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The magnetic field dependence of the Knight shift in high-purity single crystals of aluminum at low
temperatures shows an oscillatory behavior. The oscillations are measured for the field directed along the
L111$ axis of the crystal and are found to match the de Haas —van Alphen frequency of electrons on the
third zone of the Fermi surface. Details of the method of analysis necessary to obtain the wave-function
amplitude for this set of carriers are given.

I. INTRODUCTION

Measurements of the magnetic field dependence of
the Knight shift o. have been shown to lead to detailed
information about the wave functions of electrons on
the Fermi surface (FS) of metals. ' The Knight shift in

high-purity single-crystal metals' ' is observed to oscil-
late as a function of applied magnetic field at the de
Haas —van Alphen (dHvA) frequency of electrons on
extremal area orbits of the FS. When the amplitude of
these oscillations is compared to the amplitude of the
oscillations in the magnetic susceptibility, the wave-
function amplitude for electrons on a particular orbit
can be determined. An analysis of this type has previ-
ously been applied to cadmium' and the present work
extends the measurements and analysis to a more free-
electron-like metal, aluminum.

The possibility of o having an oscillatory field de-
pendence was first pointed out by Das and Sondheimer. 4

After their initial suggestion, several investigators' used
free-electron models in the effective-mass approxima-
tion to calculate the magnitude of the effect. The most
complete of the calculations was due to Stephen' who
included both the paramagnetic and diamagnetic con-
tributions to the total amplitude. The effects of a
nonzero lattice potential have been included in a cal-
culation by Glasser7; however, he only gives results in

- the limit that the Zeeman energy of the electrons is
much larger than the lattice potential, and this is not
the experimental situation here. The present authors
have recently suggested that the correct wave-function
amplitude to be considered in the oscillatory amplitude
is that of the electrons on the orbits giving rise to the
oscillatory component of o- and not the average over
the entire FS.'

Metallic aluminum has been the subject of many
Knight-shift investigations in recent years. In fact, it
was in Al powder that Knight' reported the first mea-
surements of o.. Aluminum is a convenient metal on
which to perform measurements of a since it has an
isotope which is 100% abundant (AP', I= s) and the
metal forms in a cubic structure in which there is no
quadrupole splitting of the NMR line. The portion of
the FS of interest here is the third band and is well-

known experimentally in addition to several theoretical
models which are available in the literature. Recently,

2

Larson and Gordon' have performed detailed dHvA
studies of the third zone sheet of the FS which are in

good agreement with Ashcroft's model. ' A preliminary
search for oscillations in o in Al was performed by
Jones and Williams" using a point-by-point technique,
and the oscillations were first reported by the current
authors" using a field-to-frequency locked spectrometer.

In the sections which follow, the experimental tech-
nique is described, the details of the method of data
analysis are presented, and the results for Al are given.

II. THEORY

It has previously been shown' that satisfactory agree-
ment between the measured values of o- and calculations
of electronic wave-function amplitude can be obtained
if one computes the ratio

where (I P(0) I')O, b is the average value of the square of
the wave function of electrons on the extremal area
orbit giving rise to the oscillations, and x„ is the ampli-
tude of the oscillations in x„ for the same orbit. Since

x„/x~= p/p where p and p are the oscillatory component
and the total density of states at the FS, the ratio can
be computed once ™pand p are known.

It should be pointed out that two effects which can
contribute to o- have been neglected here. Both diamag-
netic and relativistic (spin-spin interactions) contribu-
tions to o. are small in Al. The theoretical calculations
show that diamagnetic contributions to both o- and o-

are small and this has been confirmed by computer fits
of our data to the expressions for o-„and o.~ from
Stephen's theory. ' Although relativistic effects give rise

to a large contribution to o- in Cs,"they contribute only

5% in Rb and are negligible in the lighter elements.
The amplitude of the oscillations in the density of

states can be obtained from the amplitude of the
dHvA effect. Falicov and Stachowiak" have given ex-
pressions for the oscillatory part of the density of
states p which is obtained from their expression for the
two-dimensional density of states p, corresponding to a
given value of the momentum in the s direction k, .
Their results, however, are for a spherical FS and the
expressions are rederived here to include a more general
curvature for the FS. Following the procedure given in
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exp{il[PA (k, ) —fi 'Eti —pr]}, (3)
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where L~L2L3 is the volume of the sample, m the elec-
tronic mass, P=Sc/eII, E is the energy of an electron
state, ti 22rf——/ip„where 4p, is the electron cyclotron fre-
quency, and a factor of 2 has been included to account
for the two spin states.

Assuming that near the extremal area being measured
the area varies quadratically with k„ then

A (s) = A (0) +-', (82A/Bk, 2) k 2, (4)

or letting

y = -' (82A/Bk, 2),

A (2) = A (0)+yk, 2.

In order to evaluate p„one must evaluate the integral

exp{il[PA (0) k 'Eti+P—yk, 2]}dk.,

which can be integrated by means of Cornu's spiral
method to yield

I= (pr/Ipy) '" expi{ l[pA (0) —f5-'Et, ]——4'pr }. (6)

Using this in the expression for p, and after some
simplification, the following is obtained:

Z (—1)'(i'm) '"LjL)L3m "

X cos{l[pA (0) I5 'Et,] —'pr}. (7)—-

Thus, for the 1= 1 term the magnitude of p is given by

p ~

= (I1I2I22/2/2rp/2jp) (py) / (g)

The oscillatory free energy can be calculated from
Eq. (5), since

Il= ff(E, T) fp(E', II)—dE'dE,

where f(E, T) is the Fermi-Dirac distribution function.
It should be noted that the usual factor of 2 to account
for the two spin states has been omitted here since it
was included in the expression for p. This integral can
be evaluated by standard techniques to yield

P— g ( 1) ii—5/2$ —
2(Py) —1/2

Xl
X . cos[lPA (0) —

422r], (9)
sinhX~

where X&——xl5 't&kT. The oscillatory susceptibility as
measured in the dHvA effect can now be computed

( 1) li 5/2t ——2pl/2+ —1/2
LiL2L3m "
z3/2'

Xi
X . sin[i/A (0) —42r]. (10)

sinhX~

Taking the /= 1 term only, one obtains finally

LqLgL3m Xqx= ti 2P'/2y '" sin[PA(0) ——4'pr]. (11)~3/a~2 sinhX~

The free-electron value of the dHvA phase n of ~7l- has
been used here and no effects of scattering have been
included. When this phase is made variable and the
Dingle factor included, the Anal equation for p per
unit volume is

mf 2P1/2~ 1/2
~ X

exp —— . sin[PA (0) —42],~3/~a~ 27- sinhXq

(12)

where 7. is the usual relaxation time. We have made
detailed numerical fits of Eq. (12) to our data for x
in order to obtain values for y. These values were then
used in Eq. (8) to obtain values of

~ p ~

to be used in
determining the ratio of x„ to x„ in Eq. (1).

III. EXPERIMENT

The monocrystal of aluminum used in this experi-
ment was cut by spark erosion from a zone-refined
bar (Rppp E/R4. 2 K 7225) obtained from Cominco
Products Inc. A parallelepiped crystal of approximate
dimensions 13.5)&11.0)&6.5 mm was cut and oriented
with the [001], [110], and [110] axes perpendicular
to the faces. In order to increase the effective surface
area exposed to the radio frequency, slots approxi-
mately 0.25 mm wide and spaced 1 mm apart were cut
into the crystal. The slots were then filled with Mylar
sheets and a thin coating of Q-dope applied to hold
them in place. This procedure allows the sample to be
ha.ndled without straining it.

Multistranded No. 34 copper wire was used to wind a
rf coil on a form in which the sample could be inserted.
Once the sample was inserted into the rf coil, a second
rigid coil was placed around the sample to be used
in the dHvA studies. The entire arrangement is shown
ln Fig. 1.

The sample holder used was arranged such that the
sample could be oriented by x-ray backreflection
techniques with the sample mounted on the holder.
This allowed orientation and crystallographic axis
location to within ~i . The final orientation was ac-
complished from the dHvA studies. The sample holder
was constructed after a careful NMR study of the
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FIG. 1. Slotted NMR sample and arrangement of coils. The
inside coil has its axis perpendicular to the magnetic field for the
NMR measurements and the outside coil is oriented with its
axis parallel to the field for the dHvA measurements. The field
is applied along the L111)axis,

magnetic field distribution in the Dewar to assure
that the sample was located in the region of maximum
field homogeneity (~1 part in 10' over the sample) .

The technique for recording 0. has been described
previously. "

Briefly, the method consists of locking
the NMR oscillator to the aluminum NMR line using
a phase-sensitive detection feedback system. The mag-
netic field is slowly swept while 0. is computed on an
analog computer and recorded directly as a function
of applied field. The system can detect changes in the
magnitude of a of 10 '%. In the present experiment,
the data were recorded by sweeping the field over 100 G
ranges at a rate of 15 G/min. All measurements were
performed at 1.1'K.

All of the dHvA measurements were performed by
field modulation measurements at 1.1'K and a modula-
tion frequency of 135 Hz. Second-harmonic detection
was used and the modulation amplitude adjusted to
give a maximum of J2(X), the Bessel function of the
first kind and of integral order 2. The argument X here
is given by X= 2mfk/H', where f is the dHvA frequency
being measured and h the amplitude of the modulation
field. The magnetic field direction could be accurately
oriented to be along the L111]direction in the crystal
by observing the beat pattern in the dHvA output.

Since direct measurements of the dHvA amplitude
were unavailable, the detection system was calibrated
using cadmium samples of known dnvA amplitudes. '
This calibration was performed by comparing the
output voltage of the field modulation spectrometer
between identically shaped samples of cadmium and
aluminum. For the measurements on the Cd samples,

the field was directed along a direction 30' from the
L0001] axis in the (10TO) plane so that a single fre-
quency due to the first band "caps" was observed, In
both cases the second-harmonic voltage induced in the
pickup coil is given by

Vg= A J2(X).&V(gTgH
—'~'

expL —k&m*(T+X)/H] 2~f
X sin +n ~,

1—exp[—2k&m*( T)/H] H

where m* is the effective-mass ratio of the orbit being
observed, I the Dingle temperature, + the modulation
frequency, p the filling factor of the coil, S the number
of turns on the coil, and A the amplitude of the suscepti-
bility oscillations. Since the two orbits measured in
Cd and Al have the same effective mass (m*=0.150)
and the influence of the Dingle factor is small in both
cases, the amplitudes could be scaled directly by
proper adjustment of the modulation amplitude to
maximize J2(X). The calibrated amplitudes in the
present case must be multiplied by a factor of 3 since
there are two equivalent "cap" orbits in Cd and six
equivalent p orbits in Al which are measured. The
calibrated data were recorded on an xy recorder and
then punched onto cards for a least-squares fit on a
digital computer to the theoretical expressions derived
in Sec. II.

IV. RESULTS AND DISCUSSION

The dnvA spectrum of Al for the field ranges used
in this experiment shows many frequencies giving rise
to a rather complicated beat pattern. In order to
analyze the oscillations in 0., it was necessary to ac-
curately orient the field with respect to the crystal-
lographic axis of the sample to minimize the number of
observed frequencies and still have an observable

[Ao]

FIG, 2. Third. -zone sheet of the FS of Al showing the orbits
observed in this experiment.
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FIG. 3. Knight shift in Al versus H for several field ranges, The
field is applied along the

I
111j axis.

amplitude. From the data of Larson and Gordon it
is seen that with the field near 15 kG and accurately
oriented along the

I 111$ axis, there are only two ob-
servable frequencies differing in value by a factor of 10.
Thus, the L111j orientation was chosen to study the
o. oscillations and this direction could be accurately
determined (+0.1') by observing the beat pattern in
the dHvA signals,

The oscillations observed for this field direction arise
from maximum and minimum area orbits on the third
band electron sheet of the FS. A sketch of this portion
of the Al FS is shown in Fig. 2 along with the orbit
geometry that gives rise to the oscillations. Representa-
tive recorder tracings of o. in various field ranges are
shown in Fig. 3 and of y in Fig. 4. It shouM be noted
that the field range over which o. was recorded is small
compared to the range over which x is recorded, The
1Rngc of obscI'VRtlon of o ls in R maximum of thc bcRt
pattern of x and, for purposes of analysis, it is assumed
that a single dHvA frequency is present in this field
range. The observed value of this frequency is 0.348&
10~ G.

Since the absolute magnitude of y was computed
here, its contribution to the amplitude of o could be
obtained. It was found that the oscillations in the
8 field in the metal contribute less than 1% of the
total amplitude of o-.

The value of y in Eq. (11) was obtained by perform-
ing a nonlinear least-squares fit of 51 points on the
measured x curves to Eq. (11). In the fitting procedure,
only y and the dHvA phase e were treated as ad-

cd
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FIG. 4. de Haas —van Alphen oscillations in Al for the field along
the

I 1113axis.

justable parameters. This led to a goodness of 6t of
better than 99% with the values y=26 and n=35'
The effective mass and dHvA frequency were taken
from the literature and a Dingle temperature of 0.8'K
was assumed. This value of the Dingle temperature
can be changed by 15% and the value of y is changed
less than 1%.

The density of states p was obtained from the
measured values of the electronic component of the
specific heat. Using the data of Howling, Mandoza,
and Zimmerman, " a value of p=1.402&&1033 is found.
The value of p is computed from Eq. (8) to be p=
16,17&(1030.Thus,

The measured value of o in the same Geld range as p
is computed is 2.15&10—' while the total Knight shift
is found to be o =0.162% taking AlC1~ as the reference
compound. Using these numbers in Eq. (1) yields

&I lt (0) I')-b/&I lt (0) I'&..a=1.15~0.08

for the third-zone y orbits with the field directed along
the L1111axis of the crystal. The largest contribution
to the error is in the measurement of

I
o I.

A considerable error may have been made by using
the value of p obtained from speci6c-heat data. The
density of stRtcs obtained 1Q th1s IIlRnncI' coQtaiQs Rll
of the renormalization effects due to electron-electron
(e-e) and electron-phonon (e-p) interactions. On the
other hand, how the dHvA susceptibility should be
renormalized due to e-e and e-p interactions is un-
known. It has tacitly been assumed here that these
renormalizations cancel by taking the ratio

I j I /p. If
this is not the case, then up to a 40% increase in the
computed value of (I p(0) I')„b/(I 1I (0) I'), , would
occur depending upon the degree of cancelation.

The analysis of this data is somewhat more straight-
forward than that previously reported for cadmium.
In the present case, the average value of o- is found to be
independent of applied field and the oscillations are
clean in the range investigated. There is the problem,
however, of R second low-amplitude frequency being
mixed with the observed frequency. The data as given
here will be compared to point-by-point calculations
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of the wave-function amplitude over the FS when they
become available. Since all of the calculations of the
amplitude of 0- involve approximations which either
eliminate the details of the wave-function amplitude
completely or are not applicable to this case, there has
been no attempt to make detailed comparisons to them.
It is hoped that these measurements and others will
stimulate more detailed theoretical studies of the effect.
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Recent experimental work has led to the surprising conclusion that the Lorenz ratios of some of the
liquid metals exhibit substantial negative deviations from the ideal Sommerfeld value, hence indicating
that inelastic electron scattering effects may be an important factor in some liquid metals. Motivated by
these observations, we present in this paper a calculation of the electronic transport properties of a liquid
metal, which takes into account the effects of inelastic electron scattering from. the ionic density fluctuations
to leading order in the small dimensionless parameter E0/k&T. Here E0 denotes a typical inelastic energy
transfer and k~T the Boltzmann factor. This calculation, based on the nearly-free-electron model, is carried
through by use of the exact sum rules of Placzek and of de Gennes on the dynamic structure factor S(q, co)

of the classical ionic liquid component of the metal. The effects of inelastic electron scattering on the electrical
resistivity are found to be negligible. Non-negligible corrections, however, associated with small-angle
inelastic processes, are found to enter the electronic thermal resistivity. The corresponding depression
in the Lorenz number is expressed in terms of the electron-ion pseudopotential, the static liquid structure
factor, and the collective-mode frequencies associated with the density fluctuations of the liquid com-
ponent, Inspection of the theoretical expression for the deviation in the Lorenz ratio reveals, however,
that it is too small to account for the experimentally observed deviations. It is concluded that, within
the framework. of the nearly-free-electron theory, the effects of inelastic electron scattering are not the
dominant cause of the rather large anomalies in the observed Lorenz ratios.

I. SYNOPSIS

In the currently existing nearly-free-electron theory' '
of the electronic transport properties of liquid metals,
the electrons are considered to be scattered elasticakly
from the ionic density fluctuations of the liquid com-
ponent of the metal. A simple, but important, conse-
quence of this approximation is that the electronic
thermal conductivity K, is related to the electrical
resistivity p by means of the Wiedemann-Franz relation'

pK,/T =Lp rsrr'(ke/e) '. ——-

Recent experimental data for several liquid metals
show, however, significant negative deviations of the
Lorenz ratio L= p~,/T from the ideal Sommerfeld
value 1.0. For example, Yurchak and Smirnov and
Duggin" have observed a deviation in the Lorenz
ratio of liquid Ga of the order of —20%, while Filippov
has reported deviations in liquid Sn and Pb of the order
of —30 and —12%, respectively. Deviations varying
between —20 and —40% were reported for Cu some
time ago.' Moreover, these deviations may be a fairly
strong function of temperature. ' Such negate pe


