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The surface impedance of a thin metal plate excited by a rf electromagnetic field is calcu-
lated as a function of external dc magnetic field applied in the plane of the plate under the
nonlocal conditions of the anomalous skin effect. A linearized Boltzmann equation in the re-
laxation time approximation for isotropic bulk scattering is solved by means of a generalized
kinetic formulation which (i) describes the surface scattering by means of a specularity func-
tion that can depend on the angle of collision of the electron trajectories with the surface, and
which (ii) contains an ineffectiveness pa~amete~ in the nonlocal form of Ohm' s law, thus pro-
viding a measure for the possibility that electrons colliding with the boundaries are less ef-
fective than bulk electrons in linking the current density at one point of the conductor with the
electric field at another point. This generalized path-integral solution of the Boltzmann equa-
tion is coupled with Maxwell' s equations, and the resulting integrodifferential equation is
solved for the spatial distribution of the electric field inside the metal plate using the numer-
ical procedure discussed in an earlier publication by the author. This is done for both the
symmetric and antisymmetric modes of excitation of the plate by the rf field in the case of a
model cylindrical Fermi surface. The resulting curves for the surface impedance versus the
applied dc magnetic field exhibit characteristic features which are greatly influenced by the
explicit choice of the specularity function and/or the ineffectiveness parameter. It is suggest-
ed that these features can be used in conjunction with experiment to determine the correct
parameters for the surface scattering mechanism.

I. INTRODUCTION

The surface impedance of a thin metal plate ex-
cited by an electromagnetic field of frequency co

under the nonlocal conditions of the anomalous skin
effect exhibits resonant structure as a function of
an external dc magnetic field H. ' Of the many res-
onances that occur as a result of the matching be-
tween either the temporal or the spatial character-
istics of the rf field with those of the orbital motion
of the electrons, we will limit ourselves to the dis-
cussion of the surface impedance variations ob-
served in the simple geometry of Fig. 1. Here,
rf current layers l(z) =j (z)e '"'y" of effective skin
depth & are set up by means of coils on both sides
of a plate of thickness d (either symmetrically or
antisymmetrically) in anomalous skin effect condi-
tions. This is precisely the configuration used in
the study of the radio-frequency size effect (RFSE). i

The coordinate z measures the depth inside the
plate from the z = 0 surface. The external dc mag-
netic field is applied in the plane of the plate and in
the transverse direction with respect to the rf cur-
rent, R=Hx.

As we do not plan to examine dispersion effects
in this paper, we will assume a cylindrical Fermi
surface for the electrons in the plate. This means
that all electrons describe circular trajectories
perpendicular to H (see Fig. 1) with the common
frequency 0= le IH/mc, where —le l and m are the

charge and mass of a free electron. Here we note
that we use the term "trajectory" to describe mo-
tion in real space (as opposed to the term "orbit"
for motion in momentum space) and that we distin-
guish between "surface" and "bulk" trajectories
depending upon whether a trajectory collides or
does not collide with either surface (see Fig. 1).
In the cylindrical Fermi-surface model the velocity
of every electron has no component along the mag-
netic field and, for electrons on the Fermi surface,
this velocity is simply given by

v—= a~ p. = v~ (jcosP+z sing), (l. 1)

where vr is the Fermi velocity and Q is the dimension-
less "orbit" or "phase" variable2 (with Q = 0) which
is used in place of the real time t and which char-
acterizes the direction of v as the electron moves
on its circular trajectory. The height of the Fermi
cylinder, bp„, is adjusted in terms of the correct
density of electrons, n, for a free electron metal
of Fermi momentum p~ = h k&, n = 2& p& 6 p„ /(2 vk) .

The size of the electronic trajectories is in-
versely proportional to the magnetic field. For a
critical magnetic strength equal to

2(kc /e) k~

these trajectories will span completely a plate of
thickness d. This means that for values of H less
than H~ all of the electrons that pass through any
point z of the plate at a time t collided with either

2869



2870 G. E. JURAS

z=0

FIG. 1. Free-electron trajectories spanning a thin
metal plate of thickness d in the presence of an external
dc magnetic field H = HR. (a) and (b) are specularly re-
flected surface trajectories, (c) and (d) are diffusely
scattered surface trajectories, and (e) is an effective
bulk trajectory.

surface at some earlier time —they all describe
surface trajectories. For values of H greater than
H„some of the electrons passing through some
points z of the plate never collided with either sur-
face, i. e. , they describe bulk trajectories. For H
between H, and H~ + 5 H, where &H 25/d in par--
ticular, electrons moving nearly parallel to the
faces of the plate (with v, = 0), when passing through
the skin layer defined by z = 0 and z = &, will pass
through the layer defined by z = d and z = d —& at the
second surface, again with v, = 0 and without col-
liding with that surface. Such bulk electrons are
said to be effective in that they spend a lot of their
mean free time in the skin layers and they can ab-
sorb energy from the rf field more effectively than
surface electrons.

The primary line of the RFSE' is the signature
of the change in the resonant response of the plate
(specified by its surface impedance) to the driving
rf field as the external dc magnetic field is varied
from values of H just below to values just above

The left-most sharp variation in the RFSE
line shape is dictated by the first length of the
problem, the thickness of the plate d, and it coin-
cides with the critical field H„which signals the
complete disappearance of the surface trajectories
of the type (c) and the appearance of bulk trajector-
ies of the type (e) in Fig. 1. The width of this line,
r H/H„ is defined by the second length of the prob-
lem, the effective skin depth ~, and is approximate-
ly given by 2(5/d). The detailed shape of the line
between H„and H„+~H reflects the spatial inhomo-
geneity of the rf field in the skin layers, for it is
this part of the field with which the effective elec-
trons interact most effectively in this region of
magnetic field values. The symmetry of the line
depends on the mode of excitation, the signal for
the symmetric mode being the reverse of that for
the antisymmetric mode. This means that the line
registers the constructive (or destructive) inter-
ference between the driving currents in the one

skin layer and the currents from the second skin
layer which are transmitted by the effective elec-
tron trajectories with diameters ranging from d to
(d —25). Since this interference is important for
the existence of the effect, it becomes necessary
to have specimens with mean free paths about as
large as the thickness of the plate in order to ob-
serve a signal with significant amplitude. The third
length of the problem, then, the mean free path,
affects the amplitude of the RFSE line.

With regard to the only temporal parameters of
the coupling, the two frequencies co and 0, we note
that for most RFSE experiments & «0, so that the
electrons see a nearly static field each time they
go through the skin layers. The RFSE resonance
is a spatial resonance. Tnere is no matching of
frequencies as there is in the temporal Azbel-Kaner
cyclotron resonance. The radio frequency (d simply
establishes the effective skin depth & which makes
the RFSE line sharp.

So far in the discussion, the two faces of the
plate which are normal to the z direction have been
tacitly understood to be two perfect planes that sim-
ply restrict the excursions of the electrons within
the plate. This is enough to dictate the position of
the RFSE primary line. It is true that the surface
represents a large (several electron volts) and
abrupt potential barrier which is virtually impene-
trable to the electrons; upon collision with the sur-
face, the electrons are reflected back into the
metal. However, the two following basic questions
need to be asked: (1) How are the electrons re-
flected at the surface? (2) How does the specific
surface scattering mechanism affect the structure
of the surface impedance versus applied magnetic
field'P

In the absence of a microscopic theory of surface
scattering, an answer has been given to the first
question in terms of a phenomenological model,
first proposed by Fuchs, in which a single specu-
larity parameter P is supposed to describe the sur-
face scattering mechanism. In the Fuchs model,
P is the probability that an electron will be specu-
larly scattered (the z component of its velocity
changing sign upon reflection) while 1-P is the
probability that the electron will be diffusely scat-
tered at the surface. Diffuse scattering means that
for any given angle of incidence the angle of re-
flection is random, so that the drift velocity of the
electron after collision with the surface is zero on
the average and the subsequent contribution of that
electron to the conductivity vanishes. In Fig. 1,
trajectories (a) and (b) are specularly scattered
while trajectories (c) and (d) are diffusely scat-
tered at the surface.

In a recent letter, the single specularity param-
eter of Fuchs has been generalized into a sPeculax-
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Maxwell's equations for the problem discussed
in the Sec. I reduce to

szZ . 4w&u

Bz c (2. 1)

in the system of coordinates shown in Fig. 1, where
E (z) is the y component of the rf electric field in-
side the plate. The current density in (2. 1) for a
model cylindrical Fermi surface [see Eq. (1.1)]
is

j(z) = (crp/vQv) fp dy y, , (y)f(y, —~) (2. 2a)

in Chambers's kinetic formulation; here

ity function S(8) which, in general, will depend on

0, the angle of collision of a surface trajectory with
the surface (see Fig. 1). The dependence on 8 will
provide a phenomenological description of the pos-
sibility that electrons with small angles of collision
will be specularly scattered while electrons with
large angles of collision will be diffusely scattered.

Inasmuch as the explicit nature of the RFSE line
(mostly its amplitude) depends very critically on
the effectiveness of the electrons to carry currents
from one part of the conductor to another, under
the nonlocal conditions of the anomalous skin effect,
we introduce in this paper an additional parameter,
which we call the ineffectiveness parameter' and

which is supposed to provide a measure of how
much less effective (in carrying information from
one point of the conductor to another) are the sur-
face electrons as compared with the bulk electrons.
This ineffectiveness parameter g amounts to de-
scribing the surface electrons with a surface mean
free path l, such that

l', =~ l, 0&g &1,
where l is the mean free path for bulk electrons.
In this connection, we note that one might simulate
surface roughness by assuming a z-dependent mean
free path, as was assumed in Ref. 5 for another
related surface impedance calculation.

In Sec. II of this paper we extend the kinetic for-
malism already discussed by the author ' to in-
clude both the specularity function and the ineffec-
tiveness factor, and in Sec. III we carry out model
calculations so as to bring out the explicit influence
of the different choices of the surface scattering
parameters on the line shape of the RFSE.

II. FORMAL BACKGROUND

r = (1 —i~r)/Q~, (2. 2c)

f(~„g, ~„)=f, d4'exp[-r(g &-0')]

&& V, (A')E [t.(4'')] (2. 3b)

$„(P')= $„,(X„,) —Q ' f, " dP" v,(P"),

with $p(~p): (p(P) = z . (2. 3c)

This generalization was carried out in order to allow
for the possibility that surface electrons which col-
lided with the z = 0 (or the z =d) surface at the "in-
stants" &„(previous to Q), defined by

t„(X„)=P(or d), y&X„, &A„ (2. 3d)

will continue on a specularly reflected path with a
probability reduced by the factor

s(8„),0 &s(8„)&1,

after the nth collision (with an angle of collision
equal to 8„). For bulk electrons the integral of
(2. 2b) remains unmodified.

Equation (2. 2) or its generalization (2. 3) is the
nonlocal form of Ohm's law which relates through
an integral conductivity operator the electric field
at the point

z'=z —Q-'f, dy" v, (y")

of the plate with the current density at z. A bulk
electron which received from the electric field at
z' an energy increment equal to

(~e ~dy'/Q)v(g') X (z')

the collisions of electrons with an imperfect infinite
lattice being described phenomenologically by a
mean free path l' = v& 7, in which case the static
conductivity is equal to o'p =ne T/m.

For a specimen of finite thickness, the integral
of (2. 2b) over the history of an electron which at
"time" P is at the point z of the conductor has been
generalized to

n-1
1(y, — ) =f(y, x,)+ & II s(8,.)

n=2 i=1

X exp[- p(X;., —1,.lj)1(X„, X„),
(2. 3a)

where

and

x E[z- Q ' f ', dy" v,(y")]

f (4, — ) = 1 dA' e p[-xr(y —P') ] v., (4 ')

(2. 2b)

during the time interval from Q' to f'+dP' carries
the impact of that encounter to the point z at a later
time fIt) with an exponentially decreasing probability

exp[- r(y —y')], (2. 4)
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where the bulk "time" constant y is given by (2. 2c).
It is through this exponential that we introduce

the ineffectiveness parameter g, mentioned in Sec.
I. For surface electrons the exponential of (2. 4)
trivially becomes

(2. 5)

where the surface "time" constant y, = y/q, 0 & q
& I, replaces the bulk constant y. The "memory"
of surface electrons, as charge carriers which
collide with the surfaces in addition to colliding
with the vibrating lattice, decays exponentially over
a distance l, shorter than the bulk mean free path
l by the ineffectiveness factor p, l, = pl.

Completely diffuse and completely specular sur-
face scattering can easily be expressed in terms
of the extreme values of q, g= 0 and g = 1. As we
integrate ba, ckwards in time from p to —~ in (2. 3a),
the diffuse assumption means g= 1 for &f & P' & A. &,

where 1, is the instant of the last collision (before
P) with either surface (see Fig. 1), and q = 0 for
X, v P'& —~; only the first term in (2. 3a) survives.
The electron upon collision with the surface "sticks"
to it, a rather unphysical destiny from a conserva-
tion-of-probability point of view. On the other
hand, the specular assumption means g=1 for all
times earlier than P. In this case, collisions with
the surface, even though they deflect the electrons
through angles that can be as large as 180', are
supposed not to change the mean free path of the
surface electrons to anything other than the bulk
value. Clearly, an ineffectiveness parameter of
intermediate value might be the more realistic
assumption to make.

Substituting (2. 2) into (2. 1), after properly in-
corporating the specularity function S(8) through
(2. 3) and the ineffectiveness parameter q through
(2. 5), yields an integrodifferential equation which
we solve for the unknown E(z), subject to the
boundary conditions E(0) = +E(d) = 1, by making use
of the numerical model described in Ref. 6. The
boundary condition E(0) = —E(d) corresponds to the
bilateral antisymmetric (BA) mode of excitation of
the plate by the rf field. The bilateral symmetric
(BS) mode corresponds to E(0)=+E(d).

From the function E(z), calculated for every
value of the external dc magnetic field H, we ob-
tain the surface impedance

s(4z(u/c )E (z) 4z~
(R

.X) (2 5)El ( )
z=0+

as a function of H. It is the surface resistance R
(or 8R/SH), related to the fraction of incident power
absorbed by the sample, and the surface reactance
X (or SX/SH), related to inductance changes in the
exciting coil, which are measured experimentally
in order to register the response of the metal plate

to the external fields.

III. RESULTS AND DISCUSSION

We now present the calculated surface resistance
R(H) and surface reactance X(H) curves for differ-
ent choices of the surface and bulk scattering param-
eters. These parameters are the specularity func-
tion S(8), the ineffectiveness factor q = l, /l, and
the bulk mean free path I (or rather the ratio I /d
which we denote by z). In all of the subsequent
calculations the rf ~/2v has been taken to be equal
to 1 MHz, i. e. , it is such that «& d and v «0,
where A is the cyclotron frequency and 6 is an
effective skin depth.

The line shapes for the case of completely spec-
ular surface scattering [S (8)—=p= 1 for all 8, q
= 1, z = 1]are shown in Fig. 2 together with the
corresponding line shapes for the case of completely
diffuse surface scattering [S(8)—=P= 0 for all 8, g
=1, z= 1] in order to facilitate comparison of the
two sets of curves. The following observations are
to be made:

(a) The surface resistance R (diffuse, BA) varies
smoothly with H (it is flat) for H &H~, while R
(specular, BA) extrapolates to a peak at H = 0. Ex-
perimentally a peak in R is in fact observed. '

(b) The ratio 8 (diffuse) /Z (specular) at H=0 is
approximately equal to - in agreement with the8

~ 9early results of Reuter and Sondheimer for a semi-
infinite free-electron metal. In addition, X(0)
= —W3 R(0) for both surface scattering assumptions,
also agreeing approximately with the results of
Ref. 9.

(c) The shape of the R (diffuse, BA) line begin-
ning at H/H~ = 1 exhibits a definite dip immediately
after H/H„= 1 before a subsequent large peak. The
initial dip is missing in the R (specular, BA) line
shape, while the subsequent peak remains, although
with a smaller amplitude. The initial dip in the
surface resistance is present in the diffuse case
because the appearance at H/H„= 1 of the effective
bulk trajectories of the type shown in Fig. 1 signals
a situation of substantially more surface conductiv-
ity than the conductivity due to the surface trajec-
tories of the type c shown in Fig. 1 present at
H/H~ & 1. On the other hand, the appearance of the
effective bulk trajectories at H/H„= 1 for the spec-
ular case is not enough to produce a dip in R be-
cause of the destructive interference between the
effective bulk trajectories and the ever present
effective skipping surface trajectories (of the type
a,s shown in Fig. 1) which by scalloping inside the
skin layers produce surface currents in the opposite
direction than those carried by the bulk trajectories.
It is the presence of these conducting skipping sur-
face trajectories in the specular case and their
absence in the diffuse case that also makes the am-
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FIG. 2. Surface resistance B and
the surface reactance X as functions
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the diameter of the trajectories) for
both modes of excitation of the plate
by the rf field [bilaterial antisym-
metric (BA) and bilaterial symmetric
(BS)] and for both extreme surface
scattering assumptions [diffuse
(p=0) and specular (p =1)].
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plitude of the peak in R (specular, BA) smaller
than that of R (diffuse, BA).

(d) The line shape for 8 R/SH (BA) in potassium
as measured by Koch and Wagner' does not show
the initial dip present in the calculated line shape
of R (diffuse, BA); it is the specular line shape
that agrees with the above experiment. This is
consistent with the fact that it was in the same lab-
oratory that good surface preparation allowed the
discovery of magnetic surface states, "whose very
existence depends on the assumption of specular
scattering.

On the other hand, the line shape reported by
Walsh et al. ,

"also in potassium, does not agree
with either of the above extreme assumptions for
surface scattering. It was in the pursuit of an ex-
planation for the line shape of this experiment that
we introduced the ineffectiveness parameter in our
calculations. As discussed below (in connection
with Figs. 5 a.nd 6), we did find a possible explana, —

tion in terms of the ineffectiveness parameter.
(e) The signal reversal between the BS and BA

lines is present in all RFSE lines for both surface
scattering assumptions, thus making obvious the
fact that the interference between the driving cur-
rents at one skin layer of the plate and the currents
transmitted by the effective bulk trajectories from

the second skin layer is basic for the existence of
the RFSE lines. To add to this point of view, it is
evident from Fig. 2 that there is no reversal be-
tween the BA and BS surface impedance curves
for H/H, & 1, where this interference is absent, as
expected.

(f) The approximate derivative relationship be-
tween the R(H) and X(H) curves, which makes the
extrema of R (in the region H/H~ & 1) coincide with
the points of maximum variation of X, is present
in both specular and diffuse curves.

The variation of the RFSE line shapes with re-
spect to the ratio of the bulk mean free path to the
thickness of the plate, x=l/d, is shown in Fig. 3
for both cases of diffuse and specular surface
scattering. The following features are to be no-
ticed:

(a) The amplitude of the resonant features of the
diffuse line shapes increases with g due to the in-
creased effectiveness of the bulk trajectories to
bring currents from the one skin layer to the other.
In fact, the initial dip in R (diffuse, BA) increases
more rapidly than the other parts of the line with
increasing y as a result of the more effective
coupling between the bulk trajectories and the elec-
tric field at the regions of its largest amplitude,
namely, just inside the surfaces.
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On the other hand, the amplitudes of the resonant
structure in the specular lines remain unaltered
or even decrease slightly with increasing v. This
unexpected result is consistent with the explanation
put forth in the discussion of Fig. 2 [observation
(c)]. In the specular case both the effectiveness
of the bulk trajectories and the effectiveness of
the opposing skipping surface trajectories increase
with I(. In fact, the surface trajectories seem to
have the upper hand in this interference, thus ac-
counting for the slight decrease of the amplitude
of the resonant features of the specular lines with
increasing x.

(b) Decreasing x increases the over-all average
value of the surface resistance, as expected. The
rate of this vertical shift of the surface impedance
curves is faster in the specular than it is in the
diffuse ease. Thus, both the "base line" and the
resonant structure of the surface impedance have
a dependence on v which is different for the two
surface scattering assumptions.

(c) In both cases of surface scattering, the ex-
trema of the RFSE lines shift to the left, i.e. , to-
ward H„, with increasing x. The lines also be-
come narrower with increasing jt; this in turn means
that the effective penetration depth of the rf field
decreases with increasing v.

The differences cited above on the mean-free-
path dependence of both specular and diffuse lines
should allow one to decide, from a study of Z(H)
as a function of temperature, which of these two
extreme mechanisms is more predominant (for a
given experiment).

In Fig. 4, we show the surface resistance for
various choices of P, the Fuchs specularity param-
eter mentioned in Sec. I. [S(8)=P, 0 &P & 1, for all
angles of incidence 8; q=1; re=1]. In this case we
note the following features:

(i) As p decreases from its maximum (p = 1) to

its minimum Q = 0) value, the peak of R (BA) at
H/H~ = 0 seems to disappear.

(ii) The initial dip in R (BA) immediately after
H/H, = 1 has its maximum amplitude for P = 0, while
it disappears completely for p = 1.

(iii) The large positive peak in R (BA) following
the initial dip discussed in (ii) not only increases
in amplitude as P decreases from one to zero but
it also shifts to higher values of magnetic field.

(iv) As the surface scattering becomes more
and more diffuse, the average value of R (BA or
BS) over the whole range of magnetic fields in-
creases, as expected. The main general feature
of Fig. 4 is that for values of p such that 0 &P & 1
the profile of the surface impedance is intermediate
between the diffuse and the specular profile.

The structure of R (H) in the BA mode of excita-
tion for various choices of Ho in the particular
specularity function

S(8)=lfor 8& 8, S(8)=0for 8&8 (3. 1)

has been published in a recent letter. The main
result of that calculation was the prediction that,
if there is strong angular dependence in surface
scattering, such as that expressed in (3.1), then
one should be able to probe it experimentally
through the changes in R occurring at magnetic
fields smaller than H~, the critical magnetic field
of the RFSE line.

In all of the RFSE line shapes studied so far in
Figs. 2-4 or in Ref. 4, the initial dip in R (BA)
immediately after H/H„= 1 is not sharp enough to
agree with the RFSE line shape observed in potas-
sium by Walsh et a/. ' However, from the re-
sults already presented it is apparent that the
more diffuse the surface scattering the larger the
amplitude of the dip in R (BA). In the context of
the Fuchs specularity parameter, surface scat-
tering cannot be made more diffuse than the situa—
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tion in which P = 0. This inability of the specularity
parameter to bring forth the contrast between the
surface trajectories present in the region H/H~
& 1 and the bulk trajectories only present in the
region H/H, & 1 prompted the investigation of Z(H)
as a function of the ineffectiveness parameter g.
The results are shown in Fig. 5 Ifor S (0) =1 for
all 8 and x = 1]. Here again the dip in R (BA) i..i
creases with decreasing g to become almost step-
like in the case n= 0. 10. This sharp decrease in
R at H/H~ = 1 (which is independent of the symmetry
of the exciting currents, thus asserting that its
origin is due to surface scattering rather than inter-
ference between driving and transmitted surface
currents) produces the large negative spike in
SR/eH shown in Fig. 6(b) with the corresponding
experimental line for potassium shown in Fig. 6
(d). The other experimental line observed also in
K' is shown in Fig. 6(c) with the corresponding
calculated line shape for q = 1 shown in Fig. 6(a).
The good qualitative agreen. ent of the calculated
line shapes with those experimentally observed in
K leads to the conclusion that it is possible to
reconcile two obvious ly different experimental
results in terms of the ineffectiveness parameter
alone, if it is true that the surface preparation in
the two experiments were so different as to justify
the large difference in the values of q used to cal-
culate the two line shapes.

IV. CONCLUSION

In the absence of a microscopic theory of surface
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FIG. 6. Qualitative comparison with experiment. (a)
BR/BH as calculated in the present work with & =1, co/27j.
=1 MHz and y =1; (b) BR/BH as calculated in the present
work with f(:=1,cu/2m =1 MHz and g=0. 10; (c) experimen-
tal BR/BH in potassium as reported in Ref. 10 (j(=3,
cu/2m =1.5 MHz); (d) experimental BR/BH in potassium as
reported in Ref. 12 (& =4, cu/2vr =32.69 MHz). The
amplitudes of the calculated curves have not been scaled
with respect to the amplitudes of the experimental
curves.

scattering, it seems that the kinetic formulation
presented in this and previous papers by the author
contains enough ingredients to provide meaningful
comparison with experiment in terms of phenomeno-
logical parameters, such as the specularity function
and the ineffectiveness factor. From such compar-
isons, in turn, one might be able to give substance
to these parameters by constructing the lacking
microscopic theory of surface scattering.
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