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considers the roughness-induced scattering of
the incident light into surface plasmon modes,
and subsequent decay of the surface plasmons
by absorption or reradiation through further
scattering. The model appears especially suited
to the case of metal gratings" and to cases where
the scattering of surface plasmons is weak. ' We
will show in the following paper that the model
predicts the angular variation of the s-and p-scat-

tered light and the anomalous light quite well. In
this approach, however, it is necessary to make
assumptions about the strength of the coupling
between surface plasmon and roughness, and it
is difficult to incorporate absorption consistently
into the model. The microscopic approach we
have outlined above appears more intuitive, es-
pecially for the case of rough surfaces with
short-wavelength variations.
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In the preceding paper we described the measurements of the scattering, reflectivity, and
transmission of light by metals whose surfaces were rough on a microscopic scale. In this
paper we develop further the two theoretical approaches outlined in that paper. The first ap-
proach considers the radiation from surface currents modulated by the surface roughness.
The second approach considers a model surface for which the reflection properties can be
solved exactly, the model consisting of metal spheres located above a smooth metal surface.
The two approaches demonstrate all the physical phenomena reported in the preceding exper-
imental paper.

I. INTRODUCTION

The optical properties of the various rough sur-
faces we investigated in the preceding paper were
surprisingly similar, depending mainly upon
whether we were in a metallic region, a dielectric
region, or a damped metallic region. However,
none of the theories referred to in that paper gave

a satisfactory description of their properties.
In this paper, we develop two different approaches

to the problem of absorption and scattering by rough
metal surfaces. The first approach considers the
radiation from surface currents induced by the in-
cident light. The surface currents are taken to be
of two parts: the usual polarization currents of a
smooth surface now modulated by the roughness,
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and extra surface-plasmon currents. We use the
approach first initiated by Stern, ' who calculated
the radiation from the roughness modulated trans-
verse-plasmon currents in a thin film. We have
solved the problem for polarization and plasmon
currents running parallel to the surface. This ap-
proach predicts very well the observed vector de-
pendence of the background scattered light and the
anomalous surface-plasmon radiation.

The second approach calculates the reflectance
of a model surface consisting of spheres located
just above a smooth metal surface. This is not
as realistic a model as that of Berreman, who
considered hemispheres located on an otherwise
smooth surface, but it has the important advantage
that it can be solved exactly, and thus shows up the
limitations of the earlier calculations. Twersky'
calculated a similar model only for an infinite con-
ductivity surface. Berreman calculated only to
first order in the parameter x= 2'/X, with a the
hemisphere radius, and in first order one retains
only the dipole absorption effects. As we de-
scribed in the previous paper, a simple considera-
tion of spheres shows that higher-order radiation
effects will be important for the roughness dimen-
sions of our experiments.

II. RADIATION BY SURFACE CURRENTS

A. s- and p-Scattered Light

Electromagnetic fields in the presence of metal-
lic boundaries give rise to induced surface charges
and surface currents, and these are the origin of
the reflected fields. For instance, when a plane
wave is incident upon a flat metal surface, currents
are set up in the skin depth having the same wave
vector along the surface as the incident wave. The
radiation from these currents must have the same
component of wave vector in the surface in order
to match the boundary conditions on the electric
and magnetic fields. As a consequence radiation
is only found in the specular direction.

When the surface is rough, the currents have
normal as well as tangential wave vectors and the
wave vector along the surface is modulated by the
height variations. It is convenient to Fourier-ana-
lyze the height variation into components of differ-
ent wavelengths, and the currents are then modu-
lated along the surface with these periodicities. In

order to find their radiation pattern one should in-
tegrate the appropriate Green's function over the
actual volume in which the currents exist. As an
approximation, we will consider the radiation from
currents on a mean surface, their amplitudes mod-
ulated with the surface periodicity.

Well away from the resonance regions we need
consider only the polarization currents. These are

responsible for the scattering in the dielectric re-
gion and for the background scattering for wave-
lengths much larger than X,& (see the preceding
paper). To calculate the angular distribution of
the radiation from these currents we proceed as
follows. We write for the current

As shown in the Appendix, the scattered intensity
per unit solid angle per unit area from the com-
ponent jg e ~"' is

dA 8&
cos 8 n xAg

dI c 4 g ~ ~ 3

where n is a unit vector in the radiation direction
at an angle 8 from the normal and k = &o/c; since
the radiation is found at angle 8, ) K) must equal
(&u/c)sin8. The strength of the radiation is propor-
tional to the square of the vector potential Ag of the
fields associated with this current, and expressions
for the s andg components of Ait are derived in the
Appendix. )Ag) is proportional to ) jg), where

(jg '=
4 I I j(r) j(r')e'~'~ "&r&r' .

The scattered intensity is thus determined by the
correlation between the currents at two points in
the surface. The latter can be written in terms of
a current autocorrelation function g (f) defined by
the expression

g(f)= 1 j (r) ~ j (r —g) dr

f is a length along the surface. ) jg) is thus given
by

If the currents are completely random on the sur-
face, g(f) equals zero except for )=0. If the cur-
rents are correlated over a distance a, g (f) falls
to zero for f greater than a. Since g (i;) is never
known exactly for any particular surface, it is
usually assumed to have a Gaussian distribution:

g (g) fa e -0 la

The expression for the radiation in fact is com-
pletely general, valid for any kind of modulation'—
height, density fluctuations, etc. Io measures the
strength of modulation. For the case of a rough
surface, we can estimate the parameters deter-
mining Io. The scattered radiation comes from
currents flowing in the bumps of the surface (Fig. I)
and the vector potential is given by a volume inte-
gral of the current density in the bump, and thus
is proportional to the volume of the bump 6a . If
N is the number of bumps per unit area, )Ag} is
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FIG. 1. Schematic current distribution on a rough
surface ~

proportional to Nd a or (& a ) (Na ) N. a is a
factor of order unity. Io is thus proportional to
6a.

Finally, the current in the metal is related to
the incident electric field

l0-

3m =OE~ = o'tEO ~

E, and Eo are the fields in the metal and outside,
respectively, t is the transmission of the boundary,
and o is the metal's conductivity.

To obtain the total intensity reaching the detector
we sum over the appropriate range of wave vectors;
dividing by the incident intensity and the smooth-
surface ref lectivity, we obtain the following ex-
pressions for the fractional scattered light:
8-polarized light:
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8
FIG. 3. Solid line: angular distribution of the relative

scattered intensity measured with analyzer and polarizer
parallel; dashed line: theoretical prediction with Q=GQ0 g.
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FIG. 2. Solid line: angular distribution of the rela-
tive scattered intensity measured with analyzer and po-
larizer parallel; dashed line: theoretical prediction
with a=1100 A.
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p is a numerical factor of the order l.
The predictions of this theory for s- and p-po-

larized light are shown in Figs. 2 and 3, where we
compare with the experimental angulax distribu-
tion of the scattered light. The shape of the curves
is reproduced remarkably well for both polariza-
tions of incident light; it is seen that the anomalous
P-polarized radiation is missing from the theory.
The wavelength variation is not so good —it is
necessary to choose different values for a for each
wavelength. This maybe a limitation of the theory,
or quite possibly the autocorrelation function for
these experimental surfaces may not be of the
assumed Gaussian distribution form. Integrating
the scattered light over all angles we found the
total scattering due to these polarization currents.
The result is shown in Fig. 4 for silver plotted on
a, ln-ln scale. The slope —3.2 is somewhat smal-
ler thanthe experimental-4. 5. Similar slopes are
calculated for gold and copper, which are in better
agreement with experiment for these metals.
There are no resonances in this scattered light in
the region of small negative &.
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FIG. 4. Total relative scattering plotted on a ln-ln
scale, calculated using the dielectric constant of bulk
silver.

The approach here is in many ways similar to
the scalar scattering theory, but with the vector
properties and finite conductivity properly taken
into account. The approach appears to be a very
good generalization of the scalar scattering theory.

B. Surface-Plasmon Anomahes

In the resonance region, the surface currents
have an additional contribution coming from sur-
face plasmons. On a smooth surface, the surface
plasmons have a wave vector given by the disper-
sion relation k&

—— ((o/c) ]e ]/()& ] -I), which is
always greater than v/c, so that they do not con-
tribute to the interaction with external plane waves.
But on a rough surface the wave vector of the in-
cident light may be modulated to match kp, exciting
surface plasmons, and the surface plasmons them-
selves may be modulated so that they have radia-
tive components.

In the preceding paper, we observed extra con-
tributions to the scattered light in the region below
& = -1, which we associated with radiation from
these surface-plasmon currents. The anomalywas
always p polarizedq fol both 8- Rnd p-1ncldeIlt
light, peaking between 50 and 60' and having a max-
imum intensity just below & p. The theory of Sec.
II A can be simply extended to include the surface-
plasmon currents. There are two differences with
Sec. II A. The first is that in this case kp, which
is large on a smooth surface, is reduced by the

modulation to give a radiative component. This
modifies the angular variation of the radiatedlight.
The second involves the polarization properties.
The anomaly was observed to be always P polarized,
even for s-incident light. Since the plasmon E
field is mainly longitudinal (the ratio of longitudi-
nal component to normal component being g) e ]),
the radiation must be due to surface-plasmon cur-
rents in the P direction. Thus a rotation of the
polarization vector must occur during the interac-
tion process. In Sec. II A the scattered light main-
tained its original polarization.

We picture the process as follows. The suxface
modulation of the normally incident light generates
plasmon currents propagating in all directions with

a strength depending upon ef, e-„;e-„and e„- are
the polarization vectors of the incident light and
of the plasmons, respectively. This surface plas-
mon will itself be modulated by the surface rough-
ness and have a radiative component in the p di-
rection. The anomalous radiation is due to this
component. We find the angular distribution of
this radiation, using the fields derived in the Ap-
pendix associated with currents of the appropriate
P01R1 1ZRt1on ~

The ground state of a plasmon on a rough sur-
face is no longer the harmonic wave with wave
vector k&, but through modulation has components
kp+K. We write the wave function

If we represent the modulation by R scatter1ng 1n-
teraction with a potential V(r) [its Fourier trans-
form is V(K)] which depends upon the local surface
roughness, the coefficients a;,K are given by

kp kp+ K

Assuming V(r) is proportional to the same surface
roughness fluctuations as of Sec. II A, ] V(K) I

becomes proportional to the Fourier transform of
the autocorr elation function:

The radiation from the component a-„,g of the
plasmon wave function we take to be equal to the
classical radiation from a current

r
kp+K kp+K '

on R snlooth surfRce.
Fitting these terms together as we did in Bee.

IIA using the appropriate vector potential derived
in the Appendix, we obtain the following expres-
sions for the radiation from excited surface
plRSmonS'.
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where

d&gp c g 2 ag2 + [ (ol /+)(I & —sill 81) —0'~ sin8/&(I &K I ) ]
dA Sw

' c 1(e —sin'8)"'+ e cos8 I
'J. cos eP,

-1 2 Edt,P —I+
) )

1+(
)

dQ cos Q sl Q+( )i/8 ( )3 Ia

g = «((0» ) pit, ——e(&OIt, ) with K' =kp+ K,
Ifp s

K = — — + sin 8 —2 --sin8 sing
(d ~p , 3 ~P

c &d/c &/c

This expression is the sum of the radiation from
longitudinal and normal currents with the appro-
priate phases between these currents taken into
account. o

~~
and a~are the conductivities parallel

to and normal to the surface where we have allowed
these to be different. (dy is the unperturbed plas-
mon energy (&a-„=v), &oil, is the unperturbed ener-

gy of a plasmon of momentum K'. P is a slowly

varying function expressing the variation of the
scattering strength with wavelength. ~,~ is the
surface-plasmon cutoff frequency.

This expression has been evaluated using the
same autocorrelation function as for the scattered
light of Sec. II A. The lifetime 1/I' of the surface-
plasmon states is treated as a parameter. A com-
parison with the experimentally observed anomaly
is shown in Fig. 5, where I'/&of equals 0.32. The
theoretical curve is moderately sensitive to I", a
much sharper peak being predicted if the lifetime
is longer. '

Plasmons excited by P-incident light will also
radiate in the p direction, giving rise to the knee in
Fig. 2. The calculation of its angular variation
follows just as above, the only difference being that
in the expression for P, cos Q in the integral is
replaced by sin Q. We find that the ratio of p-
incident —P-scattered light to s-incident —s-
scattered light for silver at 5500 A is 3. 2. The
ratio varies only slowly with wavelength.

In the previous paper we estimated the total
plasmon radiation when unpolarized light was inci-
dent onto the surface (Fig. 10 of paper I). Since
the ratio of p-P to 8-p light is approximately 3, the
total radiation was taken to be two times the anom-
alous s-p radiation.

III. MODEL SURFACE REFLECTIVITY

S(8 y) - ikr+ hut/I &

SCJ.
dn

I.5—
Ag

% ~5500 A

model surface consisting of spheres located above
a smooth surface. The first-order term in the
absorption for this model has been given by Berre-
man, but this neglects all the radiation effects. %'e

use Mie's solution, which is discussed in detail
by van de Hulst' to calculate the scattering and ex-
tinction cross sections of isolated spheres, with the
assumption that the mirror image does not distort
the field around the spheres. The ref lectivity of
the model surface is given in terms of the forward-
and backward-scattering cross sections of a sim-
ple sphere. By letting both the incident and the
scattered fields reflect from the smooth surface,
the boundary conditions on the smooth surface are
fulfilled.

If a sphere is illuminated by a plane wave prop-
agating along the z direction

-kg+i cv t
Qo =

the scattered wave is a spherical outgoing wave

As we described briefly in the previous paper,
a model surface approach to the properties of rough
surfaces appeared particularly useful, especially
for short-x ange roughness. The existing solu-
tions '7 are of restricted applicability, so we have
taken a model which we can solve exactly, the

I l I I

20 30 40 50 60 70 80 90

8
FIG. G. Angular distribution of relative anomalous

scattering; solid line: experiment; dashed line: theory
with a=liood and I'/~f =0.32.
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With many scatterers lying in a plane, we can sum
the scattering from all particles to find the fields
in the forward direction

u = u() [1 —(2v/u') p 8 (0))

and in the backscattered direction

u = -u, (2v/a') p3 (180).

p is the number of spheres per unit area. Reflect-
ing the forward wave from the smooth surface we
find an amplitude reflection coefficient

y = ~, 1 )-+21) (0) +~,))()80))
180
~0

(to first order in Q) from which we evaluate the
decrease in reQectivity

&R/R = 1 —Iv'/ro]' .
We have introduced the cross sections Q (0) and
Q (180) defined by

Q(e) =(4/x') &(e) .
ro is the smooth-surface amplitude reflection co-
efficient (1 —ge)/(I+pe), and 2p is the fraction of
the area covered by the spheres. For small sphere
sizes the scattering is symmetric, Q (0) = Q (180),
and the above expression reduces to

r = ~, [1 —pQ(1+so)'/v, ] .
This can be interpreted as the extinction due to the
spheres and their mirror images in the field I+so
existing just above the surface. For very small
sphere sizes such that x = 2'/X « I the term in
Q is just the absorption from induced dipoles,
Q = i—', () xn, n the sphere polarizability equal to
3 (e —I)/4v (& + 2), and we find the expression
M/R = 32p x Im I/(e+ 2) for the relative decrease

INTERBAND REGION

0 I

8000 7000 6000 5000 4000 3000 2000

FIG. 7. Calculated relative decrease in reflectivity
~/Bs for gold plotted versus wavelength for two sphere
sizes. Solid line: a=4004, P =0.06; dashed line: a
=800 A, P =0.03.

in the ref leetivity. This expression peaks where

In this limit of small sphere size it is interesting
to compare the ref lectivity with the more realistic
model of hemispheres on the surface used by
Berreman. The polarizability of hemispheres in
Berreman's model is found by truncating an infi-
nite set of linear equations. With only the first
equation he finds a polarizability o.' = 3(c —1)/
4& (&+ —,') and a relative decrease in the ref lectivity
4R/R = 18p x Im 1/(e+ 2 ), which peaks at e =-~ .
Truncating at higher orders he finds a broad range
of resonances lying in the range between E = —4
and —~. In this limit the behavior of the two mod-
els is thus similar, which gives us confidence that
the extension of our solutions to include radiation
effects is physically reasonable.

For larger sphere sizes, Q(0) and Q(180) and
the fractional decrease in the ref lectivity have

GR
Rs

I
—INTERBAND REGION

INTFRBAND

REGION l

I

8000 7000 6000 4000
I I

3000 8000 7000 6000 5000 4000 3000 2000

FIG. 6. Calculated relative decrease in ref lectivity
~/B~ for silver plotted versus wavelength for two
sphere sizes. Solid line: a=400A, p=0. 045; dashed
line: a=500A, p=0. 065.

~ [I]
FIG. 8. Calculated relative decrease in ref lectivity

~/B~ for copper plotted versus wavelength for two
sphere sizes. Solid linet a=400A, P =0.06; dashed line:
a=800k, P=0.00.
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FIG. 12. Relative decrease in ref lectivity ~/R, plotted versus wavelength for a Drude dielectric function with
parameters representative of aluminum and a=400 k, p=0. 045.

APPENDIX: RADIATION FROM CURRENT SHEET
w

Consider a longitudinal current j=jg e ' '' of
thickness & with jm parallel to R. The geometry
is shown in Fig. 14. The vector potentials in all
three regions satisfy the equation

3 Aeae

~ AK„- a etc
=—jn ~

Qj

30-

The subscript n representing the three regions, the
fields are then determined by

j3„= &x AK, E„=i (c/ )Votx H„—(4tti/ot) j„.

20—

IO—

-5-2-I
I I }

8000 7000 5000 5000 4000 3000 2000

FIG. 13. Extinction cross section to first order in x,
Q&, and the ratio of the third-order term to the first-or-
der term Q~/Q3 plotted versus wavelength for silver
spheres of 400-A radius.

The solution for the differential equations for A"„

in regions 1 and 3 are plane waves with wave vec-
tor along the boundary K, with amplitudes which

we determine from the boundary conditions on the
fields. In region 2, we must add a solution of the
inhomogeneous equation to the plane-wave solutions:

(4&/c)j~ e i(Kr - &ut )

a ( / )a AR

%e determine E and H from the above equations.
Using the boundary conditions for the fields at the
two boundaries we obtain a set of linear equations
which determine the unknown amplitudes A"„ in
terms of the current amplitude j g. The result for
the vector potential above the surface is
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in the metal related to 8 by Snell's Law.
In an analogous fashion we find for a transverse

current lying in the surface

2m' ~~ 4 2 cosa
&u cos 8 (ge) cos g+ cos8

and for a transverse current normal to the surface

27$]g + 2 cos8
~ cos 8 (ge) cos g+e cos8

FIG. 14. Geometry for the radiation from a current
sheet.

2m& jg n, 2(We) cosQ
&g cose (We) cos(+e cose

We assume the thickness of the current sheet is
much smaller than the wavelengths in the media,
((u jc) sin8 = ]K i and g is the angle of propagation

The fields above the surface are found from the
vector potential, and using Poynting's vector
S = (c/8v) (E xH*) summing over all states reach-
ing the detector we find a radiation per unit solid
angle per unit area:

—"=—' a' cos'8 n x &g
~

' .
dA Sm

n is the unit vector in the radiation direction.
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