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Phonon Dispersion Relations of Body-Centered-Cubic Metals
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A model calculation for the lattice dynamics of sodium and potassium is presented. The
total adiabatic potential is represented by an electrostatic interaction among the ions, and a
screened electron-ion interaction. The ion-electron-ion potential is represented by a two-
parameter model potential. A modified Hartree dielectric function is used to account for ex-
change and correlation effects. The calculated dispersion curves for sodium and potassiuxn
are compared with the experimental neutron-scattering data. The results are also discussed
in the light of other theoretical models.

INTRODUCTION

The theoretical explanation of neutron-di ffrac-
tion results on phonon dispersion curves of single
crystals has normally been based on several force-
constant models, and also on pseudopotential formu-
lation of electron-phonon interaction. Major work
based on elastic-force models has been reported,
by de I aunay, Bhatia, and Sharma and Joshi
among others. Krebs has calculated the disper-
sion curves for alkali metals based on a model
which includes the central force for the nearest
and next-nearest neighbors and the electron screen-
ing of the long-range Coulomb interaction between
the point ions. These elastic-force models involve
several arbitrary and independent parameters
which, in several cases, do not necessarily bear
a close relationship with the actual interactions
involved in metals. Usually, the elastic constants
are used t;o compute force constants between neigh-
boring atoms. However, this greatly limits the
usefulness of the approach because there are only
a few independent elastic constants. As such, long-
range interactions involving a large number of force
constants can not be accounted for in this type of
approach.

Toya' calculated the dispersion curves for sodium
with considerable success, from first principles.
This preceded the experimental measurements by
a few years and proved to be in good agreement
with them. In this approach, the Coulomb and
Born-Mayer interactions are separated as usual. 6

To evaluate the contribution of the electrostatic
potential to the dynamical matrix, Toya considered
the change in the energy of conduction electrons in
a perfect crystal in which a lattice vibration of
wave vector q is excited. This involves the matrix
elements for the electron-phonon interaction. The
constant energy of the phonon depends on repeated
one-phonon process in which a phonon creates a
electron-Ilole pair wh1ch recomblnes to emit a
phonon with energy and wave vector unchanged.
However, before combining, the phonon interacts

with other electrons. The matrix elements involve
the Fourier transform of the gradient of the poten-
tial around the displaced ions and are evaluated on
the basis of first-order perturbation theory. To
account for the screening effect, the exchange inter-
action between conduction electrons is taken into
account using Slater's approximation and introduc-
ing an exchange density which diminishes the effec-
tiveness of the screening. The correlation effects
in the motion of electrons were introduced some-
what empirically.

Several theories have been developed by Harrison
and others for the phonon spectra of simple (i. e. ,
free-electron-like) metals using model potential
and pseudopotential. For such metals it is conve-
nient to describe the mechanical system of electrons
and forces by means of pseudopotential perturba-
tion theory. Several simple local pseudopotential
models have been used to calculate the thermo-
dynamic properties and reasonably good agree-
ment with experiment has been obtained. For
sodium and potassium, the spectra of Gruneissen
parameters have been calculated by %allaces and
have been compared with experiment in the form of
the thermal expansion coefficient as a function of
temperature. Harrison's modified point-ion pseu-
dopotential with two adjustable parameters was
used and the Born-Mayer repulsion between ion
cores was incorporated with one parameter. Using
a local form of the Heine-Abarenkov model poten-
tial, the calculation of phonon frequencies of mag-
nesium was performed by Pinder and Pynn. The
effective-mass correction suggested by %'eaire'
was incorporated in the model potential. It was
found, however, that the calculated phonon fre-
quencies do not agree well with those observed
experimentally. Magnesium was also studied,
along with sodium and potassium, by Schneider
and Stoll, "who formulate the electron-phonon
interaction by a pseudopotentlal method. Using
the model pseudopotential determined from mea-
sured phonon dispersion curves, the electronic
band structure, the Fermi surface, the cohesive
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energy, crystal stability, the interatomic potential,
and electrical conductivity have been studied in
these metals.

The total crystal energy for simple metals may
be divided into two parts, the electrostatic contri-
bution of the direct Coulomb interaction of positive
ions immersed in a uniform compensating back-
ground of negative charge and the other due to mu-
tual interaction of the electrons with the screened
ions. To calculate the band-structure energy for
simple metals, the true ionic potentials are re-
placed by shallow model potential wells. ' ' The
energy of conduction electrons may be expanded as
a perturbation series in the matrix element of
model potential. We have obtained the phonon dis-
persion relations for body-centered-cubic lattice
using a model potential to account for band-struc-
ture effects. The effects of the electron-ion inter-
action are taken into account in the usual way, but
the effect of electron-electron interaction is ac-
counted for by terms involving two parameters.
Results are discussed for two specific cases of
sodium and potassium in the light of available ex-
perimental and theoretical details.

THEORETICAL MODEL

The total potential of the lattice is separated into
three components, viz. , the electrostatic energyE„the ion core exchange energy E, , and the band-
structure energy Eb, which represents the screened
electron-ion potential. The long-range nature of
the Coulomb potential gives rise to the convergence
problem in the dynamical matrix for E,. Keller-
man, ' following Ewald'6 gave a method to evaluate
the electrostatic part of the dynamical matrix for
body-centered-cubic and face-centered-cubic lat-
tices. The core exchange term, which is taken to
be of the Born-Mayer type, is much smaller for
gnetals owing to different core configurations' and
is neglected here. Phillips and Kleinman' treated
the effective electron-ion interaction using a pseu-
dopotential which is small within the core and is
treated by the perturbation method.

+le evaluate the band-structure energy using a
two parameter model potential. The total ion
potential can be separated into individual overlap-
ping ion potentials centered upon individual ions at
position r,

w(r) =Z, w(l r —r,
l
) . (1)

This whey Fourier transformed gives
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Qo and 0 are the atomic and crystal volumes, re-
spectively. The electron-phonon matrix element
is written as

&, =«+qlw(»IK) =s(q)w, . (5)

For w(r) we adopt the model potential of the form

Zg~ Z8~
w(r) = — + +P e

y' y'

where e(q) is the Hartree dielectric function for
the noninteracting electron gas and is given by

e (q) = 1+S,(q) /q',

where

S ( )
2mZe'k&; 1+ 4k&„—q

l
ln 2kz+q, (9)

»»&
~

4k„q / 2k~ —q

k~ is the Fermi wave vector.
However, in order to introduce the exchange and

correlation effects in the electron-electron inter-
action, Hubbard, Sham, ' and Geldart and Vosko '
suggested various modifications to the Hartree
dielectric function. In the scheme of Geldart and
Vosko one writes

c(q) =1+S„/q',
where

S,=S.(q)/[1-f(q)S. (q)].

The function f(q) is defined by

f(q) = 1/2(q'+ &k~3)

and $ is a function of electron density only.
The expression for Eb, may be written as'

=Z, S*(q)S(q)F(q),

(10)

(12)

n, P are two parameters. The Fourier transform
of the above potential gives

1 4mZe aa nP
Aoq+0, q q+a

The effect of screening on band-structure energy
was first discussed by Bardeen'9 who assumed that
each ion potential is screened independently. Taking,
this into consideration, the first-order matrix
element of the screening potential comes out as

where E(q) the energy wave-number characteristic
is given by

W =—Z e '~'~ J e ' '+' w(r)e"" ~d'r (2').0 ]
The structure factor S(q) is defined as

S(q)=-' F e"'~
N

and the form factor u, as

0',q' ~

~
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When exchange and correlation effects, as mentioned
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earlier, are introduced, then

&(q) —1 So(q) I q'
e(q) 1+So(q)(1 —$q') l q'

P

H,~(q) =4 Z -f(l) 5„+g(l),' cos(q 1),
l80

Electron interaction, however, makes Eb, slightly
more negative. The parameter $ in some recent
calculations~ is computed from the compressibility
of an electron gas. This leads to

$ = 2/ [1+0. 153 (vaokr) '],

with

2 q „22 erfc(gl)
f =——e"' +&i'

g(f) = —7)'e "" +3f(f),

ao being the Bohr radius.
The secular determinant for calculating phonon

frequencies is obtained in the usual way, erfc(Z) =-= 2 "-2
Em

D q(q)=D g(q)+~g(q) . (18)

Expressions for D z(q) in the case of a body-
centered'-cubic lattice are taken from Kellerman's
work:

D„(q) Ne —=5„~G„(q)—H„(q)— ~ n 5,),4m 16

where

(i+ H)-(~+ H4 -ic.e~i4.~

0, )q+H)

where m is the mass of the atom, I is the unitary
matrix, and co is the circular frequency. In this
approach the dynamical matrix consists of two major
contributions, viz. , D z(q) due to electrostatic en-
ergy between the ions, and D z(q) due to band-struc-
ture energy. Thus

g is a parameter chosen to make both the series
gs and Z, ~o rapidly convergent,

and

H= IHI =(H +H +H, )'I

f = ll I.= (f'+ f,'+f.')'"
I ql = w'~ = s I& I

D„,(q) = —Z (q + H), (q+ H)~F(q+ H)
Q H

and is the lattice constant of the direct cell (H„,
H„H,), and (f„,f„l,) cover all sets of integers so
that for a body-centered lattice (f„,f„l, ) are either
all odd or all even and g „H„is even.

The change in the band-structure energy caused
by a periodic disturbance q is calculated by expand-
ing the structure factor and retaining terms only
up to the second order in the amplitudes of normal
coordinates. The resulting elements of the dynam-
ical matrix are
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FIG. 1. Phonon disper-
sion curve for sodium.
Experimental points for
longitudinal branches (open
circle) and transverse
branches (solid triangle)
along (100), (111), and
(110) are also shown,
along with the results of
Sham (open triangle), Ho
(solid square), and Vosko
(plus).
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FIG. 2. Phonon dis-
persion curves for potas-
sium. Experimental
points fol longitudinal
branches (open circle)
and transverse branches
(solid triangle) along
(100), (111), and (11O)
symmetry directions are
also shown for compari-
son along with the results
obtained by Ho (solid
square}.
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RESULTS

The potential of the electron due to the presence
of the other electrons has been taken as

Ze'/~+ P,

d(U/X)
Qo = —Qoj'= 0

dOo
(22)

Here U~ is the binding energy per atom of the metal
and the ionization energy of each ion is U;. The
zero-point vibrational energy has been neglected,
since this is about 0. 001 Ry for Na and K. The
experimental values of the binding energy for Na
and K are 0. 08 and 0. 07 Ry, respectively, while
the ionization energies are 0. 3& and 0. 32Ry, re-
spectively. By slight adjustment of these param-
eters we can bring the calculated curves with the
measurements within experimental errors. The
values of a and P obtained in the present work are

which, of course, gives a constant value of the
potential for large values of x. The convergence
problem in the calculation of matrix element D &(q)
due to oscillations of Fourier transform of the
actual potential w(r) at large 0 values has been
eliminated by the multiplication of a factor e
However, to ensure proper convergence for lattice
sums, we have included 683 reciprocal-lattice
vectors. The parameters n and P have been deter-
mined by filling the experimental quantities on the
right-hand side of the following equations:

U/N = —UI, —U),

2 and 10, respectively, for sodium and 2 and 18
for potassium.

The parameter $ as calculated using EII. (16)
comes out to be 1.86 for sodium and 1.82 for potas-
sium. Ho has taken $ as an adjustable parameter
and his values are 1.78 for sodium and 1.87 for
potassium.

In Figs. 1 and 2 we have plotted the dispersion
curves along the symmetry direction [100],[ill],
and [110]for sodium and potassium. We have com-
pared our results with those of Ho, who has formed
the screened potential by linearly screening a Heine-
Abarenkov-type' ion potential. To include approx-
imately the exchange and correlation effects, a
modified Hartree dielectric function was used and

the model parameters were determined using ex-
perimental elastic constants. In case of sodium,
we have also plotted the results obtained by Vosko
and Sham. In sodium, along the [111]symmetry
direction the agreement with experimental results
in our case is distinctly better. Along the other
two symmetry directions, the degree of agreement
is the same. In potassium, better agreement has
been obtained along the [110]direction.

Investigations are in progress for determining
other related properties of these and certain other
metals and will be reported in due course.
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In this paper we demonstrate that an excellent fit to the phonon spectrum of a simple metal, :

magnesium, may be obtained with a local pseudopotential containing only two adjustable param-
eters. We compare the spectrum obtained with a fixed pseudopotential using different dielec-
tric response functions. The Hubbard dielectric function yields phonon frequencies 30% greater
than the Kleinman- Langreth one, with the random-phase approximation yielding intermediate
frequencies.

I. INTRODUCTION

There have recently appeared a plethora of cal-
culations of the phonon spectrum of magnesium.
The first to appear, that of Roy and Venkataraman, '
unfortunately contained errors in the secular de-
terminant. Schneider and Stoll obtained a nearly
perfect fit to the experimental curves in the [0001]
and [0110]wave-vector directions using a pseudopo-
tential containing four adjustable parameters, where-
as Brovman, Eagan, and Holas3 needed to introduce,
in addition to the pseudopotential, four short-range
force constant parameters to obtain a good fit. Pin-
dor and Pynn4 used the optimized model potential
(whose parameters are obtained by fitting the atom-
ic spectra and not adjusted to fit the phonon spec-
trum) to obtain a poor fit to the phonon spectrum.
Gilat, Rizzi, and Cubiotti obtained a nearly perfect
fit using the same method by arbitrarily replacing
the electron mass with an effective mass m~= 1.60m.

Shaw and Pynn, taking exchange and correlation
into account, effected a large improvement on the
results of Pindor and Pynn but still did not achieve
a perfect fit to the experimental spectrum. Most
recently, Prakash and Joski, v using a "first-prin-
ciples" potential containing a Kohn-Sham' exchange
potential screened by a procedure we believe to be
incorrect, ' obtained a poor fit to the experimental
phonon spectrum.

A secondary purpose of this paper is to demon-
strate that a very good fit of phonon spectrum of
magnesium can be obtained using a local pseudo-
potential containing only two adjustable parameters.
When such a local pseudopotential is used, all ex-
change and correlation interactions between con-
duction electrons enter the calculation through the
dielectric response function. It is the primary pur-
pose of this paper to study the effect of various di-
electric functions on the phonon dispersion curves.
Because there is no way of knowing the "correct"


