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During the precipitation of a supersaturated solution of vacancies in a dilute aluminum-copper
alloy, large vacancy condensation cavities are formed at the metal-oxide interface of the alloy.
The vacancy current that produced these cavities was directly determined from the cavity
volume. A microprobe examination in and around the cavities determined the copper impurity
current which had been generated by the vacancy current forming these cavities. From the
values of the vacancy and copper impurity currents found in the experiment, the ratio of the

jump frequency of a vacancy away from a copper impurity atom to that around a copper im-
purity atom is calculated. This ratio suggests a very small binding between a vacancy and a
copper impurity and/or a slight increase in the jump frequency of solvent atoms next to the
undersized copper impurity.

I. INTRODUCTION

Recently, jump frequencies of vacancies in the
neighborhood of impurity atoms in fce metals have
been successfully computed from experimental
measurements' of the correlation coefficient for
lIQpU1 lty diffusion the lIQpurlty dlffuslvlty the
solvent diffusivity, and the effect of solute concen-
tration on the solvent diffusivity by utilizing a
theory based on nearest-neighbor interactions. 3

The purpose of this paper is to describe a new ex-
periment which allows one to determine the ratio
of the vacancy jump frequencies away from and

around an impurity atom in some cases and limits
of this ratio in all other cases. This experiment
involves the direct measurement of the impurity
current that is generated by a vacancy current in
a metal.

II. IMPURITY CURRENT GENERATED BY A

VACANCY CURRENT

Consider a dilute alloy containing solvent atoms

A, solute (impurity) atoms 8, and vacancies V.
The currents 4A, JB, and Jv of atoms A and B and

vacancies V under isothermal conditions can be
expressed in the notation of irreversible thermo-
dynamics Rs

4 A IAAXA+ I"ABXB+~A VXV'

4 B I BAXA+ ~BBXB+~BVXV~

~v ~ vAXA+ ~vBXB+ ~ vvXv~

where the thermodynamic driving forces X, are the
gradients of the chemical potential of the constitu-
ents of the solution, and I,, are phenomenological
coefficients related to atomic mobilities. Equa-
tions (l) state that a current of A, 8, or V is not

only generated by its own chemical potential gradi-
ent, but also by chemical potential gradients in the

other two solution components. Of particulaI" inter-
est in this paper will be the fact that a vacancy po-
tential gradient can cause currents of A and 8
atoms as well as vacancy currents.

Several factors quickly reduce the apparent com-
plexity of Egs. (l). First, by a judicious selec-
tion, "the phenomenological coefficients 1.,&

ean
be made to obey the Onsager relation. Second,
Eqs. (l) in their full form are overstated' since the
Gibbs-Duhem relation and the conservation of
lattice sites, respectively, provide additional re-
lations between the thermodynamic forces and the
cul 1 ents.

Both the thermodynamic forces X; and the phe-
nomenological coefficients I.;& are influenced by
the formation of impurity-vacancy pairs P in the
solution. The concentration of impurity-vaeaney
pairs is expressed in the following mass action
relation describing the interaction between vacan-
cies, impurity RtoIQs, Rnd impurity-vacancy pRlrs
in the solution:

c,=-(c„-c,)(c,- c,)z.
Here C~ is the atomic fraction of impurity-vacancy
pairs, CB is the total atomic fraction of the impu-
rity, and C„ is the total atomic fraction of vacan-
cies (including those vacancies contained in pairs).

Howard and I idiard have ealeulated the chemi-
cal potentials of the alloy constituents A. , 8, and
V by considering the configurational entropy that
results from the distribution of solvent A. , impu-
rity 8, vacanci. es V, and solute-vacancy pairs p
over all sites of the crystal lattice. Using these
chemical potentials and all of the information men-
tioned above, they calculated the impurity current
JB correct to the first order in CB to be

Z, = [ur(I.,„+I.„)Vln(C„C,)j-
—[uT(1.„)V ln(C, —C,)]
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The first term in Eq. (4) is the impurity current
that results from a gradient in the free-vacancy
concentration and is the term that will be of par-
ticular interest in this paper. The second term in
Eq. (4) describes the more familar impurity flow
that is caused by an impurity concentration gradi-
ent. If one begins with an initially homogeneous
alloy (%Ca= 0), this second term will simply tend
to buffer any buildup in either direction of a solute
gradient produced by the first term. For an alloy
in which a gradient in the free-vacancy concentra-
tion generates only a small or negligible impurity
gradient, this second term may be ignored. As
will be seen in Sec. III, this situation is in accord
with the experimental results reported in this
pRper,

Assuming an impurity content much larger than
the vacancy concentration (Ca» C~), one can show
that the currents of impurity atoms and vacancies
Rre

~CVKCBDP IBA+ LBB
1+KCB L BB

Dv+ KCBDP
V V

where Dv and DI are the diffusion coefficients of
free vacancies and pairs, respectively. The sign
convention assumed here is that a flux J; is posi-
tive when the flow is away from a vacancy sink,
and negative when the flow is towards a vacancy
sink with respect to the local lattice. The retio
of the impurity current generated by the vacancy
current (Za/Zr) can be obtained from Eqs. (4)
yielding

J~ CBDB
~v DA + CBDB

LBA+ LBB
~BB

For the special case of an fcc alloy, Howard and
I,idiard, "using an atomistic model restricted to
nearest-neighbor interactions, have calculated
expressions for the phenomenological coefficients
I.AB and I.» in terms of the various vacancy jump-
ing frequencies in a dilute solution. If 8', is the
jumping frequency of a vacancy from one nearest-
neighbor position of an impurity to another (Fig.
1), and Ws is the jumping frequency of the vacancy
away from the impurity (thereby breaking apart the
impurity-vacancy pair), Eq. (9) becomes

C,D, &i--", &3
(10)DA+ CBDB 5')+ 3

5'3

where CB» Cv and VCB = O. Solving for the vacan-
cy jump frequency ratio of W, /W„we find that

8/Wg=(l- y)(~a+~ay) ',
where

& = (Ja«v)((D~+ CaDa)/IC&al .
»om Eq. (11) and (12)„one can see that measure-
ments of the self-diffusion coefficient of the matrix
metal DA, the impurity diffusion coefficient DB,
and the impurity current JB generated by a vacancy

tration much larger than the vacancy concentration
(Ca» C„, therefore Ca» Ca), the mass action
relation between pairs, vacancies, and impurity
atoms becomes

C,/C, (C, —C, ) = Z.

Introducing Eqs. (6)-(8) into Eq. (5), we have"

The free-vacancy diffusion coefficient Dv in the
solution can be written in terms of the self-diffu-
sion coefficient D„of the pure solvent A,

D„(C,—C, )D,.
Note that (C„-Ca) is the atom fraction of free
VRCRneies in the dilute solution Rnd 18 equRl to R
first-order approximation to the total atom frac-
tion of vacancies in the pure solvent at the same
temperature. In addition, the pair diffusion co-
efficient DI, can be expressed in terms of the
diffusion coefficient DB of impurity B in solvent A.

Rnd the ratio of the pair concentration C~ to the
total impurity concentration CB:

Da = (Ca/Ca)DJ .
Equation (7) simply expresses the fact that only an
impurity atom with a vacancy as a nearest neigh-
bor can make a displacement jump in a substitu-
tional solution, Finally, for an impurity concen-
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FIG. 1. Vacancy jump frequencies away from (8'3)
and around (R'&) impurity atoms in a dilute alloy.



current J~ will allow one to calculate the xatio of
vacancy jump frequencies around and away from
impurity atoms in fcc metals in which only small
impurity gradients are produced. In other cases
where the vacancy current generates large im-
purity gradients, a limit of this ratio W, /W, can
be computed. '

III. EXPERIMENTAL PROCED URE

A. Selection of Materials

Aluminum wa, s selected as the matrix ma.terial
for three reasons. First, aluminum has an fcc
structure. Second, such pax'a, meters as impurity
diffusivities' and the self-diffusivity have
been well characterized in earlier investigations.
Finally, large vacancy condensation cavities form
immediately beneath the oxide skin of a1uminum
during cooling from a high-temperature anneal. 28 37

The final size of these cavities allows one to mea-
sure directly the total vacancy current that formed
them during cooling. ~o

The impurity current that was generated by the
vacancy current forming these cavities can be
determined from the change in impurity concentra-
tion that occurs around the vacancy condensation
cavities. Copper was selected as the impurity
additive for several reasons. First, the electron
microprobe is capable of detecting small amounts
of copper in aluminum. Second, the relatively
large solubility of copper in aluminum, in the
temperature range in which vacancy condensation
cavities form, eliminates copper precipitation
during pit formation. Finally, the small atomic
size and low valence of copper relative to alumi-
num makes the vacancy jump frequencies around
a copper impurity atom of particular interest.

8. Specimen Preparation

There were 20Q g of an aluminum-copper alloy
(0.21-at. %%uocopper)prepared from99 .9999%%uOalumi-
num and 99. 999%%u~ copper. Under one atmosphere
of argon, the alloy was melted in a degassed graph-
ite crucible, homogenized by mechanical agitation,
Rnd flnRlly poured into R graphite mold. The re-
sulting 1.2 x 5 x 7. 5-cm ingot was annealed at
630 C for 5 days, air cooled, and x oiled down

to a sheet thickness of 0. 3 cm. From this sheet,
specimens of 2. 5 x 1.2 && 0. 3 cm were cut. The
surface layer of these specimens was removed by
etching in aqua regia in order to eliminate any
surface impurities acquired during the rolling op-
eration. The specimens were then reannealed for
three days at 63Q 'C and air cooled to room tem-
perature. One face of the specimen was ground
and polished using successively finer grades of an
aluminum oxide abrasive. Finally, the ground face
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FIG. 2. Vacancy condensation cavity beneath the
A1203 film formed by cooling the dilute aluminum-copper
alloy from near its melting point.

of the specimen wRS electr opollshed in R solution
of 80%%ug absolute methanol and 20%%u~ perchloric acid
maintained at 0 'C. Polishing was conducted at
20 V with a surface current density of 1.2 A/cm
for approximately 10 min. Following electropol-
ishing, the samples were mashed in fresh absolute
methanol, rinsed in a jet of distilled water for one
minute, and dried with a blast of compressed air.

The electropo1ished specimens were placed in
an annealing furnace open to the atmosphere and
heated for 3 h at 630 'C. After this anneal, the
specimens were cooled at a rate of 0. 12 'C/sec to
400 C and air cooled to room temperature. Dur-
ing cooling, vacancies precipitated from the super-
saturated solution produced by the temperature
decrease, forming vacancy condensation cavities
at the metal-oxide interfa, ce' ~" '7 of the
aluminum-copper alloy (Fig. 2). The particular
cooling rate of 0. 12 'C/sec was empirically se-
lected in order to produce large vacancy condensa-
tion cavities. This relatively slow cooling rate
also had the advantage that large concentration
gradients in vacancies could not develop during
cavity growth, therefore, the theory developed
earlier in this paper is applicable. Finally, be-
cause of the strong exponential decrease of the
equilibrium vacancy concentration with tempera-
ture, "practically the entire vacancy current
which created the va,cancy condensation cavities
occurred during the first 100 'C decrease from the
630 'C annealing temperature. Consequently, the
vacancy and copper impurity currents that are de-
termined in this experiment will be temperature-
averaged va,lues for the 630-530 'C tempera, ture
x'Rnge.

IV. EXPERIMENTAL RESULTS

A. Vacancy Current

The total vacancy current that generated the
vacancy condensation cavity can be directly deter-
mined from the cavity volume V&. Figure 3 shows
a schematic diagram of a vacancy cavity heneath
the aluminum oxide film. For the moment, let 8
be the area of a surface enclosing the aluminum
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FIG. 3. Vacancy condensation cavity in aluminum
showing the zone analyzed by the electron microprobe,
the vacancy current, and the copper impurity current
generated by the vacancy current.

matrix around the vacancy cavity. Then we can
write

f Z, Sdf= V„ (l3)

where f; is the variable in time and V~ is the vol-
ume of the vacancy condensation cavity. Since the
thin (120 A) A12O3 film over the cavity is transpar-
ent in the optical region, both the shape and depth
of the pit were determined from the displacement
of interference fringes viewed in an optical inter-
ference microscope. In this manner, the cavity
volume was directly determined.

B. Impurity Current Generated by Vacancy Current

The region Z in Fig. 3 is the alloy volume ana-
lyzed by the electron microprobe. For determina. —

tions of small copper concentrations in aluminum,
the size of this analyzed zone is not limited by
Cu Kn, x-ray absorption, but is instead defined by
the effective electron scattering length which in
aluminum is approximately 5 p, for the microprobe
accelerating voltage used in these experiments.

The total impurity flow through the surface S in-
duced by the vacancy flow can be computed from
the vacancy-cavity volume Vc, the analyzed-zone
volume V~, and the concentration change in the
analyzed zone from the original impurity level.
Thus we have

(i4)fg), Jg Sdt = —C Vc -(Cs —Cs)Vz,
where Cs is the original impurity concentration and
C~ is the impurity concentration in the analyzed
zone following the growth of the vacancy condensa-
tion cavity.

There are several experimental problems asso-
ciated with determining the concentration change
(Cs- C~) around the vacancy condensation cavity
with the electron microprobe. First, one must
establish CB in the area of the vacancy cavity since
long-range impurity gradients in the specimen may
cause the initial impurity concentration around the
cavity to differ from the average nominal impurity

concentration of the specimen. This problem is
easily solved by determining the impurity concen-
tration 50 p, away from the cavity on the free sur-
face. The composition at this position will be
typical of the local initial impurity concentration
and is far enough away from the vacancy cavity so
as to be unaffected by the vacancy currents which
produce the vacancy cavity. Thus, the comparison
of the impurity concentration here with that in the
vacancy condensation cavity makes an accurate
measurement of (Cs —Cs) possible.

However, comparing the impurity concentration
on the free surface with that in the cavity generates
two additional problems. First, the percentage of
electrons of the impinging electron microprobe
beam that are backscattered is expected to change
when the beam is moved from a free-surface posi-
tion to the middle of the vacancy cavity. Since
these backscattered electrons do not contribute
to the generation of x rays from the impurity
atoms, a change in the x-ray intensity may occur
without a parallel change in impurity concentra-
tion. A solution to this problem is to normalize
the x-ray intensity for any fluctuations in back-
scattered electrons. This normalization is easily
accomplished by monitoring the specimen current,
which is a direct measure of the number of elec-
trons actually penetrating into the specimen. In
the present experiments, this correction amounted
to less than 3%.

The second problem associated with the electron
mircroprobe analysis is the difference in x-ray ab-
sorption for analysis carried out in the vacancy
cavity as opposed to the free surface. Fortunately,
this problem is minimized in the detection of cop-
per in aluminum because of the low absorption co-
efficient of the aluminum matrix for Cu En,
x rays. Nevertheless, the following sequence of
steps was used to solve empirically the complicat-
ed problem of the effect of the cavity geometry on
the intensityof the CuKo'. , line. (i) The intensity of
the Cu Kn, line was determined on the free surface
50 p away from the cavity of interest. (ii) The
intensity of the Cu En, line was determined in the
cavity. (iii) Without moving the microprobe beam
from its position in (ii) the white radiation back-
grounds at wavelengths adjacent to and on both the
high and low wavelength sides of the Cu Kn, line
were determined. (iv) The white. radiation back-
grounds at the same wavelengths used in (iii) were
determined at the initial free-surface position of
(i). It should be emphasized here that the Cu Kn,
intensity was recorded both on the free surface (i)
and in the cavity (ii) without a change in spectrom-
eter setting, because of the sensitivity of the
Cu Ke, line to the exact spectrometer setting.
The reasons for the rest of the procedure will be
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explained below.
At any given x-ray wavelength, the real intensity

of the continuous white radiation background in the
cavity should be equal to that outside the cavity
since the sample is essentially pure aluminum in
both spots. Thus, any measured difference in
white radiation background is attributable to geo-
metric effects of the cavity. Since the average
value of the two wavelengths of the white radiation
background that were examined is the same wave-
length as the Cu Ko., line, it is expected that the
effects of the cavity geometry on the intensity of
the Cu Kn, line will be the same as those on the
average value of the white radiation background.
Consequently, provided that both the copper and

background intensities are measured in the same
position in the cavity, one can then normalize the
Cu Ka, intensity in the cavity to a free-surface
value from knowing how the background in the cav-
ity is changed from its free-surface value. It was
for this reason that the position of the microprobe
beam was carefully left unchanged between (ii) and

(iii). In each case, this absorption correction for
the cavity geometry amounted to less than 3%.

The actual microprobe examination was per-
formed with a C.E.C. Cameca microprobe. Four
different vacancy cavities were examined, each
having a size of approximately 9&&9 p. by 2 p, deep.
The impinging microprobe beam, which had a di-
ameter of about 1.5 LL(. fit easily into the vacancy
cavities. The background and Cu K&, intensities
were counted for 10 min each for in-cavity and
free-surface positions. Table I shows the Cu En,
line intensity adjusted for specimen current and

geometric effects of the cavity in counts per min-
ute to a 95% confidence level. This Cu Kn, in-
tensity was three times the white radiation back-
ground intensity on either side of the Cu Ka, peak.
From Table I, it is apparent that the vacancy cur-
rent which generated the condensation cavities
caused almost no detectable change in the impurity
concentration around the cavity.

C. Vacancy Jump Frequencies

Dividing Eq. (14) by Eq. (13) gives a, time-
averaged ratio of the vacancy current and the im-
purity current generated by a vacancy current

(15)

copper in solution. After substituting this value of
the ratio of the impurity and vacancy currents and
a temperature-averaged value of the ratio (2. 3) of
the aluminum self-diffusion coefficient~' and the
copper impurity diffusion coefficient' into Eqs.
(11) and ,'12), the ratio of the vacancy jump fre-
quencies W, /W, in a dilute aluminum-copper ai]oy
in the temperature range of 530-630 C is

W, /W, = 0. 30 + 0.02.

D. Discussion

Both size and valence effects are expected to
influence the ratio W, /W, of the vacancy jump fre-
quencies associated with impurities in fcc metals.
An oversized impurity, for example, would tend to
limit the mobilities of its solvent nearest neighbors
because of local crowding. Consequently, the
vacancy jump frequency 5; around an oversized
impurity would be restricted. On the other hand,
an undersized impurity would permit more free-
dom of movement for its nearest neighbors, so
that in this case W, would probably increase
around an undersized impurity. Thus, in the di-
lute aluminum-copper alloy used in the experi-
ments described above, one would anticipate some
enhancement of W, since a copper atom is 10%
smaller than an aluminum atom.

Size effects may also influence the vacancy
jump frequency W, away from an impurity atom.
The lattice strain that results from either an
undersized or an oversized impurity atom is
partially relieved when a vacancy occupies a near-
est-neighbor position of the impurity. This de-
crease in the strain energy of the lattice is in
effect a binding energy between the vacancy and
the impurity. Consequently, vacancy jumps away
from the impurity (W, ) will be resisted in solutions
with either over or undersized impurities. Thus,
the presence of an undersized impurity atom such
as copper in aluminum will tend to decrease W3.

In aluminum, however, a more important factor
than atomic size in determining impurity-vacancy
binding energies is solute valence. ' ' 9 Im-
purity-valence effects are usually discussed in
terms of Z, the valence difference between im-
purity and solvent atoms. The perturbing poten-
tial of the impurity, which is a result of the val-
ence difference Z, is screened by the conduction

Substituting in for values Cg Cg Cp pz and
determined in the experiment,

(J~/J'v) = —Cos (0.98+.03).

TABLE I. The Cu Kn& intensity in the cavity and 50 p
from the cavity adjusted for specimen current and geo-
metric absorption effects of the cavity to a 95% confidence
level.

Note that the current of copper atoms away from
the va.cancy cavity is approximately that (Cz)
expected on the sole basis of the atomic fraction of Cu E6&

In cavity

2020 a32 cpm

50 p from cavity

1980+ 32 cpm
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electrons so that the range of influence of this
perturbing charge is drastically reduced in a
metal. The screening is imperfect in the sense
that the screening electrons tend to overshoot and
cause positive and negative oscillations in the
radial potential away from the impurity. In alu-
minum, conditions are such that a negative Frie-
del oscillation caused by the screening overshoot
occurs at the first nearest-neighbor position of
the impurity. "'"' Thus, the first nearest neigh-
bor of an impurity in aluminum sees an impurity
charge of opposite sign to the actual charge Z.
Consequently an aluminum vacancy with an effec-
tive charge of —3 is attracted to and repulsed by
impurities having, respectively, a lower and high-
er valence than aluminum. Consequently, a mono-
valent copper atom dissolved in trivalent aluminum
will attract a vacancy. The binding energy between
the copper atom and the vacancy can be calculated
using an asymptotic form of the oscillatory self-
consistent Hartree potential. ' The small bind-
ing energy of 0.05 eV determined in this computa-
tion could reduce the vacancy jump frequency 8'3
away from a copper impurity atom by approxi-
mately 30% in the temperature range in which this
experiment was carried out. Consequently, the
ratio of W, /W, of 0. 30 for a dilute aluminum-cop-
per alloy is reasonable if one accepts the propo-
sition that either a very small impurity-vacancy
binding energy and/or a slight loosening of the
lattice around the undersized impurity has, respec-
tively, reduced W, and increased W& from the va-
cancy jump frequency in pure aluminum.

Finally, the ratio of Ws/W, obtained from these
experiments involving dilute aluminum-copper
alloys is in accord with the ratios of W, /W, at the
same homologous temperature in other alloy sys-
tems. Table II lists the W, /W, values found in
dilute sllvex'- zinc and coppex'- zinc alloys by
Peterson and Rothman from measurements of the
correlation coefficient and W, /W, values for dilute
aluminum-copper and aluminum- germanium'
alloys determined by the method described in this
paper,

TABLE II. The ratio of the vacancy jump frequency
away from to that around an impurity atom in four dilute
alloys at the same homologous temperature (TjTme&&
=0.915).

Alloy System

W3/8'g 0.90

Al-Cu Al-Ge

0.30 & 0.18

V. SUMMARY

I would like to thank R. H. Doremus for his crit-
ical review of the manuscript and for his sugges-
tions, which helped to improve its presentation.
This work was supported by the U. S. Army
Research Office, Dux ham.

During the cooling of a dilute aluminum-copper
alloy from near its melting point, vacancies pre-
cipitated heterogeneously on the metal-oxide inter-
face of the alloy and formed large vacancy con-
densation cavities. From the size of these cavi-
ties, the vacancy current which produced them
could be directly determined. A microprobe exam-
ination in and around the vacancy condensation
cavities determined the copper impurity current
which had been generated by the vacancy current
forming these cavities.

The ratio of the vacancy jump frequencies around
and away from an impurity atom in a dilute fcc
alloy was derived as a function of the impurity
diffusion coefficient the solvent diffusion coef-
ficient, the vacancy current, and the impurity
current generated by the vacancy current. From
the ratio of vacancy and impurity currents estab-
lished in this experiment and from diffusion co-
efficients available in the literature, the ratio of
vacancy jump frequencies around and away from
copper impurity atoms in aluminum was deter-
mined. This ratio reflects a small binding be-
tween a vacancy and a copper atom in aluminum
and/or a slight increase in the jump frequency of
solvent atoms next to the undersized copper im-
purity.
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A Hamiltonian corresponding to the strictly infinite-U limit of the Anderson Hamiltonian
is considered. It is argued that this Hamiltonian retains enough complexity to describe mag-
netic and nonmagnetic impurities. The relationships with the Kondo Hamiltonian are discussed.
A resolvent formula for the T-matrix elements, convenient for diagram expansions, is given.
The characterization and the summation of the most divergent terms for the susceptibility
and the spin-flip T-matrix element, in the magnetic and nonmagnetic regimes, are carried
out and shown to be much simpler than for the Kondo Hamiltonian.

I. INTRODUCTION

The interest in the dilute alloy problem is now

focused on the nature of the low-temperature solu-
tion for the Kondo Hamiltonian' and on the tran-
sition regime between magnetic and nonmagnetic
behavior for the Anderson Hamiltonian. Evidence
is given here that the study of a Hamiltonian, cor-
responding to the U- ~ limit of the Anderson
Hamiltonian, may shed some light on these two

problems.
This Hamlltonlan ls

+u + eknkn+Ed~' no+ ~+ tI n-&r~l. okcev+ evoke)
ke c kv

It is easily seen that [Hu, n, n, ]=0, so that there
are two independent subspaces corresponding to
n, n, = 0 and n, n, = 1; the subspace n, n, = 0 is such
that the double occupation of the d orbital is for-
bidden, which effectively corresponds to the limit
U

For the full Anderson Hamiltonian, written in a
transparent way as

o+ h~+ h. + hu

two typical choices of the perturbation term H,
can be made.

(a) H, =h„, the Coulomb term. In this ease the
umperturbed Hamiltonian is quadratic and standard


