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Various NMR properties of solid Hy and D, are studied, and the following results are ob-
tained. The leading terms in the high-temperature expansion of the second moment M,(7)
for H, are My(T) = My() + 22 4%x(1 - x) (BT)* (1 -28T - 45T x), where My() is the Van Vleck
term, T is the electric quadrupole-quadrupole coupling constant, =1/kT, and x is the con-

centration of (J=1) molecules.

For Hj, this expression fits the data qualitatively for T =5 °K.

For D,, the observed second moment agrees with our calculations only for very small or very

large values of x.

For intermediate values of x, the observed second moment is much smaller

than expected, which leads us to propose that the resonance of the (J=1) molecules is too broad

to be observable.

about 100 times smaller than that given above, in rough agreement with experiment.

Under this assumption, we find a temperature-dependent contribution at 5°K

For Hg,

a reasonable fit to the fourth moment M, is obtained by the relation

M(T) = My(0) %2 My() [My(T) ~ My()],

which is derived by decoupling certain averages required in the otherwise rigorous moment

calculation at high temperatures.

temperature result is 7=

The spin-lattice relaxation time 7'y is calculated by extend-
ing the Gaussian approximation for the spectral functions to finite temperatures.
0.780 (T/hcy) xt/2(1—+ BT 18I pT:01/2 for H,, and Ty=5.12 (T/hc,)

The high-

xxM2(1 ~F B0~ 1851872 1/2 for (J=1) molecules in D,. At low concentrations we modify the re-
sults of Sung and find 7;=2.53 x5/3T"! for H,, and T;=18.7+%/3T! for (J=1) molecules in Dy,

if T, is in seconds and I' in em~?,

These formulas reproduce the concentration dependence of
T, in Hy and D, very consistently over the entire concentration range x =0, 005.

For a quanti-

tative fit to experiment one must take I'/T; between 0.6 and 0. 65 for both H, and D,, values

which are slightly smaller than obtained from other experiments.

Here T'j is the rigid-lattice

value of I', Both the resonance and the relaxation data tend to confirm that in the solid all

interactions must be renormalized to take account of lattice vibrations.

We also obtain explic-

it analytic results for T, in the ordered phases of H, and D, due to libron scattering, making

use of the libron density of states calculated by Mertens et al.

At present the data are too

scanty for a meaningful comparison with theory. Finally, we calculate the Pake splitting of
(J=0) D, molecules in the ordered phase to be 8.8x kHz. This prediction has recently been

confirmed by experiment,

I. INTRODUCTION

This paper is the second in a series of detailed
treatments of the properties of solid hydrogen.! In
the first of these? we discussed the various interac-
tions between molecules. In particular, we showed
that the electric quadrupole-quadrupole (EQQ) inter-
actions were renormalized by static and dynamic
phonon modulation in the solid. The present paper
is devoted to a discussion of nuclear-magnetic-res-
onance (NMR) properties of solid hydrogen. Other
papers in this series deal with the analysis of the
high-temperature orientational specific heat of solid
hydrogen and the interpretation of Raman and in-
frared spectra of nearly pure para H,. The ulti-
mate objective of this program is to show that the
orientational properties of solid hydrogen can be
understood on the basis of interactions between
molecules which are derived from first principles.
Beyond this objective one might hope to arrive at
a complete first-principles understanding of the

)

properties of solid hydrogen.

This paper is organized as follows. In Sec. II
we review the interactions between molecules in
solid hydrogen. We quote some results for the
renormalized interactions between molecules in
the solid. Here we also discuss the interactions
between nuclear spins and molecular rotations based
on the Hamiltonian given by Ramsey.® In Secs. III
and IV we present a calculation of the second and
fourth moments of the NMR absorption spectrum
as a function of temperature. Intermolecular di-
polar interactions lead to temperature-independent
moments, as has been discussed by Van Vleck?
some time ago, and these are in agreement with
experiment. The intramolecular interactions are
shown to give temperature-dependent contributions
to the moments, which can be evaluated using a
high-temperature expansion. The two leading terms
in this series are evaluated and for H, reasonable
agreement with experiment® is obtained considering
the fact that such high-temperature expansions con-
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verge slowly at the temperature in question.® For

D,, agreement between theory and experiment’ is
only obtained at very high or very low (J=1) con-
centration. As an explanation we suggest that at
intermediate concentration perhaps only the ortho
(J=0) molecules effectively contribute to the mo-
ments. A calculation of the temperature depen-
dence of the second moment based on this assump-
tion is in qualitative agreement with experiment.

In Sec. V we study the dynamical behavior of a
pair of (J=1) molecules subject to EQQ interactions.
We compute exactly the spectral weight functions of
all the independent correlation functions. These
calculations are of constant use in later sections.

Sections VI-VIII deal with the spin-lattice relaxa-
tion time T;. In Sec. VI we extend the Gaussian ap-
proximation® to the spectral functions which deter-
mine T,. The fact that the two leading terms in
the high-temperature expansion lead to values of
T, in reasonable agreement with experiment may
be slightly fortuitous. This point is being studied
at present by extending the number of terms in the
series. Here we show that the fourth moment at
infinite temperature is consistent with a Gaussian
shape for the spectral functions. From our study
we conclude that the dependence of T, on the orien-
tation of the magnetic field is too small to be ob-
served at present.

In Sec. VII we study T, in the regime of low con-
centrations of (/=1) molecules. We show that the
agreement with experiment®® achieved by Sung’s
theory!? is fortuitous, although his physical mechan-
ism is undoubtedly correct. We use an improved
approximation in the statistical model! which ap-
pears to be rigorous in the low-concentration limit.
Accordingly, it is surprising that although the con-
centration dependence is correctly reproduced, the
absolute magnitudes of the theoretical values of T,
are 50% larger than the experimental values.

In Sec. VIII we calculate the spin-lattice relaxa-
tion time for (J=1) molecules in the orientationally
ordered phase. Our analytic results are based on
the density of states for libron excitations given
by Mertens et al.'?> While the qualitative features
of the experimental results!*~!® agree with the calcu-
lations, a detailed comparison of theory with ex-
periment cannot be made until more extensive ex-
perimental data are available.

In Sec. IX we calculate the NMR spectrum of
(7=0) molecules in the orientationally ordered
phase. We point out that (J=0) D, molecules should
display a Pake splitting similar to, but smaller
than that of (J=1) molecules.”'®!” This splitting is
caused by partial ordering of (/=0) molecules via
EQQ interactions which cause distortions in the
(J=0) state. This Pake splitting is calculated to be
8.8x kHz, where x is the concentration of (J=1)
molecules. The magnitude and concentration de-
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pendence agree rather well with experiment.” This
Pake splitting also explains the anomalous width

in the (J=0) resonance seen by Gaines et al.!” pre-
viously.

Finally, in Sec. X we summarize briefly the con
clusions reached on the basis of the various calcu-
lations presented here. On the whole, we conclude
that our calculations provide a reasonable under-
standing of the NMR behavior of solid hydrogen.

For completeness we should note certain NMR
phenomena which we have not discussed. For ex-
ample, we do not consider nuclear spin-lattice re-
laxation in the diffusion-dominated regime. This
phenomenon has been studied experimentally by
Bloom?!® and others.!® The experimental results are
in good agreement with the calculations of Moriya®
and Moriya and Motizuki.® Also, we do not dis-
cuss the observation of pair interactions via the
characteristic line shape of isolated pairs of (J=1)
molecules in otherwise pure (J=0) hydrogen.

From the temperature dependence of the Pake split-
ting, Harris et al.? were able to determine the
effective EQQ coupling constant for nearest neigh-
bors. Lastly, we do not discuss the temperature
dependence of the Pake splitting either for H,°s 18

or for D, '7 in the ordered phase. We note that
the treatment of Raich and Etters®® using the ran-
dom-phase approximation does not accurately re-
produce the temperature dependence of these split-
tings.% 7

II. INTERACTIONS INVOLVING MOLECULES AND NUCLEI
A. Orientational Interactions between Molecules

The purpose of this section is first to review the
interactions between molecules in solid hydrogen,
and secondly to obtain a few simple results which
will be useful in the course of this work. As
Nakamura?® first showed, the orientationally depen-
dent part of the intermolecular potential is dominated
by the EQQ interaction. The EQQ Hamiltonian can
be written as®*

Keaq=% 1Ty (T0m/225C(2, 2, 4; m, n) Y3(w,) Yi(w,)
mn

XY (Qy,)%. (2.1)
In Table I we give the values of the EQQ coupling
constant Ty, defined by

Ty =To(Ry) = (6eQ?/25RS) ,

where eQ is the quadrupole moment of the mole-
cule® % and R, is the equilibrium intermolecular
separation.?™% Also C(2, 2, 4; m, n) is a Clebsch-
Gordan coefficient,® ¥¥(w) is a spherical harmonic
using the phase convention of Rose,* where w; and
£, specify the orientations of the axis of molecule
i and the vector T,,=%, - ¥,, connecting the centers
of gravity of the two molecules, respectively. In
Eq. (2.1) the quantization axis is arbitrary. If

(2.2)
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TABLE I. Molecular and intermolecular constants
for hydrogen.

Symbol Eq. H, D, Ref.
a (kHz) (2.15) 4.258H,* 0.6536H, 39
b (kHz) (2.15) 0.6717H, 0.3368H, 39
¢ (kHz) (2.15) 113.9 8.773 39
dy (kHz)  (2.16¢) 57.67 2,74 39
dg (kHz) (2.16d) 0 22. 50 39
d (kHz) (3.8) 57.67 25,24 39
B (ecm™)  (9.3) 59,34 29,91 40
Q (a.u.) (2.2 0.4883 0. 4783 26
Ty (em™) (2.2) 0.698 0. 842 See 2
K, (Hz) (2.18) 2278 61,12 39, 27-31
Qy (em?»  (2.15) 2.74x10°% 39

Here H, is the applied magnetic field.

we specialize to the case when the quantization axis

is taken parallel to ¥,,, we obtain
Keaq =¥ 7T (70)!/2 25, C(2, 2, 4 m, —m) Y (0y)
(2.3)

It will often be convenient to use the operator
equivalents, i.e., the irreducible tensor operators
7¥(J) within the manifold J=1,

V()= a, 74,

X Yém(wz) .

(2.4)
where
(2.5)

and the tensor operators are given in Table II. Al-
so, within J=1 these operators obey

[Z5@), TE@)]
=23 a(L, L', L"YC(L, L', L""; M, M") ¥ 5% (),
Lll

2
a,=-3, ;=0, ag=1,

, (2. 6a)
Hri@), W,

LZ B(L, L', L") C(L, L', L""; M, M') T (),
(2. 6b)
TH) T ()
=2 ¥(L, L', L")C(L, L', L""; M, M) T3 (J) ,
Lll
(2. 6¢)
where obviously

wIL,L',L'"Y=%a(L, L', L") +B(L , L', L*"). (2.7)

TABLE II. Irreducible tensor operators.
L 2 1 0
0
7L (5/16m1/%(3J% - 2) 3/4mt/y,  (1/4m)i/?
TG F(15/32m 1%L, +0J)  F(B/8m1/%, 0

P $A0) (15/32m1/2J2 0 0
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Note that @ vanishes when L+L’+L"" is even and

B vanishes when L+L’+L'" is odd. The coefficients
a(L,, Ly, Ly) and B(L,, L,, L) are given in Table III
With the normalization of the 7¥(J) taken in analogy
with the Y¥(w) as indicated by Eq. (2.4) one has the
convenient relation within a manifold of constant J,

(2J + 1) Te[ T4 () T () (- 1)"]

L1
=(@4mII [X - dm(m +2)], (2.8)
=0
where X=J(J +1).
In terms of these tensor operators the analogs
of Eqs. (2.1) and (2. 3) are
Kpgq= 81T, (70m)1/22C(2, 2, 4; m, n) T3(J,)
mn

X TYT,) YT (R4,)%, (2.9a)

Kpaq=1 1T (70)"/225C(2, 2, 4; m, - m) T(J,)
m

x T3™M(J,). (2. 9b)

In I we discussed various types of interactions and
how these interactions were modified in the solid
by lattice vibrations and dielectric screening. Al-
though the calculation can be improved, ® the main
trends are already apparent. We concluded that
the EQQ coupling constant I’y should be replaced by
an effective renormalized constant I'y,. In that
calculation we included not only the static effect,
i.e., averaging the orientational interaction over
the phonon motion, but also the dynamical effects
caused by collisions between the phonons and the
molecular rotations. Thus, for fcc-ordered hydro-
gen we found the values

Ty /To=0.84 for H,,
T, /Ty=0.84 for D,,

(2.10a)
(2.10b)

whereas for nearest-neighbor pair interactions in
nearly pure (J=0) hydrogen we found the renormal-
ized coupling constant to be

redrs/T0=0.94 for H,,
s /T,=0.92 for D, .

(2.11a)
(2.11Db)

The dynamical effects for concentrated (J=1) hydro-
gen in the disordered hcp phase were not calculated

TABLE TI. Values of a(Ly, Ly, Lg) and 8(Ly, Ly, Ly).
For typographical convenience the table gives values of
/% and 71728, e.g., a @, 2, 1)=3(30/m1/2,

@, 2, D=330 a@, 1, 2)=-32 a(l, 2, 2)=—-5V2
a@, 1, D=6 B, 1, 2)=130 B, 2, 2)=5/70
B2, 2, 0=V B, 1, D=—5%2 B, 1, 00=—13
B(L, 2, D=8VZ  BE, 0, 2)=% B0, 2, 2)=3
B@, 0, =% B0, 1, D=3 8(0, 0, 0)=3
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explicitly. However, it was argued that these ef-
fects were scaled by the parameter E%/(k6,), where
E is proportional to the orientational energy and

6, is the Debye temperature. Accordingly, at high
temperatures (27> T') where the orientational energy
is small, the dynamical effects can be neglected, and
only static effects and dielectric screening need to
be considered. Denoting this limit by the super-
script HT, we thus have

I} /T,=0.87 for H,, (2.12a)
r<t/r,=0.88 for D, . (2.12b)

Also note that distant neighbors should not be re-
normalized by lattice vibrations since the relative
vibrations of distant molecules affect these inter-
actions in a negligible way. We will neglect this
refinement and will renormalize all interactions
by the same factor. Actually, this turns out to be
quite a satisfactory procedure, because although
the further-neighbor interactions are reduced less
than the nearest-neighbor interactions by phonon
renormalization, the dielectric screening becomes
more effective for more distant neighbors.? Since
these two dependences on separation tend to cancel,
they can safely be neglected, which justifies re-
normalizing all interactions in the same way.

From I it is apparent that for nearest neighbors
other pairwise and three-body interactions are
negligible in comparison to the EQQ interactions
and, accordingly, we can neglect them for the pur-
poses of this paper. For widely separated mole-
cules we must consider other interactions, as for
instance, the single-molecule crystal-field Hamil-
tonian

3=V, (J2-2), (2.13)

where | V,| was determined by Hardy and Gaines®®
and by Gaines et al.?* to be about 0.006 cm™. Also
in I we showed that at sufficiently large separations
the indirect interaction caused by the virtual emis-
sion and absorption of a phonon (the analog of the
Suhl-Nakamura®” % interaction in magnetic materi-
als) becomes dominant. The form of this interac-
tion was given in I. Here we need only the result
for the root mean square interaction energy AE,

AE=Cgyx, (2.14)

assuming the separation at (J=1) concentration x
is approximately Ryx"!/%. Here Cgy is a constant
depending critically on the renormalized orienta-
tionally dependent intermolecular potential. Using
the most reliable estimates of the bare potentials
and using a renormalization procedure based on
the theory of quantum crystals,’"3® we obtained the
value Cgy=0.022 cm™.. Since the EQQ energy per
molecule is about 2I'x°/3, we see that there are
two regimes. In regime A, for x>0.003, the in-

teraction energy is primarily due to EQQ interac-
tions, whereas in regime B, for x<0.003, the in-
teraction energy is mainly due to the indirect inter-
actions via phonons. Here we shall mainly be con-
cerned with regime A, and, hence, the indirect
interactions will not play a role in our calculations.

B. Interactions Involving Nuclear Spins

Next, let us consider the interactions involving
the nuclear spins. We use the spin-rotation Hamil-
tonian 3Gy given by Ramsey® for noninteracting
D, or H, molecules in their electronic ground states:

HYegn = —al, b, ~cI - J

(/DR IO IO 3GV T @ - 7).
reQy b [3E D 2

925
+3(7®@. 22 -2iG+1)] . (2.15)

Here the first two terms represent the Zeeman en-
ergy of the nuclear spins and the Zeeman energy of
the magnetic moment associated with molecular
rotation, respectively, where I is the total nuclear
spin, I=iV+i® and i and {? are the nuclear
spins, each of magnitude i, the superscripts being
used to distinguish the two nuclei. The third term
represents the interaction of the nuclear spins with
the magnetic field caused by the molecular rotation
currents. The fourth term is the internuclear di-
polar interaction, where u is the magnetic moment
of the nuclei, # is the orientation of the molecular
axis, and (7% is the average of »™ over the elec-
tronic ground state, where # is the internuclear
separation. The last term in Eq. (2.15) represents
the interaction of the quadrupole moments of the
nuclei with the electric field gradients caused by
the charge distribution in the molecule, where

92V, /82% is the electric field gradient along the
internuclear axis due to the molecular charge dis-
tribution and @, is the deuteron quadrupole moment.
One defines

dy =3 u*{r?®) for Hy, (2.16a)
dy =% ¥ 73 for D, . (2.16b)

Since i =% for H, and i =1 for D, * one can write this
as

dy = (2p2/5i){ r*®) for H,, D, . (2.16¢)
Also, we define
8%V,
do=% eQy 5,7 for Dy, (2.16d)
0
dy=0 for H, . (2. 16e)

The constants® %° appearing in Egs. (2.15) and
(2.16) are listed in Table I.
Finally, we take account of the dipolar interaction
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between nuclear spins in different molecules through
the term 3Cp,,, where

Hpip=87B° izij;?[fi 1, -3, RN, Ry .

(2.17)

For nearest neighbors we found in I a renormaliza-
tion due to phonon interactions which indicated that

we should replace the intermolecular dipolar-inter-
action constant for a rigid lattice K, defined as

Kqy=g°6%/R3n, (2.18)

by a renormalized interaction constant K, = £ 3K,
where

£5,~0.97 (2.19)

for both H, and D,. Further-neighbor interactions
should not be renormalized.

C. Summary

To summarize: The model of solid hydrogen that
we consider is the following. The nuclear spins
are described by the Hamiltonians of Eqs. (2.15)
and (2. 17) and the molecular rotations are described
by the Hamiltonian of Eq. (2.9), the coupling con-
stants being renormalized in each case as discussed
above.

III. MOMENTS OF NMR ABSORPTION LINE IN H,
A. Formulation

In this section we derive expressions for the sec-
ond and fourth moments, M, and M,, of the NMR
absorption spectrum in solid H,. In various sub-
sections these expressions are evaluated using
high-temperature expansions. The NMR line shapes
at low temperatures in the disordered phase involve
rather complicated calculations and will be treated
in a separate publication. Except for the absorp-
tion spectrum of isolated pairs of (J=1) molecules,*
little progress has been made towards interpreting
the line shapes in that regime. The line shape in
the ordered phase is essentially dependent on a
calculation of the order parameter. In order to
reproduce quantitatively the temperature dependence
of the order parameter implied by the temperature
dependence of the Pake splitting in the cubic phase
it would be necessary to make some modifications
to the existing libron-wave theories.!®24:% gych
calculations are beyond the scope of the present
work and will not be considered further.

Our discussion will be based on the Hamiltonians
of Egs. (2.15) and (2.1%7). First we note that the
EQQ interaction energy is much larger than the
nuclear-spin energies. This comparison implies
that the rotational-correlation times are short in
comparison to the times corresponding to the vari-
ous nuclear-spin energies. Consequently, the ro-
tational variables appearing in Eq. (2.15) can be
replaced by their thermodynamic averages. The
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contribution to the second moment which we lose by
discarding the fluctuation terms can be estimated®
to be of order T;' M}/? where T, is the nuclear
spin-lattice relaxation time. Since normally one
has

MET,>1, 3.1)

the fluctuation terms can be neglected. We also
confine our attention to sufficiently low temperatures
(T <9°K for H, and T <14 °K for D,) that the effects
of thermally activated diffusion®! can be neglected.
These effects have been considered by Moriya®

and Moriya and Motizuki® and their calculations
agree reasonably well with the experimental data

of Bloom.!® We will further assume that the mag-
netic energies ha, kb, and hc are negligible in
comparison to k7, as is normally the case, so that

<3i>T:0' (3.2)

Here the bracket ( ), indicates a thermodynamic
average at temperature 7. Also we confine our-
selves to the high-field limit a>>d, in which case
one calculates the moments of the NMR spectrum
near v,=a from the truncated Hamiltonian®®

B3 =20, (5 + 30 ) +3Cpp (3.3)
where

Hzi=—ali, (3. 4a)

3p; = —(dyA; /30) (3L i@-TH. 7@ | (3.4p)

o :,Zj,B”(fi' ,-30,1,) . (3. 4c)

Here the subscripts label the molecules and the
superscripts the nuclei, and we set

By;= K 54(3 coszé)” -1), i,j nearest neighbors

(3. 5a)
=0, i=j (3.5b)
=3 Ko(Ry/R;;)* (3cos?0;;— 1), otherwise

(3.5¢)

A= (3cos,;-1),, (8.5d)

where 6;; is the angle between the vectors ﬁij and
H, and 6; is the angle between the vectors #; and
H,.

Still, there are two possible cases depending on
the relative sizes of 3¢,, and 3Cy;. If the former
dominates, then the moments can be calculated
from the truncated Hamiltonian of Eq. (3.3). In
the reverse case one must further truncate the
intermolecular interaction. As we shall see, 3¢y
is responsible for the temperature-independent
contribution to M,, whereas the temperature-depen-
dent contributions to M, can be attributed to 3Cp;.
Accordingly, the condition that Eq. (3. 3) be the
correct truncated Hamiltonian is

[My(T) = My(0)] << My(0) . (3.8)
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Even if this condition is not strictly fulfilled, use
of Eq. (3.3) probably does not lead to a great
error.®® This conclusion follows from the result
of Ishiguro et al.*” that the second moment of one
peak of the fully split Pake doublet is % that of the
unsplit line. Hence, in the interest of simplicity
we will use Eq. (3. 3).

For H, this truncated Hamiltonian can be written
in terms of the total nuclear spins as follows:

rtae= —a? I - %d? A[38, - 1,(1, +1)]
108, 1,-31,1,,), (3.7)
ij

where by convention one writes (for both H, and D,)
d=dy+dy . (3.8)

In Eq. (3.7) the sums are restricted to I=1, i.e.,
odd J molecules. As is evident from Ref. 45, the
moments M, and M, are given by

1M, =( (EiD;)(Z)jI;»T ’ (3.9a)
LMy =( (23, D}) (23, D)) r , (3. 9b)
where
Iy=2(LI})r (3.10a)
ij
~4Nx, (3.10Db)

Here N is the total number of molecules, x is the
fraction of (J=1) molecules, and

=[5, [5¢, ] ).
After a tedious calculation one obtains

W20 D= 25 [I1131;3(B;;Byy+B;; By, — 2B, By
i ijk#

+131;,1,,(6B;;B;y+ 5By By +3 By Byl
+_Zj) {a21; (-$B2,+dA; By;)
1

(3.11)

“.ljz(”-’iz +1;.I3) (3B%; + 5dA,; B;;)
+I3[81; (I1;+1) BY; + (315, - I,(1;+ 1))
x(3B% +dA, B, )]}

+§) dPAZI;(1+21,,)%,

where # means ¢, j, and k are all distinct.

(3.12)

B. Van Vleck Moments
Substituting Eq. (3.12) into Eq. (3.9a) we find
2, X; (d®A3+32, B%, X))

M, B (3.13)
‘ EiXi
where
X;=L{I,+1). (3.14)

Instead of restricting the sums in Eq. (3.12) to
(I=1) molecules, we can define A;=0 for I;=0. We
need to take the powder and alloy averages of the

| Do

quantities in Eq. (3.13). We will indicate these
averages by double brackets, {{ )),,, with the sub-
scripts p and a, respectively. To take the powder
average we express the spherical harmonics with
respect to the crystal axis rather than to the mag-
netic field:

(3cos?0,; - 1)=(Em) /2 Y3 (7)) (3.15a)
= (8122, DR (xa) Yo(¥1;):  (3.15b)
= @m 2, YYH): Y5 (7)) - (3.15¢)

Here the outermost unit-vector subscript indicates
the quantization axis, D%)(x,,) is the rotation ma-
trix* and y,, is the triad of Euler angles which
take the u coordinate system into the v coordinate
system.? Thus,

(B?,),=% K%, , i,jnearest neighbors (3.16a)

=0, i=j (3.16b)
=5Ki(Ry/R;;)®, otherwise (3.16¢)
(A3, =45120, 1{ Y5(w;)) 712, (3.164)

where the quantization axis in Eq. (3.16d) is arbi-
trary. Assuming a random configuration of even-
and odd-J molecules, one has the alloy average

XN =(X) =2« . (3.17)
In this way one obtains from Eq. (3.13) the result

]w2 :M;nter+mntra , (3 18)

where the contributions M3***T and Mi**™ are due,
respectively, to inter- and intramolecular interac-
tions of the nuclear spins and are given as

MRt =8y [(Sy - 12)KZ+ 12K%,,] ,
M= 9dn (20,1 Yh(w)) £ 1) »

where the alloy average over (I=1) molecules is
understood in Eq. (3.19b), and where S, in Eq.
(3.19a) is

So=27; (Ry/R;;)® .

The sum has been evaluated numerically for an hcp
lattice by Kihara and Koba,*® who give S,=14. 445.

Since we discuss the evaluation of Mi**™ via a
high-temperature expansion in Sec. IIIC, we only
make a few general remarks here about the form of
Eq. (3.19). Note that Mi***" is temperature inde-
pendent, whereas Mi**™ is strongly temperature de-
pendent and vanishes at infinite temperature.?
The approximation of a random alloy is probably
reasonable except at low temperature and low (J=1)
concentration where clustering®®5! of (/=1) mole-
cules can be significant. Also, we note that Eq.
(3.19D) is invariant with respect to the choice of
quantization axis, so we can make whatever choice
is convenient.

Similarly, we obtain from Eq. (3.9b) and (3.12)

(3.19a)
(3.19b)

(3. 20)
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the following expression for M,;

My= (Z) X, )"[Z) X (X, - 3) (71X, - 12) d*A}

+EZ)X,.(X,—%)X,(QB,ﬁlZdAiB +32dPA2 B3))
ij

+620 X, X3B},+ 20 X, XX,
ij i1jk#

X (14B},; B3, +4B%, B, B,,)] . (3.21)

For A;=0 this expression agrees with that of Van
Vleck.! We write this result as

M4=Minter+Mintra+Mitoss, (3. 22)

where the terms on the right-hand side of this equa-
tion are, respectively, the contributions to M, from
the intermolecular interactions, intramolecular
interactions, and cross terms involving both types
of interactions. We shall give results for the tem-
perature-independent Van Vleck term Mj™*" here.
The other terms will be treated in a later subsec-
tion. By repeated use of Eq. (3.15) the powder
average of Eq. (3.22) can be evaluated. Also, to
evaluate the alloy average one needs to use

X2, =(( XBY) =4x . (3.23)
Thus we find for a rigid lattice
MR =Ko 3 xS, + 3 (75, +Sy)] 5 (3.24)
where
S =R ZZ R-lz ,
! H (3. 252)

SZ=R022R;§’R (8 cos®, — 2cos?9,+1) , (3. 25Db)
jr#

S, =R(1,212¢ R R;3 R;3[sin®, sin®0, — sin26, sin26,
]

+(3cos?0, - 1) (3 cos?f, -1)], (3.25¢)

where 6, is the angle between R“ and R;,, and 0,
is the angle between R;; and R;,. These lattice
sums were evaluated for an hcp lattice by Priest,®
who obtained

S,=12.183, (3.26a)
S,=171.1, (3. 26Db)
Sy =42.94. (3. 26¢)

We may summarize the results of this subsection
by giving the results for the second and fourth mo-
ments and also the resulting value of the ratio p,
where p is defined as

p= M inter/(Miznter)z

We have found

Mt =[0. 17 +0. 83(K oy, /K,)?] x90. 0 kHz?  (3.27)
and for a rigid lattice
Mt = (1. 26x + 17. 184%) X 10° kHz* (3.28a)
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p=2.12+0.156x"! (3. 28b)

Crudely, we can take account of phonon renormal-
izations by neglecting their effect on the NMR line
shape or, equivalently, by using the value pyyu4
from Eq. (3.28b). Thus, we write

inter _ inter\2
My ‘prigid(M >,

=Prigidq -

(3.29)

inter

where we use Eq. (3.19a) for M,
C. High-Temperature Expansion for M2

This subsection will be devoted to a calculation of
the leading terms in the high-temperature expansion
for Mi**™ as given by Eq. (3.19b).

The high-temperature expansion for Mi**™ is
generated by substituting for the thermodynamic
averages their high-temperature expansions,

{ Yi(wy)) r=( Yh(w,y) e**Eaq) , /A e®*Eaq),,  (3.30a)
=( Yh(wg) 2Jy(~ BRraq)*(s N™)w/
( Zs(‘ R rqq )5(s! )'1> w

=3B%( Y3(wy) [3Chaq — 58%Eaq " " " D -

(3. 30c)
To obtain Eq. (3.30c) we have used the fact that the
two leading terms inthe expansion of ¢®*EQQ in the
numerator give no contribution. Also since (¥gqq)
=0, the temperature dependence of the denominator
has no effect to the order considered in Eq. (3.30c).
First we evaluate { Y}(w)3¢%) «, Where 3g; is the
EQQ Hamiltonian describing interactions between
molecules at =0 and ¥ =5 and for the moment the
quantization axis # is arbitrary.’® Using the opera-
tor equivalents and the transformation properties
of these operators we find

(3. 30b)

( Yh(w)33CBs) = — 3( T 1(J)53C55) (3.31a)
-EDz‘f? X ¥ (T8 (F0)55¢E) w - (3. 31b)

Using the eigenfunctlons for a pair of (J=1) mole-
cules as given in Table IV we obtain

(T35 3Chs) o= =8 A4(5/7)V°T2,

where A,

(3.32)

is the Kronecker delta. Combining this

TABLE IV. Rotational states of a pair of (J=1)
molecules.

State

&
~
s |

$=6"12(11, —1>+210, 0>+1 =1, 1>)
Py = 1, 1>

by= -1, —1>

ve=2-12(11, o>—|o 1>)
Y=271/2(1 21, 0>~ 10, —1>)
Yg=2"12(11, ~1>— [ =1, 1>)
Yo=8"12(11, —1>= [0, 0>+ ] —1, 1)
Ye=2"12(11, 0>+ 10, 1>)

Yy=2"12(1 =1, 0>+10, —1>)

R OO OoCORMHEO®
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result with Eq. (3. 31b) we find
{ Yz(wo)ﬁ;cos>oo~ Lre Yz(ﬁ)“ = mYl(ﬁ a’),

where B’ and a’ are the polar and azimuthal angles
of § with respect to the # coordinate system. Thus,
according to Eq. (3. 30c) we have to lowest order
in B

( Yé(wo)?):rz%ﬁzrg . 2 YQ(S),,
8, 73=1

(3.33)

(3.34)

This result leads to a lowest-order evaluation

of Eq. (3.19Db):
matra:agi,”dzﬁ‘lr“i« Z; ( Yz(é Y (6 )»a ’

1,8,6737=1

(3. 35)
where it only remains to take the alloy average.
Since the sum is only over (J=1) molecules, we
can take the alloy average by including the probabil-
ity factor fz(é 5 ") describing the probability that
(7 =1) molecules are at nearest-neighbor lattice
sites & and §”:

£2(8,8") =2+ x(1 - x) A3z (3.36)
Then Eq. (3. 35) becomes
Miptra =128 g2(pT)Ay(1 - ) | (3.37)

since the term which does not involve the Kronecker
delta vanishes when use is made of the relation

2 Y43)=0, (3. 38)

which is valid when the sum runs over nearest
neighbors in an hcp lattice.

The next term in the high-temperature expansion
for Mi**® is found by collecting the various terms
of order B° which occur when Eq. (3.30c) is sub-
stituted into Eq. (3.19b). The details of this cal-
culation are rather complicated and are given in
Appendix A. Collecting the various calculations we
find the second moment correct to order g° to be

MirtT2 =125 23T (1 — &) [1 - BT(2+48 ¥)] . (3.39)

Note that Mi**™ vanishes for x=1 within our approxi-
mation. We may understand this result in the fol-
lowing simple way. For x=1 in a cubic structure
where each site possesses cubic symmetry (this

is not true for the Pa, structure) one has that

(nly =(nf2y=(nl)=3, (3. 40)
where 7 is the orientation of the molecular axis at
position R. In other words, one has

< Y;(wi)>T =0 ’
and by Eq. (3.19b) one sees that for x=1 it follows
that

(3.41)

Mirtra=Q (3.42)

It is well known that the hep and fcc structure are
quite similar, and so we may expect that the num-
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ber of high-temperature graphs is nearly the same
for both structures.’® Thus, this argument, which
invokes local cubic symmetry, is nearly applicable
to the hep structure. As a result we expect M3"t™
to be very small for x =1 over the entire tempera-
ture range above the order-disorder transition.
From the data in Ref. 5 one sees that this is indeed

the case.

D. Evaluation of M4(T)

The evaluation of the leading terms in M,(T) at
high temperature is similar, but more involved
than that for M,(T) and consequently the details have
been relegated to Appendix C. There we estimate
the various types of terms one finds at high temper-

ature. Our results may be written in the form
My(T) = My()~M® + MP + M | (3.43)
with
M ~ (dBT2Y (K g™ ", (3. 44)

where dg’T? is a measure of the intramolecular in-
teractions and K, scales the intermolecular inter-

actions. We find
M =30 K *dT* x(1 ~ %) , (3. 452)
MP =384x(1 - x) (B dK 4¢ BT
X[ xSy +38(1 - 20)] (3. 45b)

M = (ag*Tr®)* x(1 - x) [177 +1913 x(1 - x)]. (3. 45¢)

It turns out that M{? is the dominant contribution
in Eq. (3.43), and for this term we derive an em-
pirical relation, which is probably not restricted
to the extreme high-temperature limit, viz.,

ME =18 [M,(T) = My()] My() . (8.45d)

E. Comparison with Experiment

In this subsection we compare the results of our
calculations with the experimental data of Amstutz
et al.® From their data it is apparent that M(=),
the value of M, extrapolated to infinite temperature,
is approximately a linear function of x as indicated
by Eq. (3.27). Experimentally, Amstutz ef al.
find for x>0. 5 that K, /K= 0. 94 compared to the
theoretical estimate? K, /K,=0.97. This slight
discrepancy is possibly due to inaccuracies in the
static-phonon renormalization. In that calculation
only short-range calculations were taken into ac-
count, which probably leads to underestimates of the
reduction in both coupling constants K., and I',,,.5
At low concentrations x of (J=1) molecules Amstutz
et al. find K, /Ky~1.00. Such a concentration
dependence of K., /K, is rather easy to understand
since it is completely analogous to that predicted
for Ty, /Ty, cf. Egs. (2.11)and (2. 12). At low con-
centrations x the extra attraction between (J=1)
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molecules decreases their separation thus increas-
ing K ;. In the limit x-1, nonuniform strains
are precluded by symmetry.

Next we compare the experimental values of
M) with the theoretical values given in Eq. (3.28)
(see Fig. 1). We see roughly the same features
here as for M,: K., /K, is essentially unity at low
concentrations and is about 0. 94 at high concentra-
tions. Again the anomalous behavior near x=0.5
is not understood at present. The scatter in the
experimental data is a little too large to obtain use-
ful results by analyzing the data according to Eq.
(3.29).

Let us now compare experimental and theoretical
values of M,(T)— M,(»). The problem encountered
in making such a comparison is that only at high
temperatures is the theoretical formula valid be-
cause only there does it suffice to keep only the
first two terms in the high-temperature series for
My(T). To get an estimate of when our two-term
formula might be reasonably accurate we may look
at the convergence of the high-temperature expan-
sion for the specific heat.® There a two-term ex-
pansion gives 10% accuracy only for 27/T >15 for
moderate concentrations. However, from the data
of Amstutz et al. it is apparent that M,(T) — My(»)
rapidly becomes small in comparison to My(») for
RT/T> 10, in which limit it is essentially unobserv-
able. Hence, there is really no regime where both
the present theory and experiment are accurate
enough to be meaningfully compared.

Nevertheless, we will attempt a crude compari-
son by analyzing data for 7=5 and 7=6 °K, at
which temperatures the combined experimental and
theoretical uncertainty is the smallest. To do this
we plot in Fig. 2 the quantity

T T
15— —
Rigid Lattice /'/
[ ]
QN —
N 1o
- e —E, (3.29)
" s e q
= /0/ Keff / Ko = 0.94
B3 PYad
~
T / ]
=
[
0 | | | |
0 0.2 04 0.6 0.8 1.0
X
FIG. 1. M, (») versus concentration. We plot M,

extrapolated to infinite temperature versus x. The rigid-
lattice theory fits the low-concentration data, whereas
the high-concentration data imply a renormalized dipolar
interaction.
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0 0.2 0.4 0.6 0.8 1.0
X
FIG. 2. Temperature dependence of M,. We plot ex-

perimental values of m(x) = [My(T) — My(=)]/[x(1 — %)]
versus x at 5 and 6 °K. The solid lines represent a
linear fit to the data with coefficients given in Eq. (3.47).

m(x) =[My(T) = My(=)] /[x(1 - x)]

versus x for these two temperatures. We see that
m(x) behaves in qualitative agreement with Eq.

(3. 39) in that it is a linearly decreasing function of
x. The slope and intercept of a linear fit to the
experimental values of m(x) do not quantitatively
agree with Eq. (3.39), i.e., if we write m(x)

=@y — @, x, then from Eq. (3.39) we should expect
(taking Ty, =0, 77 I'h=0.55 cm™)

ay=54 kHz, ;=78 kHz, T=5°K, (3. 46a)

ay=28 kHz, «;=31kHz, T=6°K, (3.46Db)
whereas the experimental values are

ay=88 kHz, «,;=78kHz, T=5°K, (3.47a)

ay=44 kHz, «,=30kHz, 7=6°K. (3.470)

It is clear that we must take more terms in the
high-temperature expansion to obtain sensible re-
sults because Eq. (3.46) gives m <0, which is im-
possible. However considering the uncertainties
in the theory and experiment this discrepancy is
not surprising.

When we attempt the same type of comparison
with M,, the situation is even worse, as one might
expect, since M, is a more rapid function of the
parameters than M,. Experimentally one finds at
T=6"°K,

ma=[My(T) = My()]/ [x(1 - x)]~ 5% 10° kHz,
essentially independent of x, whereas theory would
give

my=(2.4+9.4x-0.7x%)x10° kHz *. (3.48)

This result was obtained by numerically evaluating
the various results in Appendix C. To show that
the slow convergence of the high-temperature ex-
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pansion is playing a crucial role, let us compare
the experimental values of m, to their theoretical
values using experimental values of M, in the
semiempirical relation, Eq. (3.45d). Since this
term is in fact the dominant contribution to m, in
the temperature and concentration range being

considered, we partially eliminate convergence dif-

ficulties by use of this relation. In this way we

obtain the theoretical estimate

my=[0.6+0.7x(1 — x)]x10% kHz* + ¥ (x)My() .
(3.49)

Better agreement between the theoretical and ex-
perimental values of m, are obtained using this
formulation, as can be seen from Fig. 3 where
the comparison is illustrated. It must be empha-
sized that experimental uncertainties are larger
in M, than in M,, and also the high-temperature
expansion is less reliable for M, than for M, be-
cause M, is comparable to M2 Hence, we cannot

really expect much better agreement than is obtained

in Fig. 3.

From these comparisons and discussions we
conclude that the effects of partial orientational
ordering in the orientationally disordered phase

are reasonably well understood. It seems likely that

a more quantitative agreement between theory and
experiment would be obtained if (a) more terms in
the high-temperature expansion of M, and M, were
evaluated, and (b) a better theory of the zero-point
phonon motion in solid H, were used to calculate
Keff‘

IV. MOMENTS OF NMR SPECTRUM OF D,

In this section we consider how the previous

I T T T
81— -
x ®
— —
X
6 s . o * -
X % ] .
Q‘A — X x —
o [ x @
E < «
" 41 o X X X —
<)
: (]
g [ N
2 —
Ho
0 | | | |
0 0.2 0.4 06 0.8 1.0
X
FIG. 3. Temperature dependence of M,. We plot m,

= [My(1) — My(»)]/[x(1 - %)] versus x for T=6°K, The
crosses are the experimental points, the solid curve is
Eq. (3.48), and the dots are obtained using experimental
values of My(T) in Eq. (3.49). For x>0.7 the data are
essentially meaningless because then My (T) — M,(«) is
much smaller than M,(«).

results for H, should be modified to treat the case
of D,. The reason for treating D, separately is
that there are special complications caused by the
fact that (a) I is not a good quantum number, and
(b) more than one species contributes to the reso-
nance.

A. Second Moment

Let us start by developing a general formula for
M, analogous to Eq. (3.19). To do this it is con-
venient to write the truncated Hamiltonian for D,
in the form

nle’ = E&cz,+scm,+ 27 RN
odd J;

+ 2 B et 5 (4.1)
even "i
where 3C,; and ¥, are the obvious analogs of the
corresponding quantities defined in Eqgs. (3.4a) and
(3. 4c) and

Hlaq, 1=~ 3dA, (3, - 2) , (4.2a)
Sc,even,t == adMA (37'2) Zg(%) ;i(l) . {(2))
+3do A [3(81)%+3G2)2 - 4], (4. 2b)

where A; was defined in Eq. (3.5b). In Eq. (4.1) the
last two sums over i are restricted to odd- and
even-J molecules, respectively. Note that I=1 is
a good quantum number for odd-J molecules, but
I=2 is not a good quantum number for even-J
molecules because the Hamiltonian 3¢, ; of Eq.
(4. 2b) has matrix elements between states with I=2
and I=0.

Still, it is easy to show that for D, one can again
write M, as

MzzMénter+M§ntra (4 3)

in analogy to Eq. (3.18) and that there are no cross
terms. It is also obvious that M}™°* is obtained by
a trivial extension of the previous results for H,.

In Eq. (3.19a) one simply replaces the value of

{( X)) for H,, 2x, by its value for D,,

{x)N=5-3x, (4.4)
so that now for D, we obtain
MM =3(5 - 3x) [(Sy — 12)K2 + 12K%,,] . (4.5)

The calculation of Mi**™ is slightly more subtle.
We have from the general formalism, cf. Eq.
(3.9), that

Mintra Z\/ ([I

oddJ ;

+ 2 < [I:’ CKi;ven, l]( [:}Ce'ven,lvl;]> ’

evenJ;

odd. 1] [Scédd. i I;])

(4.6)
which gives
2(5-3x) M,

M = (T, g, 11 [5Coaq, & 17 1) 1) pa



(M

+ (1 - X)« {( [ i :}C'even. ] [meven, i

D Wpe . 4.7

The first term is of the same form as for H,, so
that we have

CHCLE Y 5, 11 [BCoaa, 1 131 ) pa = 2% AG, 0ae)) pa -

(4.8)
The second term can be evaluated directly by
writing out matrix elements in the even-parity sub-
space. An easier alternative method is to calcu-
late I,M"*™ for the special case x=% when all the
nuclear-spin states have the same weight. Then
the calculation of I,M}™" is identical to that for
two spins coupled by the Hamiltonian of Eq. (4. 2b).
In this way we obtain for x=4%,

LM ™= (g + § AT - “.9)

Combining this result with Eq. (4.7) and (4. 8) we
have that

« {< [I °V9!h i] [Gceven, i ;]) }»pa
=5 A2 qyea))pa (10d% — ddgdy +6d5)

so that the general result for M**™ becomes

(4.10)

5-3x

18d 18d°rx
5-8x

Mntra g’lﬁl_’.‘l (5d2 - 2dydy +3d,3)zl> ‘ ( Y;(wi» even‘ 2

2 |< Yé(wi)>odd|2 (4.11)
1

in agreement with our previously published result.*®

The deformation of the (J=0) state is very

small, so that A% (J; even) < A% (J; odd). Hence,
we can neglect the even-J term:
2
Miptres 158d D YD oual® (4.12)
- !

The required thermodynamic average is identical
to that encountered in Sec. III, whence the result

Mintre =125 [2/(5 - 3x)] d?(BT)* x(1 - x)

x[1-pr(2+42 »)] . (4.13)

B. Discussion

Normally a discussion would belong at the end
of the calculation. However, in this case we must
pause to consider what calculations are worth pur-
suing at the present time. In this connection it is
worth noting that these results for D, show a quali-
tative difference between H, and D,. In H, we have
at x=0.5

[M56 °K) - M3 (=))/ M5 (=)=0. 21,
where the superscript H indicates H,, and below D
indicates D,. To obtain an empirical estimate for
D, we proceed as follows.’” From Egs. (3.19a)
and (4. 5) we have

M¥ () Zx(K”’E“/K‘f,‘“)2

ME@) " 5-8x (@14
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From Egs. (3.19b) and (4.11) we see that Mirtr
scales with d?, providing we neglect the difference
between the values of I" for H, and D,,%® and if we set
(Y3w;Deven=0. Then we write

Mool su@)
so that

) /[t
O] e

and for x=0.5 and 7=5°K we find =~ 20. Thus,
one expects an extremely rapid temperature de-
pendence for M, in D,. This is indeed found to be
the case for high (J=1) concentration.’

On the other hand, for lower concentrations it
is found that the temperature dependence is no-
where near as large as predicted by Eq. (4.16).
From this result we conclude that possibly the
(I=1) nuclei are effectively not contributing to the
NMR signal. A tentative explanation for why this
might occur at, say, x=0.5 is as follows: First,
the intensity of the absorption from the (I=1) nu-
clei is only 2 as large as that from the (I=2) nuclei.
In addition, the latter have a much narrower line
shape, as is shown schematically in Fig. 4. Thus
it may be that the (I=1) resonance is simply too
broad to be observed. At very high concentrations
it appears that the (I =1) molecules have a narrower
line shape (recall that Mi™*™ vanishes for x=1)
and are making noticeable contributions to the sec-
ond moment. We may attempt an analysis of the

x =0.9

J=0

FIG. 4. Schematic diagram showing the contributions
of (I=1) and (I=2) nuclei to the NMR line shape. For
x=0,9 the relative intensity of the (I=1) molecules is
large, and their linewidth is not too large to prevent
their observation. For x=0.5 the (I=1) absorption has
a small intensity, and its linewidth is extremely large
and hence is quite possibly undetectable.
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experimental data’ within this interpretation. The
temperature dependence of M, is then presumably
due to the temperature dependence of the absorp-
tion of the (=0, I=2) molecules. In Appendix D
we therefore evaluate the second moment assuming
only even-J molecules take part in the resonance.
In this model the temperature dependence in M,
arises from the intramolecular interactions which
depend in turn on the thermal alignment of the
(J=0) molecules. This alignment is, of course,
very small, and so the temperature dependence of
M, is very much smaller than that given in Eq.
(4.16). To illustrate the results of Appendix D
we quote the numerical evaluation M}™*~0.012
kHz? for x=0.5 and for 7=6 °K. Since this esti-
mate is of the correct order of magnitude, we
tentatively conclude that our proposed explanation
has some merit.

Note added in proof . The explanation offered
here for the small observed values of M, has re-
cently been confirmed by NMR pulse measurements
of Weinhaus, Maravigilia, and Meyer. They have
observed the free induction decay (FID) over a wide
range of concentrations and temperature. At inter-
mediate values of concentration and temperature
(i.e., x=~0.5 and T= 4 °K) they find that the FID can
be resolved into two components, one attributed to
(J=0) molecules, the other to (J=1) molecules.
The continuous wave (cw) signal corresponding to
the latter component is indeed very broad, and hence
difficult to observe,

V. CORRELATION FUNCTIONS FOR PAIRS OF (/=1)
MOLECULES

Although the energy-level scheme for a pair of
(J=1) molecules interacting via EQQ interactions
is well known, there has been no study of the cor-
responding dynamical properties. We shall study
these properties since they will be useful in analy-
sis of low-concentration phenomena.

We shall be interested in the following correlation
§

A. BROOKS HARRIS

|

(Green’s) functions®:

K AQ@; B@))) E"Zm) pm) {nlAlm) (m|BIn)
Xexpli(E, - E,,) (t ~ t')/%]
+(nlBlm) (ml|Aln)

x exp[i(E, - E,) (¢ - #')/%]}, (5.1)

which are given in terms of the spectral weight
function p y5(w):

CA@; BE) = [ panlwle @) ndw (5.2)
Here
pap(w) =22 pm)nlAlm){m|Bln)
x(1+e®")5(fiw +E, - E,,), (5.3)

where p(n) is the Boltzmann factor for the state
In). In terms of this spectral function one can com-
pute the usual correlation functions

(ADBO)) = [ paslw) (1+e™ @) g9t maw.
(5.4)

Properties such as the cross section for the inelas-
tic scattering of neutrons or the spin-lattice relaxa-
tion times are directly related to the spectral weight
function for appropriate choices of the operators
A and B.

It is most convenient to use for A and B the ir-
reducible tensor operators of Table II. First let
us take the quantization axis to lie along the separa-
tion vector between the two molecules. For later
applications we will study the spectral functions
P’ (w) defined by Eq. (5.3) with the choice A
=77y and B=(- 1" ¢3#'(J,). By symmetry
p#¥" (w) vanishes unless M=M'. From the definition
of Eq. (5.3) we also note that

pas(w)=pgtat(w)* . (5.5)

Using the eigenvalues and eigenvectors of Table IV
we determined the independent spectral functions
as

pi' (@) =Q" (1+e™)(3/8m) [§p.46(7w — 10T) + 3 pg 6(Fiw + 10T) + 4 6(Fiw — 6T) + 1 pg 6(7iw + 6T

+0.48(Fiw — 5T) +py 6(Fiw + 5T) +5 py 6w — 4T') +73 6(Fiw + 4T) + 5(liw — T') +p, 6(Fw + T') + 4 §(Fiw)],

(5. 6a)

pP(w) =@ (1+e™%) (3/4m)[% 5(7iw — 6T) +% pg 6(Fiw + 6T) + 5 p_, 6(Fiw - 4T) +% 6(Fiw +4T")

+(zpg+2py+%) 0(w)]

(5. 6b)

P53 (w) = Q7 (1 + &™) (15/327) [2 p, 6(liw ~ 5T) +2 pg 6(liw + 5T) + p_, 6 (iw — 4T) + (7w + 4T)

+36(w - T+ p, 6(Fw +T) + (1 +p_,) 6(hw)],

(5. 6¢)

Pz (@)= Q7 (1 +e™) (15/327) [§p_y 6(Fiw — 10T) +& pg 6(Fiw + 10T) + £ 6(fiw — 6T) + 2 p 6w + 6T)
+p.48(Fw = 5T) +py 8(iw + 5T) + 4 p_40 (Fw — AT) + 46 (Aw + 4T) + 6 (Aw — T) +p,6(Fw + T) + 6 (Aw)],

(5. 6d)

P(w) = Q (1 +e™%) (5/16m) [25 (7w — BT') + 2pd (Fw + 6T) + £p_, 6(Fiw — 4T) + L5 (Fiw + 4T)

+(3pog+ 3+2py +pg) 6(w)] .

(5. 6e)
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Here TABLE V. Spectral coefficients.
pn=exp(-nl/ET), (5.7a) E,/T = 10 6 5 4 1 0
_ 36C3(E,) = 0 0 2 3 10 6
Q=2p_4+4+2p,+pg . (5. 7o) 3GC§(E:)= 3 S 3 m 3 3
Obviously, we can calculate all the moments of 360%(En) = ;20_ ‘f Y 39_ 0 10
these spectral functions: 36Ci(E,) = 5 3 3 5 3 11
, 36CY(E,) = 0 2 0 3 0 26
M = [77 oMM () ()" Rdw (5.8) 180Cy(E)= 1 13 10 26 26 28
36C,(E,) = 3 1 2 2 2 16
In fact, we checked our work by evaluating -
M = By (ATEGY, 72 @D L) (- 1Y, (5.92)

MEY = by e (AL TR0, 3], B, 7 (@DIL) (- DY,
(5. 9b)
Here we mention that p¥*’(w) is an even function of
w. This property is a consequence of the time-
reversal invariance of the pair Hamiltonian. For
later applications we use the form of the normalized
spectral function at infinite temperature :

P (w)/Mit:= 23 CY(E,) [6(hw +E,) + 6(liw — E,,)]
E,>0

+C4(0) 6(w) .

The coefficients C}(E,) are given in Table V.

We can also compute the spectral function
p¥¥.(w)s corresponding to the choice in Eq. (5.2)
of A=7%(J,) and B= (- 1" 74.(J,), where now the
axis of quantization # is at an arbitrary orientation
specified by the Euler angles x =(a’, 8/, ¥’) with
respect to the intermolecular pair axis ¥, used
above. Using the transformation properties of
the irreducible tensor operators we have

P ()5 =20, D) (x) D) (0¥ pi e (@)

where DMM, (x) is the rotation matrix. Finally, we
can compute the powder average of the spectral
functions using Eq. (5.11) as

{ P ()Y, = (1/47) [ P43 (w); A2 (5.12a)

=Appe By 23, PH () 2L+ 1)1
(5.12b)

(5.10)

(5.11)

#12?

Later we shall use the result for infinite temperature

( pgge @),/ Mpsd
(2 {C,(E,) [6(hw+E,) +6(Fw - E,)]}

Ep>0
+CL(0)8(w) ) Dyye Dppe, (5.13)
where the coefficients C,(E,) can be related to the
C¥(E,) of Eq. (5.10) as
C.(E)=(2L+1)" 23, CU(E,) (5.14)
and are listed in Table V. These coefficients are

the weight factors for the various frequencies in
the correlation functions.

VI. GAUSSIAN APPROXIMATION FOR T,
A. Formulation

The relaxation of the nuclear spins of the (J=1)

molecules is due to the fluctuations in the local
fields experienced by the nuclear spins. These
fluctuations can be related to the fluctuations in the
molecular coordinates. An expression for the spin-
lattice relaxation time T'; valid under rather broad
conditions has been given by Wangsness and Bloch.%°
We write their result as

Ti'l =‘l§773 [C2 gi(wo) +5d232(w0)+35§ d? 95 3(2wy)] ,
(6.1)

where 9¥(w) is the “spectral function” in Abragam’s
terminology,

I (w)=h (1+e™) pff(w);

and pi¥, (w); is the spectral weight function in Eq.
(5.10) when 7 is taken along the direction of the
magnetic field. Normally the observed relaxation
rate T;' is the average of the relaxation rate over
different local configurations when the sample is
an alloy.

In this section we study these spectral functions
by calculating their moments. These calculations
are extensions of those first performed by Moriya
and Motizuki.? Even these calculations cannot be
done exactly, so we shall have recourse to a high-
temperature expansion of which we calculate only
the leading terms. Such a calculation only has
meaning if the shape (frequency dependence) of the
spectral functions is approximately given. We shall
assume a Gaussian shape. If a molecule interacted
with many neighbors, we could invoke the central
limit theorem® to support this assumption. Since
there are 12 nearest neighbors, we can say that
to the extent that six, say, is a large number, this
reasoning justifies our method when the concentra-
tion x of (J=1) molecules is 0.50. The Gaussian
assumption is probably not as reasonable for EQQ
interactions as for dipolar interactions because the
former are essentially of short range, whereas the
latter are of long range. Thus, the success of the
Gaussian model for NMR line shapes® is not very
relevant here. The fact that different configurations
are averaged over may effectively increase the
number of random variables, thus making plausible
the use of the central limit theorem. In view of
this uncertainty and in order to quantitatively assess
the validity of the Gaussian assumption, we have

(6.2)



3508

calculated the second and fourth moments, o¥ and
74, of the spectral functions p¥¥(w); for a powder
at infinite temperatures. We find results consis-
tent with a Gaussian line shape. We have also
calculated the dependence of o¥f on the orientation
of the magnetic field for a single crystal. From
this calculation we conclude that the anisotropy of
T, is too small to be observable. Finally, we have
calculated the second term in the high-temperature
expansion for (( o¥)), in order to discuss the temper-
ature dependence of 7y. In conclusion, we compare
our results with the experimental values of T,.
From the definition of p,z(w), Eq. (5.3), we see
that the second and fourth moments are given by

Ioof = {{[TE W), 3¢, [3¢, T2(TP1 L) £ D)o~ 1

(6.3a)
Igry =L 77 ,), 5¢], 3¢]
[5e, [3¢, 72" (T)] 1h) £ BYa(= 1Y (6. 3b)
where
Iy=({T% W), T2 ([)k) (= 1M, (6.4)

For simplicity we shall take account only of near-
est-neighbor interactions. For the program outlined
above, we only need to calculate I, correct to or-
der 1/T:

I,=(L +3)/4r +0(1/T?) . (6. 5)
For the average (©),, we have
(0)p=(0(1-BX))w+ (6.6)

because (3C),=0. Thus, I, o 4 can be written as
Lo =K {77 0), 5¢],
[5¢, 72" ()]}, (1 = B3C)) 1)) (= 1)
=10 @ +pT o} ]
to first order in 1/7.

(6.7a)
(6. 7b)

B. Anisotropy of the Second Moments for a Single
Crystal at T=00

First, we evaluate ¢/ @ for a single crystal. We
have
Iood @ =(( 22 ({[T4y), %3],
JE:I
[3¢i3, 72" o)1 1) (= 1Y), (6. 8a)
=2 | DE (9] 2 miy. (6. 8b)

6,00

Here Qgz=(a’’, ', 7"’"), where '’ and o'’ are the
polar and azimuthal angles of 3 in a coordinate sys-
tem where the z axis is along the direction of the
magnetic field. Also we define m¥#’ as the moments
of the normalized spectral weight functions, o (w)/
MY so that "' = p¥' /1(L). In Eq. (6.8) we
have omitted contributions involving three molecules
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because these terms vanish. Equation (6. 8b) en-
ables us to express the moments with quantization
axis along the magnetic field in terms of those with
quantization axis along 5. These can be found using
Eq. (5.6) at infinite temperature or, alternatively,
using Table V as

mas=mse 2=6T? (6.92)
Mgy =msy ™ =21T% (6. 9b)
mgg =162, (6.9¢)
miz=miy=§ T, (6.9d)
m39 =412, (6. 9¢)
Inserting these evaluations into Eq. (6.8b) we ob-
tain
022 = 4723 [~ P,(y) -2 Py(y)+14], (6.10a)
U;l(O)=xr223[%4pi(y)+%ipz(y)+14], (6.10b)
03 @ = xT? 5[~ B P(y) + R Py(y) +14], (6.10c)
01O = 423 [5Py( y) +21, (6.10d)
0¥ = xT2 3 [~ 3P,(y) + 1] , (6.10e)

where y=cosp’’ and P,(y) is the Legendre poly-
nomial. In deriving these formulas we have con-
sidered only nearest-neighbor interactions. This
approximation introduces very little error into

our results, because the nearest neighbors com-
pletely dominate the lattice sums. Note that for
the axis of quantization along the crystal ¢ axis one
has

Zsvid)=0,

25 Y3(8)=0
Thus, in evaluating the sum over 3 in Eq. (6.10) by
using the addition theorem for spherical harmonics,

we cannot omit terms involving Y” (5) with M#0.
Hence, we write

2% Py(y) =23 Py(cosby,) Py(cosby,) =0,
202 Py(y) =20z Py(cosby ) Py(cosb,,) =F P,(cosby,),
(6.12Db)

where 6, and 6y, are the angles between the crys-

tal ¢ axis and 6 and the magnetic field, respectively.
Accordingly,

(6.11a)
(6.11Db)

n+0

(6.12a)

032 = 168xT?[1 - 155 Py(cosby,)], (6.13a)
031 © = 168xT2[1 + & Py(cosby )], (6.13b)

03© =168xT[1 - % Py(cosby,)], (6.13c)
O,Tl ©) _ 0.(1)(0) =9280xT2 . (6.13d)

These results are consistent with the values quoted
by Moriya and Motizuki,® whose Hamiltonian also
included small interactions other than those of the
EQQ type. From our results it is clear that the
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dependence on magnetic field orientation is com-
pletely negligible, so that all further calculations
will be made for a powder. From Eq. (6.13) we
have the results for a powder,

{of) e =0y, =840xT2/(2L +1) . (6.14)

C. Fourth Moments for a Powder at 7 =o°

Let us now calculate the fourth moment. The
powder and alloy average of 7} denoted {{ 7¥),,
is independent of M and can be found at infinite
temperature as

<< T"%»pa = (ZL + 1)'IEM« ﬂlg(ﬂ)»a =7,

in terms of an alloy average. To evaluate this ex-
pression we must construct

Og E[ZC, [5'69 T%(JO)] ] )

(6.15)

(6.16)
which consists of a sum of three types of terms:

O¥ =7 04(3,8)+ 2 04,5+ 2 PUE,",
(] [

#8¢ 548140
(6.17)
where
04(5,3") = [3gz, [3o3, TX (Y]], (6.18a)
PU(5, 8" =[363,5 3 [3608, TH(T)]] - (6.18D)

From symmetry considerations it can be seen that
contributions to 7, from cross terms between dif-
ferent types of terms in Eq. (6.17) vanish, so that

(2L +1)(L +3) (8m) 7, =25 T, (6.19)
i=1
where
T, = x%{ 0¥(3,3) 043, 5., (6. 20a)
T,= 2 (O¥(5,8)04(,8)"., (6.20b)
M,8,8" ;88
= T RN AM(E At
To=d 2 o (OEE,8N0IE,E M., (6 200)
Ty=x22{ O¥(3,3") 04 (3", 5)" ., (6. 20d)
Ts=22 (PL(5, 5" PA(E, §)1., . (6. 20e)

The first term in Eq. (6.20) would be the most
tedious to evaluate, except that it related to the
fourth moment of the spectral function for pairs.
Using the results of Table V we find

T,=(2L+1)(L+3)(8m)'x22040T% L=1 (6.21a)
=(2L+1)(L +3) (8m)'x5304T*% L=2. (6.21b)
Also it is helpful to use
Ty+Ty=Ty+ Ty, (6. 22)
where
Ti=2x2 20 (O¥(3,3") 04,5, (6. 23a)

848%, M

Ti=-32_ 27 [[3Cs %q),

828, M
7o) [T, [3¢s., 3eoz] 1) -

In Appendix B we have evaluated these terms and
also T, and T of Eq. (6.20). We find that

T, =( TH(TH)') 980T

(6. 23b)

x{48(7 - 2L) - 100[(2L +1)/(7- 2L)]S .},

(6. 24a)
Ty=( TE(TE)") 196042T*
X{48(2L +1)-100 [%7:%—;] ss_L}, (6. 24D)
Ty= - THTT) ¥T*7000(4L% - 1), (6. 24c)
T5=12600( T (T4 x2T* (6. 24d)
where
S =4, (6.25a)
Sy = 14555 » (6. 25b)
so that
m, = T*(22040x + 189 600x%) , (6.26a)
7, =T*(5304x +113760x?) , (6. 26b)
which gives
m,/30%=1.34+0.063x7", (6.27a)
To/302=0.81+0.094x"! . (6.27b)

Since the ratio 7/302 is unity for Gaussian shape,
these results confirm that the Gaussian approxima-
tion is quite satisfactory for the calculation of T,
at least at very high temperatures. From Eq.

(6. 27) we see that whereas p¥(w) is more peaked
than a Gaussian, p¥(w) is flatter than a Gaussian.
Since these two departures from Gaussian shape
tend to cancel one another, we expect reasonable re-
sults until the terms in Eq. (6. 2%7) proportional to
x~! become important, say at x<0.1. However,
these results do not include the effects of other

than nearest-neighbor interactions. Indeed, these
moments are quite insensitive to further-neighbor
interactions. One can estimate that if a molecule
has only one (J=1) neighbor at a separation (2)!/2R,,
it will relax approximately (2)3/%2~ 5 times faster than
if it had one nearest-neighboring (J=1) molecule.
Thus, the fact that the interaction falls off rapidly,
~R", weights isolated configurations very heavily
in T'. The moment calculation averages the energy
width. What we need to do is to average the recip-
rocal of the energy width. This explains why the
statistical model used by Sung!® and modified by us
in Sec. VII is appropriate at low concentrations.
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D. High-Temperature Expansion for Second Moments

Finally, let us calculate (( of")),,, the powder and
alloy average of oY, which can be written as

(oM pe=CL+ 1)1, L ADY, , (6. 28)
which we write in the form
« O'?’))I,a:—ﬁ« U},O)»pa [A"'Bx] ) (6. 29)

where
A=Tg[4n/35(L +3)] 20, (= 1)*{[T4(Jy), %4z ]
X[GCDE’ Tiu (JO)] m05>w ) (6 303.)
B=Tg[16m1/35(L +3)] 22, (= 1*{[T£(Jo), 53]
X [3Com T7 () )53 Y o . (6. 30b)
We have taken advantage of the invariance of
{ ofV)y, with respect to the choice of quantization
axis to sum these expressions over 6 and §’. Thus
in Eq. (6. 30Db) both 5 and 5’ are nearest neighbors
and in both Eq. (6.30a) and (6. 30b) one should count
only one configuration. Again, A can be obtained

by calculating the second moment of the spectral
function for pairs correct to order 1/7, so that

A=5T . (6.31)

The coefficient B is evaluated in Appendix B. Our
results for {( 0{)), correct to order 1/7 then give

of? +017)) o = 057N o (1 = FBT - 157 48T,
(6.32)
with (( 0f)),, given in Eq. (6.14).

E. Numerical Evaluation of 7', and Discussion

We now calculate the relaxation time 7,. Ne-
glecting the small anisotropy of the moments and
assuming a Gaussian shape, our calculations yield
the spectral weight functions as

pz(w)=(L+3)(4m)™ 27 (o +o iy, )2
X exp[ - 3(w)?/ 05 + 01" ) pal-

Since 7w, < o, we set w=0. Then, collecting the
results of the previous subsections we can evaluate
Eq. (6.1) as

Ty = (T/hey) x1212¢4(210/87°)1/2
X (1 - BT — 181 xBT)1/2 (4¢3V3 +45a%V'5 ),

(6.33)

(6.34)
‘where ¢, denotes the speed of light. Numerically
we obtain
T,=0.780(T/hcy) x'/2 (1 — f T8 - 1831 4T'8)!/2
for H, (6. 35a)
Ty,00a= 5. 12(T/hey) x*/3(1 - {TB - 181 4Tp)1/2
for D,. (6. 35b)

Here T ,4q is the relaxation time of the odd-J
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molecules. As Moriya and Motizuki point out, 8
one must relate T, .4 in D, to the observed spin-
lattice relaxation time T, of the total nuclear-

spin system. In the high-temperature regime we
assume that the nuclei of the even-J molecules
relax rapidly towards those of the odd-J molecules.
In that case Moriya and Motizuki show that

Ty=Ty, 044 (5-3%/2x) . (6. 36)

For H, our calculations can be comparedthem to
extensive experimental data of Amstutz et al.%®
They have analyzed their data and compared it to
our formula, so we will not repeat their analysis
here. Two comments about their results may be
made. First of all, their experimental results
agree quite closely with the temperature and con-
centration dependence predicted in Eq. (6. 35a).
For a quantitative agreement for the absolute mag-
nitude of T, they need to use the value I',,,~0. 46
cm™ which corresponds to I'y, /T'y=0.66. This
value of ', agrees fairly well with those obtained®*
from other methods.%?"51:65-6% 1 fact it is pos-
sible that here the effects on I',4; of thermal pho-
nons might be important. ™ In any event, small
departures from the Gaussian model would not be
surprising. In particular, from our results in Eq.
(6. 27) it can be shown that our analysis will lead
to underestimating slightly (i.e., by ~10%) the
value of T'yy,.

Note added in proof. Hama and Nakamura have
analyzed this point in detail in a preprint we have

received.
In D, there have also been measurements of T,

in the high-temperature regime,”™ " and the two
measurements are quite consistent with one another.
For (J=1) concentrations above x=0. 30 the experi-
mental results for T, at infinite temperature can

be represented by

Ty, 000 (T~)=2.7x"2 sec. (6.37)

This result again leads to a determination of T'.
Comparison with Eq. (6. 35b) yields Iy, =0.53 cm™!
=0.63T,. In this case the value of I',;, is somewhat
lower than that found by other methods; however,
the discrepancy is not so large that any firm con-
clusions can be reached. It is also possible to make
qualitative statements about the experimentally
determined temperature dependence of 7;. An
analysis is difficult because above 10 °K,™ where
the theory might be expected to apply, the tempera-
ture dependence of T, is too small to be very sig-
nificant. Below 10 °K" it is not certain that the
two-term high-temperature expansion in Eq. (6. 35)
is reliable.® Thus we cannot expect quantitative
agreement with experiment, at present. In fact,
the theoretical values of T,(~) - T,(T) are within

a factor of 2 of the corresponding experimental
values, which is a reasonable result considering
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the difficulties involved in such a comparison.

Finally, we make some pedagogical comments
about the method of calculation. We have chosen
to perform our calculations using the moments of
the spectral weight function corresponding to the
anticommutator in Eq. (5.1). We have done this
because this function, and not the spectral function
I¥(w), is expected to be an even function of w. In
fact, for the pair system we see from Eq. (5. 6)
that the spectral weight function is an even function
of w. More generally, for the full many-body sys-
tem, the “diagonal” spectral weight functions, i.e.,
those of the type p¥¥ (w), will be even functions of
w assuming, as is quite reasonable, that the mag-
netic energies ha and #b can be neglected. The
evenness in w is then a consequence of time-rever-
sal symmetry. Thus, it seemed more natural to
invoke a Gaussian assumption for these patently
even functions of w than for the spectral functions,
which we know are even functions of w only at in-
finite temperatures. As far as the nuclear-spin
system is concerned, we are working in the infinite-
temperature limit. Thus, in our calculations of
Secs. IV and V it did not matter which spectral
function we used to compute moments.

There is still another way in which our calcula-
tions differ in method from those of Moriya and
Motizuki.? They compute moments of spectral
weight functions corresponding to the choice of
operators in Eq. (6.3), A=JJ, B=A' This
brings up the question of determining, if possible,
the optimum way to approximate p,p(w) by one or
more Gaussian functions. Our approximations
correspond to writing

=1
pJ+J,;J,J+(w) TAPT LT T T T T srap@)

+ %PJ+;J_(CU) s (6. 38)
and then approximating each of the spectral weight
functions on the right-hand side of this equation by
a Gaussian, whereas Moriya and Motizuki approxi-
mate the spectral weight function on the left-hand
side by a single Gaussian. Our scheme seems more
reasonable, since operators of different symmetry
are independent in some sense.’’ Furthermore,
we believe it is likely that applying the criterion
developed by Roth™ would lead to results similar to
those we have obtained. Fortunately, the numerical
difference between the two approximation schemes
is completely negligible, so the point is an academic
one in the present context.

VII. NMR RELAXATION TIMES AT LOW (/=1)
CONCENTRATION

We have seen in Sec. VI that the Gaussian approx-
imation for p}¥(w) becomes poor in the limit of
low (J=1) concentration. The reason for this is
that the Gaussian approximation gives roughly the
average over configurations of the energy width,
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whereas the observed relaxation rate is expected
to be the average over configurations of the relaxa-
tion rate, which is inversely proportional to the
energy width, Furthermore, since (J=1) mole-
cules with no nearest-neighboring (J=1) molecules
relax much faster than those with even one nearest
neighbor, it is essential to treat such configurations
correctly. Thus one should take the average over
configurations of the inverse of the energy width.
As Sung'® has shown, this can be accomplished by
the use of the statistical model.!! Accordingly, in
Sec. VIIA we give a treatment of this model which
becomes exact in the limit when only pairwise in-
teractions are important, i.e., at low concentra-
tion. However, in contrast to Sung’s later work,”
we would not attach much significance to an ultra-
low (x<10%%) concentration calculation, because
then the smaller and more uncertain terms in the
Hamiltonian become important. In Sec. VIIB we
analyze Sung’s treatment of the statistical model.
From our analysis we conclude that the apparent
agreement between Sung’s theory and the experi-
mental data is the fortuitous result of several
computational errors. When these errors are cor-
rected, we find that his theory predicts relaxation
times which are about twice as long as those actual-
ly observed.

A. Statistical Model at Low (/=1) Concentration

As we have mentioned, we abandon the Gaussian
approximation for p¥#(w). Here we shall determine
¥ (w) by calculating its Fourier transform f¥ (),
defined as

D= [ plw) e ndw (7.1a)
=({T¥(0, ), T7'(0, 0)},) (-1,  (7.1b)

where
THR, £)= ™ 74 (Jg) e, (7.2)
Now the Hamiltonian is the sum of two-body terms,
=235, (7.3)

i<

where the sum is carried only over (J=1) mole-
cules. As Sung points out, it is reasonable to as-
sume that the molecule at ¥ interacts only with a
small number of other molecules and that as a first
approximation the oscillatory contributions from
each term are completely independent. Also we
shall evaluate all thermodynamic averages at in-
finite temperature. As will be clear later, the
dominant contributions to f4(¢) come from (J=1)
molecules which are at a separation ~Rox'1/ 8.

Thus the high-temperature regime is essentially
T(Ry/Rox/ P < kT, i.e., for kT>Tx*/% a condi-
tion which is well satisfied in the data we will
analyze.
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Within these approximations we can write

T®=rg (0)<<II FAR, 1) /FAR, 0)),, , (7.4)

where F"’(R t) is the exact f¥(¢) for an isolated pair
of (J=1) molecules at a separation R. We shall
take the average over random configurations of
(7=1) molecules, completely neglecting possible
correlations in the probability distribution function
for clusters of (J=1) molecules. This approxima-
tion is probably reasonable except for H, for x<0.1
and 7 <3 °K when the (J=1) molecules have a ten-
dency to cluster.’”®! For a random alloy Eq. (7.4)
becomes

Y =r40) I [1 - x+ x FA(R, 0)/FL(R, 0)]
B (7.5)
or
F1®)=r1(0) o [1-x0f® )], (7.6)
where
Pi®R, 0)=1-F{(&, 0/F}(R,0), (7.7)
FE0)=(L+3)/4r . (7.8)
The powder average will be taken later. We write
Eq. (7.6) as
FA@) =£4(0) exp{ ZgIn[1 - x0¥ (R, O]} (7.9a)
~f7(0) exp[- xQ1 ()], (7. 9b)
where
AW =Za iR, 1). (7.10)

In going from Eq. (7.9a) to Eq. (7.9b) we have

dropped terms in the exponent of order x? or higher.

In this way we do not describe properly correla-
tions or interference effects, but such effects are
at least of order x%. Hence our treatment seems
to be rigorous in the low-concentration limit.

Since the relaxation rate T;' is dominated by
(7=1) molecules for which R> Ry, we convert the
sum to an integral using

Y-~ [pdR=Y2 R3® [dR , (7.11)

where the density of molecules p is vV 2 R;® for an
hep lattice. Thus, we have

QU(t)=vV2R: [ dRo¥(R, 1) .

Recall that the quantization axis in Eq. (6.1) is
along the magnetic field, so that we shall make this
choice of coordinates for the present discussion_._
But according to Eq. (5.11) we can express F4(R,?)
in terms of functions defined with respect to the

(7.12)

pair axis which we indicate by a tilde. Thus
ofR, 0=2, | D) (a0 |2 GE(R, 1), (7.13)

where Qgg is the orientation of R with respect to
the magnetic field. Using the definition Eq. (5.1)
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together with Eq. (5.10) at infinite temperature we
obtain

T - wu R R\® ~iwt
o¥(R, t)=1~ P w5 —) e fidew (7.14a)
L Ro/ N\

=1-23,C4(E,) cos[(Ry/R)* (E,t/R)]. (1.14Db)

In writing these equations we have used the fact that
the energy levels of a pair of (J=1) molecules

scale with R™5. Substituting Eq. (7.13) and (7. 14)
into (7.12) we find that

QI(W=V2R; [R*aR [ A 2 | DE Q) |2

Cﬁ(E,,){l-cos [(%) (E,,t/h’)]} (7. 15a)
= (4nV 2 RG®) f R*dR2.,C,(E,)

x {1 - cos[(R,/R)*(E,t/7)]} . (7.15b)
This result can be written as
Q) =4mV2 111 (EY/®) 1%°
x [Tu®/5(1 - cosu) du (7.16)
where ( ES), is the average of (E,)*
(ES),=23,C,(E,)|E,|*. (7.17)
‘Numerically we find
iav2 fowu'e/s(l - cosu) du
=§-7h/~21mf0we"‘u'3/5du (7.18a)
=45v2 T'(3)sins7, (7.18b)

where I'(z) is the gamma function. Taking account
of Eq. (7.1) and (7. 9b) we find the spectral func-
tions,

+00

hPLL(w) =f¥(0) ot
x eXP(iwt -1". 75x[ t| 3/5< Er3|/5>1; ﬁ-3/5).
(7.19)

In the low-frequency regime, 7w << x%/3( E3/5)}/3,
we find

pﬂLUZ( )—me(O (7 75x)-5/31—-(5 (E3/5>-5/3 (7' 20a)
=0.0992 [(L +3)/4m] ( E3/5);3/3 x5/3, (7. 20b)

whereas in the high-frequency regime, 7w > P
x{ Es/5>s/3, we have

3/
Hos () =274 (0 Re [} dt e'? eex 11" (7.21a)
= 2 4(0) Rei " du e e/ 10 (7. 21p)
=2f%(0) vy xw /5 T(®) sindr , (7.21¢)

where v, =17.75( E3/%), n-3/5
Experimentally one is usually in the low-frequency
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regime, in which case one finds T,, using Eq.

(7.20) in (6.1), to be
T5'=0. 1987k <3< 5{,25%,3 + 2(?37;3/3) 518
(7.22)
From Table V we evaluate { E3/%), as
(E3/%y,=1.48T, (7.23a)
(E3/®),=1.71T, (7. 23D)
which gives
T,=3.29T x°/3 for H,, (7. 24a)
=24.3T %/ for D,, (7. 24b)

when T is expressed in cm™ and 7T, is in sec.

Note that since the important interactions are those
between distant neighbors the phonon renormaliza-
tions are completely negligible. However, as
pointed out by Hardy and Gaines®® one must take
account of dielectric screening. To do this we
simply scale the interactions by the dielectric con-
stant,

=3.29T x%/3/€,=2.53 T'x*/® for H,, (7.25a)
T,=24.3Tx"/3/¢;=18.7TT x*/3 for D,, (17.25b)

where we have taken the dielectric constant to be
€=1.3."

We can compare the above predictions with the
experimental data of Hardy and Gaines® for H, and
of Wang and White™ and Weinhaus et al.” for D,.

In both cases the data are fit reasonably well by
the x°/3 law first found by Sung.'® For D, the
temperature dependence of T, at low concentration
causes some uncertainty in the interpretation.
While it is expected that T, should vary rapidly in
the diffusion-dominated regime (7 >10 °K), it is
not easy to understand a temperature dependence’
below that regime. On account of this unexplained
dependence it is not easy to perform the extrapola-
tion of the T, data to “infinite” temperature as is
desired for comparison with theory. Therefore,
our analysis for D, must be regarded with caution.
By fitting the data to an %°/3 1aw we find the results

T,x%/%=1 sec for Hy; (7. 26a)
(7. 26b)

Comparing these results with Eq. (7.25) leads to
a determination of T',:

Ty =0.40 cm™=0. 57T, for H,,
T4, =0.47 cm™=0. 57T, for D,.

T,x°/3=9 sec for D,.

(7.27a)
(7. 27b)

It is interesting that these values of I'y; are com-
parable with those determined by fitting the experi-
mental data at higher concentration to the Gaussian
model, although they are somewhat smaller than

the values obtained by other methods.
B. Critique of Sung’s Theory

In view of the fact that our version of the statisti-
cal theory does not give the magnitude of T, correct-
ly, we are led to reexamine Sung’s theory'® to see
why he obtains such good agreement with experi-
ment. His success is surprising because it would
seem that our approximations ought to be more
reliable than his. In fact, we find this to be the
case. We find that there are some numeri-
cal and algebraic errors in his work. When these
are corrected, his theoretical results are in worse
agreement with the data than those found above.

Although Sung’s approximations are quite similar
to ours, there are some physical differences which
should be noted. He uses Eq. (7. 4), but instead of
the exact f4(R, ¢) for pairs he uses an approximate
function with a single frequency. This character-
istic frequency is determined by the condition that

wi- sz"’(R ) /FMRt

so that the second frequency moment is correctly
given by the approximate function. The difference
between using this approximate function with a
single frequency and the exact pair function with
several (see Table V) frequencies can be deduced
by considering the fourth frequency moment of the
two distributions. Clearly the fourth moment of

the exact function is significantly larger than that

of the approximate function, since the latter involves
a single frequency. As a result, in analogy with the
phenomenon of exchange narrowing of NMR line
shapes,™ one expects a larger spectral density

and hence a faster relaxation rate, from the exact
function. In fact, the result of Sung’s theory can

be put in the form of Eq. (7.22):

- 2c 15d -
T11:0.1981rh(3<E2>1/2+2(Ez>1/2> 5/3(7.29)

which gives for H,

T,x/%=5.54T /¢, ,

, (7.28)
t=0

(7.30)

which is to be compared to Eq. (7.25a). Thus,
we see that using Sung’s theory to fit the experi-
mental data leads to even smaller values of Ty,
than does the theory presented above.

The reasons for the discrepancy between the re-
sult Eq. (7.29) and that cited in Ref. 10 are the
following. First, the Hamiltonian for EQQ interac-
tions, Eq. (4) of Ref. 6, is incorrect because this
form implies the use of Rose’s phase®! convention
for spherical harmonics, whereas the Condon and
Shortly phase convention’ is actually employed.
Also, the factor of v 2 in Eq. (7.12) has not been
included in Ref. 10. There appears to be some dif-
ference also in the evaluation of integrals, e.g.,
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see our Eqs. (7.18) and (7.21). In particular, the
last result has some physics connected with it. At
ultralow concentration, i.e., in the high-frequency
regime, fiw> x%/3( E3/%)3/3 the spectral density
must be proportional to the probability of finding
another (J=1) molecule within some finite separa-
tion determined by w. Clearly this probability

is proportional to x as we find and not x*/* as given
by Sung. This evaluation will also affect the re-
sults of Ref. 73, but since the numerical constants
were not given, no estimates of these effects can be

given.

VIII. NUCLEAR SPIN-LATTICE RELAXATION IN THE
ORDERED STATE

Inthis sectionwe shall calculate the nuclear spin-
lattice relaxation time T, for (J=1) molecules in
the orientationally ordered phase of solid hydrogen.
A preliminary report of this work was presented
earlier.” Meanwhile, a more detailed calculation
leading to essentially the same result has been
given by Homma.”™ However, the results we obtain
here may be useful owing to their simple and ex-
plicit form.

First, we remark that Eq. (6.1) can be modified
for the case of a powder.” Using the transforma-
tion properties of the irreducible tensor operators,
one sees that the powder average of g¥(w) is

(2L +1)120 9% (w) .
Ml

Thus, for a powder we have
e? b 9d® 2
T =47 (-5 20 90 +— 2 g;(m). (8.1)

p==1 5 n==2
In writing Eq. (8.1) we assume that the NMR reso-
nance frequency w, is much less than the frequencies
of the rotational system, so that effectively w,=0,
and initially we shall consider the case of a homo-
geneous solid of (J=1) molecules. In evaluating
these spectral densities one must take account of
the nature of the elementary excitations. As Homma
et al* and others* 2?12 have shown, these excita-
tions are quite similar to those in a magnetic in-
sulator with a large anisotropy gap. The elemen-
tary excitations consist of removing molecules from
the J, =0 state into the J,=+1 states, where the
axis of quantization is along the local symmetry
axis which coincides with one of the [111] directions.
Since Eq. (8.1) is invariant with respect to the
choice of quantization axis, we naturally take it to
coincide with the local symmetry axis. Then it is
clear that the spectral densities 9:!(w) and 93! (w),
which describe primarily the creation or destruction
of a single excitation, cannot contribute to the re-
laxation process. The analogous situation obtains
for magnetic insulators,®~% since in both cases
the energy gap in the excitation spectrum is much
larger than the nuclear Zeeman energy. According-
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ly, the only processes which we need to consider
are those in which the elementary excitations scat-
ter off one another. These processes are primarily
included in the spectral densities 93(w), 93(w), and
I(w).

Inanalogy with the case of magnetic insulators,
and as shown by Homma’s more detailed calcula-
tions,™ we know that these spectral densities must
be of the form

(W)= CYN2Y 8(hw + By - Epp ) mze (1 +m3) , (8.2)

kk’
where N is the total number of molecules and C¥ is
a normalization constant to be determined. Since
kT is much less than the quadrupole wave-energy
gap, we may write

P (w)= C”L'N'ZEEP 6(7iw + Eg — Epe ) nge .

80~-82

(8.3)

Here we ignore the fact that the quadrupole wave
spectrum consists of several branches. This ap-
proximation is essential for a simple theory and
probably does not affect the result noticeably. To
determine the constants C¥ we evaluate [, dwd¥(w).
On the one hand, from Eq. (8.3) we have

[ dw 84 (w) = 2C4 (iN)* D m (8. 4a)
=21 CY( I 7 s (8. 4b)

since there are two libron modes per molecule,
whereas from the definition of the spectral function
we obtain®

[0 9w) (1/2m) do =( TEUR) 77" (TR)) 7 (- )"
~(T1Wg)2. (8.5)
Evaluating the right-hand side of Eq. (8.5) to lowest
order in the number of excitations and comparing

the result to Eq. (8.4b) leads to a determination of
CY. In this way we find

CY=3n, (8. 6a)
Cy=8n, (8. 6b)
c2=17, (8. 6c)

To obtain explicit numerical results we rewrite
Eq. (8.3) in terms of the density of states, defined
by

p(E)=4N123:5(E-Ey) . (8.7
Thus we have
94(0)=C¥ [ 6(E - E') p(E) p(E') n(E)dEdE’ (8. 8a)
=C¥ [ p?(E)n(E)dE , (8. 8b)
where
n(E) = [exp(BE) ~ 1] . (8.9)

We use the density of states as determined by
Ueyama and Matsubara® or by Mertens et al.!?
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From the graph in Ref. 12 we estimate that®
p(E)=0, E<12T  (8.10a)
p(E)=0.03(E - 12I')/T?%  12I'<E<18T (8.10Db)
p(E)=0.01(28T - E)/T?, 18T <E<28T" (8.10c)
p(E)=0, E>28T, (8.10d)

One can take account of the renormalization of the
excitation spectrum?® 228 a5 3 function of temper-
ature by using a temperature-dependent EQQ cou-
pling constant T" in our results. Using this density
of states we have evaluated the right-hand side of
Eq. (8.8b) in the limit (12T'/kT)> 1 as

94(0)~ (T) C¥(109)-*[18 exp(- 12y)
—(2249%+128y +16) exp(— 18y)

- 2exp(-28y)], (8.11)

where y=(I'/kT). For an alloy of (J=0) and (J=1)
molecules the simplest approximation is to assume
that all fields scale with the concentration x of
(J=1) molecules. Then Eq. (8.11) is still valid
providing we take y=xI"/2T, which gives a law of
corresponding states. Substitution of Eq. (8.11)
into Eq. (8.1) yields the following numerical re-
sults:

T,/T=5.5%x10* secK™?, y=1.00 (8.12a)
T,/T=1.0%x10% secK™, y=0.75 (8.12b)
T,/T=14 secK™, y=0.50 (8.12¢)
T,/T=2.2secK™, y=0.40 (8.12d)
for Hy, and
T,/T=3.2X10° secK™, y=1.00 (8.13a)
T,/T=0.6x10* sec K™, y=0.75 (8.13b)
T,/T=80 secK™, y=0.50 (8.13c)
T,/T=13 secK™, 9=0.40 (8.13d)

for D,. However, for D, this relaxation time is that
of the (J=1) molecules towards the lattice. A sys-
tematic comparison of these calculations with exper-
imental data is not yet possible, owing to the
scarcity of data, but we can check the order of
magnitude against the measurements of Smith et
al.**'* They find 7,(0.93, 2)=195 sec and

T,(0.87, 1.5)=130 sec, where the arguments of

T, are the concentration x and temperature 7.

From Eq. (8.11) taking Ty, =0.67 cm™ =0. 80T,

we obtain the theoretical values 7,(0. 93, 2) = 28

sec and T,(0.87,1.5)=230 sec. Itis clear that
more data areneeded to make a meaningful compari-
son, because the theoretical value of T depends
critically on the parameters. Taken at face value
the comparison above would suggest that perhaps
the libron spectrum does not scale linearly with
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concentration, and it is obvious that one cannot
reproduce the concentration dependence of the or-
der-disorder transition temperature T, with this
approximation.

Clearer evidence on this point may be obtained
from the measurements by Ramm et al.% of
(8p/8T)y in ordered D,. They find that for x>0.8
the gap scales as

A/k=(38.9x-19.0)°K . (8.14)

Accordingly, for given values of x and T we re-
place y in Eq. (8.13) by ye =A/192T, where A is
the empirically determined libron energy gap of
Eq. (8.14). Using these values of y,, we find
from Eq. (8.14) the theoretical values T,(0. 93, 2)
=90 sec and 7,(0.87, 1.5)=600 sec. Thus, even
use of Eq. (8.14) does not reproduce the very sharp
concentration dependence implied by the experi-
mental values of T7,.

In fact, one can derive a direct relationship be-
tween T and the specific heat C, which is propor-
tional to (8p/8T),. For this purpose consider Eq.
(8.2) when w=wy= 0. Note that the factor ng(1 +ng)
is just the specific heat of an oscillator of energy
Ep, apart from the missing factor (Ey/kT)?. Since
this factor varies much more slowly with energy
than the exponentials in the occupation numbers,
we consider it equalto (A/kT)?, where A is the
average libron energy gap. This argument thus
leads to the relation

; BT\? BT\ %(o
= (%) () (5),

Using Eq. (8.14) for the scaling factor of the libron
energy gap we obtain

-1 T 2(%
Ty m(:a. 9x—19.0) 8T) v *

From the work of Ref. 65, it is clear that the en-
ergy gap A is not temperature independent at con-
centrations low enough that A(x) is much less than
its value for x=1. Then A will vary weakly with
temperature, so the ratio T7}/[T%(8p/87T),] will vary
much less with temperature than either 75! or
T%(3p/87T)y.

IX. PAKE SPLITTING OF (J=0) MOLECULES IN D,

(8.15)

(8.16)

In I we discussed the Pake splitting for (J=1)
molecules in both H, and D,. A slight refinement
of these calculations is presented in Appendix E.
Here we consider the influence of (J=0) molecules
on the nuclear-magnetic-resonance behavior of
solid D, in its orientationally ordered phase. We
shall show that the NMR spectrum of the (J=0)
molecules is similar to, but less pronounced than,
the (J=1) molecules. To see this we consider the
interactions which align the molecules. According
to the effective field picture,®' ® each molecule
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sees a potential due to the other ordered molecules,

Vg = -2 4T (3cos?0,-1), (9.1)

where 6, is the angle between the molecular axis
and the local symmetry axis. In writing Eq. (9.1)
we have noted that V,, scales in proportion to the
concentration x of (J=1) molecules.®” We can cal-
culate the orientational ordering of even-J mole-
cules (=0 is no longer a perfect quantum number)

by

Cormn=(3€08%, = 1) pyon === 2. (9.2)
Using second-order perturbation theory we find
Ey=-(2/15B) (£xT)?, (9.3)
so that®®
Coyen =384T/9B=C (9.4)

to lowest order in I'/B. To find the nuclear-spin
states of the (J=0) molecules we use ¥y, ; of Eq.
(4. 2b), because for the value of C,,,, given in Eq.
(9. 4) the intermolecular dipolar interactions are
much smaller than the intramolecular interactions
of 3fyen, i+ In fact, since dy >dy, we shall treat

dy perturbatively. Then the (J=0) nuclear-spin
states are those given in Table VI. Thus, the NMR
spectrum will consist of absorptions at the frequen-
cies ¢+ v’ and a+v'’/, where

v =§C(3cos?8y,— 1) (15dy +5dy), I'=% (9.5a)

V"' =5C(3cos%0y, 1) (15d, — 15dy), I''=% (9.5b)

with the corresponding relative intensities I’ and

I'" as indicated. When averaged over a powder each
of these components gives rise to a Reif-Purcell'®
line shape with peaks at

ad:éC(15dQ +5dy) ,
a++C(15d, — 15d,) .

Thus, the (J=0) molecules have an average Pake
splitting of

(9. 6a)
(9. 6b)

(9.7a)
(9. 7b)

av=Cd,
~(95xT'd, /6B)~ 8. 8x kHz,

which is about one-tenth as large as that for the

TABLE VL.
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(J=1) molecules. For this estimate of Av we used
the renormalized value® of T',,~0. 67 cm™ and

also took account of the interactions of distant mole-
cules®® by replacing Ty by 1.1T,,,. A Pake
splitting has recently been observed via NMR®! with
very nearly the frequency we predict with an inten-
sity and concentration dependence in agreement with
our calculation. As mentioned, the anomalous width
in the NMR line shape of the (J=0) resonance ob-
served by Gaines et al.'” is probably also due to the
Pake splitting discussed here. Hence, we feel that
our prediction has been substantiated.

X. CONCLUSION

In this paper we have analyzed several phenomena
associated with the NMR properties of solid hydro-
gen. Generally, our calculations are in reasonable
agreement with the experimental data considering
the difficulties involved in such a comparison, viz.,
high-temperature expansions are only valid at
temperatures, say, above 10 °K, whereas the data
are meaningful only at lower temperatures.

More specifically, we summarize the results of
our calculations and the comparison with experiment
as follows:

(a) The contribution to the moments of the NMR
spectrum of H, from intermolecular dipolar inter-
actions is well understood. In particular, the con-
centration dependence of the phonon renormalization
of the dipolar interactions agrees with our predic-
tions.

(b) The temperature dependence of the second
and fourth moments in H, agrees qualitatively with
theory, especially in its concentration dependence.

(¢) From the dependence of the second moment
in D, on temperature we conclude that the (I=1)
nuclear spins do not always contribute to the NMR.
The weak temperature dependence is of the right
order of magnitude to be due to deformation of the
(J=0) state.

(d) The temperature and concentration dependence
of T, in both H, and D, agree quite well with theory
over a wide range of concentrations and tempera-
tures above 4 °K. The values of I'y,, needed to fit
the data at large x where the Gaussian approxima-
tion is useful agree with those obtained from the

Nuclear-spin states of (/=0) D, molecules.

State?®

Energyb

[+2)= | 1, +1)
l+1)=2-12 |+ 1, 0)+ 10, +1}
10, 00= 10, 0

lo, p=2-12|1, -1)+ | -1, 1)}

F2a +5C(3 cos’0yg — 1)(5dg — 5dy)
F a+3C(3 cos®0yg —1)(— 5dg+5d,,)
- 3C(3 cos®oys —1)dg

1C@ cos’ys —1)(5dq +5dy)

3States on the right are given in terms of the m; values of the two nuclear spins.
PParameters a, dq, and dy are given in Table I, C is given by Eq. (9.4), and 6yg is the angle between the magnetic

field and the local symmetry axis.
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low -concentration regime where our modification
of Sung’s theory is valid. These values of ',
are slightly smaller, however, than those derived
from other experimental determinations® of T',.

(e) We have supporting evidence for the validity
of the Gaussian approximation at infinite tempera-
ture in that the fourth frequency moment of the
spectral function is about three times the square
of the second moment. We also found that the de-
pendence of T, on magnetic field orientation is
negligibly small.

(f) We presented explicit analytical formulas for
T, in the orientationally ordered phase based on
the model of libron scattering and using the density
of states calculated by Mertens et al. Only crude
comparisons could be made with experimental data
at the present time.

(g) We calculated, for ordered D, — and NMR
measurements have since detected — a Pake split-
ting of about 9 kHz for the (J=0) molecules. This
splitting is due to intramolecular interactions
which are not completely washed out when the per-
turbative alignment of (J=0) molecules in the
effective field due to EQQ interactions is taken into
account.

We seem to have a reasonable understanding of
the topics treated here. Other topics which are
less well understood and which are under investi-
gation at present are (a) cross relaxation in D, in
(i) the diffusion-dominated regime and (ii) in the
ordered phase, and (b) the NMR spectrum at low

concentration in the millidegree temperature range.

Both these phenomena depend more sensitively on
the details of the processes involved and are less
susceptible to moment methods which we have used
so extensively in this paper.
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APPENDIX A: HIGH-TEMPERATURE EXPANSION FOR M,

In this Appendix we evaluate the second term in
the high-temperature expansion of the second mo-
ment of the NMR spectrum M3 and thereby veri-
fy Eq. (3.39). Substituting Eq. (3. 30c) into Eq.
(3.19b) we obtain, correct to order £°,

M2 = 9dPm(36)2 ({20, (= 1) ( Y5 (wo)
X (562 = 3B3C%))  { Yh(wg) (6€% - 5 BH%)) w))q-

(A1)
We have already evaluated this expression to order

B*in Eq. (3.37). Let us therefore consider only
those terms in Mi*** proportional to g°, which we
denote by M{*’. From Eq. (A1) we have

M = -3 Ty (- DI Y3 w0 %)
X 4(w)36%) ), (A2)
== S EETH(E  F g5 V6,
' (A2Db)

where & is a nearest-neighbor vector, and we have
used Eq. (3.33). In Eq. (A2b) the quantization axis
is arbitrary. Expressing I in terms of the individ-
ual pairwise interactions and using the operator
equivalents, we may write

M =2 @ (BT A+B+C)), , (A3)
where
AT?= 25 (1) YA®)( 75" (o) % Y, (Ada)
1,6, 06
Br*=3 2, (-1)}Yi()
l.ﬁ,&',‘i‘
X { T3 Kgze 3 2) (1 = B3,0), (A4p)
Ccre=3 (-1)' Y3(3)
1L,3,5,80
X ( TEI(JO)GCoal chcan Zcogu>, . (A4C)

Since the average of three spherical harmonics is
independent of how they are ordered [see Eq. (Al1b)
below], it is unnecessary to symmetrize the pro-
ducts of operators appearing in these equations.
Here 5, &', and '’ are nearest-neighbors vectors.
First let us evaluate A. Here it is obviously
convenient to choose the quantization axis to lie

along 5’. From Table IV we find

Tr(3J% - 2)3¢5 = — 15072 (A5a)
which yields

(T30 Yoo == 8,0 R T3(5/16m)1/2, (A5b)
so that

A=-20(5/167)/2 523 Y3(8) . (A6)

Thus, using Eqs. (3.36) and (3. 38) we find
(AN, =-125x(1 - x)/7 . (A7)

Substitution of this evaluation into Eq. (A3) yields
the term proportional to ST in the square bracket
of Eq. (3.39).

We now complete the verification of Eq. (3.39) by
showing that the evaluation of B and C in Eq. (A3)
gives the other term in the square bracket of Eq.
(3.39). It is easy to see that the alloy average of
B may be written as

{BNg=by+by, (A8)

where
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5T =3x%(1 - x) 23 (-1)'Y4(8) (1 - ag3)
1,6,6"
X5 (o) 53 365 5.0 Y (A9a)
b,T%=3x%(1 - %) (-1 YHE)
1,8,8
X (T3 ) Ko 5CEog) o - (A9b)

In b, we take the quantization axis along &’ to sim-
plify ch, i-3. Then using Eq. (2.9) we have

by =3x2(1 - x) (&7)% (70)%/2 ($r)1/2

X2 (=P T I TR T2 (J3) T3y

1,8,8
XT3 3.30) T35 (J3) T3 (J3.50)) = C(2, 2, 4; m, m)
xXC(2,2,4;s,~5)C(2,2,4;t, - 1)
X (1 - ag5) Ym@)x.

Since operators on different sites are independent,
we can evaluate the average in Eq. (A10) using
the averages for a single site,

(7575 =(-=1"4,,,(5/8n), (Alla)
(TFTETEY 0= (= 1)" Dpponay, 0 (5/64m) (70/7)1/ 2

(A10)

X C(2, 2, 2; m,n), (Al11Dp)
which can be obtained using Eq. (2.6). Thus, we
have

b= P12 25 (1-835)
1,5, 6,6
xXC(2,2,2;0,s) C(2,2,4;1,0)
X C(2,2,4;s, —s)? YE(3) Y3(3)* . (A12)

To evaluate this expression we use the relations

2. C(2,2,2,0,m)C(2,2, 4 m, -m)=—3 V14

(A13)
and®
2m C(L, L', J; m, M~ m) YQ) YYim(Q)
=[(2L +1) (2L’ +1)/(4m) (2J +1)]'/2
x C(L, L', J;0,0) Y (Q), (A14)
and also Eq. (3.38), whence
by =2502(1 - x)/7 . (A15)

The evaluation of b, is similar. The quantization
axis is taken to lie along § —6’. We again use

Eq. (A13), but not (A14) because the arguments of
the spherical harmonics are different in the pres-

ent case. Thus, we find
by==F V14 (1-x) 2 C(2, 2 41,00 Yi3)Yi(3" ),

1,6,6°

(A16)

where here and below the prime indicates that the
sum is taken over values such that § — §’ is a near-
est-neighbor vector. Numerically we obtain
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by =—(7375/16m) x*(1 — x) . (A17)

Finally, we evaluate the powder average of C as
defined in Eq. (A4c). We take the powder average
by inclusion in the lattice sum of the factor

x3+A~gg: xz(l —x)+A'g’gn xz(l ‘x) .

Note that by Eq. (3.38) the term proportional to x°
vanishes. Keeping only those terms whose average
is nonvanishing we have

{ CYyo=62%1 = x) (5/4m)/2(& )% (70)3/2(4)1/2
x 2" (T TR T3" U5)T5™(T,) T35

6,6',myn

(A18)

X TQ”(JE)TE"(JE'»mC(z; 2, 4; m, = m)

XC(2, 2, 4;m, —n)2 Y3™ (8 YT"(Qg.)*,
(A19)

where Qg specifies the orientation of 3 — &’ with
respect to 5. Since we have taken the quantization
axis to lie along 5, only the (=0) term in Eq.

(Ad4c) is nonzero. Again we may evaluate the aver-
age using Eq. (Al1). Also we note that all the 24
equilateral triangles (0, 5, 5 ) give the same con-
tribution to Eq. (A19) so that

{CY,=(39200V5/27) x2(1 - x)
x22C(2,2,2;m, ~m) C(2, 2, 4; m, —m) (= 1)

mr

XC(2,2,4; m, v —m)?| V}(3")|? (A20a)
=(35v5/1927) 2., S, C(2, 2, 2; m, — m)
x C(2, 2, 4; m, — m), (A20b)
where we have set
Y7 (R % = Y5(6")
and
Sa=T01 730 | V4(3") | 3= 1)7 C(2, 2, 4; m, ¥ — m)2.
(a21)
Numerically we find
S,=-181, §,=-2039, S,=-%3  (A22)
which gives
{CYy=-125(199/1287) x*(1 - %) . (A23)

Combining the results of Eqs. (A15), (A17), and
(A23), we reproduce Eq. (3.39) of the text.

APPENDIX B: MOMENTS OF SPECTRAL WEIGHT FUNCTION
1. Moments of Spectral Weight Function at High Temperature

In this section we evaluate the constant B defined
in Eq. (6.30b). As we shall see, this constant is
related to one of the terms appearing in the high-
temperature expansion of the specific heat.

Inserting the explicit expression for the Hamil-
tonian into Eq. (6. 30b), and taking the quantization



axis along §, we may write Bas
B=[3n (L +3)] (&) (70)(§n) /2
X 25 C(2,2, 4m, -m)C(2,2,4;m, —n) Y™

wmn

X (2,50 )% { T5"(J3) 35,30 T3(8"))

X([72Wo), TR [72"W0); T2 (o)D) (= 1)
(B1)

where Qg specifies the orientation of & -5 with
respect to 5. Here and below we need consider
only the special values L=1and L=2. Then,
according to Eqgs. (2.6a) and (2.8) we have

([75 (o), 73We)] [T3"(0), T (o))
=[a(L,2,3-L) C(L,2,3~L; u, mJ
X (=1)**™(6 -~ L)/8m,
so that

(B2)

B=[(6-L)/(L+3)]& &) (70) (4m)!/?
X2 (=)™ C(2, 2, 4; m, —m) C(2,2, 4 m, —n)

X T3™(J3) 3z T2(F3e )Y 22[C(L, 2,8 = L; 1, m)
u

x a(L, 2, 3- L) Y1™(Q43. )* (B3)
Noting that
23, C¥(L,2,3-L;u, m)=5(7-2L), (B4)

and also using the values from Table III, [a(2, 2, 1)]?
=(750/647) and [a(1, 1, 2)]?=(9/27), we write

=(9/287) (&7)? (70) (3 m)!/2
X2 (=1)"C(2, 2, 4; m, -m) C(2,2,4; m, —n)
mn

X V™ (R )*( T3 (J3) 300 T35 ) . (B5)

As mentioned above, this expression is quite sim-
ilar to the average

(egz3Css Sz ) =BT?

which Nakamura?® evaluated as that part of the
specific heat at high temperature which is propor-
tional to (BT'x)’. We have

BT = (5/8) (£m)%(70) (4)1/2

X2 (=1)" C(2, 2, 4 m, —m) C(2,2, 4; m, —n)
mn

X Y§™(Qg50 * (B6a)

J

(T3"(W3) 3 T5(T50))

(rom )2 23 2

Mymynyyv mfyn' ut,v* 628

Tl = (]4% TTr)4

X YT-l-n(S)* Yﬂ4n' +n' (6') Y‘i +v(8)*

XC(2,3-L,L; u,M+m) C(2,3~-L,L; u', M+m')
XU (Jo) TH(3) TR [T (T 78 () T8 (T30) [N w -
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EC(224mn)C(2241.L,

Y4 (3') C(2, L, 3~ L; m,
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(B6b)
By comparing Eqgs. (B5) and (B6), we see that

= 3095
1536 -

B=18T, (B7)
which gives
B=181Ir | (B8)

in agreement with Eq. (6.32).
2. Fourth Moment of Spectral Weight Function

In this section we sketch the evaluation of the con-
tributions to the fourth moment of the spectral
weight function at infinite temperature. Since the
calculations are rather long and nearly repetitive,
this exposition will be illustrative rather than
comprehensive. For these calculations of the con-
stants T,, T3, T4 and T; introduced in Sec R
we need the following expressions for o (5 §") and
P!(3,5+3"), which may be obtained using Egs.

(2 6) and (2. 9):

04(3,5")= 81T (70m) 2 C(2,2,4;m,n)

My Ny by V
XC(2, 2, 4; 1, v) Y7*(B)* Y (5")*
x a(2,L,3-L) C(2,L,3-L;m, M)

x{a(2,3-L,L) C(2,3-L,L; u, m+M)

X T ) TH) THER)

+AE,E’ {a(27 2’ 1) C(z, 2, 1; v, n)
XTI T8 (o) 7T (3)] h (B9)

->

PI3,5+8")=(8aT)2(701) 2 C(2,2, 4;m,n)

oty

X C(2 24 val21)

x a(2,L,3-L)C(2,2,1;v,n)

x C(2,L,3-L;m, M) Y}™(3)*

XYPE T () T4 (F.3) TT(ITR).
(B10)

We f1rst consider T, and note that the operators
of site 6 do not appear in 04 (5' 6 ’) and that those
of site ' do not appear in OL(G 3). Hence, the
terms in T#*” will vanish when the average at in-
finite temperature is taken. Thus, we have

) C(2,2,4;m',n') C(2,2,4; 1, V)

M)C(2,L,3-L;m', M)[a(2,3-L, L)

(B11)
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We take the quantization axis along 3, so that u+v=m+n=0and m+ p=m'+ p’. Thus, we obtain

T, = (87T)* (70m)2 (9/4m) [@(2, L, 3~ L) a(2, 3L, L)]? 2 2 325 C(2,2,4;,m,-m) C2,2 4 m+o,n')?
Mymyn’ ,0 6#6*

XY (87) yimo (3') C(2, L, 3~ Ly m, M) C(2,L, 3~ L; m+0, M) C(2,3~L, L; —m, m+M)

XC(2,3-L,L; —m—0, M+m+0){TEJ) 74D (=1)""" (5/87)%, (B12)
|
where we have set m' =m +o0. where z=12 is the number of nearest neighbors.
Throughout this section we shall find it conven- After some manipulations we find
ient to use the approximation

%} (1 - ag) | Y262

T,=( T, 7}). xT*(98000) {#% (2L +1) (7-2L)?

~z/4n ~ | Y5(0)|2= (12 - 98,)/4n, (B13) -[82L+1)s, /(1-2L)]},  (B14)
|
where
Sp= 2 C(2,2 4;m, —m)2C(2, 2,4 n, —n)? C(2, L, 3-L; —n, M)?C(2, L, 3 - L; m, M)? (B15)
nymyM

and Sy, assumes the values given in Eq. (6. 25).
Next we construct 7% using Eq. (B9) for 0%(5,3'):

T4 =2x2(384T)? (012 [@(2, L,3-L)a(2,3-L, L) 2 2 2 C(2,2 4;,m,n) C2,24;u,v)

Mynythy vy M m'yn' E#E'
X C(2,2,4;m',n')C(2,2,4; u',v') C(2,L,3-L;m, M) C(2,L,3~L;m’', M) C(2,3-L; 1t, M+m)
XC(2,3-L, L; p', M+m") Yy*"(@)* Y4 (8 )* Y7+ (5)

XY BT T A THTE )« (THTE Y w0 Ayt vt - (B16)
After a calculation similar to that for T, we find
that
T=(TT})+*T*(19600) {3% (2L +1)? (7-2L) - [(7 - 2L)S,.;, /(2L +1)] } . (B17)

To evaluate T} we start from the expression
[ [5¢oze, 53], T4 (o)== GRaT)2 (70m) 25 C(2, 2, 4;m,n) C(2, 2, 4; u, v) YP*(3"* Y4 (3)*a(2, 2,1) a(L, 1, L)

MyNy by V
X C(2,2,1;m, p) C(L, 1, L; My m+ p) T3z ) Ty T4 o) (B18)
which can be obtained from Eqgs. (2.6) and (2.9). Inserting this expression into Eq. (6.23b) we find that

Tiz - %xz (ﬁg’lrl")d‘ (7077)2 (5/8’"’)2< TL T1i,>w E ZZ C(27 2’ 4; m, n) c(z; 2) 4; M, V) C(27 2’ 4; m+o0, ’ﬂ)

Mymyny iy v,0 6#6°

XC(2,2, 4; =0, v) YP"(B'* Y1 o(5") yir B« Y4*2(3) [a(2, 2, 1) a(L, 1, L) C(2, 2, 1; m, 1)

XC(2,2,1;m+0, p=0) C(L, 1, L; M, m+ ). (B19)
[
After simplification this may be written as x C(2,2,4;m, w2 (B21)
Ty=—(T 75 x*T*2L + 1) (2L - 1) 2§2(36 - 257), Numerical evaluation yields T=£%, so that
(B20) T) ==7000{ 7, T}) o x?T42L + 1) (2L~ 1). (B22)
where M(.. - ..,)
Finally, using the expression for P;(5,0 +06
- . 2 . 2 ’ ’
T= ;EMC(?’ 2,8;m.—m)* C(2,2,4; b, - ) given in Eq. (B10) we write T in the form
]
Ts=@E ) (T0m?2 2. 2 2. 02,2, 4;m",n") C(2,2,4; 1,1 C2,2,4;m,7) C(2,2,4; 1",V

M,mn, w,v m',n’,u’,v’ 6#6'
x C(2,2,1;v,n) C(2,2,1;v,%n’) C(2,L,3-L;m,M) C(2,L,3-L;m’, M) [a(2,2,1) (2, L,3-L)]?

XYPm (@) v () vt (8 vy (B (T T8 1) e B (1/2T) A v we By (5/87) . (B23)
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When simplified, this expression becomes

T =39204°TH T, T1), (36 —25T) , (B24)
so that
T5=12600x°T*( T ,7%). . (B25)

The results of this section are summarized in Eq.
(6.24).

APPENDIX C: EVALUATION OF M 4(T)

In this appendix we evaluate the leading terms
in the high-temperature expansion for M,. We have
already calculated the temperature-independent
terms in Eq. (3.22) due to intermolecular interac-
tions. Let us now evaluate those terms which in-
volve A; and which are thus temperature dependent.

First we consider the term linear in A; and de-
note its contribution to M, as M, We have®

MP = GUXN) A2 1 ABSs (X3 - 3X0) X5 ))pq -
(c1)

From Eqgs. (3.5) and (3. 34) we see that to lowest or-
der in BT

A0=€%;32r232 (3 cos?05-1) . (c2)
, Tg=1
Thus, Eq. (C1) becomes
=%dﬁ r2<< Z; (3 COS _I)BOI"Xf»Pa .
88,71

(C3)
Again the alloy average is taken by including the
factor fz(é ¥). Using Eq. (3.38) and also Eq. (3.5a)
for By, we find

Mm = zjKen d(ﬁl")zx(l -x)((Zs (3 005295 - 1)4»::-

(Cq)

Here and throughout this section we shall for con-
venience renormalize all interactions identically

by replacing K, by K. Since the effect of nearest
neighbors is dominant, this approximation is a

good one. It is readily verified that
(((3cos®0g-1)*), =%, (C5)
so that in all,
MY =38gS d(ET)?x(1-x) . (ce6)

The term in Eq. (3.21) in A% is denoted by M.
We have from Eq. (3.21) the analog of Eq. (C3):
MP =328 ap’T%)?2( ] 2. (3cos®z-1)

5,8, J=1

X (3 cos®0g — 1) (3 cos?6z — 1) K2 (R /7)*))pa-
(cm
To take the alloy average we now include the prob-
ability factor
fs(G,E’,F) =x0+x%(1 = x) (85,5 +Bg,2+ A 2)

+2(1-%) (1 - 2¢) A3 3 Az (c8)
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Using Eq. (3.38) we can eliminate most of the
terms:

MP =32x(1 —x) B K o dB*T?)?

x((xZ (3 cos?6; - 1)% (3 cos®0: — 1)% (Ry /7)®

+(1 - Zx)Z (3 cos®03-1)*)),.

The second term 1ns1de the powder average is
simple, cf. Eq. (C5). The first term is rather
complicated. Whenthe sum over T is restricted to
nearest neighbors, the exact result is obtained after
some manipulations as

(([ 275 (3 cos?0, - 1)2]2)),=92.8.

However, a sufficient approximation for our pur-
poses is to replace each term by its average:

({(3cos®6; — 1) (3 cos?dy — 1)2)),
~(( (3 cos®0; - 1)%)), ({(B cos?hz —1)%)),=(#)?,
(C11)

which then gives 92.16 instead of 92.8 in Eq. (C10).
We shall make use of these types of approximations

(c9)

(C10)

without comment wherever it is convenient. Thus,
Eq. (C9) is
MP =384x(1 - x) (Bd Ky B2T7)?
X[ xSy +£(1 - 2x)]. (C12)

This term can be written in another form within the
approximation of Eq. (C11):

MP % 32d2(( $A0X0)) pa 2 B 20 - (C13)
But these quantities are exactly expressible in
terms of M,(T) and My():

MP =1 [My(T) — My()] My() (C14)

We shall find this formula very useful, because it
will enable us to avoid some of the uncertainties as
associated with truncating the high-temperature
expansion.

Finally, we consider the term in A} in Eq. (3.22)
which we denote M{¥. Using Eq. (C2) we write
this term as

M®~4@Eagr)*( 22  (3cos®9,-1) (3cos?h,; - 1)
ijrl; J=1
X (3 cos?d, - 1) (3cos?9, ~1))),, , (C15)
the sums bemg restricted to (J=1) molecules. The

powder average is taken by including the probability
factor
Fali, Gy by D)= xt + 53 (1 = 2) (B + By + By + Byt By + By)
+x2(1 - %) (1 - 2x)
X (BB + BBy + Byl + B gpByy)
+ 2021 = %)% (BB + BBy + BB )

+x(1 - x)[1 -6x(1 - x)]Ay;8,,4,, . (C16)



3522

Again owing to Eq. (3. 38) only a few terms survive:
M®~H8BapT?)* x(1 - x) ( 3x(1 - x)
X[ 20 (3 cos®0z — 1)2]2+[1 - 6x(1 — x)]
X 2% (3cos®0; - 1)4y),.

We obtain a numerical evaluation of this result us-
ing Eq. (C5) and (C10):

M® = (dper®)* (1 - x) [177+1913x(1 - x)]. (C18)

(c17)

This completes our analysis of M, at high temper-
atures.

APPENDIX D: CALCULATION OF M, IN D, ASSUMING
ONLY EVEN- MOLECULES RESONATE

In this Appendix we evaluate the second moment
assuming that only the nuclear spins of the even-J
molecules take part in the resonance. To imple-
ment this assumption we revise the definition of
Dj:

Xpi= L I3, (D1)
i even J ;
which gives, for instance,
IQ:%Q(I—JC) . (DZ)

To calculate Mi™°" we consider the (I=1) nuclear
spins as being of a different species because their
Pake splittings are large compared to the dipolar
widths, at least at temperatures below 15 °K, say.
We can thus use the formula for “unlike” spins
given by Abragam.% Here the unlike spins have
the same gyromagnetic ratios so we obtain

MRt = [3(1 — x) +& x|[12K2,, + (S, — 12)K2]
=%(45- 37x)[12K oo+ (So— 12) K3].
This result is actually not so very different from

that obtained when all nuclear spins resonate, Eq.

(4.5).
A more significant difference with the previous
case will occur for M3***, Here we wish to evalu-

ate

(D3a)
(D3b)

L1(5d2 - 2dgdy +3d%) 2y [ YH©1)) even ®
(D4)

This result can be obtained from Eq. (4.11) by
noting that the odd-J term is deleted, and one must
replace 5 - 3x by 5~ 5x to take account of the dif-
ference in I,. To evaluate this expression it is
necessary to calculate the deformation of the (J=0)
ground state in order to get a nonzero result for
the summation.

We shall perform this calculation assuming that
such a deformation is simply due to the off-diagonal
(in J) terms in the EQQ interaction, which, for
such work, must clearly be taken in the form given
in Eq. (2.1) or (2.3). Using second-order pertur-
bation theory, we find

intra _
M =
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|

(Yén(wo)“>
=-— E<[<oolY"'«uo);lzmxszffcualom

+ 00!5%3! 2m)( 2m| Y} (we)s]00) [y, (D5)

where the quantum numbers are J and m; for the
even-J molecule at the origin, and the thermody-
namic average is over the orientations of all other
molecules. The sum over § is restricted to (J=1)
molecules for reasons which will become clear in
a moment. Hence,

(Y3 (wo)) = - (1/3B) EI D2, (xs)*
om
*({( 00| Yi(wo)s| 2m) ( 2m |35 00) })7, (D)
or, using Eq. (2.3), we write
(VY (wols) = - (1/33)321 D, (xse)* V70T,

XC(2,2,4;1 -1 (- 1) { Yiwz)s) -
(D7)
Because they are less oriented, even-J molecules
make less of a contribution to the summation, and
hence are omitted. Use of this result in Eq. (D4)
yields

Méntrazﬂ(d'/B)z . E
8,5%,1,1°,1
XD (xz0) C(2,2,4;1, -1) C(2,2, 41, -1")

X(= D" (Yiws))r (V5 (wp)ee )7,  (D8)

70 (BTo)* D2 (xs5)*

where
5d 2 =5d% ~ 2dyd, +3dZ .

We now substitute Eq. (3.34) and use the unitarity
of the D matrices to write

73213\ 2
MEM2 =707 <25dﬁ L ) .. .2 D) (xpes)*

54B 8,87,5,,8%, 1,25 7=1

xXC(2,2,4;1,-1) C2, 2,41, -1") (-1)"*"
YY (B8N (DY)

We now must include the probability factor

X Yé(sl)g

£4(5,5+8,8, 8 +8)
that the molecules at 5, 5/, 5+5,, and &+ 5, have
J =1 when the origin is occupied by an even-J
molecule. For a random alloy
Fula, b, ¢, d)
=xt e x3(1 = %) (A + Dgg + Ao+ Ayg)
— x4 (Bgo+ Bgo) = 2°(1 = 2x) Ayglgg
+ 531 = %)% (B, 0B pg + DygBos)
= 2%(1 = %) (850850 + BagBpo + BpeBag + BycBgo)
= %%(1 = %) (1= 2x) 8y 0Bp08g0 (D10)
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when a, ¢, b-a, and d - ¢ are nearest-neighbor
vectors According to Eq. (3.38) free sums over
51 and 51 vanish, so that the only nonzero terms are
those arising from the following terms in f4

fa~ 21 - x) A3.8,,5 48— (1 -2x) 85, 3, B3, -5

+x2(1 x)z Aa g Abl' " +x2(1 - A5 8 +5¢ A5+51,5'
-x%1 -x) 5,345y 85,5, — 31 -« A%, 545, B, 8

- (1= %) (1 - 2x) Az, 3 A58 45,43, - (D11)

We write Mi™™ as a sum of terms each one corre-
sponding in order to each of the terms in Eq. (D11):

7R2713 2
Mintra 70<_2-§fd_(_§%.__—gx> [Clx(l -x) - sz(l - 2x)

+(C3+Cy) (1 = %)%= (Cs+ Cg) x(1 — x)
-Cy(1-x)(1-2x)]. (D12)

We evaluated the constants C; numerically and
found the following results:

C,~32, (D13a)
C,=0, (D13Db)
C,=144, (D13c)
C,= 32, (D13d)
C5=Cg~ ~ 16, (D13e)
C,=32. (D13f)

To see the meaning of our results we give a numer-
ical value of M™*™ for T'=6 °K with

Ty =0.70 cm™=0. 83T, ,

M3*™~0.012 (kHz)? for x=0.5 . (b14)

At least this result is of the correct order of mag-
nitude, as contrasted to the very much larger
values obtained when the (I=1) molecules are not
excluded from the resonance. Hence, our explana-
tion does seem to give a reasonable account of the
experimental data.

APPENDIX E: CONTRIBUTION OF NEIGHBORING MOLE-
CULES TO THE ELECTRIC FIELD GRADIENT

In this appendix we evaluate the shift in the Pake
splitting of (J=1) D, molecules due to the electric
field gradient (EFG) present in the ordered cubic
structure. In place of Eq. (2.15) we now write the
nuclear-spin Hamiltonian for a molecule as

B3 g
=—al,-bJ, -cf-E

+(“/2)2( 7 3)[(1 1), 3(1(1)

n)('i’(Z) . ;L)]

82 -
+eQN;;V§[3(i‘”- 2+3(1? - 2)2-2iG+1)]
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£ [3(T0 . 7g)2 4 3(1® . 71p)2 - 236 + 1)].

(ED
Here V,(¥) is the electrostatic potential due to the
quadrupole moments of other molecules, #, denotes
the equilibrium orientation (along one of the [111]
directions) of the molecule in question, and the z
axis coincides with 7. It may be shown'® that in
the quantum-mechanical ground state we have
approximately

3(TW . 22 -2~ 2[3(TM. %)% -2] . (E2)

In that case we may write the last two terms in Eq.
(E1) as

2 (927 82V,
a3 () « G )]
X[3(TD . 7l +3(1® . 72 - 4] . (E3)

Together with Eq. (2.16d) this result shows that we
may include the effect of the EFG of other mole-
cules by using an effective value of d,%

+eQN 8

2 2 2
tar=e@u(3 5+ 5) )

Let us now evaluate the EFG, 8%V,/ 022, for the
ordered phase. We do this by calculating the libron
energy via a semiclassical method whereby the re-
sult is expressed in terms of the EFG. By equating
the libron energy to its known'®22 %% yalue, we
evaluate the EFG in terms of I'. We start by writing
the electrostic energy V as

V= V&) pddF, (E5)

where the integration is over the charge distribu-
tion p(¥) of the molecule. Expanding V(7) about
the center of gravity of the molecule, we obtain

- 82
V=i [o@ 5l Gat-boa (E6)

Here we have used the fact that V2V (¥)=0, and also
that the EFG has symmetry about the equilibrium
axis. We write Eq. (E6) as

1/

where the outer subscript indicates the quantization
axis. Using the transformation properties of spheri-
cal harmonics, we may write

T BZV 0/ - Yo e 2 g
== ?Z—Eﬁ Yz(")ﬁo p(¥) Y(T), 72 dT, (E8)
where 7 specifies the orientation of the molecule.

We thus obtain the result

V=3 % Qe[3(- ny)? - 1]. (E9)

Using the operator equivalents, we write the quan-
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tum mechanical Hamiltonian 3C as

se=-L 2% goar_g) .

10 oz (E10)

Thus, from this calculation we obtain the libron en-
ergy 19T" as

2
19T =30(J,=+1) -5(J,=0) = - & Qe %;gc , (E11)

so that
8%y 190 T
_— Y
522 3 Qe (E12)
Using Eq. (E3) we find d to be
190 Q, T
- Bl 7
datt d<1 3 Q hd) (E13)

Taking @y =2.74%107%" cm? and @ =1.38x%10°!" cm?,

A. BROOKS HARRIS

(1M

we find®®
dyge =0. 99d.

1t is easy to see that this 1% correction is in fact
proportional to the concentration x of the (J=1)
molecules. Hence, we revise slightly Eq. (7. 3b)
of Ito read

Av="75.72£(1+0.066x - 0.02x"') for D,.

(E14)

(E15)

We have also included in this result the factor £
which incorporates the additional zero-point motion
[£~0.98, see Eq. (5.37) in I] due to libron-phonon
interactions.

For H, there are obviously no EFG corrections,
so that including the effect of §, we obtain from Eq.
(7.3a)of I

Av=173.0£(1+0.032x - 0.02x™!) for H,. (E16)
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