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We consider a system of 2/V electrons in a periodic loop of N lattice sites. These electrons are restricted
to occupy the subspace of two degenerate bands. The interaction within a band is limited to nearest-neighbor
and on-site Wannier integrals, but is otherwise arbitrary. The interaction between bands contains the
complete set of intra-atomic terms but no nearest-neighbor term. The spectra of one-spin-flip excitations
relative to the saturated ferromagnetic eigenstate are calculated exactly. The results show that it is necessary
to have the intraband nearest-neighbor exchange coupling in order that the lowest spin-wave branch lie
above the saturated ferromagnetic eignestate. Conditions for the local stability of the saturated ferro-
magnetic eigenstate are given. It is shown that the saturated ferromagnetic eigenstate can still be stable as
a result of the nearest-neighbor exchange interaction J, even when the individual atoms would be non-

magnetic when J is turned off.

I. INTRODUCTION

In a previous paper,! we considered a system of .V
interacting electrons in a periodic loop potential which
has IV lattice sites. A one-band Hamiltonian containing
only nearest-neighbor interaction terms was considered,
and the one-spin-flip spectra relative to a saturated
ferromagnetic eigenstate (the SF state) were calculated
exactly.

It was found that the characteristic terms contribut-
ing to the spin-wave spectrum are the band term, the
“correlation” term (~nT#n] ), and the intersite ex-
change term. The local stability of the SF state results
from a balance between the ferromagnetic tendency due
to the direct intersite exchange term, and antiferro-
magnetic tendency from indirect effects stemming from
the band and other interaction terms. In Ref. 1, the
effects of the latter terms on the one-spin-flip spectra
were for the first time calculated exactly for a one-band
model with nearest-neighbor interactions. It would then
be natural to ask how would the local stability of the SF
state be changed by having a band degeneracy.

In an early paper, Slater, Statz, and Koster? con-
sidered the case of two electrons in a nondegenerate
band and found that the lowest state is always a singlet
state; they then considered two electrons in a doubly
degenerate band and found it possible to have a triplet
state being the lowest state. As a result, it was proposed
that the intra-atomic Hund’s rule coupling may be the
key mechanism that is responsible for band ferromag-
netism. Since then this point of view has been advocated
by many authors,® and magnon spectra were calculated
using various approximations.

In the present article we shall consider a system of 2V
interacting electrons in a periodic loop potential which
has V lattice sites. The Hamiltonian to be considered
represents the case of two degenerate bands. It includes
the band term, the correlation term, the nearest-neigh-
bor exchange interaction term within a band, and the
complete interband intra-atomic terms* The explicit
form of the Hamiltonian is as follows:

H=H,+Hy+Hp, (1.1)
2
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where C;,®™t, C;,™, and #,;,™ are the creation,
annihilation, and number operators of the ith Wannier
orbital with band index A and spin index o, o=+, —.
The intraband coefficients V, J, U are taken for
simplicity to have the same value for each band.’

The degeneracy of the band makes it possible to have
four types of one-spin-flip states relative to a saturated
ferromagnetic eigenstate which has total and z-com-
ponent spin quantum number S=M=N, and is a
respectable candidate for the ground state.
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2 FERROMAGNETIC SPIN EXCITATIONS IN:.-.

The spectra of all four types of one-spin-flip excita-
tions are calculated exactly. We will first treat only the
band term, the correlation term, and the “essential”’
part of the interband intra-atomic terms, i.e., the Uy,
J12, and Dy, terms; these will later be referred to as the
Hund’s rule terms. The complete Hamiltonian in Eq.
(1.1) will then be treated.

There are two central results of the calculation. First,
without intraband (nearest-neighbor) exchange cou-
pling, the saturated ferromagnetic eigenstate could
never be stable. Second, it is possible for the SF state to
be, at least, locally stable as a result of the mutual
polarization among atoms through the nearest-neighbor
exchange interaction J, even when the individual atoms
would be nonmagnetic when J is turned off.®

If there is no coupling between the bands, there would
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be two degenerate spin-wave states plus pairs of de-
generate exciton states plus four degenerate excitation
bands. When the interband interaction is introduced,
the following happens: (1) The pair of degenerate spin
waves split into two distinct branches separated by
order of magnitude 2J5,; (2) two new exciton states
appear, separated also by order of 2Jy, which split off
from the continuum; (3) the continua of excited states
split into two, separated by order of 4W; (4) the old
excitons are also split by order of 4W. We shall be
interested in this paper in the first three of these effects.

The two spin waves and two new excitons states are
very similar to the four states found for one case of
two electrons occupying two degenerate levels. For this
reason, we start the discussion with a brief description
of the two-electron case.

II. TWO-ELECTRON CASE

Let us consider the case of two electrons which are to occupy two degenerate single-particle states & and ¥,

i.e., consider the Hamiltonian

-~ 2 a~
H= 3 h(xi, p)+ V(| t1—22]),

t=1

where & is the single-particle Hamiltonian, and V (x;—x») is the interaction between the electrons, and

hd= &®,

Taking spin and Pauli’s principle into account, there are six states to be considered. These states are
S0P = 3V2[ P (1) W (w2) —F (200) @ (22) J(+, +),
Powm) = ZV2[ P (1) ¥ (22) — ¥ (1) B (22) ](—, —)

(2.1)
= e, (2.2)
DW= V2D (1) W (22) —F (1) D (w2) BV2[(+, =)+ (—, +) ], (2.3)

OO =3V2[P (20)W () +¥ (1) ® (22) V[ (+, =) — (—, +) ],
PO =2(21) (%) 3V2[ (4, =) — (=, +) ],
PO=W (x1)¥ (22) 5V2L(+, =) — (=, +)],

where (4, —),* -, etc. represent the spin functions.

The parallel spin states, ®©P and "™ have total spin quantum number S=1. The other four states will be

called one-spin-flip states.

Let us solve the energy eigenvalue problem in the subspace spanned by these six states. The matrix elements are

calculated to be

E—E 0 0 0 0 0 T
0 E—E 0 0 0 0
0 0 E—E 0 0 0
(Hij— Ebij) = ,
0 0 0 2Jp+ E—E w w
0 0 0 w (U+ Jp—Up+ Ey—E) Dy,
L 0 0 0 W Dy, (U=Up+ Ju+ E—E) |
(2.4)
where E is the energy eigenvalue, and
Hiy= (29 [A|$®), i j=up,down, 1,2,3,4 (2.5)

Ex=Up— Jp+2e,

(2.6)
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and
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U= [dxdy &* (x)¥* (y)¥ (y) @ (%) V (x—y),
Je= [dxdy ®* (x)T*(y)®(y)¥(x) V (x—1y),

Dyo= [dxdy ®*(x)D*(y)¥ (y)¥ (2) V (x—7y),

(2.7)

U= [dxdy 2% (x)2*(y) 2 (y) ®(x) V (x—),
W= [dxdy *(x)¥*(y)¥ (y)¥ (x) V (x—y).

In Eq. (2.4) we have assumed, for mathematical simplicity, that ® and ¥ are real functions, and that

Jdxdy ®*(x)B*(y) V(x—y) =

and

Jdxdy ®(x)¥ (2)¥(y) V(x—y) = [dxdy 2(x)¥ (x)B*(y) V (x—).

Jdxdy W (2)¥* () V (x—y) (2.8)

(2.9)

Also, using the fact that & and ¥ are real functions, we have

J1=Das.

(2.10)

It is clear that the parallel spin states, ®©» and ®°¥» are themselves energy eigenstates with energy EuP») =
E@ovn = E,. The one-spin-flip state with S=1, the ®® state, is also an energy eigenstate with energy

Es®= E,, (2.11)
The problem now is to solve the 3)X3 determinantal equation for the energy eigenvalues of the one-spin-flip states
with §=0,
2Jut+E—E w w
W (U=UptJp)+E—E Dy, =0. (2.12)
w Dy, (U=Up+Ju)+E—E
The solutions are, using the fact that Jy= Dy,
Es®— Ey=2Jp+3{(U—=Up) —[(U—Us)+16W2]12} (2.13)
E®— Ey=2Ju+3{ (U~ Un) +[ (U= Un)™+ 1671}, (2.14)
Ei®— Ey=U—Up. (2.15)

The superscripts and subscripts are used to make correspondence with calculations of later sections. In general,
J12>0, U—U>0; in order that the ferromagnetic (S=1) states are the lowest state, the following condition

must be satizfied:

Es®@—FE,>0

or

Ji?+ 3T (U—Ur) 2 W2

(2.16)

It is clear that the W term is a source of antiferromagnetic effects, and when W=0, the ferromagnetic (S=1)
states are the lowest states. This is a clear manifestation of the Hund’s rule mechanism.

Thus we see that in the two-electron problem (with two degenerate states) there are four distinct excitations
relative to the parallel spin states. We will later see that in the band problem a similar separation of electron-hole
bound states into four branches occurs; the central bound states of each branch closely correspond to the states

found here for two electrons.

III. HUND’S RULE COUPLING WITHOUT
NEAREST-NEIGHBOR EXCHANGE

In this section we shall study the effect of the Hund’s
rule terms versus the band term and the correlation
term by calculating the spectra of the one-spin-flip
excitations (see Fig. 1). The nature of eigenfunctions
will also be considered in some detail. The Hamiltonian
H to be used contains the V and U terms of Eq. (1.2),
and the Us, Jiz, and Dy, terms of Eq. (1.3), and nothing
else. (The J and W terms are omitted.)

The method used here is identical to those used in
Ref. 1, but we shall go through some of the details to
show how degeneracy effects the calculation.

Let | ) be the state with all Wannier sites of both
bands occupied by down-spin electrons and with no
up-spin electron. Then | ®;) is an eigenstate of the
Hamiltonian 7 with eigenvalue

EOE (fpo l ﬁ I <I>0>=N(U12— le). (31)

The state | &) will later be referred to as the saturated
ferromagnetic eigenstate.
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Consider the following four types of one-spin-flip
states:
v, W= Cy 4 01C, _® | &),

¥V, ,O=Cy @1C, @ | By),
Yy, ®=CrO1C, @ | &),
¥, ,O=C; @1C,_V | &),
where f, g=1, 2,---, N. It can be easily shown that
the linear combinations of the sets of functions
(¥, D, %, , @} and {¥;,,®, ¥, ,@} are by themselves
closed under the operation of H, so one can solve the

energy eigenvalue problem spanned by these two sets of
functions separately.

(3.2)

A. Subspace Spanned by { Wy, ¥y @}

Let us first solve the eigenvalue problem in the sub-
space spanned by {¥;,® ¥, @} ie., consider the
following equations:

(H—E)¥y» =0, (3.3)

where
N
P12 = Z (Af,g(l)‘I’f,y(v-i_Af,g@)\l/f,g(?))- (3,4)
fio=1

The set of constants {A4;,©, 4;,®} to be determined
satisfy the periodic boundary conditions

Af+N.am= Af.rlm: Af.a+N()‘)= Af.qo‘),

where \=1, 2, and f, g=1, 2,-+-, N.

(3.5)

E-E,
CONTINUUM

Patatadadta®al
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=(1,10,5,0,05,0)
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o
o
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F16. 1. Bound-state spectra of the system when there is
Hund’s rule coupling but no nearest-neighbor exchange coupling.
There are two spin-wave spectra, separated by order of 2J,
and two interband exciton spectra, also separated by order of
2J1:. The spin-wave spectra are bending downward, and the
ferromagnetic eigenstate is unstable.
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_To solve the eigenvalue problem, we first calculate
HY, W and H¥;,® then substitute the results into
Eq. (3.3). Shifting indices under the summation sign
and noticing that all the vectors in {¥; ,® ¥, ®} are
linearly independent, we get the following set of
equations:

VEAp,004 Ay, g0 = Ap pa®—A4;,64V]

—Ub;,0 45,0 — Jl?af,gA/.a(z) = E/Af.am; (3.6)
VIAr1,0®P+ Ap1,0®— As g1 ®— A7,01®]
- Usf,aAf'a(z)_ J1207,045,, = ElA/.qm» (3-7)
where N N
E'=E—Ey— (U4 J1). (3.8)

In Egs. (3.6) and (3.7), both indices f and g run from 1
through V. There are altogether 2N? such equations.
To solve these equations, try solutions of the form

As,gV= exp[iK(f+¢) 1B, (K), N=1,2 (3.9)

where

K=unr/N, n=1,2,-+, N. (3.10)

Putting Eq. (3.9) into Egs. (3.6) and (3.7) and sim-
plifying, we get

V[eEB, D 4e~KB, ®— KB, ;0 — KB, 0]

— 18,08, D — J 138, 0B, =F'B,®w, (3.11)
V[eEB, 11 ~4e~KB,_\®—¢~iKB, ;@ —¢iKB, @]
— 8, 0B, — J138,,B,0=E'B,®, (3.12)
where
r=f—g, r=12..+ N (3.13)
n=U++2J cos2K. (3.14)

To solve Egs. (3.11) and (3.12), let us define the
Fourier transform of B, and B,®:

N
b= 3 ¢hrB,O A=1,2 (3.15)
r=1
or
B,M=N-13 g=ikrp, ™ A=1,2 (3.16)
k

where the set of £ values depends on the value of K in
such a way that!

2mm/N
k= m=1,2,--+, N,
Cm+1)=n/N
nr/N n even
if K= (3.17)
nw/N n odd.

Multiply Egs. (3.11) and (3.12) by exp(iky) and
exp(ikyr), respectively, and sum over 7; we then have

b V= — (UBs®~+ J1sB,®@) / (B'— Ey,), (3.18)
bk2(2)= - (UB0(2)+ ]12Bo(1))/(E,'_Ekz)) (319)
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where
E,=4V sinK sink. (3.20)

Substitute Egs. (3.18) and (3.19) back into Eq. (3.16),
and let r=0; we have

ByW= — (UByW+ J12By®)1, (3.21)
By®=— (UBy®+ JBy®) 1, (3.22)
where _
i=N"1 Z [1/(E’—Ek):|- (3.23)
3

Equations (3.21) and (3.22) have nontrivial solutions
if and only if
1+Ua Jepd

A= =0. (3.24)

Jit 1+Ua

The determinantal equation, Eq. (3.24), can be fac-
torized into

A= Fi@ F,w=0, (3.25)
where
Fi©=14(U+Jp)a=0, (3.26)
with
ByV=B,® (3.27)
representing the branch I® solutions, and
ﬁ2(3)=1+(U— ]12)1Z=0, (328)
with
ByW=—B,® (3.29)

representing the branch II® solutions. The superscript
s stands for spin wave; it will later be shown that the
bound states of these two branches can be identified as
spin waves.

In each branch, for a given K, there is a set of con-
tinuum states, as indicated by the energy denominator,
and a bound state lying below the continuum.! Here we
are only interested in the energy spectra and total spin
of these bound states.

To find the energy spectra of the bound states, we
can replace the sum over 2 by an integral using the
correspondence

1 L
N1 — — / dk.
k 27r —_

For branch I®, the energy spectrum and total spin of
the bound states are found to be

E,0— Ey= U+ Ju—[ (U~ J12)*+ 16V sin?K ]2,
(3.30)
Sy, 0(K)=N(N—1)¥,0(K) if K0

=N(N+D¥,O(K) if K=0, (3.31)
where ¥,V (K) is the eigenfunction corresponding to the
branch I® bound state with wave vector K. A similar
notation will be used for other branches. It should be

noticed that for this branch the bound-state spectrum
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always lies below B, except for the K =0 state which has
total spin .V instead of (N —1).

For branch II®, the energy spectrum and total spin
of the bound states are found to be

E®— By=U+ Jo—[(U— Ji2) 416 V2 sin?K ]2,
(3.32)

S, (K)=N(N—1)¥,®(K). (3.33)

B. Subspace Spanned by {¥, %, ¥, @}

The eigenvalue problem in the subspace spanned by
{W;,,®, %, @} can be solved using exactly the same
procedure as that in Sec. ITI A. The solutions can again
be divided into two branches, branch I and branch
II®, The superscript ¢ stands for interband, and the
bound states are called interband excitons. The reason
for this nomenclature is that these bound states occur
only when the interband interaction is put on.

In the following we will just write down the energy
spectra and the total spin of these excitons:

For branch I,

E:0—Ey= U+ Jp— [ (Un+ D)+ 16V? sin2K 7,
(3.34)

80,0 (K)=N(N—1)¥,0(K). (3.35)

For branch I1¢¥,

E®— Fy= U+ J1o—[ (Upz— Dyy)*+16V? sin?K ]2,
(3.36)
(3.37)

Py

SWP=N(N-1)¥,®(K).
C. Summary

We have thus far calculated the energy spectra of all
four types of bound states using the Hamiltonian H.
We can make the following observations:

(1) The lowest bound-state spectrum, that of
branch I®), always lies below Ej, except for the K=0
state which has E= E,, and can be shown to have total
spin V instead of (N —1). This shows that the system
cannot be ferromagnetic (see Fig. 1).

(2) Al four spectra are bending downward as sin?K
increases; moreover, the curvatures increase as V in-
creases, indicating that the effect of the kinetic-energy
part is against ferromagnetism.

(3) If we identify the coefficients U, Uy, Ji, Dy
with those defined in Sec. II, setting W=0, then there
is a correspondence between the energies of the central
bound states (K=0 states) and the energy levels of the
one-spin-flip states in Eq. (2.11), and Egs. (2.13)-
(2.15); the corresponding members carry the same
indices. Furthermore, the total spin of the ferromag-
netic eigenstate | ®,) is the same as that of the ¥, (0)
state, and is one less than that of the other central
bound states. This makes the correspondence more
vivid.
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IV. COMPLETE INTERBAND INTRA-ATOMIC INTERACTION WITH NEAREST-NEIGHBOR

EXCHANGE COUPLING

In this section we shall consider the complete Hamiltonian given in Eq. (1.1). The saturated ferromagnetic

eigenstate | &) is again an energy eigenstate with energy

Ey={(® | H | ®0)=N(Upp— J1o—J).

(4.1)

With the addition of the W term, all four types of one-spin-flip states {¥;,®, ¥; @ ¥, & ¥, @} are mixed.
Following a procedure similar to those used in Sec. III, for a given K, one will arrive at an 8 X8 determinantal

equation as follows:

G:
14LTf® LTS ng P +Wgo W+ Upg®  Wgh+Dypg™  Jpg®+Wgo 0 0
LIRS 14LJf® —pgD WD —WgH—Upg® —WgH —Dypg™ — Jpg®—Wg= 0 0
—1Jg®  LJg®  AqfOEWO WO Uy f© WO Dpf Ty fO+WFE 0 0
—1Jg® 1T WS 4nfO AU fO+WFS  DpfO+WfE WO+ Juf@ 0 0
0 0 WP+ Jinf©  Dpf@+WO A+ UpfO+WO  WfE4qf  LJgo  —1 g
0 0 JufO+WFE WO+ Dy fO WO+ Upf©  A4gf DLW LJgH  —1Jg®
0 0 — Jug®P =W —WgH—Dypg™ —WgH—Uypg™ —pg—Wg 141Jf® L Jh®
0 0 Jug®P+Wgo  Wgh+Dpg™ W+ Upg™  ng®+Wgo LIRS 141 Jf®
=0, (4.2)
where
f®=(1/2N) > [1/(E'— E,—2W) X1/ (E'— Ex+2W) ],
%
¢P=(1/2N) 3 [e*/(E'— Ex—2W) £k~%*/(E'— E,+2W) ], (4.3)
k
hE= (1/2N) 3 [e7¥*/(E'— Ey—2W) d=e™%*/ (E'— Ex+2W) ],
%
and where
E'=E—Ey— (U42J+ J1). (4.4)
The determinantal function G in Eq. (4.2) can be factorized into
G= FAF1F2=0, (4.5)
where
Fa=[143J(fP+rD)P=0, (4.6)
with
BW=B_,0, B®=B_,®,
ByO=By®=B,®=B,®=0 4.7)
representing the branch A solution, and
LT (fH—RD) (4 Jm).g‘“—l—ZWg(‘) 2WgH+ (Upg+Dyo) g™
F= —Jg® 1+ (n+ Ju) P42 2WfD 4 (Up+ D) |=0, (4.8)
—Jgo QWD+ (n+ Je) [ 14 (Ut Dy) fP+2WfO
with
B,®O=—B_® B,®=—B_,®,
B®=By"¥,  B;W=B,®, 1=0, %1 (4.9)
representing the branch I solutions, and
143 (fP=hD) (9= Tn)g™® (U= D) g™
Fy= —Jg® 14 (9= Ju)fP (Up—Dyp)f | =0, (4.10)

— Jg("') (1’— ]m)f(_) 1+ ( U12— Dl?).f(+)
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E-Eq and
Fo=Fy® Fy®, (4.17)
15 . £ where
}@' 8 % .(:: F2(3)=1+(n-— Jm)%'{"%](%”"lf))
2 e +37 (= Jp) (¥—uw+20) =0, (4.18)
SRR Fy =14 (Up— Di) u=0. (4.19)
o e
J These equations are, with the addition of the nearest-
®0 o 4 neighbor exchange terms (~J), the modified version
XXX x x 2 200 6 of solutions of the branches I®, I II® II® in Sec.
XX X x % III. The corresponding members carry the same indices.
5 The branch A solutions here correspond to the branch
6 0° A solutions in Ref. 1, and Egs. (4.15) and (4.18) corre-
090 9% xX spond to the branch B solutions in Ref. 1; there the
0 © ° . x solutions of these equations have been investigated in
po0 o x X detail. We will just list the spectra of the spin-wave
—T"x 05 0 2 states in which we are mainly interested. Under the
sin” K conditions US>V, J, Ju, the spin-wave spectra may be
(V,U,Up,d,4;, W) XXXXX BRANCH I approximated by

={(1,10,5,1,05,0) 00000 BRANCH I

F1c. 2. Demonstration that when the nearest-neighbor ex-
change coupling is introduced, with the other terms kept the
same as in the case of Fig. 1, the spin-wave spectra are turned
upward. In particular, since W=0, Eq. (2.16) is automatically
satisfied, which means that the individual atoms would be
magnetic by themselves. The “old’”’ (one-band) excitons appear
just below the band at small K, and quickly merge into the band.

with
BW=—B_j®,

B;®= —B,®

B®=—B_®,
By®=— By®, i=0,+£1 (4.11)
representing the branch II solutions.
A. The Case W=0
It can be easily seen that when W=0,
fOW=0)=N" % (E'— Ep)'=u,
P (W=0)=N"1 ij (E'—Ep) e =0, (4.12)
AR (W=0)=N"1 Zk: (E'— Ep) e =y,

while /&, ¢ £ all vanish. Equation (4.6) then be-
comes

Fa=[1+37 (wtw) P=0,
and Egs. (4.8) and (4.10) can be further factorized into

(4.13)

Fi=F©F,®=0, (4.14)
where
Fi®O=1+ (9t Jp)u+3J (u—w)
+37 (nF Jve) (B—uw+212) =0, (4.15)

Fi9=14(Up+Dp)u=0, (4.16)

EW— Er~4 7T sin?’K
—[8V2sin?K/ (U~ J1o+2J cos2K—3%7)7, branch I

(4.20)
E®— E>~2 Jo+4J sin?K

—[8V2sin?K/ (U~ Jo+2J cos2K—1J)], branch IL.
(4.21)

E-E,

0 05 10
*&9'?‘?9999999

(VyU»Ulz»J tJlZ!w )
=(1,10,5,0,05,1.0)

. 2
sin K
XXXXX BRANCH I
00000  BRANCH II

F16. 3. Case where there is no nearest-neighbor exchange
coupling, but there is complete interband intra-atomic coupling.
The continuum splits into two parts, and part of the interband
exciton spectrum merges into the band. In this case, W0, but
Eq. (2.16) is still satisfied. Notice that as K—0, the spin wave
from branch II still lies above F,.
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Notice the “gap” (~2J5) between the two spin-wave
spectra. The spectra of bound-state solutions of Egs.
(4.16) and (4.19) are
EW—Ey=U+2J42Jr
—[(Un+Dy1)?416V2sin?K ]2, branch I (4.22)

E®—Ey=U+42J+2Jy

—[(Uye— Dy2)?4-16V?sin?K ]2 branch II.  (4.23)
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F1c. 4. Similar to Fig. 3, except that in this case Eq. (2.16)
is not satisfied, which means the atoms would be nonmagnetic
by themselves. Here the spin-wave spectrum from branch II
lies below /iy as K—0. Also, when W becomes larger, the inter-
band excitons from branch II merge into the band.

We can see from Eqs. (4.20) and (4.21) that with the
addition of nearest-neighbor exchange coupling, the
spin-wave spectra could be concave upward, and hence
the saturated ferromagnetic eigenstate could be stable.
The conditions for the stability of the saturated ferro-
magnetic eigenstate are, from Eqs. (4.20) and (4.22),
using Jip= Dy,

J(U+ T +37) 22V (4.24)

and
(U427 =Urp) (U427 4 Up+2J1) 216V2. (4.25)

Equation (4.24) is the one that is more likely to be
violated.
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F16. 5. Case where there is a weak nearest-neighbor exchange
coupling, and the individual atoms are nonmagnetic, i.e., Eq.
(2.16) is not satisfied. Here the spin-wave spectra are turned
upward, but the central part of the spin wave of branch II still
lies below E,. This means that the nearest-neighbor exchange
coupling is not strong enough to magnetize the system through
mutual polarization. [Equation (4.29) is not satisfied.] The
old excitons appear only for extremely small value of sin?K; they
are neglected on this figure.
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F1c. 6. Similar to Fig. 5 except that the strength of nearest-
neighbor coupling (J) is increased a little. The ferromagnetic
eigenstate is still not stable.
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F1c. 7. Case where nonmagnetic atoms are magnetized through
mutual polarization. [Equation (2.16) is not satisfied, but Eq.
(4.29) is satisfied.] The spin-wave spectrum of branch II again
lies completely above the £, level.

B. The Case W50

For nonvanishing W, the determinantal functions
Fy and F, can be expanded and rewritten in the form

Fn=1+4 3 [on® (k)/(E'— Ex—2W) ]
k

+ 2 [ (k) /(E'— Ee4-2W)],  m=1,2 (4.26)
3

where p, (&), pn™ (k) are functions of K and the set

of parameters {V, U, Uy, J, Ji2}. In this form one can

see that the continuum states, as indicated by the energy

denominators, are subdivided into two subbands. The

centers of these two subbands are separated by 4W.

Notice that it is the W term and not U or Uy term that
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splits the continuum. The structure of the continuum is
illustrated in Figs. 3-7.

To find the energy spectra of the bound states in
which our main interest lies, we again replace N=1)
by (2r)~'f_,"dk, and solve Egs. (4.8) and (4.10).
This is done with the aid of a computer, and the results
are presented in Figs. 2-7. Here we have made use of the
fact that Jyp= Dys. It is seen that the slopes and curva-
tures of the spin-wave spectra as functions of sin’K are
only slightly modified by changing W (comparing Fig. 2
and Fig. 6). At K=0, the energy eigenvalues of the spin-
wave states are analytically found to be

E®—Ey=0, branchI

E®—FEy=2J
+3{ (U427 = Ur) = [(U+2J— Urp) 2+ 16W?*]2},
branch II. (4.28)

(4.27)

In order that the central point of the spin-wave spec-
trum of branch II could lie above the E= E, state, the
following condition has to be satisfied:

J*+ 3T (U+2T—Up) > W2 (4.29)

Equation (4.29) looks very similar to Eq. (2.16), the
criterion for the triplet states being the lowest states in
the two-electron case discussed in Sec. II; the two equa-
tions are in fact the same when J=0, if we identify the
corresponding parameters, U, Ji, etc. Yet we see
that when the nearest-neighbor exchange coupling (J)
is strong enough, Eq. (4.29) can be satisfied even though
in the isolated-atom case (J=0) it would not be
satisfied (compare Figs. 5 and 6 with Fig. 7). This can
be interpreted as follows: Atoms, in the sense of Wan-
nier sites, can be magnetized through mutual polariza-
tion, even though individually they would be non-
magnetic.®

As mentioned earlier, under the condition UV, W,
etc., there is only a slight dependence of the slopes and
curvatures of the spin-wave spectra on W, hence Eq.
(4.24) would be an approximate criterion for the spin-
wave spectrum to be concave upward. We propose
Eqgs. (4.24) and (4.29) as criteria for the ferromagnetic
eigenstate to be locally stable.
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