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It is known that Cr5S6 becomes ferrimagnetic at T& ——305'K and undergoes a ferrimagnetic-
antiferromagnetic transition at 150 & T& & 160'K. A neutron-diffraction study by van Laar in-
dicates this transition to be of second order, whereas the existence of thermal hysteresis
points to a first-order effect. We have investigated the magnetization of Cr5S6 as a function
of hydrostatic pressure as well as of temperature and applied field. We find that BTc/BP
= l. 83 K/kbar, BTg/BP=O. 04 K/khar, and Op (Bop/BP) = —0. 011/kbar. BT&/BH runs from
—0. 54 K/kOe at low fields to —0.45'K/kOe at 9—12 kOe; these values, together with the shape
of the normalized curve of magnetization versus temperature, are independent of pressure.
In addition, we have investigated theoretically the classical ground-state spin configuration of
the Cr586 lattice, using the generalized Luttinger-Tisza method, and have computed the ther-
mal evolution of the ground state in the molecular field approximation. The observed spiral
ground state is found to require not only that all the nearest-neighbor interactions be antiferro-
magnetic, but also that antiferromagnetic next-nearest-neighbor interactions be present. The
calculated temperature dependencies of spins on the different sublattices lead directly to a
second-order spin transition to a collinear ferrimagnetic configuration at T&, in good agree-
ment with experiment. We conclude that the transition at T& is basically of second order,
with secondary magnetostrictive forces responsible for the thermal hysteresis. The pressure
dependence of op indicates that some of the magnetization of Cr5S6 arises from band electrons.
The decrease of Tz with pressure is largely due to a decrease in the nearest-neighbor inter-
action along the c axis, which interaction is also the one most likely to involve band electrons.

I. INTRODUCTION

The structure of Cr,S, has been determined as
similar to that of NiAs, but with ordered vacancies.
The material is metallic, has a ferrimagnetic
Curie point of 305 'K, and undergoes a ferri-anti-
ferromagnetic transition at 150-160 K. ' ' A re-
cent neutron-diffraction study of Cr, S6 by van Laar
has shown the spin configuration to change from
collinear Neel-type ferrimagnetism above the tran-
sition temperature (T, ) to a. spiral configuration
below T, . van Laar also observed that the wave
vector k which characterizes the spiral configura-
tion varies in a smooth and continuous fashion from
temperatures well below the transition to zero wave-
length at and a~iove T, . This result indicates that
the transition between the two magnetic states is
of second order, but is at variance with the signifi-
cant hysteresis observed for T„depending on whether
the transition is observed during a h~ating or cool-
ing cycle, which indicates a first-order transition.

In order to gain greater insight into the magnetic
behavior of Cr, SO we have undertaken a further
study of its magnetic properties as functions of
pressure as well as of magnetic field and temper-
ature. %e have also applied the generalized

Luttinger-Tisza method7 to study the ground-state
configuration of Cr,S6 in a multidimensional mag-
netic-interaction parameter space. This has en-
abled us to establish the existence of a region in
the space wherein the ground-state configurations
are of the type observed by neutron diffraction.
The variation with temperature of the configura-
tions within this region was then studied in the
molecular field approximation.

The effects of pressure on a, sample of the slight-
ly different material CrS, » have been studied pre-
viously by Kamigaichi et a/. They noted kinks in
the electrical conductivity at both T~ and T~, and
measured the changes in the temperatures of these
kinks as functions of pressure. Since the measure-
ments were of electrical conductivity, they could
provide no insight to possible changes of a mag-
netic character. It also seemed preferable to
choose a sample composition which more closely
approximated the pure ferrimagnetic phase Cr5S6.
As will be noted in Sec. II, our results at the tran-
sition temperature significantly differ from the
results of Kamigaichi et al.

II. EXPERIMENTAL RESULTS

Our measurements were made on a sample of
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CrS, »4. The method of preparation and analysis
of the sample have been described previously. '
All the magnetic measurements were performed
using a vibrating-coil magnetometer (VCM). Since
the sample is physically isolated in the VCM, the
magnetometer can be used with a suitable high-
pressure system to obtain measurements of the
magnetic moment throughout a large region of the
magnetic field- temperature-pressure phase space.
within this region of phase space, &, P, and T can
be freely and independently varied.

Initial measurements of the magnetic moment at
atmospheric pressure in the vicinity of the transition
temperature indicated a rather broad transition as
well as a significant amount of hysteresis. In addition,
the shape of the transition curve during the cooling
cycle broadened significantly upon increasing the

applied magnetic field. This change in shape could
render meaningless any comparison between cool-
ing-curve transition temperatures obtained in dif-
ferent applied fields. On the other hand, the warm-

ing curves have a, maximum slope (~~/'T), „which
is essentially independent of the applied field, and

hence is suitable for defining T&. However, it should

be noted that this transition, though fairly sharp, is
not abrupt, with most of the transition occurring
over a 4-deg temperature interval. In our mea-
surements, T& is defined as the temperature on the

warming curve at which the magnetic moment of
the sample is midway between its maximum value
and the value at the intersection of the extension
of (~cr/'T), „with that of the magnetic moment
curve obtained at temperatures below the tran-
sition.

The variation of T& with applied fields up to 12
kOe was investigated both at atmospheric pressure
and at 5 kbar. Except for the slight shift in ab-
solute temperature values, as noted below, the
behavior was the same in both cases within exper-
imental accuracy. At both low (0-6 kQe) and high

(9-12 kOe) magnetic fields, the variation of T,
with fieldwas essentially constantwith values of (~T, /
'H) p of —0. 54 and —0. 45 deg/kOe, respectively,
with a smoothly curving, nonlinear relationship at
the intermediate fields. The value obtained at the
higher fields is in reasonable accord with the value

-0.437 deg/kOe obtained at high pulsed fields by
Flippen and Darnell' in CrS, ».

The effects of pressure on both the Curie point

T~ and the transition temperature T, were deter-
mined and are shown in Fig. 1. In both cases the
temperature variation with pressure was linear
with BTc/BP = —1.83 deg/kbar and BT,/BP =0. 04
+0.01 deg/kOe. The Curie temperature variation
is somewhatsmaller than the value —2. 6 deg/kQe
obtained from electrical conductivity measurements
on CrS, » by Kamigaichi et ~l, and our result is very
differentfromtheir value of BT,/BP = 3. 5 deg/kOe.
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FIG. 1. Variation of Tz and T& with pressure, show-
ing that the changes in T& are independent of applied
magnetic field within experimental error.

This difference cannot be attributed solely to the
difference in sample compositions. "

In addition to its effect on the transition and

Curie temperatures, pressure was also found to
depress the net magnetic moment of our sample
throughout the ferrimagnetic range. For example,
the application of 5 kbar reduces the maximum
moment attainable in 8kOe (o' ) from 6. 42 to 6. 05
emu/g. The observed change in magnetic moment
can be due either to the effect of pressure on the
Curie temperature, or to its effect on the intrinsic
moment of the ions, or to both. The relative con-
tribution of these terms to the over-all change is
determined by the thermodynamic relationship'

—0. 017= —0.0059
3.49'

ol

1 eo'p 0. 059m

gp ePH p K

The thermal expansion coefficient n for CrSy

(2)

where o is the saturation moment at temperature
T, op is the saturationmoment at O'K, a is the coef-
ficient of thermal expansion, and z is the compres-
sibility. At 195'K, T/To=0. 636(P=O), (1/o)(Bo/BP)
= —0. 017/kbar, and (1/g)(Bo/B T) = —0. 005p6/'K
Substituting these results, along with the previously
obtained value (BTo/BP) = —1.83 deg/kbar, into Eq.
(1) yields
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suggest that pressure does cause a significant change
in the intrinsic moment of the chromium in Cr586.

This variation of moment with pressure and van
Laax' s results, which showed approximately equal.
and nonintegral moments at the various chromium
sites instead of the distinct integral values expected
for an ordered array of Cr~' and Crs' ions, are not
phenomena normally associated with localized mod-
els. Although variation in spin-orbit mixing of
nearly degenerate up- and down-spin levels might
account satisfactorily for these phenomena within
such a model, a collective-electron explanation in
terms of slight shifts between nearly degenerate
up- and down-spin bands would appear more natural.
In addition, the presence of itinerant electrons is
suggested by the observation of metallic conductiv-
ity in Cr5S&. '

z=g,'z„„,„,s„„s„ (4)

where S„„and S ~ are unit vectors along the direc-
tion of spin quantization, n and m run over the unit

cells of the sample, v and p, run over the ten dif-
ferent sites within a unit cell shown in Fig. 3, and
the J„„~are the exchange constants multiplied by
the spin magnitudes.

There are nine distinct nearest-neighbor (nn)

interactions to be considered. They can be defined
in terms of J„~ noting that, in general, J„„=J,„.
Two of the interactions occur along the c axis. They
are defined as

"Jl 'J12 ~23 '734 ~14& ( as)

Jg. =—J'57 ——Jsv ——Zss ——Joo, (C,~.)

(5a)

(5b)

where the subscript 0 refers to v =10. There are
three distinct interactions in the a plane, defined by

III. MAGNETIC INTERACTIONS

In his neutron-diffraction study of Cr,86, van
Laar used molecular field considerations to com-
pare the relative energies of the observed antiferro-
magnetic and ferrimagnetic spin configurations as
functions of the magnetic interaction energies. How-

ever, there was no attempt to establish the stability
of these configurations relative to others, and the
assumed signs of some of the magnetic interactions
mere highly questionable. It therefore appeared
worthwhile to undertake a more complete study of
the classical ground state in Cr586, where the clas-
sical ground state is defined as that spin arrange-
ment which minimizes the Heisenberg exchange
energy. Although there is some question regarding
the validity of the Heisenberg Hamiltonian as ap-
plied to a high-conductivity material, it has proved
a fruitful approach in other such materials and it
is of interest to establish its ability to account for
the observed magnetic properties of Cr,86. The
classical Heisenberg energy is given by

~2 =~47 =~29 (C.,)
~a-=~58 = ~so (Cyy)

(5c)

(5d)

(5e)

and there are four distinct interactions with diagonal
linkages, namely,

~s=~i7=~37=~ 9 =~So

~3' ~25 ~28 ~48 a 49 f (Ca/ )

~3- -=~28 =~so =~45 =~co, (C.g )

Js~a =759 = Zss = Zvs = tlvo y (Cay)

(5f)

(5g)

(5h)

(5i)

where the van Laar symbol for tQe respective inter-
actions are given in parentheses. Although our
initial considerations will be limited to the nn in-
teractions listed above, it will be shown that a spi-
ral configuration requires the presence of next-
nearest-neighbor (nnn) interactions as well. We
wiD restrict ourselves to the set of such interac-
tions along the c axis. They are defined by

J4 J13 ~

J4 =-J24i

4" 56 80 I

J4sss =J56= J8p ~

(5j)

(with intervening cation present) (5l)

(with intervening vacancy). (5m)

IV. GROUND-STATE CALCULATION

In order to study the ground-state energy problem
in Cr,S6, which has nonequivalent spins on the var-
ious sites, it is necessary to use the generalized
Luttinger-Tisza (GLT) method. 7 In this method,
the minimization of the energy of Eq. (4) reduces
to the problem of finding the lowest eigenvalue of
an interaction matrix function 2 (k), where the
propagation vector k varies over the first Brillouin
zone, and the resulting spin configuration is direct-
ly related to the associated eigenvector. The math-
ematical details are discussed in Appendixes A and B.

The GLT method is particularly powerful in try-
ing to establish the ground state of a coplanar spiral,
such as wa, s observed in Cr,S6, because of the theo-
rem which states that, whenever a coplanar config-
uration is locally stable, the GLT method works and
proves it to be the ground state; and that, whenever
the GLT method fails for a coplanar configuration,
it is unstable and cannot be the ground state. The
spiral configuration of Cr5S8, as determined by van
Laar, is shown in Fig. 4.

Our initial consideration were limited to the case
of nn interactions only; that is, the interactions
of the 84 set [Eqs. (5j)-(5m) J were taken as zero.
For this case it was found that, while the configura-
tions varied considerably as functions of the inter-
action parameters, the resultant configuration al-
ways corresponded to a k=0 mode. A spiral con-
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be most effective in inducing spirals. For this rea-
son, the limited set of nnn interactions specified
by Eqs. (5j)-(5m) were chosen, where all the inter-
actions are along the c axis. Although there is no
a pro~i reason for expecting other nnn interactions
to be smaller than those considered, they should be
less effective, and all should be small compared
to J,.

The introduction of small J4 interactions has a
profound effect on the ground-state spin configura-
tions. The value J4. =0.01J& suffices to destabilize
the k =0 mode in the vicinity of the boundary shown
in Fig. 5 at J3=0.33Jq, Jq&0. 68&. However the
resulting configuration is a linear combination
of k = 0 and k & 0 modes, and hence presumably is
of the conical type. Somewhat larger values of the
nnn interactions are required before a pure spiral
of the type described by van Laar becomes the
ground state for any set of nn interactions.

A map of the ground-state regions for J4——J4
=J4-=J4-.=0.05~~ is presented in Fig. 8 for the

same set of nn interactions as were mapped in Fig. 5,
so that a comparison of these two figures gives a
dramatic demonstration of the effects of small nnn

interactions. The ground-state region for the type
of spiral observed in Cr,S6 is restricted to small
values of Zs/Z, ; the region labeled k& 0 in Fig. 8
involves the opposite sign for the phase angle. These
ground-state regions are bounded for the most part
by a conical spiral —only for negative J,/J, can one
pass directly from a van Laar spiral to a k =0
ground state.

Although the boundaries of the ground-state region
of the Cr,S6-type spiral shift somewhat as the nn

interactions are varied, its general shape and loca-
tion remain as depicted in Fig. 8. Consequently, it
appears that the J3 family of interactions in Cr,S6
are probably antiferromagnetic (J~/J, & 0) and rela-
tively weak (J', & Jz& J,), contrary to van Laar' s as-
sumption. However, the length of the spiral propa-
gation vector ko is so sensitive to differentiation
within the J3 and J4 families that comparison of van
Laar's results with our ground-state calculations
yields rather mild restrictions upon the permissible
ranges of interaction strengths. For this reason, we
shall turn to the thermal evolution of the spiral
ground state for further information.

V. CONFIGURATION AT FINITE TEMPERATURE

Following the treatment of Lyons et al. ,
"it can be

shown in the quantum-mechanical molecular field
approximation that k7.'~= ——,'J, y~ where X, is the
minimum eigenvector of the matrix function & (k)
defined by setting P„=[(S„+1)/S„]",where S„is
the spin quantum number for the vth site. Then the
eigenvector associated with Xc yields the spin con-
figuration appropriate to T~. Given values for the
exchange interactions such that the Cr,S6-type spiral

0.8

Q4

Ia 0

-0.4

-0.8 -0.4 0,8 1.2

FIG. 8. Ground spin-state regions for the Cr&86 lattice
with 4&. ——J&, J2"=J&.——J» J3" =J3 = J3 = J3, and J4.-
= J4"——J4. ——J4 ——O. 054&. Comparison with Fig. 5 shows
the effect of the distant-neighbor interactions. The
ground-state spin configuration within the shaded regions
are conical spirals with both k= 0 and k & 0 Fourier com-
ponents.

is the ground state, this high-temperature minimum

eigenvector arises from the 4&&4 submatrix of Z(0)
and agrees with the ferrimagnetic alignment observ-
edbyvan Laar, 'providedthe nnninteractions are not

too strong. This result shows that atransition from
an antiferromagnetic spiral at low temperatures to
a collinear ferrimagnetic configuration at higher
temperatures can be obtained within the molecular
field approximation.

In this approximation, the magnetic free energy
for Cr,S6 can be written as

(8„„)~ H„',-=ln sinh (2S„+1)0„'„J~

sinh Kl v j.
(8)

where (S„„)isthe thermal average of the spin vec-
tor S„„and"

tlat. ttlll(S )

%e have written a FORTHAN computer program which

uses a combination of the simplex' and Newton-Raph-
son methods to minimize this expression with respect
to the length of the spin propagation vector, the
Cr586-type phase angle, and the average length of
the spin vectors at the four distinct types of lattice
sites. Some of our results are presented in Fig. 9,
where the thermal variations of the propagation vec-
tor k= (27T/c, )(0,0, l) and of the net magnetization are
compared with experiment on a normalized temper-
ature scale. The thermal variation of the phase an-
gle is not shown because of its similarity to that of k.

The solid curves were computed for
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Knowledge of the sublattice moments at 208 'K
(0.7Tc) would provide a useful check, but the values
reported by van Laar are not compatible with the
observed magnetization. In any case, the existence
of good qualitative agreement between experiment
and our molecular field calculation is of much great-
er significance, within the context of this paper,
than any question of detailed quantitative fit.

VI. CONCLUSIONS

0.0-
0 Q40 T 060

T/T0

0,80 1.00

FIG. 9. Comparison between the observed thermal
variations of the spiral propagation vector and ferrimag-
netic moment of Cr5S6 with the results of our molecular
field free-energy minimization. The two calculated mag-
netization curves illustrate the dependence of their shape
upon the assumed set of interaction ratios. The values
of these ratios used in the calculations are given in the
text.

Jq. = 0.77'

Jg- =0.85J3

Jg= J3 =0.5'
Js —Js~ —Js- —Js-. —0. 1Jg t

J4= J4, ——J4., ——J4 ~ =0.05'

J,,=O. 5J, J,=J,,=J,„=0.5J,
J3 =J3J =O'pit —Jsitt = Op J4tt = Op

J4 =J4.=J4-*=0.05 Jq

as shown by the interrupted curve in Fig. 9. How-

ever, since the calculated net magnetization of
0. 6 p, e/molecule represents the difference between
5.44 and 4. 84 p.» it is very sensitive to the values
chosen for g„S„. We assumed that 8„=—,

' for all v

and adjusted g„ to agree with the sublattice moment
determined by van Laar at 4. 2 'K, but these values
are not sufficiently well known to warrant a serious
attempt to optimize the fit to the magnetization data.

which yield the Cr,86-type spiral for the ground
state. The dashed curve below the transition point
reproduces the thermal variation of the spiral
propagation vector observed by van Laar. Com-
parison with the solid curve shows that our molecu-
lar field calculation gives reasonably good agree-
ment with experiment from absolute zero up to the
transition. However, it should be pointed out that
the shape of the k-versus-T curve is rather insen-
sitive to those variations in interaction strengths
which leave T, and k(T=0 K) invariant.

Above T„ the dashed curve in Fig. 9 reproduces
our present measurements of 0 versus T in an ap-
plied fieM of 8 kOe. Although qualitatively similar,
the solid curve does not give good quantitative agree-
ment. Somewhat better agreement can be obtained
with different values for the interactions, such as

Using a Heisenberg model, we have shown that
the observed spiral ground-state spin configuration
in Cr586 requires not only that all of the nn exchange
interactions be antiferromagnetic, but also that anti-
ferromagnetic nnn interactions be present. Fur-
thermore, taking a set of interactions consistent
with the observed ground state, we have shown that
a molecular field calculation yields good agreement
with the observed thermal variation of the spiral
configuration and predicts a second-order spin tran-
sition to the observed high-temperature ferrimag-
netic configuration. Thus the transition arises from
a shift in the relative effectiveness of the various
interactions because of the different temperature
dependencies of the average spins on the different
sublattices. This is, to our knowledge, the first
example of an antiferromagnetic-ferrimagnetic
transition in which the primary mechanism for
the transition arises from the thermal variation of
the moments within the molecular field approxima-
tion without requiring a variation in the exchange
interaction values, in contrast to the exchange in-
version model introduced by Kittel, which was
based upon the exchange interaction being a linear
function of a lattice parameter and crossing zero
at some critical value of this parameter. "

%'e conclude that the transition in Cr586 is funda-
mentally of second order, as indicated experimen-
tally by the continuous variation of the spiral prop-
agation vector and by the gradualness of the tran-
sition. Admittedly, the observation of thermal
hysteresis requires the existence of metastable
states, but experiment shows that the passage be-
tween these states is continuous, and does not in-
volve the sudden jump found in first-order transi-
tions. We propose the mechanism for this contin-
uous passage to be a conical (ferrimagnetic) spiral
spin conf lgur'Rtlon. Such R modiflcRtlon of Rn Rntl-
ferromagnetic spiral configuration is to be expected
in the presence of an applied magnetic field. Fur-
thermore, the field dependence of its cone angles
would result in a field-dependent shape for the tran-
sition curve, in agreement with the behavior observed
when cooling through the transition in Cr586. Dur-
ing cooling, anisotropy and magnetostrictive forces
could combine with the applied field to hold the net
magnetization in the easy c plane, which would
force a spiral spin component out of this plane
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and would thereby lower the transition temperature.
In the antiferromagnetic state, however, there is
no net moment in the easy plane and probably too
small a perpendicular susceptibility to cause a spin
flip, so that the warming transition might not occur
until k became very small. This model seems plau-
sible and appears to account for the observed phe-
nomena.

Despite the success of the Heisenberg model in
accounting for the observed magnetic behavior of
Cr, S6, it appears almost certain that some of its
magnetism must result from band phenomena. The
strongest evidence for this conclusion consists of
our observation of a significant pressure dependence
of 00 and van Laar's observation of almost equal non-
integral moments on all the sublattices at 4. 2 'K in-
stead of unequal integral ionic values, which are
both difficult to explain on a localized basis. Fur-
ther confirmation comes from our observation of a
large negative value for (sTc/sP), which implies a
decrease in some of the interactions since we show
them all to be antiferromagnetic. Localized models
predict that antiferromagnetic interactions must in-
crease with decreasing ionic separation, whereas a
simple band model can lead to a decreasing interac-
tion with decreasing ionic separation, because of in-
creasing bandwidth. ' For the case of Cr5S6, where
we conclude both localized and collective electrons
are contributing to the magnetic interactions, it is
impossible to predict the net effect without detailed
information regarding the nature and the magnitude
of the various interactions.

Because of the large decrease of T~ with pressure
(nearly I/o per kbar), the very small increase of T,
with pressure represents a moderate increase of the
ratio T,/Tc. This effect can most easily be attrib-
uted to an increase in the nnn interactions relative
to J,. In additon, we find the shape of the normal-
ized magnetization-versus-temperature curve to be
independent of pressure. Since this shape is sensi-
tive to variations among the other interactions, we

can conclude that the primary effect of pressure is
to decrease the value of J,. This conclusion is con-
sistent with the fact that J, represents the interac-
tion across the smallest intercation spacing in Cr,S6,
and hence is the most likely to involve electron-band
behavior.

APPENDIX A: APPLICATION OF GLT METHOD

In the GLT method, ~ the Heisenberg energy of

Eq. (4) is minimized subject to the "weak" con-
straint that

P P-„'S„„S„„=NPP„-', (Al)

where the parameters P„are initially arbitrary but

are uniquely determined in the process of applying
the method. The resulting minimum energy is giv-
en by

8 =E/(NJ, ) = &o Q„P„ (A2)

This determination of the parameters p„specifies
a particular matrix function g (k), and by numerical
evaluation using an IBM dual 360/67 computer we
found Xo to be the minimum eigenvalue of this par-
ticular g (k) for all values of k in the first Brillouin
zone within the regions indicated as collinear in
Figs. 5-8.

An eigenvalue of the 3&&3 submatrix becomes de-
generate with Xo along the boundaries of the collin-
ear regions. Beyond these boundaries it is neces-
sary to adjust P, to maintain this degeneracy. Con-
sequently, one is led to the canted configurations of
Figs. 5—8, where the 4 X 4 eigenvector is assigned
to one component of the spins and the 3&3 eigen-
vector to another. Then P„P, and the coefficient
of linear combination of the two eigenvectors can
be evaluated to yield unit spin vectors. This pro-
cedure again determines a particular function 2 (k),
for which Xo was found to be the minimum eigenvalue
over all k in the first Brillouin zone throughout the
regions of canted configurations shown in Figs. 5-8.

where Xo is the minimum eigenvalue —minimum
over all branches and all wave vectors k —of the
matrix function

2„„(k)=P„P~Q (J„, „/Jq)exp [ik (R „—R„„)],
(A3)

where(R„„-R„„)is the vector separation of the inter-
acting sites. It is often possible to choose the p„
so that a. physical spin configuration (comprised of
unit spin vectors) can be constructed from some lin-
ear combination of degenerate eigenvectors associ-
ated with the minimum eigenvalue Xo. Whenever
this occurs, the GLT reasoning proves the result-
ing configuration to be the ground state. 7

As shown in Fig. 3, the unit cell of C r,S6 contains
ten cations. However, these occupy just four crys-
tallographically distinct types of sites. ' This cir-
cumstance reduces the number of independent P„
to four, so that we define

Ps=Ps=Ps=P»=li Pi=Ps=Ps&

Ps=P4=P. PV= Ps=Pe ~

The resulting matrix g (k) is given in Appendix B
for k along the hexagonal axis.

When k=0, this matrix factors into 4&4, 1&1,
3 ~3, and 2 && 2 submatrices. The eigenvectors of
the 4&&4 have the form 4 = (4'„4„... , +») = (b, a, b,
a, f,f, c,f, c,f ), while the 3&&3 gives (O, a', 0, —a',
f', f', c', f', -c', f'). —The co-llinear spin con-
figurations of Figs. 5-8 were constructed from the
eigenvector associated with the minimum eigenvalue
Q of the 4 &&4 submatrix by requiring that

Psas = Psbs = Ps co=fs
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Boundaries between different canted regions arise
from transitions to a different eigenvector branch,
which results in a discontinuity in at least one of
the canting angles, as shown in Fig. 7.

When the nnn interactions become sufficiently
strong, there appears another boundary along which
some eigenvalue X, (k, ) for finite k, along the hex-
agonal axis becomes degenerate with Xo. Beyond
this boundary, the ground state must involve the
eigenvector associated with Xi(kp) which has the
form (b, iz, b, n, f+if,f -if', c,f -zf', c,f+if'). If the
P„are adjusted so as to yield unit spin vectors ~ust
from this eigenvector and its conjugate, the van
Laar-type spiral is obtained and a particular
2 (k) is determined. As seen in Fig. 8, there is a
region where X, (k, ) is the minimum eigenvalue of
this g (k) for all k when

J4 ——J4i ——J4» ——J4». = 0.05 Jg .
Along the boundary of this region, an eigenvalue

of 2 (0) becomes degenerate with X, (kp). However„
in general, this boundary does not coincide with the
iii(kp)=&0 boundary of the canted k=0 mode because
the relationships determining P„, and hence the
functions 2 (k) themselves, are different in the two
regions. The ground state in the space between
these two boundaries must be associated with a lin-
ear combination of eigenvectors for k =+ko and k = 0,
and such a linear combination yields a conical spiral.

APPENDIX B: MATRIX Z (k)

When k is along the c axis, we can write k= (271/cp)

&&(0, 0, f). Then, defining

g= cos-,'el+ isin-,'ml

'g = Cosl'l + l sill'tl'l

we have for Z„„(writing p, =0 for p. = 10)

~12 ~23 34 14 ~IP2~

67 89 90 57 P3 ~~2/~1

~15 ~18 36 30 3Pi~3P1
48= &47 = 3P2P3~4/~1,

~ss = 2~5/~»

~17 37 39 3P1P3~~6/~1 i

46 = 4s = &48 = &40= 2P2&~v/~i

20 ~28 ~45 ~46 3P2 ~~8/'J1

~59 69 78 10 3P3 ~ 9/~1

~56 ~80 i~10/~1 + l ~11/~1

&13 = Pi(vi+ vi*)~12/~i

&4= (i'2(n+ ~*)~»/~i,

45 = ~ss = Zvs = 2» = 2 +5
= 0
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