the wave-vector averages, and hence for the
eGects of inelastic electron scattering. For example, if
for liquid Ga, v(q) is chosen to be a Coulomb potential
screened by the Lindhard dielectric function, and the
collective-mode term is neglected, "we find by numerical
integration that nr= 2.1%.

We have to conclude, therefore, that within the
present framework of the nearly-free-electron theory,
the eGects of inelastic electron scattering from the ionic
density fluctuations are not the cause of the rather
large anomalies in the experimentally determined
Lorenz ratios of liquid Ga, Sn, Pb, and Cu. It is
difficult to think of another simple mechanism that
would be important enough to give rise to such anom-

alies. We have already pointed out that the effects of
electron-electron scattering are negligible. Corrections
to the transport coefficients arising from the use of
finite temperature in the Fermi-Dirac statistics are
probably also too small. " Another mechanism which

could be considered is the possibility of a large effective
electron-electron interaction induced by the ionic
density fluctuations. However, such an effect could also
be expected to be present in the metal just below the
melting point, and to the author's knowledge there does
not appear to be any experimental evidence for this.
Finally, we mention that the present calculation could
predict large corrections to the ideal Lorenz ratio if a
suitable shape of electron pseudopotential were to be
employed. Such a shape, which would have to be
strongly peaked at small wave vectors, would be
radically different from the conventionally accepted
shape for metals, and is highly unlikely. We would
stress, then, the importance of further experimental
confirmation of the presently reported deviations in the
Lorenz ratios of the liquid metals.
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