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The electron-phonon contribution pe,(T, ¢) to the resistivity of an impure metal, or dilute
metal alloy, can be drastically different from that of the ideally pure metal, pgp(T), if, in the
region of the Fermi energy, the conduction-electron relaxation time 7¢(€) for impurity scat-
tering varies with energy € on a scale comparable to or less than the Debye energy %wp of

the metal.

This effect is a consequence of the sensitivity of the (inelastic) electron-phonon

resistivity to any energy-dependent component in the nonequilibrium electron-distribution

function.

We present a working formula for the effect and indicate several important con-

sequences for nontransitional metals containing magnetic or nonmagnetic transitional impur-

ities.

In the limit of small impurity concentrations c, the alloy and host electron-phonon re-

sistivities are connected to the electron-diffusion thermopower S(T, ¢) of the alloy via the
simple relation pp(T, ¢) = o3 (T) {1+ (wp/€ ) [S(T, ¢)/Sy(T)1?}, where S, denotes the “free-elec-
tron” thermopower. More generally, pe(7, c), and also oy, (T, ¢), the resistivity resulting
from impurity scattering, are expressed in terms of the first and second derivatives of 7, at
the Fermi energy €. The anomalous electron-phonon resistivity will cause sharp peaks to
appear in the atomic-resistivity temperature curves of very dilute magnetic-impurity systems
(e.g., CuFe, AuFe, AuMn). Experimentally, measurements of deviations from Matthiessen’s
rule should furnish useful information on the energy dependence of the electron-impurity scat-

tering.

I. INTRODUCTION AND SUMMARY

This paper is the first of a series of papers which
deals with the influence of a very energy-dependent
electron-impurity scattering cross section on the
electron-phonon contributions to the electronic
transport properties of an impure metal or dilute
metal alloy. It is devoted to a discussion of the
electrical resistivity.

Suppose a small concentration ¢ of metallic im-

purity atoms is dissolved in a pure metal. Let
pgp(T) denote the electron-phonon resistivity of the
pure metal at temperature T and

Tol€gs ¢, T)=Tol€p) ,

the conduction-electron relaxation time which en-
sues for elastic scattering from the impurity atoms.
We assume the presence of a single paramagnetic
conduction band in which the energy of an electron
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in the Bloch momentum state %k is €g. The essen-
tial new finding' of our work is that the electrical
resistivity which results from electron-phonon (ep)
scattering in the alloy, pe,(T, c¢), is appreciably
different from pg,(7) if, in the region of the Fermi
energy €p, the relaxation time 7y(€) varies with
energy € on a scale comparable to or less than

the Debye energy 7wp of the pure metal. For
spherical energy bands coupled to an isotropic
acoustic-phonon field, we will obtain the simple
result

Pep(T, €)= pey(T) [1 +a4(T, ¢)?]
for temperatures sufficiently low that p,> pgp(T),
that is, T <Ty(c), where po(Ty, ¢)=p(T,). Here

po(T, c) denotes the impurity resistivity [m/ne®
XTo(€p; T, c)] and

(1.1)

aolT, C):ﬁwF@inIQ(i&?.l"_c_)) , 1.2)
ek=€f

¢,

where w;=sk;; s denotes the isotropic sound veloc-
ity; k; the Fermi wave vector; and m, e, and n
the electronic mass, charge, and number density,
respectively. As will be seen in the subsequent
text, the modification of the alloy ep resistivity
relative to the pure-metal value is a consequence
of the sensitivity of the inelastic ep resistivity to
any energy-dependent component in the nonequili-
brium electronic distribution function. For small
concentrations, Eq. (1.1) is approximately gen-
eralized to higher temperatures, T >T,, by the
result

_ 0 aﬁ
Pep(T, €)= p@P(T)<1 i +p2p(T)/po]2> , (13)

where, for breivty, we have dropped the arguments
of a, and p,. Formulas more general than (1. 3)
will be derived. Equations (1.1) and (1. 3) serve
amply to illustrate in this introductory section the
‘new effects with which this paper is concerned.

The important consequence of (1.3) is that the
temperature-dependent component of the resistivity
of a dilute alloy or impure metal at low tempera-
tures (T'ST,) is not even approximately given by
the pure-host resistivity p2(7) (Matthiessen’s
Rule) when the electron-impurity scattering is sig-
nificantly energy dependent. Experimentally, this
effect will be of particular importance (a,2 1) for
dilute-alloy systems in which the impurity is either
magnetic or nearly magnetic, i.e., transitional
impurities in appropriate nontransitional hosts.
Perhaps the most significant indication of a strongly
energy-dependent electron-impurity scattering in
these alloy systems is the experimental observation
of the anomalously large thermoelectric powers of
these alloys.? If the celebrated 8 Int, /9€ formula®
is used to connect the absolute thermopower S to
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the first energy derivative of 7, at €z, then the key
parameter a, entering (1.3) is obtained from the
observed thermopower by the formula

ay(T, c) = (hwg /€x) [S(T, ¢)/Sy(T)] (T <Ty) ,
(1.4)

where S, denotes the free-electron value S,

= (r®k%T/3e€;). For typical noble-metal magnetic-
impurity systems, such as is formed by a few
hundred ppm of Fe or Mn in Cu or Au, Eq. (1.4)
yields magnitudes of @ in excess of unity for tem-
peratures at and below roughly ©,/10.*

Presumably, the effect described by (1.3) is also
important for degenerate semiconductors (a,~ #wp/€x)
where, in the absence of many-body effects, a,
can be found to be of the order of unity.

The modification of the ep resistivity by the en-
ergy dependence of the impurity scattering has
consequences relevant to the following particular
situations: (a) the empirical determination of p2,(T)
for noble, and possibly other metals from speci-
mens containing small traces of transitional im-
purities; (b) the presentation and interpretation of
resistivity data on dilute local-moment alloys based
on the validity of Matthiessen’s Rule; (c) the under-
standing of remarkable deviations from Matthies-
sen’s Rule observed® in a large number of dilute-
alloy systems at temperatures low and intermediate
relative to ©p; (d) the measurement of [p,, (7, c)

- pY(T)] as a probe of the energy dependence of 7.

Our discussion of the electrical resistivity starts
from a Ziman type of formula® in which the devia-
tion of the electron-distribution function from its
equilibrium value is taken to be of a simple but
plausible superposition of the solutions of the lin-
earized Boltzmann equations for impurity scattering
and ep scattering alone. With this ansatz, both
the impurity and ep contributions to the alloy re-
sistivity are evaluated for a spherical band of elec-
trons. An isotropic acoustic-phonon field is as-
sumed. The results are expressed in terms of
the pure-metal resistivity pgp(T), pg, and param-
eters (like a,) related to the first and second energy
derivatives of 7, evaluated at €. In the limit of
low concentrations, the results for p,, reduce to
(1.8). Explicit calculations of the magnitude of

-the new terms are performed for several well-

known dilute local-moment alloy systems like AuFe
and CuFe. The theory is also discussed for the
case of nonmagnetic transitional alloys, and cal-
culations are presented for the nearly-local-mo-
ment alloys” AICr and AIMn. The modification of
the impurity resistivity by the energy dependence
of 7,(€3) is necessarily also considered. The re-
sults of the theoretical study and of the explicit
computations are discussed in the light of the points
(a)—(d) listed in the previous paragraph.
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II. MODEL AND GENERAL CONSIDERATION

Our derivation of the electrical resistivity of a
dilute alloy starts from the linearized Boltzmann
equation for combined electron-impurity electron-
phonon scattering:

- 9
~ k- V'gj‘;{“ <<Pi5€%/'fu(<i§ T, C))+P2p¢;,

(2.1)

where E denotes the electric field, V;=0€;/0k 7
the electronic group velocity, and the function @3
is the usual function® that specifies the deviation
of the conduction-electron distribution function
from its Fermi-Dirac equilibrium distribution f %,

(2.2)

The first term of the right-hand side of (2.1) is
the effect of the elastic impurity scattering, char-
acterized by the energy-dependent relaxation time
To(€g; ¢, T). The latter quantity may depend on
both the absolute temperature T and the concentra-
tion of impurities ¢. For brevity, we will exhibit
the possible dependence of 7y on T and ¢ only when
we wish to stress this possibility; otherwise, we
shall merely write 7o(€3). The second term on the
right-hand side of (2.1) denotes the linearized ep
collision integral® appropriate for the pure metal,

(2.3)

27 0 (k, K+ (@30 —0p
ng I.(_ E_n 5T Pieg — Pt

where

VO(k, k+a)= @n/7) | Mg)| 20 (7m0 )

X[F31 - FY, ) 8(epz— g —Tw) + fR.; (1= fF)

X 8(eg,g—€z+w,)] . (2.4)
The expression (2.4) for the linearized ep transition
rate considers a spherical band of electrons coupled
to an isotropic acoustic-phonon field Zw,=7%sq via
a coupling constant A( Ei) . When an explicit knowl-
edge of the g dependence of A(q) is required, we
shall assume that |\(q) I?xq for small ¢/2k;. How-
ever, in the limit of small concentrations, it will
turn out that we will not require the explicit ¢ de-
pendence of AM(gq). #n°(%w,) denotes the equilibriuin
Bose-Einstein distribution function. We have as-
sumed that the phonon field is at equilibrium.

If we multiply the left-hand side of (2.1) by ¢3/Q
and sum over all states 7k (9 denotes the volume
of the system), the resulting expression is seen to
be the vector product of the electric current i and
the field E. On e11m1nat1ng the field E by the trans-
port relation 1= E/p, we obtain the following positive
definite form® for the alloy resistivity:
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(2.5)

(2.6)

The first term in (2. 6) denotes the “impurity re-
sistivity ” and is defined as the term in (2.5) pro-
portional to 75. The second term of (2.86) is the
“electron-phonon resistivity of the alloy” and is
defined as the term in (2. 5) proportional to
Ve,(k k’). The terms Pimp(T, ¢) and po,(T, c) are,
of course, not independent as they are both to be
determined by a common solution of Eq. (2.1)
for ¢3.

At this stage, we wish to make a few general re-
marks concerning the evaluation of (2.5) and (2.6).
The general solution of (2.1) will be of the form?®

2.7)

where 7 has dimensions of time and, for our iso-
tropic model, depends only on the modulus of k.
In the limit of low temperatures, the ep term in
(2.1) vanishes® so that at the lowest temperatures

(2.8)

Provided that 7, does not vary appreciably over an
energy range comparable to k5T, the resulting re-
sistivity will be given by the usual expression pg!
=ne®7y(€p)/m. We recall that T is the temperature
at which pQ(T)=p,(T, ¢). In the limit of high tem-
peratures (7> T), the ep term dominates the
right-hand side of the Boltzmann equation and,
consequently,

Epimp(Ty C)+pep(T; C) .

¢3=—eE.V37(c,) ,

‘Pi="‘e~E"-‘7i70(€k; T,c) (T<<Ty).

Q3= —e¢E- Vetd(e) (T>Ty), (2.9)

where 'rg,,(€k) is obtained from the solution of the
linearized Boltzmann equation for ep scattering
alone. It can be deduced that, in the region of ¢,
T2, varies with energy on the scale of €,.'° Conse-
quently, since we shall only be interested in con-
tributions to 7(¢) that vary on an energy scale com-
parable to 77 w, or less, we shall take

Te(€) =Ty (€p) =755
This quantity is obtainable from experiment via

p%(T) = (ne®rl, /m)t | (2.10)

where pgp(T) denotes the ep resistivity of the pure
metal.

We note that the ep contribution to the resistivity
pep(T, ¢) is proportional to a sum over terms in-
volving the square of fluctuations of ¢3:
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50 3= @ing- 0D . (2.11)
The appearance of these terms is not peculiar to
the ep scattering mechanism, but is a general oc-
currence for any scattering mechanism, a fact
that is clearly related to the dissipation-fluctuation
theorem.!' However, a key feature that distin-
guishes the ep mechanism from that of the present
impurity-scattering mechanism is that the former
is inelastic. This has the consequence that in
(2.11) ¢ ¢ will change not only with variations in the
electronic group velocity Fg but also with changes
in the relaxation time 7:

6@ = —eE(6V T+7VoT) . (2.12)

The first term in (2.12) is the fluctuation in ¢}

that is ordinarily considered in the calculation of
pg,,o Denote this by écp%;. The second term of
(2.12) is usually tacitly ignored as it is considered
to make a contribution of relative order 7wy /€p.
For €, and €3, close to €5, and with 8V~ 7%q/m and

a7
or~ ;t< ~—> w, ,
9€ | ep

as is appropriate for the ep scattering event, 1 we
have

a¢;,a=6<p%,;<1i ar-sk'E), (2.13)
q-E
where a is defined by
9
a=nuws el (2.14)
a¢€ et

and k and q_denote unit vectors specifying the di-
rections of k and §. Clearly, if 7 is taken to be
7%, then

a~fhwp /€p~102-10"

implying the neglect of the second term in (2.12)

or (2.13). However, for the dilute alloy or impure
metal at temperatures low compared to T, we

have 7(€)=7,(€), and if in the region of €5, T, varies
with €, on a scale comparable to or less than Zw,,
then the parameter a2 1. In this case, the second
term in (2. 11) or (2.12) is at least as great as the
first term and cannot be ignored. This is the origin
of the effect with which this paper is concerned.

At temperatures exceeding T, 7(€) must ap-
proach 79, so that a becomes negligible and the ef-
fect described above vanishes, i.e., the electron-
phonon component of the resistivity of the dilute
alloy becomes the same as that of the pure host
metal. In order to obtain this high-temperature
limit in the present calculation, we will assume
that 7(€) is generally given by

T =T + (1) . (2.15)
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This form of 7(€) is correct in the two limits T < T,
and T > T, but is probably in error in the transi-
tional regime T~ T,. However, we believe (2. 15)
to be capable of giving at least semiquantitatively
correct results for temperatures of the order T.
The basis for this remark is that our subsequent
results for the modification of p,, (7, c¢) from pd,(7T)
will be generally expressed in terms of the first
and second derivatives of the exact 7(€) at €=¢,
and it is only in the explicit calculation of these
energy derivatives that the assumption (2. 15) is
made.

A major assumption that we shall make in our
evaluation of the resistivity is that of expanding
7(€) in a Taylor series:

1/% 2
€ —€ =1 - € —€
LEma(r),, ot

(2.16)

T(<)=T(€F)+(£>

retaining only those terms of order (¢ - €5)? or
less. We may rewrite (2.16) in the form

ot _ 7(€) —1(€pz) T b [ T\?
0T _78)=T'&) __ (2. 9 (L) 2
R e,)gJﬂz e{>> n, (2.17)
where 1= (€ —€;)/ksT, ky0}=Tnw,, and the param-
eter b measures the strength of the second derivi-
tive of 7,

. n2w? 8%t
- T 862 € =€ :
=<p

Now, in the evaluation of the resistivity, from
formula (2.5) for example, the important values of
7 are those less than approximately unity — cor-
responding to the measure of electrons in the ther-
mal layer k5T at the top of the Fermi sea. The
expansion (2. 16) will be valid for 7/7 <1, which
implies that the coefficients of 7 and of 7% in (2.17)

(2.18)

be <1. These conditions demand that
a(T, ¢)<(6p/T), (2.19)
b(T, c) <2(6p/T)?, (2.20)
The

at any temperature T and concentration c.
significance of (2.19) and (2. 20) is that while the
characteristic energy of variation of 7 should be
comparable to or less than %wp for our effect to be
important, the use of the Taylor-series expansion
for 7 requires that the characteristic energy be
nevertheless much greater than £z7. The usual

9 InT /8€ formula for the low-temperature electromnic
thermopower follows from the use of (2.16) and is®

1(_2 k%T 8ln7(e; T, ¢)

3 e a¢ (2.21)

S(T, ¢) =
€ =€F

where functions varying with energy on the scale of
€ have been neglected. Expressing a in terms of
S, we evidently require
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s(er) L) (9%
1~< o > s ) 2.22)
As mentioned in Sec. I, the inequality on the left-
hand side of (2.22) is satisfied for magnetic tran-
sitional impurities for temperatures s ¢y 5. This
temperature range clearly satisfies the right-hand
side of (2.22).'® We stress that the satisfaction of
the inequality on the right-hand side of (2.22) is
consistent with the use of (2.21) for the electronic
thermopower.

Some comments on the possible experimental
determination of the parameter b will be discussed
at a latter stage of this paper. We now consider
the explicit evaluation of py,(T, ¢) and p,(T, c)
from Eq. (2.5).

1Il. EVALUATION OF RESISTIVITIES

The evaluation of p (T, ¢) and p,(T, ¢) as de-
fined by Eqs. (2.5) and (2.6) for the model ep tran-
sition rate (2.4) and relaxation-time ansatz, (2.7)
and (2.15), is straightforward, although algebrai-
cally tedious. In particular, the evaluation of
pep(T, ¢) follows closely that of the standard deriva-
tion!* of this quantity for the pure metal. For these
reasons, we will only give the salient features of
the calculation.

First, sums over k in (2.5) are replaced by in-
tegrals according to'®

W)Xz~ [2/Cn?][d% . (3.1)
The impurity resistivity is then readily deduced

from (2.5) to be of the form
7(€)?
Pum(T, )= (-0, C)f <5 emien)/

o o _7(e) \?
(f ae € T0(€F)> ’ (8:2)
where
polT, c)=[netrylep; T, c)/m]™ (3.3)

and, in the region of € =€,, we have neglected the

energy dependence of the electronic group velocity
V3 relative to that of 7(€). We note that providing

that the conditions (2.19) and (2.20) are satisfied,

we may use the Sommerfeld expansion

® 9
—/ de l"—-r(e) T(ep)+(epT)? T o2 ;r +ooo
0 aE € =€
(3.4)
for the evaluation of the integrals in (3.2). In ex-

panding (3.2), we shall require the first and second
derivatives of

(@ =[ro(e)] M+ (r )" at €=¢p .

It will be convenient to work in terms of the dimen-
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sionless parameters @ and b. Carrying through
the differentiation of 7(€), these are

a=Hhw M S R
S\ 8 J e, 147o(eR)/TY

_ dg
T 1+p(T)/po (8.9)
while
_ (wg)?
TF (ae )MF
(T) -1 _ zaz
( Po ) (bo 1+py/pes(T) > ’ (3.6)
where

9 InT (Iwg)? )2<az )
i ) -
o men(Coe) L, ey (e

The “weight” factors involving the ratio po,(7)/p,
appear in (3.5) and (3. 6) on identifying this ratio
with 7o(€z)/73,. Note that as (T/Ty)~ <, both a
and b~ 0. The result of applying (3. 4) to evaluate
(3.2) for p,,, can now be expressed in terms of

a, a;, b, and b

72 (T \?
pimn(T) C) =p0(T, c) ,:1 + ? (_éZ)

2a® —4aaQ+2a0+2b bo]/D(T P

[1 +pep(T)/p0
(3.7)
where
RS
D(T,C)—1+ 6<eb>m. (3.8)

Equations (3.5)—(3. 8) describe the effect which
the energy dependence of 7(€) has on the impurity
contribution to the resistivity. The effect has been
considered previously in connection with transitional
impurities by Friedel, '® Korringa and Gerritsen,’
and Domenicali. 8

The electron-phonon contribution to the alloy
resistivity is given by

Pe(T, )= kp T,[ @n° (217)3

ofs |z

d’ - f
/|2 f o veon
(3.9)
The denominator of (3.9) reduces to the considera-
tion of the denominator of (3.2) for p,,,(7T, c), so
we are left with the evaluation of the numerator of
(3.9). Now, for our isotropic model,

7ieE
L

x V9, (K, k+q)5<bi

- -
k+q

> - 2
(R Drlegd -kr(e;)])
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1 (TeE\E, ,» >
=§< . >[(k+q)'r(€z+a)-1«:7(51:)]2
:%(—ﬁeE> [£267% + ¢°T%(e3,3

-2k qr(e)7lesaz) ]

-+ () Tem@rtea) wort],

3
(3.10)
where
o7 =7(€5.3) ~7(€5) ,
and we have anticipated the condition!?
-2k-q=q (Hwp /&)

demanded by the conversation of energy,

€34 —€pt T, =0, (3.11)

in the ep scattering event. We may now insert into
(3.10) the Taylor-series expansion (2. 16) for 7(¢),
noting that in view of (3.11), €g,; may be replaced
by €, +7%w,, where the plus and minus signs denote
the absorption or emission of a phonon by the scat-
tered electron. The plus sign is to be used when
the first term of (2.4) for V', is encountered in
evaluating (3.9), while the minus sign is to be used
in conjunction with the second term of (2.4). The
quantity 6¢ é,;ﬂ; may be expressed in the form

2
00%, iad
0 2 <~ iw m T \"*™
=(0p3 .32 |1+ 2 @ "<d: ") (——)
( ¢k,k+q [ . nmn kBT 96 ’

where
(668 1.3)2=% [(/m) eET(ep)]?

is the expression for 6¢E,~ +; that ordinarily deter-
mines the ep resistivity of a pure metal, * and the
coefficients a,, are related to the first and second
derivatives of 7(€) evaluated at €.

We note at this stage a general result for 7/0}
«1. As (T/6})-~0, we have from (3.12)

2 0
6¢ﬁ, R+q = (6¢E,f+&‘ )2(1 +aoo) )

where, as may be verified by using (3.10) and
(2.186), aq is just the square of the parameter a.
Since a ? is independent of the integration variables
in the numerator of (3.9), the factor (1+a?) may

be factorized out of this numerator. If the denomi-
nator of (3.9) is evaluated at 7=0, then the result-
ing expression for p.,(7, c)/(1+a?) is just the con-
ventional expression for p(a)p(T) 145 e, , at low tem-
peratures (T<<©3j), we have the result
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Pep(T, €)= p%(T) [1+a(T, c)?] (T<6}). (3.13)

This result is independent of the form assumed
for the isotropic ep coupling constant A(gq).

More generally, we have to insert (3.12) into the
numerator of (3.9) and perform the appropriate
integrations. The method of evaluating these in-
tegrals over forms of 6¢§,§+3 such as given by
(3.12) is discussed in detail in standard treatises.
Such evaluations lead to the following result for

pep(T, C):

pep(T, €)

—Pep(T){l +a +<6T )2[J7 5< . )(z_szé,___a_z_)

+l;<a +0%+ ):[}/DT c)?, (3.14)
where
J (%) = J, (%) /T ,(x)
and
(3.15)

B x dy yu-
7.0+ [ it

denote Bloch-Grineisen integrals. The appearance
of the factor (T/05)? as the greatest power of
(T/6}) in the bracketed quantity multiplying pJ, in
(3.14) indicates that our Taylor-series expansion
(2.16) was terminated after the second-order term.
Even powers of (T/6%) do not appear in (3. 14) since
contributions to such terms cancel on taking ac-
count of both processes of phonon emission and
absorption. The square of the quantity D(T, ¢),
defined by (3. 8), appears in (3. 14) as a result of
evaluating the denominator of (3.9). Finally, we
mention that the explicit form of the coefficient of
(T/65)? in (3. 16) depends on the assumption that
Ix(g)I2xq, for small ¢q. Equations (3.7) and (3.14)
are the main results of this section.

Before considering the application of these re-
sults to particular situations, we shall check that
(3.7) and (3.14) reduce to certain expected results
in appropriate limits. We first note that, as they
stand, our vesults (3.7) and (3. 14) are independent
of the ansatz (2. 15) for the form of T(€). We as-
sume the ansatz (2. 15) when the particular expres-
sions (3.5) and (3.6) are used for a and b, respec-
tively. If (2.15) were in fact rigorous, the total
electrical resistivity would simply be

_ (nelre) YT, 8f, T(€©)
Paniey(T, €)= —(—‘V;,—J—> S )

0
(T/65)?b],
(3.16)

=[po+p%(T)][1- %

3,14
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where in writing (3. 16) the inequalities (2.19) and
(2.20) have been assumed. Since 7(€) is assumed
given by (2.15), b is given by (3.6). Thus, for

T <T, we have

palloy(T’ C)=p0[1 "'é‘ m (T/elb)zbo] s

where we have neglected terms of relative order
Pep/Po OT less. For T >T,, (3.6) and (3.16) give

Pa loy(T, c)= pf,’,(T) {1 + (Po /pgp)

x [1 = §7%(T/0 p)*(by - 2af)]} .

(3.18)
Since the ansatz (2. 15) is correct for T<< T, and
T > T,, then our results (3.7) and (3. 14) for
Pimp(T, €) and po,(T, ¢) should combine to predict
(3.17) and (3. 18) in the appropriate limits of tem-
perature. That this is so may be verified by the
explicit inspection of formulas (3.7), (3.8), and
(3.14), together with the use of (3.5) and (3.6) for
a and b. We now consider in Secs. IV-VI some
specific applications of the results obtained in this
section.

(3.17)

IV. LOW-CONCENTRATION LIMIT AND ATOMIC
RESISTIVITY

For very small concentrations, the temperature
Tolc), at which pg=p,, becomes small and can
satisfy the inequality (7, /6,) <1. Consequently,
the weight factors

R(T, ¢)=[1+p%(T)/po ]

contained in the explicit definitions (3.5) and (3.6)
of the key parameters a and b cause these param-
eters to diminish rapidly for T2 T, i.e., the in-
fluence of the energy dependence of the electron-
impurity scattering is rapidly washed out as the
ep mechanism becomes dominant. It follows that
for such small concentrations the terms in (3. 14)
of relative order (T/05)?, (6%~ ©6p) may be ne-
glected, giving for the ep resistivity

Pe(T, €)= p(T) [1+ao(T, P R(T, c)?], (4.2)

which is the result (1. 3) of Sec. I. As mentioned
in Sec. II, the result (4.2) is independent of the
explicit form of the ¢ dependence of the isotropic
ep coupling constant. In the present calculation,
the factor p),(7) in (4.2) is to be identified with the
observed ep resistivity of the pure metal. It need
not necessarily be assumed that pd,« T5(T <)),
which follows from the assumption that [X(g) |2xgq
for small q.

Suppose in the low-concentration limit that
7(€)3'x c. Then a, is independent of ¢. Thus, pro-

(4.1)

viding T <Ty(c), so that R(T, ¢)=1, the modification

of the alloy resistivity by the energy dependence of
the electron-impurity scattering is ¢ independent.
Clearly, however, as c-0, so also does Ty(c), so
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that the effect we are considering vanishes.

As already discussed in Sec. I, the most impor-
tant application of (4.2) is to be the case of magnetic
transitional impurities where a, can be of the order
of unity or more at low temperatures. Before con-
sidering some explicit calculations of the conse-
quences of (4.2) for some typical dilute magnetic-
impurity systems, we shall consider the question
of the importance of the modification of the ep re-
sistivity relative to that of the impurity resistivity
Pimp(T, €).

The total resistance of the alloy may be written as

palloy(T: C)=p0(T=0, C)""pgn(T) +A1(T’ C)+A2(T, C) )

(4.3)
where we have defined
AT, €)= pyp(T, €) = po(T =0, ¢) (4.4)
and
Ay(T, €)= pep(T, €) = po(T) (4.5)
=py(T) a3 (T, c)R(T, c)? (c-0) (4.6)

Note that, from (3.7),
pO(T:O’ c)zpimn(T:O: C) ’

and that we have taken care to consider the possi-
bility of an intrinsic T dependence of p,, i.e.,

polT, c)yt=ne’rylep; T, c)/m .

At T=0, pa1y=po(T=0, ¢) and, in principle, is ob-
tainable from experiment. pg,(T) is also obtainable
experimentally from measurements on the ideally
pure metal. Thus, by observing pa;;,,(7, ¢), it will
be possible to deduce the sum of A,(T, ¢) and

A,(T, ¢). The question we wish to consider is: “How
big is (A, /A;) when A,(T, c¢) has its largest value
as a function of temperature? ” If A,(7, ¢) is to be
singularly observable, then we require A,/(A;)nax
<«<1. The maximum value of A; occurs in the vi-
cinity of T=T,(R~%) giving!®

8(Ty, ¢) . a(Ty, ¢) _po(Ty, )
po(TZO, c) 4 pO(T= 0, c)

Since we have Ty(c) <Op, the terms of order
(T/04)% in (3.7) and (3. 8) may be expanded out to
give

(4.7)

A(Tg, ¢) _ polT, ¢) =pg(T=0, ¢)

pO(TZO’ c) - po(T=0, c)
oy P, C) (7, c) T :
* po(7=0,0)\65 ) @8
where
a=4 m2[3 bo(To, ©) = 3ay(Ty, €)?] - (4.9)

We may now compare (4.8) and (4.7), assuming
that for magnetic transitional impurities the param-
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eters a, and @ are of the order unity (or more) at
TsT, Typical dilute magnetic-impurity systems,
e.g., CuFe or AuFe, indicate that the first term
of (4.8), which arises from the intrinsic T depen-
dence of 7, is of the order of minus 10-15%.%°
This is very much greater than what could ever be
expected from the second term of (4.8) [~(7/6,)?],
which we shall therefore neglect. For a2 1, the
magnitude of (4.7) is positive and at least ~ 25%.
Thus, experimentally, we should expect A,(T, ¢)
to be distinguishable from A,(7, ¢) in the region of
the maximum value of A,, i.e., T~T,.

Since A, diminishes while A, increases (for T
3 T,) with increasing T, the observed value of

A(T; C) = AI(T’ C) + Az(T, C)

should initially decrease with increasing 7' and then
increase with T after passing through a minimum.
This prediction is in general accord with experi-
ment and is a natural explanation of the rather
curious observation® that when in “Kondo systems’
the host pJ,(7) is subtracted from py,,(7, ¢), a
resistance minimum 7emains in the “subtracted”
(Par1oy — PY,) data. As T >T,, A,(T, c) decays rapid-
ly to zero, so that after passing through a tempera-
ture minimum, the quantity A(7, ¢) passes through
a sharp maximum in the region of T~ T,. Thus,

the qualitative shape of the A(T, ¢ - 0)-versus-T
curve is that of a minimum followed by a maximum.
This behavior also seems to be in agreement with
experimental studies of A(T, c).#

Before considering some explicit calculations of
A((T, ¢), let us briefly estimate T,. If we assume
po(T)=aT® and py(T, c)=cp,, where p, is a constant
of the order of several p Qcm/at.%, then

To(C) = (C'Fh)o/a)ll5 .
For Fe in pure Cu, we have

a=~2.6x10"" u Qcm °K-°

»

(4.10)

and pp=11 p Qcm/at.%, giving
TO(C)/eD~ 0. 401/5 ’
where we have assumed ©p~ 330 °K for Cu and ¢

is in at.%. Thus, if ¢=0.01, T,~ ©p /16.
We define the “atomic resistivity” as

Ap(T, ¢)/c = [ Paney(T, ¢) =pey(T)]/c . (4.11)
If A; can be neglected relative to A,, i.e., if we
consider py(T, ¢)=py= T independent, we have from

(4.3)-(4.6)

T 0
a0l o, b (1yay(r, o) RAT, o) . (4.12)
We shall use this formula to predict the atomic re-
sistivities of dilute CuFe, AuFe, and AuMn alloys.
Formula (1.4) is used to obtain the parameter a,
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Ap/C = pQem/at. %

AuMn 7

FIG. 1. Atomic resistivities of some dilute magnetic-
impurity systems as calculated from Eq. (4.11) of the
text. The Debye temperature ©, was taken to be 330°K
for Cu and 200 °K for Au.

from the observed low-temperature thermopower
S(T, c) of the alloys. The observed values of S
have the form***

Alkg /e)T

r (4.13)

S(T, ¢)=-
where A is a constant ranging from about 0.2 to
0.4, and T,~ 1 °K for concentrations less than
~0.1 at.%. From (4.11) and (4.12), we have

goe (8/m)ARiw,
7 Rp(T+T,)

~0.340, /(T+T,) .

Although a, is very large for T < T, % the contribu-
tion of the second (anomalous) term of (4.11) is
very small in this temperature range, and we shall
only require values of ay for 7> T,. In this tem-
perature range, we have, typically, a,~ (& ©6p)7-!.
We shall use this average estimate of a, for all the
alloys we consider. We wish here to predict only
the general order of magnitude of the effect on
Ap/c. With a, fixed in this way, we need only de-
termine the values of ©p, p, (the T =0 atomic re-
sistivity), and pgp(T), all of which are easily found
in the literature. The results of our calculations
are shown in Fig. 1, where concentrations ranging
from ¢ =0.001 to ¢ =0.1 at.% have been studied.

As we anticipated earlier in this section, the ef-
fect of the anomalous term in the ep resistivity of
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the alloy is to give rise to a sharp peak in the
atomic resistivity as a function of temperature.
The effect is particularly strong for CuFe where
Fig. 1 shows that a Fe concentration of only 10 ppm
will increase Ap/c ~40% over its T=0 value. The
qualitative observation of sharp peaks (increasing
with decreasing ¢) in the atomic resistivity-versus-
T curves of dilute solutions of transitional atoms
in certain noble metals was noted some years ago
by Gerritsen and Linde.? The form of the published
data, together with the absence of measurements
of the thermopower on the same specimens, does
not, in our opinion, allow a numerically detailed
comparison between theory and experiment. How-
ever, we hope that this paper will inspire subse-
quent experimental work which will enable a quan-
titative comparison of theory and experiment to be
made.

We now go on to consider briefly the question
of more concentrated alloy systems.

V. HIGHER CONCENTRATIONS AND MATTHIESSEN’S
RULE

At higher concentrations where T,/6p is no longer
so small as was considered the case in Sec. IV, we
must retain the terms in (3.7), (3.8), and (3.14) of
relative order (T/05)%. Retention of these terms
brings in the importance of the parameter b, de-
fined by (3.6), which measures the strength of the
second derivative of 7(€).

The quantity

A(T; C) zpalloy(Ty C) - pgn(T) "Po(T= 0, c)

=A(T, )+ 8,(T, ¢) , (5.1)

where A, and A, are defined by (4.4) and (4.5), may
be termed the “deviation from Matthiessen’s Rule,”
and is deducible from the observed total alloy re-
sistivity when pd, and pu;0,(T =0, ¢) are known. As
discussed in Sec. IV, the effect of the energy de-
pendence of 7 is to produce a positive peak in

Ay(T, c) as a function of T. The deviation A,(T, c),
which is negative, is proportional to py(T, ¢) which
increases with increasing concentration. Thus, as
¢ is increased, A,(7, c¢) tends to cancel the positive
contribution from A,(T, ¢)which varies much slower
with ¢ than A,. Thus, the positive contribution

to A(T, ¢) is eliminated after some value of ¢ has
been reached (see Fig. 3, Sec. VI). We also note
from (3.18) that in the limit 7> T, A,(T, ¢) be-
comes negative anyhow if b,>2a3.

We see from (4.4) and (4.5) and from (3.7), (3.8),
and (3.14), which may be used to obtain explicit
expressions from A, and A,, that A(T, ¢) is deter-
mined by the first- and second-derivative param-
eters a, b, and ay and b,. Since the former two
parameters can be expressed by means of (3.5) and
(3.6) in terms of the latter two when p, and pJ, are
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known, then A(T, c) is determined entirely by a,

and b,. Now a, is, in principle, obtainable from

the electronic diffuse thermopower so that measure-
ments of both A(T, ¢) and S(T, ¢), together with the
use of the theoretical formula A(T, ¢), could be
used to determine the second-derivative parameter
bo(T, ¢). If, on the other hand, a reliable theoreti-
cal expression is available for Ty(€; T, ¢) for €
close to €5, then A(T, ¢) may be predicted com-
pletely theoretically.?

A particularly simple situation occurs when 1/7,
is independent of T and proportional to ¢, since then
the two key parameters a, and b, are just constants
independent of T and ¢. Thus, providing the in-
equalities (2.19) and (2.20) are satisfied, A(T, ¢)
is completely determined by the latter two constants.
We now consider this situation for the case of non-
magnetic transitional impurities.

VI. APPLICATION TO NONMAGNETIC TRANSITIONAL
IMPURITIES

If a, and b, are constants, the low-temperature
thermopower is linear in T while the limiting low-
temperature form of the alloy resistivity is, from
(3.7), (3.8), and (3.9),

Pantoy(T ¢)=po[1 = & 7(T/05)?by] (T <Ty).
(6.1)
Thus, ay and b, can be determined experimentally
from the low-temperature thermopower and the
initial T2 decrease of the electrical resistivity. We
also note that in the limit 7> T;, we have from
(3.18)

Pattoy(T, €) = pop(T) = po [1 - $1(T/0 )by - 2a9)]
(T> Ty . (6.2)
Thus, the coefficient of the negative T2 deviation
from Matthiessen’s rule changes by a factor of
(bo —2ad)/b, in going from T < T, to T > T,
A situation corresponding approximately to con-
stant @y and b, is that of nonmagnetic transitional

% Tor 02 05
/8y

FIG. 2., Theoretically predicted deviations fr_'om Mat-~
thiessen’s rule, A, for two nearly-local-moment Al alloys.
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impurities in nontransitional hosts, where following
the work of Friedel, !® one can consider the resonant
scattering of conduction electrons from virtual d
levels, or “virtual bound states ” (VBS), in the vi-
cinity of the Fermi energy:

Tol€) =Ty T?/[T2+ (€ —€,)?] . (6.3)

Here I denotes the half-width of a Lorentzian VBS,
and €, and I’y denote constants. I is related to the
conduction-electron phase shift (I =2) by the relation

tand, =TI/(€ - ¢€y) . (6.4)
Equations (6. 3) and (6. 4) give
ay= (7w, /T)sin(25;) ,
bo=2(iw, /T)%(sind,)? . (6.5)
(6.6)

If the I =2 phase shift is the dominant phase shift,
then by Friedel’s sum rule the magnitude of 9, is
fixed by

8,=(m/2)[z/(2L+1)], (6.7)

where z denotes the effective valency difference be-
tween the transitional impurity atom and host-metal
atom.

For typical nonmagnetic transitional impurities
in noble metals, we have (Zw,/I')~0.1. We require
the square of this quantity to be comparable to unity
for a sizable modification of pe, (T, ¢). Thus, typ-
ically, we do not expect a large effect in p, (T, c)
due to nonmagnetic transitional impurities. How-
ever, for the particular alloy systems AIMn and
AlICr, Caplan and Rizzuto® have put forward the in-
teresting idea that the width of the VBS in these al-
loys is extremely narrow and, in fact, is not much
greater than Zw,. This anomalously small value
of I'" is correlated with the close proximity of the
impurity state to a state carrying a local (magnetic)
moment. If this interpretation of the Al alloys is
correct, then these alloy systems would be ideal
systems for studying experimentally the present
ep effect. Moreover, since measurements of both
the low-temperature linear thermopower?® and of
the initial negative 72 resistance deviation®® (6.1)
have already appeared in the literature, thus pro-
viding values of a, and b,, we may use the general
results of Sec. III to acutally predict A(T, ¢) for
dilute AIMn and AICr alloys. For AlMn, we find
ay=0.25 and by=0.45, while for AICr we obtain the
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FIG. 3. Theoretically predicted deviations from Mat-
thiessen’s rule, A, for several dilute AIMn alloys.

somewhat lower estimates a,=0.036, b,=0.1. The
result of the theoretical calculation for A(T, c) is
shown in Fig. 2 for 0.046-at.% Mn and 0. 09-at.%Cr,
these being the actual concentrations used in Ref.
25. In the case of AIMn, the energy dependence of
T, is sufficiently strong that A,(T, ¢) dominates
A4(T, ¢) over a finite temperature interval, whereas
A, dominates A, for the case of AICr for which the
energy dependence of 7 is considerably weaker.
In Fig. 3, we show our theoretical calculations of
A(T, c) versus T for AlMn for various values of c.
As c is increased from zero, the importance of the
denominator D(T, c¢)? in (3.7) and (3.14) increases
to the extent of causing A(T, c) to be negative for
all T and c. However, the presence of the strong
positive peak in A, is evident in the total deviation
A for all the concentrations studied in Fig. 3.
Presumably there exist other nearly-local-mo-
ment dilute-alloy systems where I' is beginning to
approach Zwp, and such alloys, together with the
Al alloys discussed above, would be particularly
suitable for use in an experimental investigation of
the effects found theoretically in this paper.
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Electrical-resistivity measurements have been performed on five single crystals of pure tin
in the temperature interval 8—300°K. From these measurements, the temperature-dependent
anisotropy (@=p,/p,) of the electrical resistivity has been determined. A striking maximum in
the a~versus-T curve is noted at T~ 20 °K. The features of this curve at high, intermediate,
and low temperatures are interpreted in terms of a simplified model for an anisotropic metal.
The model predicts that the a-versus-7 curve for all electrically anisotropic metals with anis-
otropy a . as T — © will exhibit a maximum amax=a2eo at intermediate or low temperatures.

INTRODUCTION
This paper reports the results of an experimental

investigation of the temperature-dependent elec-
trical-resistivity anisotropy of pure tin. Five ori-
ented pure-tin single crystals (less than 3-ppm
impurity) were measured between 8 and 300 °K.

The anisotropy was determined to be a strongly
varying function of temperature for tin. A greatly
simplified model for an anisotropic metal is em-

ployed to explain the gross features of the a-versus-
T data.

The orientation dependence of the resistivity of a
tetragonal crystal such as tin may be written in the
form

o) =p, [1+(a-1) cos?], (1)

where 6 is the angle between the tetrad axis and the
current direction, p, is p(90°), and a, which we



