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An in sou NMR technique has been used to make accurate I,
'2 parts in 10') measurements of several

de Haas —van Alphen frequencies in pure lead for two of the primary symmetry directions, (1007 and
L1107.By the same method the variation of the [1007P frequency with the addition of up to 0.2% bismuth
has been investigated. The alloy results identify the P oscillations as being due to an electronlike piece of
Fermi surface. At small impurity concentrations, the dependence of the frequency on concentration is in
good agreement with the rigid-band model. However, at the higher concentrations there is a tendency
for the frequency changes to be smaller than predicted by the rigid-band model and we interpret this trend
to be due to an increase in the density of states, indicating that electrons are beginning to fill the fourth
zone, It is not clear from our results whether the fourth zone begins above or below the pure-lead Fermi
energy, but taken at face value, our measurements would suggest that it begins about 4 meV above the
Fermi energy.

INTRODUCTION

There has been considerable interest in the electronic
structure of metallic alloys since the Hume-Rothery
rules' indicated that the electron-per-atom ratio was
an important parameter in determining alloy phase
boundaries. This interest has been enhanced in recent
years by advances in the experimental techniques
of studying the Fermi surface and by increased, knowl-
edge of the Fermi surfaces of pure metals. For the
de Haas —van Alphen (dHvA) effect, improvements
in the signal-to-noise ratio and in magnetic field
measurements have been particularly important. The
exponential dependence of the amplitude on scattering
means that doping by even a few tenths of 1% of
impurity can reduce the amplitude by at least an
ord, er of magnitude. In addition, accurate Geld measure-
ments are necessary in order to detect the small
changes in dHvA frequencies that result from the
addition of small amounts of impurity.

Few dHvA experiments have been performed, on
polyvalent metal alloys because the changes in dimen-
sions of the large pieces of Fermi surface are quite
small for the low concentrations of impurity at which
measurements can be performed. However, aluminum
alloys were studied in some detail by Shepherd and
Gordon, ' and, some early exploratory measurements
were made on lead alloys by Gold. ' In addition) zinc
alloys have been investigated by Higgins and Marcus, 4

although the results are complicated here by changes
in the c/tt ratio on alloying.

The Fermi surface of pure lead, has been investigated
in detail by Anderson and Gold' (hereafter referred
to as AG) using the dHvA effect. Their results are in
qualitative agreement with a nearly free-electron
Fermi surface consisting of a large second-zone hole
surface and a multiply connected third-zone electron
surface of L11Q] arms. The third-zone Fermi surface
is shown schematically in Fig. I.

There is an ambiguity in the interpretation of the
AG results, however, which can be cleared up by the
alloy studies. The P oscillations, which have been
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identified with the junction of the third, -zone arms
(the v orbit in Fig. 1) could also be assigned to the
"doughnut hole" in the (1QQ) face (the $ orbit). In
the former case the orbit is electronlike, and, in the
latter holelike. Pressure studies in lead' have shown
the effect of changing the lattice parameter on the
Fermi surface. This procedure is somewhat comple-
mentary to that of alloying, for which the lattice
parameter remains essentially 6xed, , but the Fermi
level is changed. Although the pressure results support
the assignment of the P oscillations to electron orbits,
the possibility remains that this interpretation is
incorrect. For the alloys there is less ambiguity, and
one expects an electronlike orbit to increase in size
with the addition of a donor impurity such as bismuth,
and a holelike orbit to d,ecrease.

FIG. 1. Third-zone Fermi surface of lead {schematic) .

In the present investigation, we have observed
dHvA oscillations in pure lead, for several crystallo-
graphic orientations and, have studied oscillations in
lead alloys doped with up to Q.2/& bismuth. We have
also obtained, values for the Dingle temperature in
these alloys as a measure of electron scattering. Since
the relative frequency changes for these oscillations
are of the same order as the impurity concentrations,
an art sstN nuclear-magnetic-resonance (NMR) tech-
nique was developed which allowed us to make absolute
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frequency determinations with suKcient accuracy to
observe these small changes.

In order to discuss experimental results, we shall
refer to the standard dHvA expressions given below.
In a detailed analysis, Lit'shits and Kosevichr showed
that the oscillating part of the magnetization is
given by

00 2m'M= Q C s "s ~'sTF s'sis — +4 )

rigid-band model {RBM), which can be described
mathematically in the following way. Consider a
metal with E conduction electrons per atom. If a
frRctlon C of those Rtonis ls lcplRccd by RtolTls wltll
X+Z electrons per atom, the metal now has an
average oi E+CZ electrons per atom. Expanding
the energy about the Fermi energy, one 6nds, to
second order, that the Fermi-energy shift hE is

bE=Lb&/«(E, )j—L(b&)'/2«(E, ) jl ~«(E~)/~El,

sinh—

where C„is an amplitude factor which depends on
the particular orbit being observed,

X =2s'hack/e5= 147 koe/deg,

p is the cyclotron mass ratio, de6ned by

and g„is a phase factor. The exponential term, ob-
tained by Dingle' and Brailsford, ' contains the Dingle
temperature X, given by

where v is the lifetime of a state at the Fermi energy.
Thc dHvA frequency is

P=SCQp/2%8)

where 0',0 is the extremal cross-sectional area of the
Fermi surface in a plane normal to the direction of
the magnetic 6eld, .

THEORY

A. Rigid-Band Model

For the interpretation of our measurements we
have made the following assumptions: (a) The alloys
are substitutional —that is, the impurity atoms occupy
host-lattice sites and are not interstitial; {b) the
alloys are disordered, ; the positions of impurity atoms
are not correlated; (c) they are dilute; and (d) there
is no change in the host-lattice parameter a. The
6rst three assumptions are important for comparison
with the rigid-band theory. The last is justified, on
the basis of pressure dHvA studies on lead' coupled.
with measurements of lattice parameter versus bismuth
concentration'0 which show that the CGects of lattice-
parameter changes on the Fermi surface are an order
of magnitude smaller than the expected variations
due to alloying.

Perhaps the simplest approach to the CGects of
alloying on the electronic properties of metals is to
assume that nothing happens except that the number
of electrons in the bands is changed, by the di6'erences
in valence between the solvent and the solute metals;
the result is a shift in the Fermi energy. This is the

where «(Ep) is the density oi states at the Fermi
energy of the pure metal. Since hg is just ZC, the
6rst-order change in the Fermi energy is

bE=ZC/«(Ep).

Following Heine, " we de6ne a parameter E. such
that

R= (be/eZC) =a (mc/Sc) (pbE/PZC), (8)

where 6,8 is the change in extremal cross section of
the Fermi surface, and, Ii is the dHvA frequency
corresponding to area (t. Here hA and hE are assumed
to be small and are related by Eq. (3). The sign is
positive for an electron band, and negative for a hole
band. We can make the rigid-band assumption by set-
ting bE=CZ/«(Ep), and then

Z= + (mc/tie) Pp/F«(Eg) ]. (9)

It is expected that if the RBM holds and the density
of states is constant over the concentration range of
interest, E. will be constant. Variations in R can be
taken to indicate a failure of the RBM or a change
in the density of states from the second-order term
of Eq. {6) (or perhaps both).

An apparent fallacy in the RBM was pointed. out
by Mott, '2 who argued that because of screening, the
electronic density, and hence the Fermi energy, would
be unchanged some distance from the impurity. This
second, point of view was reconciled with the RBM
by Friedel, '~ who showed, by means of a perturbation
argument that although the impurity atoms are
screened and the Fermi energy is unaltered, all the
energy levels in the band are shifted. To 6rst order,
this shift is just that required, so that the change in
energy between the bottom of the band and, the Fermi
energy is the same as obtained, in the RMB. It should
be noted that it has been shown by Brailsford. ' that
the RBM result is valid even if the energy-level
shift is a function of energy.

3. Density of States and Effective Mass

The parameter E. ot Eq. (9), which is a measure
ot the changes in Fermi-surface (FS) dimensions on
alloying, contains both the density of states and the
cyclotron mass. VRlucs of thcsc quantitics obtalncd
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from band-structure calculations which fit the FS
information diGer from values derived from experi-
mental results (i.e., cyclotron resonance, speci6c
heat, etc.). These differences are believed to be due
to enhancement of the band-structure values by many-
body CGects not included in the computations. As a
result, some question has arisen in the literature'"
as to which values ought to be used in equations
such as (9). To be consistent, one ought to use calcu-
1Rtcd vRlucs foI' both quRntltlcs or IYlcasurcd vRlUcs

for both. Furthermore, since the density of states
and the mass are related by

one would expect them to be RGccted in much the
same wRy by enhancement. DlI'cct cvldcDcc that
they are Rejected similarly is provided, by the work of
AG in lead and O' Sullivan et a/. " in copper, silver,
and gold. They obtain the result that the ratio p/IIO(Es)
ls ficRI'ly flic saIIlc fol calculated Rs it is fol measured
values in these metals.

The point here is that the authors cited above''4
have used a band-calculation density of states and
have then plRccd some slgn16CRQcc oIi thc fact thRt
their results were best fitted by using a band, -calculated
mass rather than a mea. sured one. On the basis of the
above discussion, it is our belief that this result is to
be expected and provides no additional physical
insight.

Scvcl Rl cxpcl imcnts indlcRte that thc RBM ls

applicable to the polyvalent metals. For example,
Shepherd and Gordon' prepared alloys of aluminum

containing Ag, Mg, Zn, Si, and Ge and an isoclectronic
alloy containing Zn and Ge. They found, excellent
agreement with RBM predictions in Rll cases, which

included concentrations up to 1%. Furthermore, they
observed an excellent correlation between measured
Dingle temperatures and impurity concentration. Of

special interest was the isoelectronic alloy A1ZnGe,
which contained 0.1% each of Zn and Ge, and which
showed no signihcant difference in FS dimensions
from pure Al.

In lead alloys, the only dHvA work has been the
preliminary invcstlgRtloD by Goldq w1iich may Dot

bc even qualitatively correct. However, determina-
tions have been made of the electronic specific-heat
coeKcient y from the superconducting critical field,

curve; this y is proportional to the electronic density
of states at the FS and. therefore should, reQect changes
in the density of states upon alloying. In an early
study, Pccli obtained R cliRIigc 111 r of Rbollt 15%
for an isoelectronic alloy of Pb containing 1% of
both Bi and Tl, compared with a 60% change for a
1% alloy of only Bi. A later, more careful, investigation

by Chol' determined the changes in y for a similar
isoelectronic alloy to be less than 1%, while the change

in y for a 1% Bi alloy was 32%. We take these results
to indicate that the density of states, and hence the
band structure of Pb, is virtually unchanged by
alloying with Bi and Tl to these concentrations, so
that the RBM should be applicable.

In OI'dcI' to go beyond thc RBM lt ls tempting to
follow Fried, el" and Heine" and use the Thomas-Fermi
model to obtain higher-order corrections for the effects
of screening. However, the Thomas-Fermi model is
probably not the correct approach to use here. As
Cutler hRs polQtcd oUt, thc Thomas-Fermi 1Tlodel

tends to overestimate the electron concentration near
thc ion, bccRusc lt docs Dot tRkc into RccoUDt thc
repulsion due to orthogonalization to the core states.
This is partially canceled in the linear approximation
(equivalent to the RBM) by the fact that it under-
estimates the screening effects of these electrons,
Howcvcl, thc primary CGcct of thc lnclusloIi of highcr-
order terms is to increase even more the electron
concentration near the cores, Thus at the present
time there seems to be no satisfactory extension
improving upon the RBM.

EXPERIMENT

The magnetic fieM was produced by a 55-kOe
Westinghouse superconducting magnet, The 6eld
was swept by operating the magnet power supply
in the constant-voltage mode and, sensing the induced
voltage across the magnet, I.di/df as the voltage to
be held 6xed. This produced a magnet current sweep
rate essentially constant in time. "The sensed voltage
was nulled against R variable external reference, allow-

ing thc I'Rtc to be vRI'lcd Rs dcslI'cd.
The sample magneti7ation was measured by a

low-frequency modi6cation of the held-modulation
technique 6rst developed, by Shoenberg and, Stiles, '0

The details of this method are described, by Stark
eI, cl.,2' and. the actual apparatus used, in this experi-
ment is described by Hines. "

The magnetic 6eld was measured by an NMR
probe located adjacent to the center of the dHvA
sample. Thc pr'obc, 1Rbelcd 8 in Flg. 2, collslsted of
two series-connected coils of rune turns ea,ch, 611ed
with 6Dcly gl oUlld RlulTlinum powder. Thc marginal
oscillator used, for the NMR measurements was
csscntlRlly that of Hill RQd Hwangq RDd wc wcI'c

able to obtain continuous variation of the frequency
from about 25 to 60 MHz with the Ap~ resonance
(1.1112 MHz/koe including the Knight shift") .
We could therefore use a 6eld sweep range from about
23 to 55 kOe. The modulation 6eld for the dHvA
measurements was also suitable for the NMR (~10-Oe
peak), so that both kinds of measurements could be
performed slrnultRQcously. The Rudlo output of thc
marginal oscillator was diGerentiated by a lock-in
amphher to increase the signal-to-noise ratio and to
allow more accurate determination of the resonance
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center. When the center of the resonance was observed,
a mark was made on the d.HvA oscillation recording,
and the frequency of the oscillator was noted. In
this manner the center of the resonance could be
determined, to within 1 Oe.

The data for the dHvA frequency measurement
consisted, of an NMR frequency associated with a
calibration mark on the chart recording of the oscilla-
tions. The frequency was obtained, by plotting the
cycle number correspond, ing to each calibration mark
(to the nearest tenth of a cycle measured from an
arbitrary origin) against the inverse field associated
with the same mark. (Approximately 1000 cycles
were counted for each measurement. ) The magnitude
of the slope of the resulting straight line was the
frequency. The slope was determined by standard
least-squares fitting techniques with a computer
program which also computed the standard, estimate
of error of the slope.

The Dingle temperature was obtained from measure-
ments of the vRriRtiori of the dHVA Rmphtude Rs a
function of magnetic field. The relationship by which
the Dingle temperature is obtained is

xyx c sinh(lyr/Bo)&o"')=ln
&0 J.(n)

)see Eq. (I) and Ref. 22j, where Hc is the applied
quasistatic field, J„(n)is a ith-order Bessel function
of the first kind with argument n (=2mFh H ),
and h„is the modulation field amplitude. A plot of the
right-hand side versus —Xii/Hc yields a straight line
of slope X, which may also be analyzed, by the least-
squR1 cs technique.

SAMPLE PREPARATION

The starting material for all the samples was
99.9999%-pure lead from Cominco American, Inc.
All the crystals were pulled from a melt to minimize
the dislocation density. In order to minimize hand, ling
d,amage, the pulled crystals were cut into individual
samples by the floating acid technique" whereby a
layer of acid is floated on a heavier, inert liquid, into
which the crystal is lowered, until the desired length
extends below the acid layer. The acid, cuts through
the crystal, and, the separated sample sinks gently

cLL
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FrG, 2. Cutaway drawing of the pickup coil. A, sample space;
8, NMR probe coils (Aat pancake coils); C, counterwound
pickup coils; D, delrin plug; E, 6ne orientation adjustlnent screws;
F, access hole for NMR coaxial cable.

TABLE I. dHvA frequencies in lead.

Oscillation Area
orientation Sample Freqnency (108 G) [(2e /o) &)~

a[100)
p[100]
p [100]
p'[100)b
a[110)
n&»[110)
n+y[110]b
y[110]b
y'[110]b

10A5
1083
1085
1083
10D1
10D1
10D1
10D1
10D1

2.0436+0.0002
0.51245+0.00002
0.51255+0.00007
0.5338+0.0001
1.5911~0.0005
3.1815~0.0003
1.7722+0.0005
0.1809+0.0002
0.1778~0.0002

1.1864
0.29752
0.29761
0.2980'
0.9238

0. 1053
0.1032

a a (=4,90 A. ) is the lattice parameter extrapolated to low temperatures
(see Ref. 5).

b Not measured directly. Determined from analysis of beats.

to the bottom of the beaker. The cutting acid was
composed of 50% glacial acetic acid and 50% hydrogen
peroxide (C.P. 30%). The heavy base liquid was
ethylene dibromide.

Because thc samples VRI'lcd somewhat ln diameter,
it was necessary to find a suScicntly adaptable way
of mounting them in the pickup coil so that different
sample sizes could be accommodated without allowing
the samples to tilt or move once they had been oriented. .
It was desirable that no grease or adhesive be used, ,
since diGerential contraction rates upon cooling to
low temperature could cause straining of the samples.
The solution reached was to take a drill about the
same diameter as the sample and, wrap it with TCAon
thread-seal tape until the outside diameter was just
that of the sample hole in the pickup coil, The d,rill
was removed and the sample inserted. If space still
remained around, the sample, small strips of the tape
could, be inserted to fill the gaps. The Teflon was
suSciently springy to hold the sample in place without
d,amage and d,id not become completely rigid even
at helium temperatures. The sample was prevented
from falling out of the coil by a delrin plug with a
small hole in it to allow helium access (D in Fig. 2) .

Because the variations in dHvA frequencies to be
measured, were so small, it was necessary to ensure
that the eftect to be observed was not masked by
frequency changes due to variations in sample orienta-
tion. To assure accurate alignment, the pickup coil
was mounted, on the sample holder in such a way that
small adjustments in orientation could be made after
the sample had been mounted. The mechanism for
doing this is shown in Fig. 2. The base of the cone-
shaped end on the sample holder served as a pivot
point. Four screws, labeled E in the figure, equally
spaced, around the upper end, of the pickup coil, allowed.
two independent degrees of freedom of motion. The
sample-holder assembly was mounted in the x-ray
machine so that an end-on I.auc picture could; be
taken of the sample through the hold in the bottom
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YAM.E II. Changes in frequency of pI iooj oscillations with alloying.

Bi concentration (%}
Nominal Measured I'requency (10' 0}

1083
1QA8

10A10
1088
1087
10812

0.0
0.1

0. i.

0.2

0.2
0.3

0.0
0.058+0.009
0.074+0.011
0.135+0.020
0.150+0.023
0.215+0.032

0.51245~0.00002
0.51278+0.00015
0.51311+0.00005
O. 51345+0.OOOO5

0.51366+0.00005
0.51385+0.00005

0
0,064+0.025
0.130+0.011
0.194+0,008
0.236+0,009
0.270ao. oii

0.12~0.06
0.37+0.09
0.71+0.15
0.85+0.12
1.22~0, 09
1. .55a0. 13

ef the coil. It was thus possible to align the desired,
axis of the crystal parallel to the sample hold, er to
within ~".

There are a number of chemical and. spectroscopic
methods by which one can, in principle, make a
d,etermination of the absolute impurity concentration,
but in practice, at the impurity concentrations

( 0.1%) and sample weights (~0.2 g) used here,
none of them is very accurate. The concentrations of
bismuth were considered to be too large for spark
source mass spectrometer evaluation, and, the total
weight of each sample was too small for atomic absorp-
tion measurements. (For the latter method about 1 g
of samp/e is required and the analyses are accurate
to &0.5%.) Therefore a spectrographic analysis was
made of these alloys, which required only 10—20 mg
of material and couM, be made with an estimated
accuracy of +15%.

For this analysis, each sample was divided into
Ave roughly equal parts, and, the measurements were
made independently on the second, and fourth sections
(i.e., the pieces next to the ends). This approach
gave an indication of the variation in concentration
along the sample length, as well as leaving the middle
section for a future check if that became necessary.
An analysis was mad, e for bismuth concentration in
each of the 6ve samples. In addition, an analysis
of all metallic impurities was carried out on the pure-
lead sample 10A10. Except for traces of silver, a residue
of the silver paint used in mounting the sample for
another experiment, metalhc impurities were not
detected'by the instrument, which has a sensitivity
of &1 ppm. The analyses were performed by I edoux
and Co.,~e and the results are given in the next section.

Perhaps the most reliable measure of relative
concentration should be the Dingle temperature. It
is a measure of the mean free path of the electrons
and, should be linear with concentration for dilute
alloys. Furthermore, it samples the same region of
the alloy as the frequency measurement and should.
therefore be a more reliable measure of the concentra-
tion of interest than a method which determines the
average concentration over the entire sample. For
this reason we relied heavily on our Dingle-temperature
measurements in this study.

RESULTS

In pure lead, we have mad, e accurate measurements
of the fundamental and, second-harmonic dHvA
frequencies for the u and P oscillations in the L100j
direction and the n oscillations in the L110] direction.
(The n oscillations are high-frequency oscillations
attributed to the second-zone hole surface. ') Some of
these results are shown in Table I and indicate the
accuracy with which we believe the measurements
have been made. The results of AG are not in close
agreement with these results, but it has been deterrgined
that there was a systematic error in their measurements
amounting to several percent, and the present values
are in excellent agreement with their corrected values. ""
Additional frequencies which were not measured,
directly were d,etermined, from a d,etailed, analysis of
the beat structure in the observed oscillations.

The measured, concentrations for the alloy samples
are listed in Table II along with the weighed concentra-
tions of the melt from which they were pulled. The
errors in the measured values represent the +15%
pl'cclsloll of 'thc lllcaslllcIIlcllt cstlmatcd by Lcdoux
and Co. Concentrations were measured. on two separate
parts of each sample as described, in the preceding
section, and in. the case of sample 10812 the middle
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Pro. 3. Residues from Dingle-temperature fit as a function of
()p,X/H) X=0.075'K.
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Fio. 4. Relative changes in dHvA frequency as. a function of
measured bismuth concentration in the samples. The line rep-
resents the RIt M prediction.

portion was analyzed as well. For samples 1088 and,

1037 there was considerable variation along the length;
for 1088 the two measured values mere 0.135 and,

0.195%, and for 1037 they were 0.150 and 0.175%.
The lower values were chosen as being the best
estiInates of the significant concentrations for the
following reason: Because of the exponential de-
pendence of the dHvA amplitude on mean free path,
our experiment samples only the purest part of the
crystal, and, we therefore expect that only the smaller
value is important.

The results of the frequency measurements for the
alloys are given in Table II along with the relative
changes in frequency, using the pure sample 1083 as
a reference. This sample was used, for the reference
because it was oriented slightly better than 1035
(see Table I). Dingle-temperature measurements on
the alloys and on the reference pure sample are also
listed in Table II. The CGective mass was taken as
p, =1.20,25 and, was assumed, to be unchanged by
alloying. The pure-lead, value for the Dingle tempera-
ture is in good, agreement with that obtained, by
Phillips and Gold, " and the values increase mono-
tonically with frequency in the alloys.

In most cases the errors quoted for the various
measurements are related to the statistical nature of
the fitting process used and not to estimates of any
systematic errors which might be present. Except in
the case of sample 10A8, the frequencies listed, in
Tables I and II represent the mean of the values
obtained, for increasing and, decreasing fields separately,
with weighting by the inverse squRI'c of thc stRndRrd

d,eviation for each frequency measurement, The
inverse-square error is then the sum of the inverse
squares of the errors in the individual measurements.
This procedure is justified if the values to be averaged,
come from the same distribution. In our case, we found,
that the di8erence in frequency values between
increasing and d,ecreasing field. sweeps was roughly
the same as the standard deviation of the estimate
of the frequency. This close agreement allows us to
assume the two values are from the same distribution
and, that hysteresis does not significantly affect the
results.

The case of sample 10A8 was diferent from the
others because it was significantly misoriented, in the
field, and, an exact factor to correct for this mis-
orientation could not be determined. The values for
1QA8 were arrived at by the following technique.
According to the AG model, the y oscillations are
associated, with the cross sections of the third-zone
arms (orbit f in Fig. 1). These cross sections are all
the same exactly at L100), but as the field direction
moves away from L100j, they differ from one another.
As a result, beats are observed. in the y oscillations
when the field is not in the L1001 direction. The cross
sections vary most rapidly with respect to one another
as one rotates in the (110) plane. The angular variation
of frequency for the P oscillations, however, is much
smaller than that of the y's and is fairly isotropic.
One therefore has a measure of the maximum error
which could be made in the P frequency due to mis-
orientation by comparing the angular dependence of
the P's with that of the y's in the (110) plane. Such a
computation was made on the basis of the AG model
modified to include nonlocal contributions. " The
variation in the y oscilla. tions could be measured
directly by counting the number of oscillations observed
per beat. For all the samples other than 10A8, the
maximum correction in the P's was found to be less
than 10 4, corresponding to a maximum misorientation
of &~", and hence smaller than the statistical un-
certainties, but for 10Ag it amounted to 5X 10~ (1.5') .
Since this value corresponded to the maximum correc-
tion, the true P frequency lay somewhere between the
measured value and a value corrected by the above
factor. Because there was no way of determining
exactly where in this range the true value lay, it was
chosen to lie halfway between, with the error bars
corresponding to the upper and, lower limits. From
our error analysis we have concluded that the accuracy
of the frequency measurements is also well represented
by the statistical errors.

The Dingle-temperature values and statistical errors
were d.etermined by combining the data for increasing
and decreasing fieM sweeps. Since there are long-period
beats in the P oscillations, 2' which were not taken
into account in the fitting procedure, the quoted
c11ors RI'c not cntlI'cly duc to random cl 1ol 8 in thc
measurement, but are greatly increased, by the sys-
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our belief that the Dingle temperatures are a more
representative indication of the concentrations of
interest than are the spectroscopic measurements.
This is the 6gure which we wish to compare with
theory. To make the comparison, we must establish
the relationship between the concentration and the
Dingle temperature. From a least-squares fit we obtain
for the relationship between the Dingle temperature
X and the concentration C

X=0.09+6'14C.
: Ioalo

FIG. 5. Relative frequency changes versus Dingle temperature,
Solid line is the RBM prediction using measured values of p, and
n0(,EF); dashed line uses the computed values of Anderson
eI, al. (Ref. 27).

tematic VR11Rt1on ln amplitude duc to the beats. In
Fig, 3 we show an example of this variation in the
residues from the least-squares 6t used in determining
the Dingle temperature. The period shown corresponds
to the beating of about 600 cycles in the P oscillations.
No attempt has yet been made to separate the contribu-
tions from the two frequencies. The absolute errors
in the Dingle-temperature measurements are rather
difFicult to determine, but because of the excellent
agreement of our pure-lead value with that of Phillips
and Gold, ,

"we believe that the accuracy is comparable
to the precision.

MSCUSSION

The 6rst, and most obvious, point to note in Table II
is that the P oscillation frequencies increase mono-
tonically with increasing bismuth concentration. This
is extremely strong evidence that these oscillations
correspond to an electronlike piece of FS, and therefore
should be assigned. to the v orbit, in agreement with AG.

In Fig. 4 is shown a plot of the relative frequency
changes as a function of the measured bismuth con-
centration. The dashed line represents the RBM
prediction from the modified AG modep' of the lead
FS. The 6t is reasonably good, but would be improved
if lower values were taken for the concentrations,
consistent with our conclusion that the spectroscopic
measurement tends to overestimate the concentration.
A similar plot of relative frequency change as a function
of Dingle temperature is shown in Fig. 5. It should be
noted thRt there 1s less scRtteI' 111 this plot, iri line with

This result leads to the rigid-band, prediction indicated
by the two lines in Fig. 5, the dashed one obtained
from the p and eo(Ep) of the modified AG band
calculation and the solid one from the value of p
measured by Phillips and Gold'5 and of eo(Ep) de-
termined from the speci6c-heat measurements of van
der Hoeven and Keesom. 2' Both 6t the data quite
well at small concentrations, and there seems to be no
way to choose between them. At the larger concentra-
tions there is a definite trend for the points to lie below
these lines, indicating either a failure of the RBM or
an increase in the density of states near the FS. The
signi6cance of that trend is explored in the following
pRI'RgI'Rpll.

Several investigators have determined the specihc-
heat codIicient y in lead alloys from measurements of
the superconducting critical 6eld and temperature.
Sekula and Kernohan'o have measured the changes
in the density states with the addition of Tl impurity;
Pech" has done the same thing for Bi impurity, while
Chol" has used both types of impurity. Sekula and
Kernohan found that, assuming the RBM, the density
of states reaches a peak about 0.14 eV below the
pure-lead Fermi energy. The position of this peak is
in rough agreement with a preliminary nonlocal
pseudopotential calculatio~ by Anderson gt al. ,

'~

which places such a feature about 0.1 CV below the
FS. Chol observed a slight drop in the density of
states just below the pure-lead FS before the rise
observed by Sekula and Kernohan begins (see Fig. 6).
The minimum occurs about j. meV below the FS,
and the value of the density of states there is sufFiciently

FIG. 6. Lead density of states near the Fermi energy
(schematic) . The present study indicates that the Fermi energy
is located at point A. Chol's result (Ref, 17'j indicates that it is
at point B.
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close to the pure-lead value that the signi6cance of the
drop is questionable. Both Pech and Chol observed a
sharp rise in the density of states above the Fermi
energy, corresponding, most probably, to the incipience
of the fourth zone (see Fig. 6). It is this feature which
we believe is responsible for the apparent increase in
the d.ensity of states indicated by the tendency of our
data to fall below the RBM prediction at higher
bismuth concentrations.

We may also note that Clune and Green" have mad. e
specific-heat measurements in dilute alloys of both
Bi and Tl in lead. . They 6nd good agreement with
rigid-band predictions when they include changes in
the phonon enhancement factor with alloying. However,
the rate of change of y with impurity concentration
found by Clune and Green. is smaller by roughly a
factor of 50 than the values obtained by Chol. Their
specific-heat results may be more reliable because
the superconducting transition is not very sharp
in these alloys.

We think that it is not necessary to abandon the
RBM. However, the question of whether the fourth
zone begins above or below the Fermi energy is not
answered clearly by these various results. Although
Chol's results indicate that it begins below, not too
much weight can be attached to this conclusion because
of the disagreement with the measurements of Clune
and. Green. Our results are not suScicntly accurate
to give a clear answer, but because of the good agree-
ment with the RBM at small concentrations, we
believe the fourth zone lies above the Fermi energy.
Anderson et ul. 27 obtain two mod. els from their fit
to the FS; in one the fourth zone lies just above the
Fermi energy and in the other it lies just below. The
6rst model with the fourth zone lying above the
Fermi energy is favored, because of better agreement
with pressure dHvA measuremcnts. '~ Tobin et al.32

have seen low frequency deHaas-Shubnikov oscilla-
tions in lead which might be attributed to fourth-zone
electrons, These results are somewhat open to question,
because they found these low-frequency oscillations
very difficult to see (observable only above 80 kOe),
indicating a large mass, which one would not expect
near the bottom of the fourth zone. Although our
results are probably not sensitive enough to detect
the actual start of the fourth zone, if they are taken
at face value, they would indicate that it begins about
4 meV above the Fermi energy.

It is interesting in passing to determine the effective
scattering cross section 0. of a bismuth impurity in
lead. Classically, the cross section is given by

0 = 1/E~r,

where E is the density of scatterers, v is the electron
velocity) and v' ls thc mean collision time. E is just
the concentration C times the atomic density of lead
Eo, and ~ is related to the Dingle temperature by
X=5/2irkr; we take the velocity to be that calculated

lp—127r%/e'Spp, (16)

where Sg is the area of the FS. The AG model of the
lead FS gives Sg= 18.75g 10" cm ', so that one
has 1,=3.1&10'u for pure lead at 1.3'K, the tempera-
ture at which our measurements were made. Note
that ln/t, (1, as one might expect, since the dHvA
CBcct is more sensitive to small-angel scattering than
the resistivity. Also, the Aleksandrov-O'Yakov result
LKq. (15)] implies that there is no significant contribu-
tion to the resistivity from the phonons at 1.3'K,
whereas at 4'K the contributions from the two terms
are comparable.

In this study, we have made highly accurate ( 2
parts in 10') measurements of several dHvA frequencies
in pure lead, and have observed the variation of the
L100j P frequency with the addition of small amounts
of bismuth impurity. The pure-lead results represent
a refinement of the earlier measurements of AG and,
are in full agreement with their corrected values. '~

The alloy measurements conclusively identify the P
oscillations as being duc to an elcctronlikc piece of
Fs, and, we therefore concur with AG and Anderson
et a/. in assigning them to the v orbit (see Fig. 1).

from the Fermi energy of the AG model and the
effective mass of Phillips and Gold."Then we obtain

0 = (27rk/SNov) (X/C) . (14)

From oui cornparlsorl of Dlnglc tcmpci atul c with
bismuth concentration, X/C~674, neglecting the
constant in Kq. (12). Then o =0.04u'. This value
is comparable to the square of the screening length
in lead, which is about 0.02c'.

One can also obtain a dHvA mean free path E~=e7-.
In the pure material we find, a value of 1~=3.5&104a,
and in a 0.1% alloy it is ln ——5.6&10'a. We note that
the average distance between impurities in the 0.1%
alloy is much shorter, about 4u. It is also of interest
to compare with values of mean free path obtained from
resistivity measurements. Aleksandrov and O'Yakov"
determined that the temperature dependence of the
resistivity of pure lead could be described by the
relation

pr/p298 = 1.9X1o '+3.25 X 10-'T'.

The first term is the residual resistance due to impurity
and defect scattering, and, the second term has the
T' dependence expected of the phonon contribution.
At 1'K, this expression gives agreement with the
resistivity measurements of Phillips and Gold, 25 who
found a Dingle temperature in good agreement with
ours; therefore we believe the above result to be
applicable to our samples. It is possible to express
the mean free path for resistivity l, by the following
relation(cf. Ziman"):
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At small concentrations the dependence of the frequency
on concentration is in good agreement with the predic-
tions of the RBM. At the larger concentrations there
is a tend. ency for the frequency changes to fall below
the RBM predictions, and we interpret this trend.

to be due to an increase in the density of states, in-

dicating that electrons are beginning to fill the fourth
zone. This result is consistent with. the superconducting
critical 6eld work of Chol'7 and Pech."There remains
some ambiguity as to whether the fourth zone actually
begins above or below the Fermi energy, but our
results, taken at face value, would lead us to suggest
that it begins ~4 meV above the pure-lead Fermi
energy.

The technique of using ie site NMR to measure
6eld is primarily responsible for the accuracy of the

pure-lead measurements and for the sensitivity ob-
tained, which is required, to measure the small changes
in the FS in the alloys. The present accuracy is greater
than can be utilized by most band calculations, and
it compares favorably with the relative accuracy
attainable in dnvA rotation diagrams. In short, the
ie situ NMR technique appears to be a powerful
tool for the investigation of small absolute changes
in the FS of metals.
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