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The effects of lead alloying on several features of the superconducting critical-field curve
of indium have been studied. Both the anisotropy and linear effects were observed in T~ for
the 0-4at. % lead alloys. The coefficient ofthelinear effect &~ was measured directly and
found to be 0.144'K/p 0 em. Using the theory of Markowitz and Kadanoff, the value of the
mean-squared anisotropy (u ) of the superconducting energy gap in indium is found to be
0.0072+0.0007, and in indium doped with lead the mean collision time for transport is found
to be at least three times larger than that for the smoothing out of the gap anisotropy. The
superconducting transition temperature Tc is found to increase linearly with doping in the 3-4
at. % lead concentration range. This confirms earlier work and raises a question as to why
there is no unusual behavior in Tc near 3.5 at. % lead, since several other properties of the
system including residual resistivity, thermoelectric power, lattice spacings, and electronic
specific heat all exhibit anomalous behavior near both 3.5 and 7.0 at. % lead, whereas Tc only
exhibits unusual behavior near 7.0 at. % lead. Critical-field-curve measurements in 0-0.8 at. %
lead samples are found to qualitatively confirm the predictions of Clem for effects of alloying
on the critical-field curve of an anisotropic superconductor. Using the analysis of Clem, (a )
=0.007 is found from data on dH, /dT ) &. The similarity conditions on Ho (x)/T~(x) and
h(x, t), where x is impurity content, are' found to be violated for indium doped with lead. A
linear effect in Ho(x) which is stronger than the linear effect in T~(x) is also observed.

INTRODUCTION

Reported herein is an investigation' concerned
with the effects of lead alloying on the critical-field
curve of indium. A great deal of theoretical work
has been done in recent years analyzing the changes
brought about in the critical-field curve of weak-
coupling superconductors owing to doping with non-
magnetic impurities. Qf central importance to
these theories is the mean-squared anisotropy of
the superconducting energy gap (a) . Although a
value of (a ) for indium has previously been found

from the initial depression of the superconducting
transition temperature with doping, the experimen-
tal information was limited, leading to an uncertain-
ty in the value. The present investigation was
structured so that the value of (n') could be obtained
in more than one way, thus allowing a confirmative
check.

A second area of interest in this investigation
was the variation in T, for indium containing 3-4
at. %. Many properties of the indium-lead system
have been observed to exhibit unusual behavior in

the regions of 3. 5 and V. 0 at. % lead. These prop-
erties include the residual resistivity, the thermo-
electric power, ' the electronic specific-heat coef-
ficient, and the lattice spacings. ' '" However,
unusual behavior in the superconducting transition
temperature has been observed only at V. 0 at. %
lead and not at 3. 5 at. %. Both Merriam' and

Gygax et af. ' observed a change in d T, /dx, where
x is lead concentration, at V. 0 at. /o lead, but not
at 3. 5 at. % lead. Because of the lack of sensitivity
in these two investigations, it was felt that a very
small change in d T, /dx in the region of 3. 5 at. %

might have gone undetected. En fact, careful scru-
tiny of the T,-versus-x plot of Gygax et al. suggests
that some sort of discontinuity might be present
near 3. 5 at. % lead. Therefore, T, for indium con-
taining 3-4 at. /0 lead was reexamined in the pres-
ent investigation.

A number of investigators have studied the ef-
fects of nonmagnetic alloying on the critical tem-
perature of weak-coupling superconductors. '
The typical behavior observed in these investiga-
tions was an initial depression in T, with alloying,
followed by a region in which T, varied linearly
with increasing solute.

Theory of Impurigy Effect On T'

Markowitz and Kadanoff (hereafter referred to
as MK) have treated the effect of nonmagnetic im-
purities on the critical temperature for anisotropic
superconductors using a BCS-like model 9 with the
anisotropy introduced in the (factorable) pairing
potential. MK divide the change in T, with impu-
rity content into two contributions: (a) an initial
rapid nonlinear decrease in T, owing to a smoothing
out of the energy-gap anisotropy with doping; and

(b) a linear change in T, brought, about by a, gradual
change in the gross properties of the system owing
to increasing impurity content. They find

5 T, ()() = E'
X +(a') T, I, (y), (l)

where X is proportional to the impurity density (and

thus the residual resistivity), I, (y) is a function
obtained by numerical integration, and E is a con-
stant dependent on the impurity and the host. The
superscript i denotes that for a given host, E' is
a function of the impurity involved. The variable
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y is given by

VF

us ))" (2)
As T, = 1.14 h v exp(-I / [N(0) V]} (6)

the parameter Hocanbe seen from the BCSequations
for T, and Ho for the isotropic case. From BCS

5T. (X)=Ai X+&aX» X, (3)

MK find that their result agrees well with the em-
pirical expression for 1 & X & 100. For this range
of g, MK find that their original expression for
6T, involving I, ()t) may be replaced by the approxi-
mation

6T, = (A'-0. 36(a ) T,) )I+0.078(a ) T, X lnX,

1& K &100. (4)

This equation will be used in conjunction with the
expression relating lI to po [Eq. (2)] to obtain a
value of (a ) for indium. Also, an approximate
value of X for indium doped with lead will be ob-
tained. Generally, K' is obtained through its use
as a fitting parameter for low-impurity data. In
this investigation, K' was measured directly in the
linear region, which gave more confidence in the
value of (a ) obtained.

Theory of Impurity Effect on Critical-Field-Curve Shape

Clem ' has extended the BCS-like model with
the factorable anisotropic pairing potential of MK
to study the effects of doping on the critical-field
curve of a weak-coupling superconductor. As in
the MK theory, effects are sought which can be
related to the smoothing out of the energy-gap an-
isotropy.

In order to avoid linear effects, Clem considers
h (t) (= H, /Ho) and a par-ameter H„which he defines
through

H', =-H', /(evy T,'), (5)

where y is the electronic specific-heat coefficient.
Clem notes that h(t) versus t(= T/ T, ) is relativel-y
free of linear effects and thus the reduced critical-
field curve will be particularly useful in studying
the anisotropy effect. Clem further notes that Ho

should exhibit linear effects similar to those exhibi-
ted by T, . This has been verified in the case of tin
by Burckbuchler et al."Clem's justification in using

where E is the electronic mean free path, o is the
absolute conductivity, 8~ is the average velocity
at the Fermi surface, and po is the residual resis-
tivity. The factor X' is defined as the ratio of the
relaxation time for transport (r„)to the mean re-
laxation time for the smoothing out of the anisotropy
of the superconducting energy gap (r,). The weak

point in formulating 5T, as a function of po lies in

assigning a value to X'.
In comparing their theoretical result [Eq. (1)]

with the form of the empirical relation given by
Seraphim et al. ,

' i. e. , putting

Ho ——1.V5 [4vN(0)]'~ ksT, ,

where v is a typical phonon frequency, V is the
phonon-mediated attractive electron-electron inter-
action, and N(0) is the average density of states of
one spin direction at the Fermi surface. Linear
effects enter both Ho and T, through co, V, and

N(0). From these two equations, the similarity
condition that Ho/ T, is a constant is seen to hold
under the assumption that N(0) is constant. Since
y= (—,') v ksN(0), Clem's insertion of y in the de-
nominator of Ho makes it free of all linear effects
within the BCS framework.

Clem's results are formulated in terms of Ho,

h, f, and two additional parameters, X and Xs(X, f).
Clem's X is an impurity density parameter defined
as X = (2v T, 7,) ', thus it is essentially the )I param-
eter of MK (actually X= X/2v). The factor )I„(X,t)
is used to describe the effectiveness of the anisot-
ropy corrections.

The treatment of Clem predicts a breakdown of
the two commonly stated similarity conditions for
the critical-field curve, namely, that H, (x)/ T, (x)
snd h(x, t) are independent of an externally vari-
able parameter x, where in this investigation x was

impurity concentration. These predictions will be
examined in the present investigation, with simi-
larity condition on h(x, f) being examined through
the function

D(t) =a-(I-f'), (6)

where D (f) is known as the deviation function (de-
viation from parabolicity). Finally, the experi-
mental results will be compared with the predic-
tions of Clem for the change in slope of the criti-
cal-field curve at T„dH,/dT l r„asa function of
the reduction in (a ) owing to increasing impurity
content. Although a quantitative value of (a ) will
be obtained using Clem's theory, we cannot expect
a high. degree of accuracy, since the maximum
effects which could be expected are small, and be-
cause of experimental limitations, these maximum
effects cannot be realized experimentally. Consis-
tency in the values of (a ) obtained from the treat-
ments of MKand Clem will be sought, although more
confidence will be placed in the value obtained from
the MK treatment of 5 T,.

EXPERIMENTAL

The indium and lead used in this investigation
were quoted as 99.9999% pure. " Master alloys were
prepared by melting together carefully weighed
amounts of indium and lead under vacuum in a rock-
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ing furnace. Polycrystalline samples were pre-
pared by remelting a piece of master alloy, baking
it out, pouring it into a precision bore mold, and
then plunging it into liquid nitrogen, all steps being
performed under vacuum. The specimen was then
removed from the mold by etching away the glass
with hydrofluoric acid, yielding a cylindrical speci-
men 2 mm in diam and approximately 15 cm long,
V cm of which was selected and cut from the speci-
men to act as a sample. All such samples were
subsequently annealed under vacuum at 110 C for
at least 160 h.

Some of the 3-4 at. % lead samples were single
crystals prepared for use in another investigation
as well as this one, and the crystal growing tech-
nique is described elsewhere. 6

Determinations of the superconducting critical
field H, for various temperatures below T, were
made with the low-frequency ac field technique of
Reynolds et al. , using the cryostat, solenoids,
and detection coils described by Gueths et al. '
and the circuitry described by Burckbuchler et aE. '
In principle, the ac field technique involves a small
alternating magnetic field (ac field) superimposed
as a ripple on a much larger static magnetic field
(dc field). When the dc field is just at H, , the ac
field causes super normal transitions at the ac
field frequency, which by the Meissner effect can
be detected by a coil wound around the sample.

Data taken for our determinations of T, were
always taken within approximately 80 m 'K of T, ,
or within the reduced temperature range of approxi-
mately 0. 98& t &l. 00. It can be shown that the
theoretical deviation of h from linearity for indium
at t=0. 98 is only 0. 5%. Thus, for 0. 98&t&1.00,
one can write

H, =(r, r)dH, /dr i r,-
To obtain a T, value, the 8-12 data points ob-

tained near T, were plotted on a graph of dc sole-
noid current versus bath pressurea at the sample.
Since the temperature is a linear function of pres-
sure to within 0. 08/0 for an approximate tempera-
ture range of 80 m 'K near 3. 4 'K, there was no
necessity to calculate the temperature for each
data point. A typical plot to determine T, and

dH, /dr
~ r is shown in Fig. l. Each datum point

was plotted as a short vertical line corresponding
to the pressure with two short horizontal bars, in-

dicating the forward and reverse dc solenoid cur-
rents, intersecting it. Two parallel straight lines
were then drawn through the forward and reverse
data points so that they intersected both the hori-
zontal and the vertical axes. For an undetermined

reason, scatter was more likely to be found in the

lower line, corresponding to the dc solenoid field
being roughly aligned with the ambient field (mostly
earth s)tha'n w, ith the solenoid field in the opposite
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FIG. l. Reproduction of a plot to determine T~ and

dH~/dT l y~. The upper line is for data taken with the

dc field opposed to the ambient magnetic field and the

lower line is for data taken with the dc field aligned with

the ambient magnetic field.

sense. This made our means of plotting the data
points much more desirable than averaging the for-
wardd

and reverse currents befol e plotting. The
mean of the intersections of the two lines with the
pressure axis was used to calculate T,. The value
of the slope, dH, /dr

~ r, was always obtained
from the upper line because of the consistent ab-
sence of scatter in this line.

The accuracy of ', ",determination technique
was placed at + 0. 4 Ln "K, which was primarily lim-
ited by the uncertainty in H, ; i. e. , uncertainty in
the super normal transition position. It should
be noted that this accuracy is for an absolute de-
termination and not a ~T, determination relative
to a standard pure sample as was done by Gueths
et al. and Burckbuchler et gl. Their method could
not be used in the present investigation owing to the
wide impurity range (and thus T, range) studied.

After T, was determined for each sample, Ho

was determined as outlined below. This was only
done for alloys from 0. 04 to 0. 8 at. /0 lead, since
the ac method is not applicable to very pure samples
far from T, or to dirty aQoys which become type
II somewhere below T,. The forward and reverse
dc solenoid currents and temperature were deter-
mined for each datum point. Then f (= T/ T, ) was
calculated for the data points of each sample. Ob-
taining a value of Ho is necessarily a precarious
procedure, since it requires extrapolating an ap-
proximately parabolic function over a large distance
to absolute zero. One procedure which has been
widely used is to plot h versus t, relying on the
approximately parabolicity of the experimentally
obtained, reduced-critical, -field-curve points near-
est 0 'K to give a straight-line extrapolation to
Ho. This procedure is obviously lacking in accu-
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racy, but a better technique has generally been
lacking.

An improved technique based on an empirical
relation put forward by Sheahen" was used to ob-
tain Hp values for our samples. Sheahen observes
that for most soft superconductors, only three con-
stants (Ho, Do, and T,) suffice to give the critical
field when they are used in the form

h + Do sin (wk) = 1 t- (10)

.65

Tc( K)

.64

.63

.62-

.6l

3.60

.59

.58

where Dp is the maximum deviation from parabolic-
ity for the particular superconductor involved.
This equation cannot be used when Hp is unknown;
i. e. , when we are trying to find Hp. However,
Sheahen notes that since Dp is always small, an
alternate expression which is nearly as good exists:

8= 1 t=Dos-in (mt ) .

Using 1V data points of Finnemore and Mapother
lying above t = 0.5, Sheahen used Hp and Dp as fit-
ting parameters to obtain a least-squares fit to Eq.
(11). This procedure yielded H, = 282. 81 G for in-
dium, in excellent agreement with experimentally
determined value of 282. 66 G found by Finnemore
and Mapother. Based on the demonstrated merit
of this technique for the case of indium, we have
fitted our data to Eq. (11) using a least-squares
program with Hp and Dp as fitting parameters.

RESULTS AND CONCLUSIONS

Tz for Indium with 3—4 At, %%uo Lead

Because of observed structure in the thermoelec-
tric power, electronic specific-heat coefficient,
and c/a ratio for indium doped with approximately
3. 6 at. '%%uo lead, it was felt that a change in slope of
the T,-versus-at.

%%up leadcurvema yhavegoneun-
detected. This was especially true in light of the
observed change in slope around 7. 0 at. /o lead, ~'~

which correlated well with observed structure in
the other properties at this concentration. Figure
2shows the results of this investigation on the varia-
tion in T, with lead doping from 3. 0 to 4. 0 at. %. We
should point out that the points in Fig. 2 represent
the average value found for 5-10 individual samples
from the same master alloy and that the bars are
not measurement error bars, but rather the extreme
values measured for the 5-10 samples. As the
figure indicates, no change in slope was found in
the vicinity of 3. 6 at. '%%uo lead. Therefore, the re-
sults of this portion of our investigation confirm
the earlier findings of Merriam and Gygax et al.

T~ for Indium with 0-0.8 At. %%uDLead

In our investigation of the variation in T, for
indium as a function of impurity (lead) concentra-
tion we were essentially interested in: (i) Present-
ing further verification of the theory of Markowitz
and Kadanoff. (ii) Finding a more precise value
of K~ for indium doped with lead (ff ) than was
available. (iii) Using MK theory to obtain (a') for
indium and X' for indium doped with lead (X ). The
experimental results are plotted in Fig. 3 as 5T,
versus po (= p4 z), where po is used as the measure
of lead content. The results of Chanin, Lynton,
and Serin (CLS)" for indium doped with lead are in-
cluded in Fig. 3. It can be seen from the figure that
the results of both investigations are in excellent
agreement over the mutually studied low-impurity
range.

In finding a. value for X'(a ), MK effectively com-
bined Eqs. (2) and (4) to obtain

&T, = [K'-0. 36(a ) T,BA ] pa+0. 078(a ) T,BX' po

.57

,56.

3.55 I I

3.00 3.25 3.50
at. % Lead

3,75
I

4.00

x In(BX' po) 1 & X'Bpo & 100, (12)
I

which they rearranged to have the appearance

6T,/ po-K' = [-0.36+0.078 1n(X'Bpo)] (a ) X'BT, ,
(13)

where

(14)
FIG. 2. Plot of T~ for indium-lead alloys as a function

of lead content in the range of 3—4 at. % lead. The circles
in this figure represent the average value found for 5-10
individual samples from the same master alloy. The bars
are the extreme values measured for the 5—10 samples
and not measurement error bars.

Here K' has the form (s T, /8 po)' and is just the
slope of the 5T,-versus-pp curve in the linear re-
gion; i. e. , the slope when the gap anisotropy has
been completely washed out. If it is assumed that
X' is a constant X for all impurities in a given
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Setting the derivative of Eq. (12) with respect to
po equal to zero and solving for (a ) yields
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FIG. 3. Variation of Tc for indium containing 0-4 at. %
lead. The points which lie on the curved line are for
0-0.8 at. % lead, and those on the straight line are for
3-4 at. % lead. The figure indicates that the agreement
between the present work and CLS tHef. 16) over the
mutually studied impurity range is excellent.

rd) =o ooo(o') x'-sr -=o . ((o)
8(ln po) po

Thus if 5T, / po [or (6T, /po) K'] is plotted v-ersus

p() on semilog paper, the slope 8 can be measured
to obtain a value of X'(a ). However, the problem
of separating the product still remains, if we are
'to obtatn a value fol' (a ) .

What is required is one more piece of informa-
tion which will allow the separation to be made.
Examining the 5T,-versus- po plot in Fig. 3, there
are at least two significant features on which atten-
tion can be focused. First, there is a point at which

5T, =O for a finite po; i. e. , the point at which the
th p i . 8 d, th

'
p

' t
at wllicll 'tile slope of 'tile curve, d(5T~)/dpo ls zel'o.

Setting 6T, = 0 in Eq. (12) and solving for (a )
yields

2 K
BX' T, [0.36-0. 078 ln(BX' po)] . (18)

host, then a plot of the left-band side of Eq. (12)
versus po on semilog paper will give a set of paral-
lel lines for the various impurities in the host. The
relative E' factors will be given by the vertical sepa-
ration of the lines and the anisotropy effect will be
given by the slope of the lines. Taking 8/ 8 (lnpo)
of Eq. (13), we obtain

2g

0. 075 BX' T, [ 3.62-1n(BX' po)]

Now 1f the po value 1s known for either of tIlese two
points, along with a value of K', a value for (a )
can be found as a function of A.'. A transcendental
equation in X' is obtained by equating (a ) from Eq.
(15) and (a ) from either Eq. (16) or (17). A solu-
tion of either transcendental equation can be found
by plotting the two equations from which it was ob-
tained as (a ) versus A. and seeking an intersection
of the two resulting curves, or by using a computer
program which in essence does the same thing. The
procedure outlined above will yield values for both
(a') and X'.

Implicit in the foregoing discussion was the as-
sumption that the ratio of the absolute conductivity
to the electronic mean free path is known for the
host metal [see Eq. (14)]. Unfortunately, the values
for o/f reported in the literature by various inves-
tigators differ by a factor of as much as 3. Table
I gives the values available in the literature along
with the investigators and methods used. Values

Pbof (a ) and X obtained using the different cr/l values
are also given in this table. The origins of the
(a ) and X values will be discussed shortly.

We have used the procedure outlined in the last
few paragraphs to obtain values of (a ) and )).~b. We
have measured K "directly using samples in the
impurity range of 3-4 at. % lead, The plot of the
data, as shown in Fig. 3, verifies that these data
are in the linear region of 5T, as a function of im-
purity content. Based on the datafrom our samples,
we find that Z = (0.144 a 0.001) 'K/p, Qcm. Values
of po for 6T, =O and po for (8/8po)(5T, )=0 were
taken from Fig. 3. It should be noted that we have
slightly greater confidence in the values of (a ) and
X " obtained using the value for the condition 5T, = 0.
This is because there is more uncertainty in estab-
lishing the exact po value where the curve goes
through a minimum than where it crosses the po
axis. This was especially true in the present in-
vestigation, since anticipating this problem, we
obtained a sample with an impurity content which
would give 5T nearly equal to zero where the curve
crosses the po axis. We find that po=0. 19+.02
ll Acm at (8/8Po) (5T,) =0 and Po=0. 43+.01 P, Qcm
at 5T, = 0 for indium doped with lead.

Our data are presented in Fig. 4 (a)» [(5T,/ po)
-X ] versus po on a semilog plot. The dashed line
was used to obtain a slope value S. We find 8
= 0. 198 'K/ p, A cm. Data points on this line fall
within the requirement 1&x &100, so that we can
use the approximate formula of MK [Eq. (4)] for
our analysis. It can be seen from the figure that
the five points for po &1.0 p, Qcm (those for the 3-4
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TABLE. I Values of ( a ) and X "for indium for different &/E values available in the literature.

Method used for 0/l Investigator o/l ~ "(a ) (a~)
&

~ "& (g ) 2
(10"0-' cm-')

gPb
2

Anomalous skin effect
3 F10 cps Dheer (Ref. 29) 0.0066 0.0079

Anomalous skin effect CLS (Ref. 16)~ 0.0066 0.0079
Anomalous skin effect Lyall @ Cochran

103—104 cps (Ref. 30) 9.0+1.6 0.051 7.8

Eddy-current size
effect Cotti 0.058 0.0066 8.9 0.0078

dc size effect AleksandrovO 0.062 0.0066 9.5 0.0078
Theoretical (Ref. 30) 0.024 0.0065 3.7 0.0078

Calculated by CLS using parameters compiled by T. E. Faber, Proc. Roy. Soc. (London) A211 531 (1957).
" P. Cotti, Physik Kondensierten Materie 3, 40 (1964).
'B. U. Aleksandrou, Zh. Eksperim. i Teor. Fiz. 43, 399 (1962) [Soviet Phys. JETP 16, 286 (1963)].

18.0 + 1.1
11.2

0.026
0.041

3.9
6.3

0.0066 0.0078

7.88
7.41

18.9

3.3
5.3

6.5

7.4
7.9
3.1

0.0 .
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FIG. 4. {a)Plot of [6 T~/po —IC' "]as a function of doping
for indium with 0.04-4. 0 at.% lead. The dashed line has
a slope of 0.198'K/jtf 0 cm. The data points which lie
below the line are for samples containing 3—4 at. % lead
and these points are outside the range 1&x&100. (b)
MK's 2 theoretical plot for I, /X versus ln X (solid line)
showing good agreement with empirical rule Io=AX
+ Bp ln p (dashed line) proposed by Seraphim et al. (Ref. 7)
over the range 1 &X &100. Comparison with Fig. 4 (a)
indicates that the 3—4 at. % lead data points are in the
relative position predicted by MK.

at. %%u0 leadsamples) li ebelow thedashed line . These
points lie outside the 1& y & 100 region whether or
not they are included in the determination of S, and
thus were not included in the determination of S.
It should be pointed out that the position of these
points is in good agreement with the MK theory,
as can be seen by a comparison with Fig. 4 (b).
The solid curve in this figure is the actual MK theo-
retical curve and the dashed line is the empirical
rule I, =AX+BX lnx proposed by Seraphim et al. '
MK predict that data points for X &100 should fall
below the dashed line, which is just what we find.
We have elected to make the comparison in this
manner, since a specific value of o /I would have
to be selected to make the theoretical plot.

Table I gives the values of (a') and A
b a.nd their

product Xr (a~) obtained using our data and the in-
dicated values of o/I. Equation (15) was used to
obtain the product values. Values denoted as (a'),
and X& "were obtained from a simultaneous solu-
tion of Eqs. (15) and (16), while those denoted as
(a )z and X2 "were obtained from a simultaneous
solution of Eqs. (15) and (17). These simultaneous
solutions were obtained using machine calculations
rather than plotting.

Discussion of T~ Results

MK found X(a ) = 0. 021 for indium using the o/I
value given by CLS. As shown in Table I, we ob-
tain X~"(a')= 0. 041 for In doped with Pb using the
same o/I. This difference does not present a prob-
lem, however, since MK were required to estimate
S based on a limited amount of experimental data
for impurities giving different S values. Perhaps
the greatest uncertainty was brought about by the
limited impurity ranges of the data used by MK,
since for much of the data, the impurity content
was insufficient to reach the minima in the 5T, be-
havior.

From the table it can be seen that (a ) ~ and (a )2

are in good agreement for a given g/I, although we
consider (a ), to be a better value for the reasons
discussed earlier. The table also indicates that
the value of (a ) obtained was insensitive to the
value of o/I assumed, but that the X ' value was
very sensitive to the a/I value used. Based on all
the values of (aa) presented in Table I, we find (a )
= 0. 0072+ 0. 007 for indium. W'e have an approxi-
mate check on our value of (a2) . MK give (a') T,
[1/N(0) Vj as the maximum critical-temperature
depression from the anisotropy effect. By extra-
polating the linear region of the 5T;versus- po plot to
p, =0 (to an intersection with the 5T, axis), the max-
imum DT, the anisotropy effect itself would give in
the absence of the linear effect can be found. From
our data, (5T,),„=0.100 K. Markowitz ' gives a
value of T, [l/N(0) Vt = 10 for indium. Solving for



LEAD-ALLOYING EFFECTS ON THE SUPERCONDUCTING ' ' ' 3997

(a ) yields (a ) = 0. 01, which is in reasonable agree-
ment with our (a2)=0. 007. This check is partic-
ularly satisfying, because it does not require knowl-

edge of X ".
Now we are left with determining the correct val-

ue for X ", which is in effect selecting the correct
value of cr/f. We feel that o/I =(18.0+ 1. 1) &&10"
0 'cm as found by Dheer ' from 3-kMc/sec anom-
alous-skin-effect data probably represents the best
value. This work was done at the highest frequency
of the ASE determinations of o/l and the value was
obtained by averaging single-crystal measurements
over various orientations. The most recent deter-
mination of o/l was made on a polycrystalline spec-
imen of indium by Lyall and Cochran. However,
they note that the discrepancy between their value

of cr/I and Dheer's (Table I) may have been due in

part to a net orientation effect in their polycrystal-
line specimen. Based on Dheer's o/I value, we

find that ~ ' = 3. 6+ 0. 3 for indium doped with lead.
This value of xab(= v„/~,) might appear to be high

at first, but there is a good reason why it probably
should be greater than unity. The small-angle-
scattering portion of isotropic impurity scattering
is relatively ineffective in contributing to the resid-
ual resistivity. However, small-angle scattering
would be expected to be more effective in washing
out the superconducting energy-gap anisotropy,
since the direction of the maximum energy gap in k
space would be expected to be no more than 90'
away from the direction of minimum gap. Thus &,

would be expected to be somewhat smaller than 7„,
leading to a value of X' greater than unity.

We note that when values of o/l which are lower
than that given by Dheer are used, the values of ~ "

increase up to a maximum of 9. 5. Since this high
a value for X " seems extremely unreasonable, the
present investigation might well be considered to
substantiate the higher values of o/l which have
been found.

The small gap anisotropy found in the present
investigation is supported by the longitudinal ultra-
sonic attenuation investigation of indium by Foss-
heim and Leibowitz. ' They find that in spite of a
large anisotropy observed in the normal-state ultra-
sonic attenuation, no significant anisotropy was
found in the superconducting energy gap. The small
magnitude of the energy-gap anisotropy has further
support in the ultrasonic attenuation measurements
of Sinclair' and Fil et al. Although the informa-
tion is insufficient to allow calculation of (a ), it
does indicate that the maximum gap anisotropy is
much smaller than that found by Morse et al. in
tin using the same method.

Effects on Critical-Field Curve

Now that the effects of doping on T, for indium

doped with lead have been examined, we will deal

with the effects of doping on the critical-field curve.
Let us begin by examining the H, dependence for
indium doped with lead. Once Ho(x) is found (x is
impurity content), we will be in a position to exa-
mine the predictions of Clem for the breakdown in
the similarity conditions on Ho(x) /T, (x) and h(x, i).
We shall also examine change inslope of thecritical-
field curve at T„dH,/d T l r, as a function of doping
that is predicted from Clem's treatment. From the
analysis of Clem's predictions, we will obtain a
value of (a ) for indium, which can be compared
with that obtained from our analysis of T,(x) using
MK theory.

Values of Hp for our samples were obtained by
a least-squares fit of our datafor t2 & 0. 5to Sheahen's
empirical rule given by Eq. (11). The fitting pro-
cedure also yielded values of the maximum devia-
tion from parabolicity, Dp. Our least-squares-
fitting procedure was checked by reproducing Shea-
hen's results for Hp and Dp using the data of Fin-
nemore and Mapother.

Before proceeding with any discussion involving

Hp we should point out that results involving Hp

will not have as much quantitative reliability as
results on T, and dH, /dT

~
„.This can be traced

C

to several sources: (i) Considerable extrapolation
is required to obtain Ho. (ii) The uncertainty in
the temperature measurements increased as the
temperature was lowered. (iii) The width of the
detected transitions increased with decreasing tem-
perature.

In examining the similarity condition on Ho/T„
it was found that the Hp for pure indium that we
would have predicted using the H, and 6T, values
for our dilute alloys was 2. 55 G below' that found

by Finnemore and Mapother. ' Since this only rep-
resents a difference of 0. 8'%%uo, it could easily be at-
tributed to a difference in magnetic-field calibration
and/or to a systematic error in our extrapolation
procedure to Hp for the alloys. Since Finnemore
and Mapother's Hp for pure indium is the generally
accepted value, we have adjusted our Hp values for
the study of H, and H, /T, by adding 2. 55 G to each.
This allows the inclusion of Finnemore and Mapother's
Hp for pure indium in our examination of the behav-
ior of Ho and Ho/7, with doping and greatly simplifies
comparison with the predictions of Clem, which are
in the form of fractional changes from the pure case.

The dependence of Hp for indium on doping with

up to 0. 8 at. '%%uo lead is shown in Fig. 5. This figure
indicates that the behavior of Hp with increasing
impurity content is qualitatively like that of T„with
an initial depression followed by an increase with
increased doping. The similarity in the behavior
can be seen by comparing Fig. 5 with Fig. 3.

Similarity Condition on Ho/T,

Let us now consider the similarity condition on
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I"IG. 5. Plot of the variation of Ho for indium contain-
ing 0.04-0. 8 at. % lead. The figure indicates that there
is an initial depression in Ho from the pure case followed
by an increasing Bo with doping.

Ho/T, as given by

8H, (~)/H, (O) =(u') 8„(X), (18)

8H, (~) = [H,(~) —H„(O)j,
8„(x)=x„(0,o) —x„(o,x),
H,'(X) = H,'(~) /[8my (~)r', (~)] .

(Ie)

(2o)

(21)

Equation (18) describes the expected increase in

Ho (~ Ho/T~) as impurities are added to a pure weak-
coupling superconductor. Values of the function
8„(&)can be obtained from Fig. 3 of Clem. ~ VFe

recall that Clem inserted y'/ in the denominator
of H™0in order to make it strictly free of linear ef-
fects within the BC3 framework. To compare the
predicted breakdown of the similarity condition
given by Eq. (18) with the results of our experiment,
it must be assumed that the change in y[= & & ks N(0)]
in going from 0.0 to 0. 8 at. %%d lead can be neglected.
This assumption should be reasonably valid since
one would not expect N(0) to change significantly
over this small impurity range, and we are actually
only requiring that the ratio of [N(0)]" for pure
indium to that for indium doped with 0. 8 at %lead.
be essentially unity. In addition, good success has
been obtained in the corresponding treatments of
tin' ' by making the same assumption.

Figure 6 demonstrates that the similarity condi-
tion on Ho/T, is not obeyed by indium doped with
lead. The solid line is the theoretical prediction
of Clem based on(a')=O. OOV and ~= IVpo(po in p, Q

cm). The dashed line in the figure is the theoretical
prediction based on (a )= 0. 01. The dashed line
appears to fit the data a little better than the solid
one. Although the fit of the data by either theoret-
ical curve is not particularly good, the theoretical
prediction as to the qualitative behavior of Ho/T,
with doping is certainly verified. The data points
in Fig. 6 suggest that a strong linear effect might

be present, and the dotted line in the figure is in-
cluded simply to indicate this feature.

A few words should be said about the constant of
proportionality between A and po. Taking the ex-
pression for y of MK [Eq. (2)], and recalling that
X = y/(2w), yields

1.62&10' 0
2v f,r, (f/o) Po (22)

for indium, where po is in Acm. Here it appears
that we are again faced with selecting the proper
value of o/f. However, referring to Table I, we
note that (o/l)A b is essentially constant, having a
value of approximately 6. 5&10" Q 'cm, which
when substituted into Eq. (22) yields A =1Vpa.

In order to examine the similarity condition on

H, /T, more closely, we will remove the anisotropy
effect, 8H, „„„(A)from 8H, (),) =H, ())—Ho(0), and
examine the validity of the similarity condition for
linear effects on WHO(X). Following the procedure
of Burckbuchler et gl. ,

' the change in IIO due to the
washout of the gap anisotropy is

8H, ,„,.(~) = H, (0)(~')[f,(~)+ 8„(~)j, (23)

Ho(o)

T, (O) O.OI-

jl,'"
0.00O

O. I

(o~& =0.007

I I

0.2 0.5 OA

Po {yA, Cm)

FIG. 6. Plot illustrating the breakdown of the simi-
larity condition on H0 {&)/T~ {&) for indium doped with lead.
The solid line is the behavior predicted by Clem (Ref. 4)
for a superconductor with (g2)={).007 and X=17po. The
dashed line is the behavior predicted for (a ) =0.01 and
~=17p0. The dotted line is merely to indicate the suspec-
ted linear effect referred to in the text.

where I,(A) is obtained from Fig. 3 of MK with y
=2m&, and Ii„(&)is obtained from Fig. 3 of Clem. '
The function Ho ~„(A)is independent of the impurity

type. It is displayed in the lower half of Fig. V for
(a ) = 0.OOV and A = 1Vpo. Data for indium doped with
0-0.8 at. /q lead are shown in the upper portion of the
figure. Each data point is given by 6H~(X)
—6HO, „„(X);i. e. , the change in Ho(A) due to the
anisotropy effect has been subtracted out. The
straight line through the data points indicates that
we have successfully isolated the linear effect in
8Ho. In order to determine if the similarity condi-
tion is obeyed for linear effects, it must be deter-
mined if the linear effects on 5IIO and 5T, increase



LEAD-ALLOYING E F FEC TS ON THE SUPE HCONDUCTING 3999

$H. ($)
(G) (0-

9
8-
7-
6-
5 s

4

(yQ cm)

5.

FIG. 7, The curve in the lower half of the figure is the
change in Ho due to the smoothing out of the gap anisotropy
by impurity scattering which is predicted by Clem (Ref. 4)
for ( a ) = 0.007 and ~= 17po. The circles were obtained
by subtracting the theoretical curve from the measured
change in Ho for indium doped with lead. The dashed line
represents the prediction of the similarity condition on

Ha (~)/T, (&) after the anisotropy effect has been removed
from Tc ~

some other externally variable parameter. Be-
cause the differences involved in the violation of
this similarity condition are very small, we have
elected to examine its violation through the deviation
from parabolicity [Eq. (8)]. Clem' predicts that
the deviation from parabolicity D(t) will decrease,
approaching the deviation for the isotropic case as
the superconducting energy-gap anisotropy is washed
out by impurity scattering.

The deviation from parabolicity for our samples
is plotted in Fig. 8 for 0. 5 ~ t & 1.0. The figure
includes D(t) for pure indium, which was obtained
using the data of Finnemore and Mapother. The
scale of the figure has been accentuated to show the
differences between samples and the general trend
indicated. This figure qualitatively supports the
prediction of Clem that the washout of the gap an-
isotropy with increasing impurity content decreases
the deviation from parabolicity.

Slope of tPie Critical FieLd -Curve at T,

Beginning with Eq. (25) of Clem, ' Burckbuchler
et al. "have derived an expression for the change
in slope with doping of the critical-field curve at T,.
They find

at the same rate with increasing impurity content.
Using the linear coefficient K from the expression
for 5T, [Eq. (12)] the similarity condition can be
written as

5a, (~) —5a, „(~)= [e,(0)/r, (0)]f8'p, . (24)

The dashed line in Fig. 7 is given by this expression
with If' = 0. 144 'K/pQ cm. The figure indicates
that the linear effect on 6Ho is not that predicted by
the similarity condition, and therefore the Ho/T,
similarity condition is not obeyed by indium doped
with lead. Figure 7 indicates that the linear effect
is much stronger in 5PO(A) than in 5T,(A). This con-
firms the suspicion that a strong linear effect was
present in the data displayed in Fig. 6.

The source of the stronger linear effect in 5HO(X)

may possibly be due to a, variation in N(0) (or X)

with doping. As a first approximation we were re-
quired to ignore this variation, having no direct
knowledge of it. We were encouraged by the success
of Gueths et gl. ' and Burckbuchleret al."inmaking
this approximation for the case of tin, however, jt
appears that this may not be a good approximation
in the case of indium doped with dilute amounts of
lead (O-O. 8 at. %).

Similarity Condition on h(x, t)

The similarity condition on h(x, t) states that it
is independent of the impurity concentration x, or

t2
0.5 0.6 0.7 0.8 0.9 1.0

+ PURE (FINNEMQRE 8 MAPOTHER)
& .04at. f Pb
o .09 at. '/, Pb

D(t) - o

n 8Q

-Q,005-

-O.OIO

- 0.0l5

-0.020

PIG. 8. The deviation from parabolicity D(t) = h, —(1
—t2) versus t as a function of doping. The figure clearly
indicates the decreasing deviation from parabolicity as
lead is added to indium. The crosses are the data of
Finnemore and Mapother (Ref. 27) for pure indium. The
remaining data points are for this investigation. The
curves are merely to emphasize the extremes; i.e. , pure
indium and indium doped with 0.80 at. % lead.
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FIG. 9. The fractional change in slope of the critical-
field curve at T~ as a function of doping for indium con-
taining 0-0.80 at. % lead. The solid curve is the theo-
retical prediction based on Clem' s treatment with (a )
=0.007 and ~=17po.

= (a')[X„(1,0) —X„(1,X)]+—1 6[N(0)]

Again, as in the case of Ho/T„we will assume that
the fractional variation in the density of states can
be neglected.

Figure 9 shows the results of this investigation
on the change in slope of the critical-field curve at
T, for dilute alloys of indium doped with lead. The
solid line in the figure was obtained using Eq. (25)
with (a )=0.007 and X=17po. The figure indicates
that the agreement between experiment and theory
is very good in this particular case (indium doped
with lead).

The variation of T, for indium with lead content
(x) in the range of 3-4 at. % lead was carefully
studied in the present investigation since unusual
behavior is exhibited in the residual resistivity, the
thermoelectric power, and the lattice spacings near
3. 5 and V. 0 at. % lead, but only near V. Oat. % lead
for T,. No change in dT,/dx between 3.0 and 4. 0
at. % lead was found. The lack of a change in dT,/
dx at 3. 5 at. % lead is difficult to understand in light
of the observed behavior of other properties of the
system. This problem may require a careful the-
oretical analysis.

The superconducting transition temperature of
indium doped with lead was studied for 0-4 at. %
lead. Both the anisotropy effect and the linear ef-
fect mere observed in these data. The coefficient

of the linear effect K "mas measured directly and
found to be 0. 144 'K/pQ cm. Using the theoretical
analysis of Markomitz and Kadanoff, the product

(a ) for indium doped with lead was found to be
0.041. From the information provided by our data,
me mere able to separate this product, yielding
values of (a ) and X ". The value of (a ) for indium
mas found to be 0. 0072+0. 0007. The value of X

obtained was dependent on the value of a/1 used.
Because of the wide range of o/f values quoted in
the literature for indium, the correct value of A

"
could not be precisely determined. However, the
minimum and suspected best value obtained mas

= 3.6+ 0. 3.
The effect of lead doping on the critical-field curve

of indium mas studied. The predictions of Clem for
the changes brought about in the critical-field curve
with doping, which have been mell verified for the
case of tin, "'"mere examined for the present case.
Clem's predictions on critical-field parameters
which involve HII(X) were found to be qualitatively
correct, and the similarity conditions on II(X, f) and

Ho(X)/T, (A) were found to be violated for the case
of indium doped with lead.

A linear effect in Ho(X) which was stronger than
the linear effect in T,(X) was observed. This may
be due to a variation in the density of states [N(0)]
with doping, since in the BCS formulation, IIO con-
tains an extra factor of [N(0)] which is absent in
the expression for T,. A study of the electronic
specific heat y as a function of doping (by other than
superconducting critical-field methods) would be
useful here, since y~N(0).

The change in slope of the critical-field cruve at
T, as predicted from Clem's treatment with (a )
= 0. 007 mas found to be in good agreement with the
experimental findings. This value for (a ) is in ex-
cellent agreement with that found from the analysis
of our T, data using the theory of MK.
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An approximate calculation is made of the polaron effective mass as defined by Frohlich.

The approach taken is a variational one based on an extended version of Hohler's ansatz in

which the trial state function employed is an exact eigenfunction of the total wave vector of the

polaron. The effective mass obtained simulates the Feynman-Schultz results while the corre-
sponding polaron self-energy is fairly accurate but inferior to the result of Feynman and Schultz.

I. DEFINITION OF PROBLEM

In a description of the motion of a single conduc-

tion electron in an ionic semiconductive crystal,
Frohlich' develops a Hamiltonian for a system con-

sisting of the electron interacting with the polariza-
tion field resulting from the long-wavelength longi-
tudinal optical modes of the crystal. The Hamilto-
nian is given by

H (n) =—,+ Q;b;b;+i (, 4mn/S)~r'

x 8"[(&/v) (b;e "'"-b;e'"'")j

where r is the coordinate of the electron, bt and b„-

are bosonic creation and destruction operators of

a polarization field quantum of wave vector v, n is
a dimensionless coupling constant characteristic
of the crystal, and S is the normalization volume.

The limit S-~ is to be taken with

limg= —
3 dv.S

s- v Sm


