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The ferroelectric transition in KD2PO4 has been investigated both experimentally and theoretically.
Coherent neutron scattering by fluctuations associated with the transition was studied both above and
below the transition temperature. None of the optic-phonon modes was found to change in frequency
near the Curie temperature, in contrast with materials such as SrTi03. The ferroelectric fluctuations gave
rise to quasi-elastic scattering, increasing in intensity as the transition was approached. The intensity
distribution showed that the pattern of displacement of the atoms in these fluctuations was similar to
that which relates the crystal structures of KH2PO4 above and below the transition temperature. It was found
that the macroscopic electric field plays a large part in determining the probability distribution of the
fluctuations. The results have been analysed in terms of an Ising model with one "spin" per unit cell. The
intensity of the scattering is shown to be consistent with a relation connecting the dielectric and scattering
properties. The implications of these results for the theory of ferroelectricity in KH2PO4 and KD2PO4 are
discussed.

I. INTRODUCTION
Ferroelectrics are often classified in two groups: dis-

placive ferroelectrics such as the perovskites and order-
disorder ferroelectrics such as KH2PO4 (KDP). The the-
ory of the former class has been developed in terms of
an instability against one of the normal modes of vibra-
tion, as suggested by Cochran' and Anderson, ' and this
has found a considerable degree of confirmation in ex-
periments on SrTi03,' BaTi03,4 and KTa03.' The theory
of other ferroelectrics is less developed. The first micro-
scopic theories of KDP were put forward by Slater' and
more recently extended by Silsbee and Uehling. These
models emphasize the ordering of the hydrogen atoms
in the ferroelectric phase, which was confirmed experi-
mentally by Bacon and Pease' using neutron diRraction.
These theories however do not readily explain the
strikingly large isotope e6ect in KDP—on deuteration
the Curie temperature is increased' by a factor of
about 1.9. To account for this, the concept of proton
tunneling between two possible sites was introduced by
Pirenne' and Blinc." More recently an elegant spin
formalism to describe the motion of the hydrogens has
been introduced by de Gennes" and further developed
by Brout et al. ,13 Tokunaga and Matsubara, '4

Tokunaga, ' and others. One prediction of these
theories is a collective motion (tunneling mode) of the
hydrogens which becomes unstable at the phase
transition.

That this is an over-simplified picture is apparent
from the fact that while the motion of the hydrogen
atoms is nearly in the ab plane, the ferroelectric axis is
the c axis. Consideration of the motion of the other
ions is therefore essential to explain the ferroelectric
properties. This is borne out by the displacements of
the ions at the phase transition, determined by Bacon
and Pease. Cochran" has also emphasized the need to
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consider all the atoms, and suggested their pattern of
displacement in the "ferroelectric mode. "

Unstable or temperature-dependent modes have
been sought in a number of optical experiments. Infra-
red measurements on KDP by Barker and Tinkham'7
showed a relaxation of the dielectric response at rela-
tively low frequencies. Kaminow and Damen" using
Raman scattering have detected a heavily damped
mode which does however appear to have a resonant
character and for which the undamped frequency was
deduced to vary as ((T—T,)/T]"'.

Earlier neutron scattering measurements have also
mostly been made on KDP," and have therefore in-
volved incoherent scattering. The object of our experi-
ments" was to study any modes associated with the
ferroelectric transition, and to determine the dispersion
relation for phonon modes by coherent scattering.
Consequently we used a single crystal of KD2PO4
(usually abbreviated DKDP). Almost concurrently
with this work, a similar experiment, although with
diGerent emphasis, has been reported by Skalyo et al."

In Sec. II we describe the experimental arrangement
and the results for the ferroelectric mode. It is shown
that scattering from this mode occurs at frequencies
which are low compared with typical phonon frequen-
cies and are indeed too low to be resolved by the neutron
spectrometer. This is consistent with the frequency
dependence of the dielectric constant of DKDP deter-
mined by Hill and Ichiki, "from which one can deduce
that the mode does not have a resonant character. In
Sec. III we use a simple model for this mode, based on
the Ising model for an order-disorder transition. The
results of this analysis are discussed in Sec. IV, where
we show that the observed intensity gives the Curie
temperature of the free crystal, that its magnitude is
consistent with an expression" connecting the scattering
4603
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Expt. I Expt. II
Nominal Nominal Fitted

Horizontal collimations

ao before monochromator

ai monochromator-
specimen

z& specimen-analyzer

n3 analyzer-detector

0.8
0.75

0.67
4 0

0.8
0. 127

0.30
10.0

0.078

0, 28

Vertical collimations

TAsLE I. Experimental conditions in the two sets of experi-
ments and the results of 6tting the parameters to the measured

resolution function. The units are degrees and are the full widths

at half-height.

The neutrons scattered by the crystal were studied
with the aid of a triple-axis crystal spectrometer con-
trolled in the constant-Q or constant-E modes of
operation. " The experiments were made with two
different arrangements of the experimental equipment.
In the initial set of experiments" an aluminium mono-
chromator crystal and squeezed germanium analyzer
crystal2~ were used with fairly large angular collimations,
as set out in Table I. A further set of experiments has
now been completed using squeezed germanium crystals
as both monochromator and analyser and with much
less divergence in the collimators, as also shown in
Table I.Both sets of measurements were made with the
triple-axis crystal spectrometer at the C5 facility
of the NRU26 reactor, Chalk River.

p~ before monochromator

p2 monochromator-
specimen

183 specimen-analyzer

P4 analyzer-detector

Crystals

M
A

Monochromator
Analyzer

1.0
2.0

1,0
1.0

6.0
6.0

6.0
1.0

0.48 0.25
0.35 0.35

(111)Al (111)Ge
(111)Ge (111)Ge

Gaussian
{standard
deviation =
0.022 recip-
rocal-lattice
units)

0.12
0, 29

3. Phonon Measurements

Measurements were made of some of the low-fre-
quency branches of the phonon dispersion relation for
wave vectors along the a and c directions of the tetrag-
onal cell and will be described in detail in a later
publication. The result of interest for present purposes
is that none of the undamped modes is directly associ-
ated with the ferroelectric transition. Their frequencies
are essentially independent of temperature, as shown
in Fig. 1 for the optic mode of lowest frequency with
q=0, and for the mode with lowest frequency at the
zone boundary in the c direction. There is thus no well-
de6ned peak, in the frequency spectrum of neutrons
scattered from DKDP, whose position moves towards

and dielectric properties of the crystal, and that its
dependence on wave vector is qualitatively of the form
to be expected for fluctuations in a ferroelectric crystal.
In Sec. V we discuss the implication of these results for
the theory of ferroelectricity in these crystals. We
suggest that our observations are of the tunneling
mode, strongly coupled with a phonon normal mode. ""
However, at least within the framework of the random-
phase approximation, the isotope eGect on the Curie
temperature is not accounted for quantitatively by the
change in the value of the tunneling integral in going
from KDP to DKDP.

II. EXPERIMENTAL RESULTS

A. Experimental Details

22

0- 2P
2

K

K
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243
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2,0,2 ) Q =(3,0,2)

5oK

'K

In the paraelectric phase DKDP has the space group
l42d and its lattice parameters at room temperature
are a=b=7.468 L and c=6.974 A. The single crystal
used in these experiments was a cylinder whose axis
was approximately along the c axis, of 1-in. diameter
and 2 in. in length. The crystal was mounted in a metal
cryostat with the ac plane horizontal. The temperature
could be held constant for long periods to 0.1'K and
measured with an accuracy of 0.2'K. Measurements

. were made at temperatures between 307 and 213'K,
and the transition temperature was found to be 223.1'K.

2
oK

0 I I I I 'I I I I

3.4 3.0 2.6 2.2 1.8 1.6 1.4 1.2 1.0

FREQUENCY ( lO Hz)

Fro. 1. Neutron intensity from two of the normal modes of
vibration as a function of temperature. The wave-vector transfer
Q is shown at the top of the figure in reciprocal-lattice units
2m{1/u, 1/a, 1/c). The arrows indicate the estimated centers of
the neutron groups.
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TAsr.E II. Squared structure factors of the ferroelectric Quctu-
ations as measured at various lattice points and as calculated
using the displacements obtained by Bacon and Pease (Ref. 8).
The goodness of 6t is given by the x value. The components of

are given in reciprocal-lattice units.

factor was found to be 0.016, 0.02, 0.023, and 0.021 at
307, 254, 233, and 224.9'K, respectively; that is, it is
constant at 0.020~0.003, within the experimental
error.

III. ANALYSIS OF EXPERIMENTAL RESULTS

(0, 0, 2)
(0, 0, 4)
(1, 0, 1)
(1, 0, 3)
(2, 0, 0)
(2, .0, 2)
(2, 0, 4}
(3, 0, 1)
(3, 0, 3)
(4, 0, 0)
(4, 0, 2)

Fit y

Oa0. 03
0.4%0.05

0%0.03
0, 05w0. 04
0.01&0.03
0.02a0, 03
0.21a0.07
0.30&0.03
1.0&0.1

0&0.03
0,01&0.03

0
0.29
0.08
0
0
0
0, 01
0.99
0.95
0
0.03
'l. 4

Calculated
from KDP

Expt. displacements

a=-;Z v(q)s(a)s( —a), (3.1)

S(q) = (1/&X) g S(l) exp( —iq r) (3.2)

In this section we give a description of the scattering
by the ferroelectric fluctuations in terms of a phenom-
enological model. The model is an Ising model in which
we assign a spin S(l)= &1 to each primitive unit cell
which determines whether the dipole moment associ-
ated with the unit cell is along the positive or negative
t, axis. This model is similar to that used to describe the
order-disorder transitions in NaNG2" and in P brass. "
If the interaction between the spins in the unit cells l
and l' at r~ and r~ is V~I, , the Hamiltonian is

was observed. From the results of Hill and Ichiki" on
the frequency dependence of the dielectric constant, the
predicted width is about 0.04X10"Hz at room tem-
perature and is less at lower temperatures. This would
scarcely have been detectable, Thus the ferroelectric
fluctuations occur on a time scale which is greater than
the vibrational periods of all but the longest-wavelength

~ acoustic phonons.
The variation in the intensity of quasi-elastic scatter-

ing with temperature and wave vector was studied most
extensively around the reciprocal-lattice point (3, 0, 3).
The magnitude associated with each reciprocal-lattice
point (h, 0, l) was obtained by taking the difFerence
between the intensity at (&+0.15, 0, l) and
(h, 0, l&0.15), as a means of eliminating background.
Measurements were made at several diferent tempera-
tures and under both sets of experimental conditions,
and are summarized in column 2 of Table II. They are
consistent with the more extensive measurements of
this kind made by Skalyo et ul."

A comparison of the intensity of the quasi-elastic
scattering with the integrated intensity of any normal
mode of vibration enables the former to be put on an
absolute scale, since the latter may be calculated when
the eigenvectors are known. The quasi-elastic scatter-
ing 8 at a momentum transfer of (2.85, 0, 3) was there-
fore compared with that observed for the transverse-
acoustic mode S, of the same wave vector at four
diferent temperatures under the same experimental
conditions. Ke define a factor which we expect to be
independent of temperature,

E=S.(2')/S(T) (T—2;), (2.1)
where T,(g=0.15) was taken to be 218.5'K. This

V(q)= g Vgv exp(iq (r~—r~. )). (3.3)

8(Q) =&
I
j"(Q) I'F'(a) (34)

where lV is the number of unit cells in the crystal and
Q is the scattering vector, related to q by the condition
that Q —q is a vector v to a reciprocal-lattice point.
The correlation function F(a) is given by

1'(a) =I:1+Iv(a)3 '= T'/I:2' —&.(a)3, (3 5)
where P=1/ksT and kgT. (a) is deaned as —V(q).
The structure factor is given by

~(Q) = Z && exp( —W'&(Q)) sin(Q ~ uj, ) exp(iQ. r&),

(3.6)

where bf, is the scattering length of the kth atom,
exp( —lVI, (Q)) its Debye-Wailer factor, 2u~ its dis-
placement when S(l) changes sign, and r~ its average
position in the unit cell. The sum in (3.6) is taken over
all atoms of one unit cell.

The interaction V(q) was taken to involve a short-
range interaction between a unit cell and its eight
nearest neighbors, and a Coulomb interaction which
was approximated by its singular form as q~0. V(q)
is thus written as

V(q) = V, cos'n+Jo+8J~L1 —cos(-,'aq, )

X cos(-', ag„) cos(-,'cq, )j, (3.7)

where o. is the angle between q and the c direction.
Comparing Eas. (3.7) and (3.5) we see that the in-
tensity diverges for q

—+0, with q„and q, zero, at a tem-

The neutron scattering by this model is given in the
random-phase approximation by'0
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TABLE III. Percentage change in the observed intensities when they are corrected for the instrumental resolution
for Q = (2.85, 0, 3.0), columns u, and (3.0, 0, 3.1), columns b.

Temperature ('K) 224. 8 230.0 240.0 300.00

103-point resolution function
13-point resolution function

a
—1 9%

2 9%

b

+1.7%
+1 9%

—o 8%
—o 8%

perature given by AT = —Jp, thus relating Jp to the
Curie temperature of the transition.

The experimental results were analyzed using expres-
sions of this form. Initially a check was made that the
finite experimental resolution was not inQuencing the
results. The resolution function was measured by
scanning the spectrometer through the sharp (3, 0, 3)
Bragg reQection and fitting the results to the expression
derived for the resolution function by Cooper and
Nathans. " The fit reproduced the measurements
reasonably well (y=4.1) but the actual values of the
parameters were significantly different from their
nominal values, Table I. The effect of the finite resolu-
tion function was then calculated for the wave vectors
(2.85, 0, 3) and (3, 0, 3.1) at the lowest temperatures
where the effects are largest. The integration was per-
formed using both 13 and 103 points to represent the
resolution function; and, as shown in Table III, both
calculations gave good agreement with one another,
and corrections which were always less than 8%. We
conclude that the effect of the resolution function on our
results is quite small.

Two ways of analyzing the data taken around the
reciprocal-lattice point (3, 0, 3) were used. A least-
squares fit by computer to the measured intensity was
made by varying the parameters V„Jp, and J& and
allowing for a background contribution to the intensity
which was assumed to be independent of Q. The struc-
ture factor F(Q) was also assumed to be independent
of Q. The parameters of the fit are given in Table IV,
where it is seen that the value of Jp corresponds to a
temperature greater than the observed transition tem-
perature by 5'K. A similar fit was made including the
effects of the finite resolution function with little
change in the parameters. A fit in which the short-range
interaction was not restricted to nearest neighbors was
also made but although the parameters changed con-
siderably the goodness of fit did not improve.

The other method of analyzing the data was to plot
curves of the inverse intensity against the inverse tem-
perature for various different wave vectors, assuming
various different backgrounds (see Fig. 4). The inter-
cept of these curves with the inverse temperature axis
then gives V(q) and the slope V(q)/~ F(Q) ~'. The
resulting V(q) and

~ F(Q) ~' are shown in Fig. 5 for
g along the a axis and for two of the backgrounds em-
ployed. A value of V, was then obtained by examining
the intensity along the lines (2.6, 0, g), (2.7, 0, rl),
(2.8, 0, g), and (3.0, 0, g). For the value of the back-
ground given in analysis A the values of V. from these
different lines were all approximately equal but for
analysis 8 the values were very different, varying
between 4000 and 320'K. We list the parameters ob-
tained from the analysis A in Table IV. The value of Jp
is now in agreement with the transition temperature.
The values of J~ and V, are both smaller than the values
obtained from the computer fit. This results in part
from a different choice of background and in part
because

~
F(Q) ~' was held constant in the computer

fits, The discrepancies give a measure of the uncertain-
ties in these parameters.

The variation of the intensity, that is, of
~
F(Q) ~,

from one reciprocal-lattice point to another provides
information about the pattern of displacements of the
atoms in the ferroelectric Quctuation. The relative
intensities have been calculated using for the ul, the
displacements found by Bacon and Pease' at a tem-
perature well below T, in KDP and are compared with
our measurements in Table II. Although there is a
similarity between the measured and calculated values
the discrepancies show that the displacements above
T, in DKDP do differ from these below T, in KDP.
Attempts were made to deduce better values of the
uI, but these will not be reported since more extensive
measurements and calculations have now been pub-
lished by Skalyo et al."

TABLE IV. Parameters J0, JI, and V, as deduced from a com-
puter fit and a graphical analysis of the data (analysis A of
Fig. 5).

IV. DISCUSSION OP RESULTS

A. Value of Jp

Computer fit

Graphical analysis

Jo ('K) J ('K) V, ('K)

—223.5&1.0 7.3&1.4 180+20

—228.5+0.7 10.90&0.05 258~1

The analysis of results in Sec. III gave —Jp/k~ as
greater than, or equal to, the transition temperature.
For a piezoelectric crystal which makes a continuous
transition, the transition temperature is equal to the
Curie temperature of the "free" crystal, and this is
higher than the Curie temperature of the "clamped"



PAUL, COCHRAN, BUYERS, AND COWLEY

ANALYSI 8 A
I l

(0.85)
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Ld

—0

5.0
I l

4.2 5.4

~XVERSE TEMr ERATURE (!O~x K)

I

3.8

FIG. 4. Reciprocal intensity (I—I~) ' plotted against reciprocal temperature for various wave vectors along the line (g, 0, 3) . The
open circles correspond to the results from the experimental arrangement I, the solid circles from experimental arrangement II, and
the crosses were obtained with the conditions I, but not under constant temperature conditions. The analyses A and 8 were made
with diferent backgrounds I~. For analysis A, Ig=0.040; for analysis 8, I~=0.608, in the arbitrary units of the figure.

crystal. ' We have already noted that for q in the a*
direction, koT, (q—+0) = —Jo. The question arises
whether T,(g-A) should be the Curie temperature of
the free or of the clamped crystal. Our measurements
were made at wave vectors q suKciently large that the
frequencies in the spectrum of the ferroelectric mode
wcl c slgnl6can tly lowcl than thc frcqucncy of thc
acoustic mode of the same wave vector. The acoustic
mode can therefore follow the ferroelectric Quctuations,
RQd conditlorls extrapolated to zcI'0 %'Rvc vector Rlc
those of the free crystal. Thus —Jo/ko shou/d be equal
to the transition temperature. In a Raman scattering
measurement of ferroelectric fluctuations, the much
smaller value of q results in conditions being reversed,
and the intensity should involve (T T) with T—
the Curie temperature of the clamped crystal, as con-
firmed by Kaminow and Darnen" for KDP.

At comparatively large values of the wave vector the
frequency of the acoustic mode corresponds to an
elastic constant which is almost independent of tem-
perature, whereas at very small wave vectors the fre-

quency corresponds to an elastic constant which goes
to zcI'0 at thc t I'Rnsltlon temperature. Measuremcn ts
which support this conclusion are shown in Fig. 6.32

3 Absolute InteQSltf of Scsttex'lng

The variation with temperature of the scattering is
associated with the anomaly in the dielectric constant.
If there ls only onc mode of rnotlon pl cscnt lQ thc fcl I'0-

electric Quctuations, the dielectric susceptibility and
the intensity are proportional. It has been shown" that

lim S(v+q) = (cVkoT/vI', ')
~
F(v+q)~'x, .(0), (4.&)

where the limit is taken with q perpendicular to the c
axis (s direction). I', is the spontaneous polarization, ' "
and the static susceptibility is given by

neglecting at this stage any contribution which is
independent of temperature, The structure factor has
already been de6ned, Eq. (3.6).
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2.4
I

5.2
I

3.

g IN NAVEVECTOR TRANSFER Rw/a/05)

PIO. 5. Interaction J(Q) and the structure factor I P(Q) ~' as functions of the momentum transfer along the line (I', 0, 3) .The diiferent
analyses were made with different values of the background (analyses A and 8 of Fig. 4).

The expression for the intensity scattered. by an g by (T—T,) we obtain an expression for the ratio
acoustic mode of the same wave vector, integrated over ELEq. (2.1)j. for which an experimentally determined
frequency, ls value vras given in Sec. II C:

&.(~+q)=L»n2"/2 '(q) j I ~.(~+q)l', (43)

@&here ~ is the frequency and Ii is the structure factor
of the acoustic mode (defmed in Sec. V). Now dividing

T
=

(4 4)

With &o /2lr= (0.47&0.02) X 10" HZ and P,=
(1.50+0.05)X10' esu/cm", and taking the us of Eq.
(3.6) to bc Rs glvcll by tile s'tl"llcturc RIlalysls of Bacon
and Pease' (Table V), we can now solve Eq. (4.4) for
the Curie constant C, obtaining 4300~'700'K. This is
in satisfactory agreement vrith the measured values" '~

of 4040 and 3760'K, particularly as vm have not dis-
tinguished in the above analysis between T, appropriate
to the susceptibility (223'K) and T. appropriate to the
neutron intensity which corresponds to q=0.15(2s./u)
and which was estimated in Sec, II C to be 218.5'K.

EqllR'tloll (4.1) gives R I'clatloll bc'twccll scattcl'lllg
and d1electr1c propel ties Which ls independent of a

TABLE V. Values of uI, deduced from the structure
analysis of KDP.

240 260 280
TEMPERATURE ('K)

FIG. 6. Klastlc constant CfIII as a function of temperature. The
solid lines are from ultrasonic results of I itov and Uehling (Ref.
35) and we have smoothly interpolated the dotted line to agree
with the room-temperature measurement of Sliker and Burlage
(Ref. 35) .

Phosphorus
Potassium
Oxygen
Deuterium

Components of uI, in A.
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particular model. On the other hand Eq. (3.4) predicts
the absolute intensity of scattering, but is based on the
random-phase approximation when Eq. (3.5) is used for
the correlation function, and it depends of course on the
one-spin-per-cell model. Dividing (4.3) by (3.4) we
obtain for the predicted value of R on this model:

R k=~F,'/2(o, 'F'. (4 5)

This gives almost exact agreement with the measured
value of R. The significance (or otherwise) of this is
discussed in Sec. V.

V.=4miF, '/el, . (4.6)
We are now taking the dielectric constant to be given
more accurately than in Eq. (4.2) by

e*.(0)=er+C/(T T ) (4 7)

where e~ is the combined lattice and electronic con-
tribution to the dielectric constant, which we may esti-
mate from the measurements of Barker and Tinkham'
to be 8.7. Equation (4.6) then gives V, = 450'K, which
is at least a factor of 2 greater than our experimental
value, which two different methods of analysis gave as
258 and 180'K (Sec. III and Table IV).

There are a number of possible reasons for this
discrepancy. First of all we have approximated V, (q)
by a constant appropriate to its value at q=0 although
intensities corresponding to relatively quite large
values of q were involved in the analysis of Sec. III.
Secondly we have been able to show that the structure
factor F(v+q) (Eq. (3.6)] is singular as q~0. This

. singularity arises because the coupling between the
ferroelectric Quctuations and the other normal modes
of vibration is altered by the macroscopic electric field"
associated with the longitudinal part of the fluctuations.
This singularity has not been allowed for in any of our
computations so that the value of V, may to some extent
compensate for the failure to include the singularity
in F(q+v).

D. Structure Factor

In Sec. III we deduced an expression for the structure
factor of the ferroelectric Quctuations by assuming that
the displacements of the atoms within any one unit cell
are determined by the vectors, u& and the spin S(l).
The resultant expression (3.6) is compared with the
~
F(Q) ~' deduced from experiment in Fig. 5. This

figure shows that whereas the theoretical expression
gives zero at the zone boundary, the measured value is
probably nonzero. This discrepancy is not surprising
because the displacements of the atoms must vary

C. Value of V,

The coeKcient of the singular part of the electro-
static interaction was written in Sec. III as V,. The
dipole moment in each unit cell of volume e is eP, so
that we expect

smoothly from one unit cell to another where S(l)
changes sign. The effect of this may be simulated by
multiplying the displacements by exp(iq rl, ), when

~
F(Q) ~' becomes almost constant within any Brillouin

zone but is discontinuous at the zone boundary. In
practice

~
F(Q) ~' varies in a manner intermediate

between these extremes as shown in Fig. 5.

V. NATURE OF FERROELECTRICITY IN DKDP

A. Order-Disorder or Damped Oscillator Model

The discussion so far has been in terms of an order-
disorder model in which the dipole moment of each
unit cell can be either up or down. It is however also
possible to interpret the results in terms of a damped
oscillatory phonon mode of the crystal. The intensity
of neutron scattering by an anharmonic crystap7 can
be approximated by the result

3(Q~) =2&fi C~(~)+1] I F~(Q) I'

X "(q), (5.1)
L~P(q) —~']'+4 'v '(q) '

where the scattering by only one mode is considered.
co, (q) is the quasiharmonic frequency of the mode and
p, (q) a damping constant. The structure factor for a
phonon mode is given by

F;(Q)= Z &~m~ "'LQ e (q)] exp( —IV.(Q) )

X exp(iv rq) (5.2.)

When the frequency is relatively low, A~Le(~)+1] can
be replaced by k~T. If the damping constant is rela-
tively large, 2y, (q)))co;(q), Eq. (5.1) reduces to an
expression involving a Debye relaxation time:

2&4T
~
F,(Q) ~'r~(q)

~'(q)L1+~'r'(q)] '

where
r (q) = 2V (q)/~ '(q). (5.4)

Integrating either Eq. (5.1) or Eq. (5.3) over frequency
gives

8(Q)=f8(Q )(d /2 )

=PNk~T
i F,(Q) i'/u, (q)]. (5.5)

LThis expression differs by a factor of 2 from that given
as Eq. (4.3) because the latter involved an integration
over positive co only. ] Equation (5.5) is independent
of the damping constant or relaxation time. Comparing
this result with those given in Sec. III, one finds that
(5.5) and (3.4) are the same provided

~'(q) =~LT-T (q)] (5.6)
and the quantities mi, "'eq, (q) and u& are taken to be
proportional to one another. Dn the range of Q covered
by our measurements, Q ui, could not be distinguished
from sin(Q uI„).7 To fit the measured intensity
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requires

~ (Q)/2s =0.14(T—T )'~'(10" Hz).

between a phonon and a tunneling mode. From Eq.
(5.8) we see that the modified tunneling mode may
become unstable at a temperature T, (q) given by

Although there is certainly no direct evidence for
the existence of such an undamped frequency, it is
consistent with the experimental results to assume that
the quasi-elastic scattering arises either from a heavily
overdamped phonon mode, an extreme example of the
situation which occurs for BaTi03,4 or alternatively to
assume that all phonon modes are almost independent
of temperature and the basic phenomenon is an ordering
process such as occurs in NaNO2. "A way to distinguish
these two possibilities would be to detect experi-
mentally and enumerate the optic phonons in the
paraelectric phase having the same symmetry as the
ferroelectric mode. Group theory shows that there are
six such optic phonons, so that if six were detected the
order-disorder model would be favored and conversely.
Unfortunately a more careful consideration of an-
harmonic effects in piezoelectric crystals' shows that
even this test might not be conclusive. The large dis-
placements of the hydrogen atoms at the phase transi-
tion (2u~ ——0.4 L) do, we believe, favor the order-
disorder model.

B.Tunneling Model

There has been considerable discussion in the litera-
ture concerning the application of the tunneling model
to the ferroelectric transition in KDP and DKDP. '~"
The original theories assumed only one hydrogen atom
per unit cell and neglected coupling between phonons
and the tunneling modes involving the hydrogen atoms.
Both of these features have now been incorporated
into the theory. ""In what follows we use essentially
the same notation as in a review by one of us." In
particular, subscript j distinguishes different phonon
modes and subscript i different tunneling modes of
the same wave vector. For KDP, i = i ~ ~ 4 since there
are four hydrogen atoms per unit cell. The frequency
of a pure tunneling mode is given in the random-phase
approximation by

fP(s,2(q) =20[20——',J,(q) tanhPQ], (5.7)

where 20 is the tunneling integral and J;(q) is a measure
of the direct interaction between hydrogen atoms in
this mode. Coupling between the tunneling mode and
phonon modes of the same symmetry results in mixed
modes. Assuming that co, (q) is small compared with the
relevant cu, (q) one of the mixed modes has predomi-
nantly the character of a tunneling mode and its fre-
quency is given by

5'co,2(q) = 20[20—-',J,(q) tanhPQ], (5.8)

where

J'(q)=J'(q)+4 Z [l G' (q) I'/~ '(q)] (5 9)

In Eq. (5.9), G;, (q) is a measure of the coupling

tanh[Q/k, T,(q)]= 4n/J, (q). (5.10)

Comparison of Eqs. (5.7) and (5.8), using (5.9), shows
that the Curie temperature is raised by the interaction
through the lattice. When ksT, (q) is large compared
with 0, the Curie temperature becomes independent
of the precise value of 0, being given by

4T.(q) = lJ.(q),
and Eq. (5.8) reduces to

A'u, '(q) =40'[T—T.(q)]/T.

(5.11)

(5.12)

Dr~/kaTn= tanh(Qrr/ksTrr). (5.13)

Using the value Q~ ——i0 '4erg and T~——i20'K gives
TD only a few degrees greater than T&, contrary to
observation.

A possible explanation is that Jr(0) is largely deter-
mined by the interaction through the lattice and not
by Jr(0) [Eq. (5.9)].This is certainly found to be the
case if all the optic-phonon modes are approximated by
a single mode. " The interaction between the lattice
and the tunneling mode might then be quite different
if that interaction were calculated by averaging the
interaction over the hydrogen and deuterium wave func-
tions as is done in the self-consistent phonon approxi-
mation. " It is, however, probably unwise to place so
much reliance on formulas which involve the random-

phase approximation. Cochran" has given the cross
section for neutron scattering (integrated over ~, and

For a ferroelectric transition q=0, and we shall use the
subscript i =f to distinguish the ferroelectric mode.

The Raman scattering spectrum of KH~PO4 has been
interpreted by Kaminow and Damen" in terms of a
damped mode, giving a cross section for light scattering
similar in form to Eq. (5.1) for neutron scattering. The
temperature dependence of the frequency of this mode
was found. to be as predicted by Eq. (5.12). Numer-
ically their results give 20/k=3. 0)&10"Hz or 0=
1.0X 10 '4 erg. The damping constant yr(0) was found
to be independent of temperature; numerically we have

rf (0)/2r = 2.5&( 10"Hz.

The theoretical significance of the damping constant is
not clear. If, however, we assume it to have the same
value in DKDP as in KDP, we can use the results of
Hill and Ichiki22 to estimate that 0 must be at least an
order of magnitude smaller in the former materi. al.
While this large decrease is plausible, it does not provide
a ready explanation of the increase of T, from KDP to
DKDP. Using subscripts 8 and D appropriately, and
making the plausible assumption that Jr(0) is the same
for both materials, we have from Eqs. (5.10) and (5.11)
that
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assuming 0 rdatively small) for the tunneling model
of DKDP as

&(0)=-:&IF(Q) I'P(q) (5 14)

The structure factor is as defined in Eq. (3.6). The
factor ~ orrgrnates m the four equivalent pseudospins
per unit cell, If the correlation function is taken to be
as given by the random-phase approximation (Eq.
(3.5)j, Eq. (5.14) gives a predicted intensity too small

by a factor of 4 to agree with observation {see Sec.
IV 8). The Curie constant C predicted by this ap-
proach is also too small by nearly the same factor. We
do not consider that this disproves the tunneling model
(which for DKDP reduces to an Ising model because
of the relatively small value of 0), rather that the

random-phase approximation cannot be relied on to
give correct numerical predictions, as distinct from
giving the correct temperature dependence for quan-
tities such as I'{q) and err'(0). Further work is clearly
needed to allow for the correlations in the motion of the
hydrogen or deuterium atoms, and to incorporate
"damping eGects" in a more satisfactory way.
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