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Crystal-field effects can drastically change the temperature variation of the susceptibility
in antiferromagnets. The powder inverse susceptibility need no longer increase monotoni-
cally as temperature decreases below the Neel temperature, and can have a maximum and
an additional minimum. We illustrate these effects for antiferromagnetic compounds con-
taining Ce3' in an octahedral crystal field. The anomalous behavior arises because there
is a range of exchange field for which the I'7 ground-state doublet splitting decreases with
increasing field until the doublet levels cross. The maximum in the powder inverse sus-
ceptibility can occur because the decrease in energy splitting leads to a rapid increase of
the transverse susceptibility with decreasing temperature, and this outweighs the decrease
in the longitudinal susceptibility. Our model leads to the expectation of approximately nor-
mal susceptibility behavior at low and high values of the ratio of exchange to crystal-field
strength, i.e. , where the doublet splitting increases with increasing exchange field. It
shows anomalous behavior in the intermediate region where the splitting decreases with in-
creasing exchange field. Since the exchange field increases with decreasing temperature,
the ratio of the exchange field to crystal-field strength increases with decreasing temper-
ature. For a certain range of exchange and crystal-field parameters, this can lead to a
change from anomalous to normal energy level and susceptibility behavior with decreasing
temperature. This return to normal behavior gives rise to an upturn (i.e. , a second mini-
mum) in the polycrystalline inverse susceptibility at low temperature. The behavior of the
Ce-group-V compounds of NaC1 structure covers the entire range of the ratio of crystal-
field strength to exchange interaction. Corresponding to this variation, the susceptibility
behavior is normal for the light compounds (CeP and CeAs), most anomalous for CeSb, and
returns toward normal for CeBi.

I, INTRODUCTION

For antiferromagnetic materials where the crys-
tal-field interaction is comparable to the exchange
interaction, the temperature dependence of the
susceptibility in the antiferromagnetic state can be
quite different from that usual for antiferromag-
netic materials.

As is well known, the usual behavior of the sus-
ceptibility in a simple antiferromagnet below the
Neel temperature is that the transverse (to the
sublattice magnetization) susceptibility is essen-
tially constant, and the longitudinal susceptibility
decreases monotonically to zero. In the usual
form of display, a plot of inverse susceptibility
versus temperature for a powder (i.e. , polycrys-
talline) sample thus gives an inverse susceptibility
that goes through a minimum at the Weel tempera-
ture and increases monotonically with decreasing
temperature.

In this paper, we show that the crystal-field ef-
fects can drastically change the susceptibility be-
havior. Indeed, the inverse susceptibility need no

longer increase monotonically as temperature de-
creases below the Neel temperature, and can have
a maximum and an additional minimum. For def-
initeness, we have calculated the susceptibility of
a cerium ion acted upon by both a cubic crystal
field and a molecular exchange field. The possi-
bility of anomalous behavior arises when the crys-
tal-field-only ground state is the I'7 doublet. (The
crystal-field excited state then is a I"8 quartet at
some energy 4. ) For small effective field, the
doublet splits in a normal way, energy splitting in-
creasing with increasing field. However, as the
energy equivalent of the effective field becomes
comparable to the crystal-field splitting, the ad-
mixture effects from the excited quartet (i.e. , the
induced moment effect') becomes very strong.
This leads to a decrease of the doublet energy
splitting with increasing effective field. Ultimately
the levels cross, and for exchange fieMS large
compared to 4, the doublet energy splitting again
increases in a normal way. Basically, the possi-
bility of anomalous susceptibility behavior arises
when the ratio of exchange energy to crystal-field
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energy falls in the range where the doublet splitting
decreases with increasing effective field. (There
is no corresponding anomalous behavior when the
ordering of the crystal-field levels is reversed,
and the quartet is the ground state. ) In particular,
we show that the anomalous decrease of the in-
verse susceptibility with decreasing temperature
for some range of temperature below t5e Neel
temperature mainly arises from the rapid increase
of the transverse susceptibility which outweighs
the decrease of the longitudinal susceptibility; and
the increase in transverse susceptibility can be
traced to the crossing of the two doublet levels in
an increasing molecular field.

We use our model to discuss the susceptibility
behavior for Ce-group-V compounds of NaCl crys-
tal structure. ' ' (We omit discussion of CeN, the
behavior of which is anomalous in comparison
both to the other rare-earth nitrides and to the
heavier Ce —group-V compounds. ) Here the crys-
tal-field splitting ' for the ground-state multiplet
of the Ce ion ranges from about 200 K for CeP
to approximately 20 K or less for CeBi, and the
Neel temperature'~ ' ranges from 8 'K for CeAs
and 10 'K for CeP to 25 'K for CeBi. The behavior
of this family of compounds then covers the entire
range of the ratio of crystal-field strength to ex-
change interaction. CeP and CeAs are compounds
with large crystal-field splitting. The molecular
field is much smaller than the field where the
doublet level crossing occurs. Therefore we ex-
pect a normal temperature variation of the anti-
ferromagnetic susceptibility. For CeSb the crys-
tal field is comparable to the exchange field, so
that the anomalous susceptibility behavior associated
with the level crossing is most pronounced. The
final compound in the group CeBi shows a smaller
crystal-field splitting ( 20 'K) and a rather high
Neel temperature (25 'K). Although the anomalous
behavior persists, the decrease of inverse sus-
ceptibility as T decreases, as predicted by the the-
ory, is less pronounced than for CeSb. Unfortu-
nately, the detailed behavior of the magnetic struc-
tures of CeSb and CeBi is not known, although there
is evidence in both cases for the development of a
noncollinear structure. &

" Since neutron diffrac-
tion experiments' show that CeAs has type-I anti-
ferromagnetic ordering (and presumably the same
is true for CeP), for illustrative purposes we as-
sume the same magnetic structure in the calcula-
tions for CeSb and CeBi. Although the noncollin-
earity may have certain effects on the susceptibility
behavior for CeSb and CeBi, we suggest that the
doublet-energy-level crossing effect is the pre-
dominant factor in the observed behavior. This
supposition is supported by a fairly good fit of the
experimental data with reasonable parameters.

II. ENERGY LEVELS OF Ce3 IONS UNDER COM-
BINED EFFECT OF CUBIC CRYSTAL FIELD

AND EFFECTIVE EXCHANGE FIELD

In this section we consider the energy eigenfu ~-
tions and eigenvalues of a Ce ion under the com-
bined effect of cubic crystal field and an exchange
molecular field. (For later convenience in the dis-
cussion of the cerium compounds, we also include
the possibility of a tetragonal distortion. Our dis-
cussion of the detailed energy-level behavior in
the latter part of this sectionis, however, for sim-
plicity restricted to the purely cubic case. For a
small tetragonal distortion, the essential charac-
teristics of the energy-level scheme are not al-
tered. )

In a, cubic crystal field (with tetragonal distortion)
plus a molecular field, the effective Hamiltonian
for a Ce ' ion is

H=B4(04+504)+B20p ggaH~J, . - (2. I)
Here we have taken the z axis as a (001) crysta, l
axis parallel to the direction of magnetic ordering.
The cubic crystal-field operators are

04 = 35 J, —30J(J+ 1)J,+ 25 Jg
—GJ(J+1)+3J (J+1) (2.2a)

0 = —,'(J, +J ). (2. 2b)

The additional crystal-field term 02 arises in the
presence of a tetragonal distortion:

O2 ——3J —J'(J+1) . (2. 3)

In Eq. (2. 1), H denotes the molecular field acting
on a given Ce ion.

In the absence of exchange and distortion, the
crystal-field states are a Iv doublet and a I"8 quartet
with a splitting ~,

6 =360B4 . (2.4)

For positive B„ the ground state is the doublet.
Defining

(2. 5a)

5 = Ba/B4, — (2. 5b)

In Sec. II we discuss the nature of the eigenfunc-
tions and energy levels of a Ce" ion under the com-
bined influence of a cubic crystal field (also al-
lowing for a tetragonal distortion ) and an exchange
molecular field. The transverse and longitudinal
susceptibilities in the antiferromagnetically ordered
phase are calculated in Sec. III. In Sec. IV we dis-
cuss in detail the crystal-field effects on the be-
havior of the magnetic susceptibilities; and in Sec.
V, we apply the theory to study the susceptibilities
of the Ce- group- V compounds.
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(2.6f)

the eigenstates and corresponding energy eigenval-
ues for the Hamiltonian of (2. 1) are given by

g, = —sin8l--', ) + cos8l —', ), (2. 6a)

g, = —sin&]&
l

—', ) + cosQ l
——', ), (2. 6b)

$3= cos8l ——',) + sin8l —',. ), (2.6c)

g, = cosp l, & + sing l

—-', ), (2. 6d)

45= l2) ~ (2. 6e)

46=
I -2),

Cl

C9
K
LLI

tIJ

800

400

with -400

tan28=30($5)/(60+35+ h ),
tan2$= 30($5)/(60+35-h ) .

(2.Va)

(2.Vb) -800

(Here J=-', for Ce, and we have labeled the states
on the right in Eqs. (2.6) by their 8, quantum num-
bers. )

The energy eigenvalues corresponding to the
eigenstates in Eq. (2.6) are

E,=E( —,') sin28—+E(—', ) cos28 —60($5) sin28, (2.6a)

E2= E(,'),sin28+E(- —', ) cos Q
—60($5) sin2&f&, (2.6b)

Ez=E(-—', ) cos2p+E(—,') sin 8+60($5) sin28, (2.8c)

E4=E(-,.') cos2$+E(- —,') sin2y+60($5) sin2$, (2.8d)

E =E(—')
E -E( —', )

where we define

E(+ —', ) =—B4(60+ 105 + 5/2h ),
E(a —,

'
) —= B4(- 160 - 25 v 3/2h ),

E(a ~ ) —= B4(120 —85 w 1/2h ) .

(2.8e)

(2.6f)

(2. 9a.)

(2. 9b)

(2. 9c)

In the absence of distortion and of exchange in-
teraction, the states described by Eqs. (2.6) and
(2. 8) reduce to the crystal-field-only states. For
B4&0, the crystal-field-only ground state is the
I'~ doublet for which the wave functions are

cl, =(v~)l+-.'& -(vl)l+!&, (2. 10)

with magnetic moment ++8gp, s (g = 7). This magnetic
moment is much smaller than the free-ion mo-
ment 2. 5gp, ~. However, as the molecular field
increases from zero, the wave functions of the ex-
cited states mix into the ground-state doublet and
the magnetic moment of the ground state can be
drastically changed.

The change in the energy-level structure, cor-
responding to this mixing of wave functions, as the
molecular field increases plays a key role in the
susceptibility behavior which we shall discuss be-
low. This variation of energy (in units of B4) is

200 400

FIG. 1. Energy-level variation with molecular field
for a Ces ion in a cubic crystal field. The energy is in
units of B4, the crystal-field parameter, and h~
=gp&H /B& gives the molecular field in dimensionless
form.

III. THEORY OF SUSCEPTIBILITIES INCLUDING CRYSTAL
FIELD

A. Longitudinal Susceptibility

In order to calculate the longitudinal suscepti-
bility, we now consider the effect of a small applied

given in Fig. 1. The initial slope for E~ is+ 6,
corresponding to the moment of the purely I"7

crystal-field state. However, with increasing
molecular field, because of the admixture from the
crystal-field excited quartet, the J,=+-', component
of g2 increases. As shown in Fig. 2, this leads to
a decrease of the slope until the slope goes to zero
at h = 40, beyond which E2 decreases with increas-
ing effective field as the magnetic moment of (2
becomes positive. As the moment for the (z level
approaches its saturation value of —', gp, ~ with in-
creasing h, the energy E~ decreases more rapidly
than does E, (the moment of (, saturates at —', @ps);
and the energy E2 crosses below E, at A = 230.
As we shall show later, this crossing of the ground-
state doublet levels is the source of the anomalous
behavior possible for the magnetic susceptibilities
and magnetizations of Ce compounds.

If the sign of B, is reversed (i.e. , B,& 0), the
I'8 crystal-field quartet lies lower than the I'7
doublet, and there is no level crossing of the two
lowest energy states in the presence of the molecu-
lar field. The susceptibilities thus behave normally.
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X =X', /(1-&X'),

with

(3.8)

(Q J -8 /kT/Q e- z„lkT )2]

p & g t(mM, I )I'
& /+

, n( ~.)

(3.8)

of its nearest neighbors and next-nearest neigh-
bors, respectively. " As discussed below, X is
related to the paramagnetic Curie temperature.

To obtain X„, we substitute Eqs. (3.2) and (3.3)
into (3. 1):

FIG. 2. Energy variation (in units of B4), and cor-
responding change in magnetic moment (in units of g]M~),
with increasing molecular field (in dimensionless form,
h~—=gp~ &~/&4) for ground-state crystal-field doublet of
of Ces'.

magnetic field, h, along the direction of magneti-
zation.

Let J;.E; and J&'. E& be the expectation values of
J, and energy of the ith state, respectively, before
and after the application of the external field h.
Then

X„=lfm (gp, /h)[(g; J'; e""'/g;e "'")
0

(g J' e-8 ~lkT/g e-e
&

/k )]r (3. 1)

where the summation is over all the energy eigen-
states. [These are the states, given by Eqs. (2. 8)
and (2. 8) for h=0, which include the effects of both
the crystal field and the molecular field. ]

Considering the external field as a perturbation,
to the first order in h we obtain

E,=E, -gpa J (1+Xx,)h (3.2)

J,'= J;+2gpah(1+%A„) Q, ' ' ' . (3.3)
I (g; I J, ILL;) I'

~ = 12&, +6&2, (3.4)

where X, and A2 are the molecular field coefficients
giving the effective field exerted on a spin by each

The enhancement factor (1+Xx„) enters because the
moment induced by the applied field, XLL h, in turn
produces an effective field XX„h on the ion. The
total effective incremental field is therefore
(1+X@„)h. Here 7 is the paramagnetic molecular
field constant for an fcc lattice:

H' = -gp, ah(1+X~)g; J;„,
and the perturbed states are

(3.7)

,
) ~ ) g gp h(1+Xx,)( lJ„I ) I )

( )
m(m& n)

The transverse susceptibility is then

y~=lim (1/h)gpz Z(n'~ J'„~n') e & /2 e
IL 0

(3.9)

where E„.is the energy of the perturbed state n,

Z~ = Z„—gpa h(1+X~)(nl J~l n) ~

However, (n I J„ln) = 0 in a cubic crystal field, so
Eg. (3.8) is simplified to

0
XL

XL (3.11)

with

The first two terms of X,, give the familiar expres-
sion for the longitudinal susceptibility of a spin
system which has a permanent moment gp, ~J„as-
sociated with each of the n energy levels. The last
term is peculiar to the induced moment system.
It reflects the hange in the magnitude of moment
associated with each state caused by an applied
magnetic field.

B. Transverse Susceptibility

If a small external magnetic field h is applied to
the system in the direction transverse to the mag-
netic ordering, a moment ~ A; is induced in that
direction. Taking into account the enhancement ef-
fect mentioned in Sec. IIIA, the total incremental
field is h(1+X)tL), where y, is the transverse sus-
ceptibility, and X is the molecular field constant
which is given by Eq. (3.4).

The perturbation brought about by the applied
field is
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0 n 2 2 ~ l(BllJ„ln)l z g~r P s g,r
X~ =m Pa n ~

an(fnb n) m n

(s. i2)
The matrix elements (m IZ„ln) are easily calculated
with the wave functions given in Eq. (2.6).

C. Paramagnetic Susceptibility

Although our main interest is .in the magnetically
ordered regime, for completeness we give the ex-
pression for the paramagnetic susceptibility of
Ce in a cubic crystal field. This is actually the
limiting case of X„calculated above as the molecu-
lar field vanishes.

The paramagnetic susceptibility is

50

25

I
~

emu )-I
X mole

20

I5

IO

90-

IO 20
T( K)

50

xp = xp/(I —&xp'),

with

p 2 q 25 1 65
36 kT 18kT

(I "6 lkT) (I 2 6/kr)
9

(3.13)

(3.14)

85-

80-

70-

65-

-55

-50

-45

-40

-35

where, as previously, 4 is the crystal-field split-
ting between the I"7 doublet and the I", quartet.

For kT»6,
Xq- Cu/(T —XC~) = Cs/(T —g),

with

C~=RZ Ps/k .

(3. 15)

(s. is)
We now identify XC„as the paramagnetic Curie
temperature. Extrapolation of the high-tempera-
ture behavior of I/X~ thus yields the value of 7.,
and this can be used in the ordered phase if there
is no distortion on ordering.

IV. CRYSTAL-FIELD EFFECTS ON TEMPERATURE
BEHAVIOR OF SUSCEPTIBILITIES

For the Ce-group-V compounds of NaCl struc-
ture, the susceptibility measurements have been
done on powder samples. The observed suscepti-
bility is then,

To illustrate the crystal-field effects we have
calculated 1/x(T) in the antiferromagnetic phase
by setting T„=20 'K and allowing the crystal-field
splitting 4 to vary from a value small compared
to T„ to a value large compared to T„. The mo-
lecular field is determined self -consistently in the
usual way.

In Fig. 3, we have plotted 1/X versus T for Ce~
in a type-I antiferromagnet (fcc crystal structure)
as ~ increases from 2 to 300 'K with T„=20 'K.
Since the paramagnetic Curie temperature in a
particular compound can be either positive, nega-

I I

(0 20
T ('K)

30 40

FIG. 3. Inverse susceptibility [in (emu/mole) J ver-
sus temperature with fixed TN=20 K, B=0'K, and vary-
ing crystal-field splitting & (in 'Q between the I'7 dou-
blet and I"8 quartet. (a) shows 1/y for & up to 40'K and
{b) shows 1/g for larger 4.

tive, or zero depending upon the details of the ex-
change interaction, in our illustrative calculations
of Fig. 3 we have set 0=0.

For small crystal field (6 = 2 'K), X(T) behaves
normally as for a simple antiferromagnet, viz. ,
1/x increases monotonically with decreasing tem-
perature below the Neel temperature. As ~ in-
creases, a downward dip in 1/x develops at low
temperature and moves toward higher temperature.
At 6 = 6 'K, a maximum in the 1/X curve at T = 10 K
and a minimum at T =4 'K become yronounced. As
& continues to increase, the low-temperature tail
of 1/x flattens out a.nd bends downward, and the
low-temperature minimum moves toward zero
temperature and disappears. On the other hand,
as & increases to values comparable to T„, the
decrease of 1/x for temperatures below its max-
imum becomes very large. This is shown by the
n = 20 'K curve in Fig. 3(a).

The general type of behavior occurring for 4
comparable to T~, a maximum in 1/x decreasing
rather sharply below the temperature of the max-
imum, persists to values of & rather large com-
pared to T„. The low-temperature tail, however,
moves up, and at 4=100'K it is so flat that the
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q =gP Hs=gl/e X(M),

and the sublattice magnetization (M) is

(M) =-,'g//e(1-e '"r)/(I+e "
) .

The transverse susceptibility is

XJ. 1 ~~0

with 0, , f(~lS I )I (1 e /")

(4. 2)

(4.3)

(4.4)

(1 e- e/kr)
=M //e (1 -6/ar) ~ (4.5)

Now as temperature decreases, the population
factor in Eq. (4. 5) (which is proportional to the
sublattice magnetization) increases. However,
the energy gap & increases at exactly the same rate
proportional to the sublattice magnetization, and
thus cancels the change in the population factor.
Therefore, X1 remains constant below the Neel
temperature.

The longitudinal susceptibility, on the other hand,
decreases as temperature decreases. This is
easily seen from Eq. (3.6) with J„=+-', and with
the last term (corresponding to the induced mo-
ment effect) dropped. We obtain

curve of I/X versus T looks roughly like two
straight lines of different slopes joining at T„.
For large enough &, 1/X(T) returns to the normal
behavior as shown in Fig. 3(b) for n = 200 'K and
& = 300'K.

The variations in the behavior of I/y(T) described
above and shown in Fig. 3 can all be traced to the
effects of the doublet energy-levelcrossing on the
transverse susceptibility. To understand this, we
review briefly the molecular field theory of the
transverse susceptibility of a simple antiferro-
magnet. For simplicity we assume S =-,'.

In the molecular field, H =/t. (M), the energy
gap between the two levels is

creases, mainly because the off-diagonal elements
of J, between the molecular field states increase
as the molecular field decreases. )

We therefore focus our attention on the behavior
of X„(T). Because of the energy-level crossing of
the I'7 doublet in the molecular field, X, (T) can be
a sharply rising function as T decreases. It is
this increase of X, which outweighs the decrease
of X„ that brings about the anomalous increase of
the powder y with decreasing temperature.

Comparing the energy-level scheme of Fig. 1

with the behavior for the simple system of spin
—, discussed above, it is clear that the peculiarity
for Ce in the crystal field is that the energy gap
between the two lowest levels decreases as the
molecular field inc~eases from h = 90 to the
crossing at h = 230. This is in striking contrast
to the usual picture of an increasing energy gap
as molecular field increases. We now give a
fairly detailed discussion as to how this energy-
level behavior leads to the various reyresentative
types of behavior shown in Fig. 3.

The anomaly in X versus T is most pronounced
for &= kT„. The self-consistent molecular field
has been calculated, and as shown in Fig. 4, for
a substantial range of temperature below T„, is
close to the value at which the doublet levels cross.
Therefore the energy gap between the two levels
is very small. For 6=//TN= 20, for example (as
shown in Fig. 5), for T from 5 to 14 'K the energy
gap is less than 1.5 'K. It is the fact that the en-
ergy gap is both essentially independent of tempera-
ture and small compared to temperature over a
significant range of temperature that leads to the
increase of X, with decreasing temperature within
that range. This can be seen by isolating the con-

300

250

yo (g2~2/QT) e- s/kr/(I ~e- s/RT)2 (4.6)
200

Thus, for the simple S =-,' system without induced
moment effects, the total susceptibility as given
by Eq (4. 1) de.creases as temperature decreases

As already mentioned, the anomalous behavior
of X for Ce compounds, is mainly due to the anom-
alous behavior of @(T) in the crystal field. (There
are induced moment effects on the longitudinal
susceptibility. Indeed, the induced moment term
in g„becomes the major yart of y(, at low tempera-
ture. However, in general these effects do not
change the temperature variation of X, from the
normal behavior. That is, X„ increases as T in-

I50

IOO

50

IO l5 20

FIG. 4. Molecular field as a function of temperature
for T&= 20 'K with ~ = 20 'K and 4 = 40 'K. For 4 = 40 'K,
the molecular field is almost constant over a wide range
of temperature.
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b, =40 'K

the level crossing occurs in Fig. 1. The magnetiza-
tion at low temperatures is given by the doublet
only,

&I) (~ ~ 6/kT)/( I ~ e 6/kT) (4. iS)

,/ ('K)

OO l2
T(

l6 20

FIG. 5. Energy gap (in 'K) between the two lowest
energy levels as function of temperature for T&=20 K
with & =20'K and 4 =40'K.

tribution of the doublet to the total transverse sus-
ceptibility. The contribution of the doublet to X~

of Eq. (3.12) is given by

with

~0 (XO + XO e- 6/kT)/(1 +e- s/kT) (4.7)

(4.8a)

(4. 8b)

(4.9)

(4. 10)

Xgk n/2&T+-'(5~+ 50). (4. 12)

Here a, 5„and 62 are slowly varying functions of
T, so that X0» and hence ~(T) increases with de-
creasing T. This is shown in Fig. 6 where X, and

X, are plotted as functions of temperature.
For & small compared with kT» the low-tem-

perature self-consistent molecular field is much
larger than the value for which the doublet levels
cross. The susceptibility behavior at these tem-
peratures is then close to that for the simple sys-
tem with no crystal field present. The small up-
turned tail in 1/X below T =4 'K for &=6 K in Fig.
3 shows this tendency. As is also shown in Fig. 3
for 4 = 2 'K, the susceptibility behavior becomes
normal for all temperatures for very small crystal
field as expected.

On the other hand, for &&kT„, the molecular
field at T = 0 K is to the left of the value for which

5,.= 2g'v.' ~
I &4, .l~. l 4.) I'/«. -E,, ) .

n(n& 1 2)
(4. 11)

At temperatures low compared to the splitting be-
tween the doublet and quartet, X» dominates the
over-all behavior of X„. When E is small compared
to T and essentially constant,

Here p. , and p, 2 are the moments of the I'7 levels in
the molecular field, and p. , & p, 2 if the molecular
field H is not too far from the value for level cross
ing (more precisely for h &90). As we discussed
earlier, in this regime, the energy gap & decreases
as H increases. As a result, as temperature rises
from zero, &M) gradually grows until the tempera-
ture is high enough to populate the higher-lying
levels. For further increase in temperature, the
tendency to populate the higher-lying levels tends
to reduce the molecular field. On the other hand,
the fact that the energy gap increases withdecreas-
ing molecular field tends to cancel this effect. Be-
cause of these competing effects, for a wide range
of temperature the molecular field remains essen-
tially unchanged. As shown in Fig. 4, with 4
=40'K, for example, the molecular field varies
from h = 99 at T = 0 'K to 102 at 8 'K and back to
98 at 12 K. The energy gap between the two lowest
levels therefore also remains essentially constant
(approximately 10 K). This is shown in Fig. 5.
The other energy levels are at least 45 'K above
the ground levels and their contribution to the sus-
ceptibility can be neglected. According to Eq.
(4.7), X» and therefore ~ increases with decreas-
ing temperature. A plot of y~ (and Xk) for the case
of & = 40 'K is shown in Fig. 5. The net increase
of I/X for decreasing T for the same case (n = 40 'K)
is shown in Fig. 3(a).

As ~ assumes larger values, the molecular field
moves to the left in Figs. 1 and 2 until h (at T
= 0) & 40 whereupon 1/X(T) returns to normal be-
havior (as shown in Fig. 2, h = 40 is where the
moment of (, becomes positive). In the region
h & 40, the low-lying doublet levels show energy

16-
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0 4 8 I 2 16 20
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FIG. 6. Transverse and longitudinal susceptibilities
for TN=20 K with &=20 K and ~=40 K. This illus-
trates the behavior in the regime where the susceptibil-
ity is most anomalous.
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splitting with varying h similar to that of a simple
S =-,' system, and is expected to behave normally.
For 6=200 K and T„=20'K, h (T=O)=36 and we
found a monotonic increase ot 1jx as T decreases.

Finally, it is interesting to note that if the quartet
crystal-field state is lower than the doublet, i.e. ,
if 84 is negative, then there is no level crossing of
the two lowest levels. (This can be seen by in-
verting Fig. 1 with regard to energy. ) The sus-
ceptibilities calculated then show no anoma, ly for
all values of &.

I50—

I I I I

0 BUSCH AND VOGT(Ref. 4)
+ TSUCHIDA AND WALLACE (l9koe) (Ref. 3)
x TSUCHIDA AND WALLACE (5.5kOe)(Ref. 5) +

V. APPLICATION TO CERIUM-GROUP-V COMPOUNDS

The magnetic susceptibilities of Ce-group-V
compounds have been measured in powder (i.e. ,
polycrystalline) samples by several workers. '
Although the data of the different groups differ in
detail, they show the same qualitative behavior.
The susceptibilities of the lighter compounds CeP
and CeAs behave anomalously in the paramagnetic
phase, but normally below the Neel temperature.
On the other hand, CeSb and CeBi show essentially
no anomaly in the paramagnetic phase but strong
anomalies in the ordered phase. In this section
we discuss this behavior on the basis of our model.

A. CeP and CeAs

In the neutron diffraction experiments of Rainford
et al. the magnetic structure of CeAs has been
identified as fcc type-I antiferromagnetic with mo-
ments pointing along the c axis. The same group
of workers, using the neutron inelastic scattering
technique, also determined the crystal-field
splitting & between the ground-state doublet and
the excited quartet as (140+ 10) 'K. This is in

good agreement with the result 6 = (142+ 12) 'K ob-
tained by Furrer e t al. CeP shows behavior very
similar to that of CeAs. Assuming the same type-
I magnetic structure, Jones showed that the anom-
alous susceptibility behavior in the paramagnetic
regime can be understood if there is a crystal-field
splitting of about 200 K. The Neel temperatures
of CeAs and CeP are 8 and 10 'K, respectively.
Accordingly, they correspond to the case where the
crystal field is much greater than the exchange
molecular field; and our discussion in Sec. IV shows
that the susceptibility in the ordered state should
behave normally.

To obtain the crystal-field splitting ~ involved
in the calculation of susceptibility in the ordered
phase, we took the measured 1 jest values in the
paramagnetic phase of each compound and per-
formed a least-squares fit to the equation,

where lt~ (which depends on 6) and Cu are given in
Eqs. (3.15) and (3. 16). Since the paramagnetic
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FIG. 7. Inverse susceptibility versus temperature for
CeP. Three sets of data and two calculated curves are
shown. The dashed line gives the best fit to the data of
Busch and Vogt (denoted by circles) with C =X~p]p/&f:1.
The solid line is obtained by taking C =1.1 as estimated
using the reported value of ppf f .

Curie temperature 8 could not be determined ac-
curately, we used it as an additional parameter to
fit the data. Assuming the same magnetic structure
as that of CeAs, the best fit to the data of Busch
and Vogt' for CeP was determined with & = 160 'K
and 8 = 6. 7 K. This is shown by the dashed curve
in Fig. 7. The deviation of the experimental data
from this theoretical curve is quite considerable.
While the low-temperature points lie above the cal-
culated curve, the high-temperature points fall
under it. Even worse is the fact that the slope of
the curve (almost a straight line) at high tempera-
tures differs from the slope shown by the data
points. This means that the 1/x data. at higher
temperatures than those shown in Fig. 7 will differ
from the calculation by an even larger amount.
This is partially due to the fact that the fit was done
to T=120 K. On the other hand, however, if we
could include all the higher-temperature data, say,
up to room temperature, we would just make the
low-temperature fit too poor to be accepted. 1'he

same difficulties occurred in the CeAs data fit.
The main source of this discrepancy between the
theory and the experiment may be due to: (i) The
observed susceptibility actually contains several
other contributions which the theory has not taken
into account. Indeed, the s finteraction could-alter
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the temperature —dependent susceptibility by as
much as 10/o. ~

' The deviation of the measured
effective moment (in the paramagnetic phase) from
a free-ion moment is generally attributed to this
effect. (ii) The experimental uncertainties could
be large. This is reflected in the differences be-
tween the measurements of different groups shown
in Fig. 7 for CeP and in Fig. 8 for CeAs.

To improve the fit, without knowing the details
of the experimental uncertainty, we proceed to
modify the theory to include the possible effect
of s finter-action enhancement of the susceptibility
estimated from the experimental measurements.

Noting that the susceptibility is proportional to
p, ,«, we multiply the calculated f-electron sus-
ceptibility by a factor C,

C = (p.„,/p, „.,). ' (5.2)
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FIG. 8. Inverse susceptibility versus temperature
for CeAs. The dashed line is the best fit to the data of
Tsuchida and Wallace with C =1.24 and the solid line
gives the best fit to the data of Busch and Vogt with C
=1.11.

If we take the reported value of p,,« in each experi-
ment to determine the value of C, we can obtain
a reasonable fit of the measurements.

For CeP, we took the measurement of Busch and
Vogt and the best fit to the data points in the para-
magnetic phase gives the crystal-field splitting 4
= 170 'K and the paramagnetic Curie temperature
8=1.4'K for C= l. 1 (p, ,«=2. 66pe, ' p„.,=2.54ge).
This is shown as the solid curve in Fig. 7. Using
this set of parameters to calculate the susceptibility
in the antiferromagnetically ordered state, we found

a much steeper increase of the inverse suscepti-
bility as T decreases than did Busch and Vogt.
However, the qualitative nature of the calculated
behavior agrees quite well with the steeply in-
creasing 1/X, for T decreasing below Tv, found in
the low field (5. 5 koe) measurements of Tsuchida
and Wallace. ' We note that the higher field (19 kOe)
measurements of Tsuchida and Wallace show a flat
temperature dependence below T„. This suggests
that the disagreement with the Busch-Vogt data
may arise from those measurements being done at
a relatively high field. Unfortunately, the data of
Tsuchida and Wallace show a sha. rp drop in 1/y
at T„. This does not appear in the data of Busch
and Vogt, nor can itbeunderstoodin the present the-
ory.

A fit to the measurements of CeAs has been
carried out in the same way. In Fig. 8, we show
the fit of two sets of experimental points in the
paramagnetic phase. The obtained parameters,
& and 9, for each case are then used to construct
the corresponding curve in the ordered region.
From the measurement of Busch and Vogt, '

p, ,«
=2.67, so C=1.11, and the parameters which give
the best fit are

Busch and Vogt:

&=141 K, 8=1.3'K (C=1.11) .
On the other hand, taking the data of Tsuchida and
Wallace (done at low magnetic field 5. 5 koe) and
the reported value of effective moment p, ,«=2. 82,
we obtain C = 1.24, and the parameters are

Tsuchida and Wallace:

&=150'K, 8= —11.4'K (C=1.24) .
Both fits in the paramagnetic regime are reason-
ably good. Again, the behavior of inverse suscep-
tibility in the ordered region agrees only with the
low magnetic field measurement.

B. CeSb and CeAs

For CeSb and CeBi the susceptibility measure-
ments in the paramagnetic regime show essentially
no deviation from Curie-Weiss behavior down to
their respective ordering temperatures. This in-
dicates a much smaller crystal-field splitting than
in CeP or CeAs. For CeSb this has been con-
firmed by neutron inelastic scattering' which shows
a splitting about 25 'K. We also expect a small
crystal-field splitting in CeBi. The ordering tem-
peratures of CeSb and CeBi are 16 and 25 K, re-
spectively. Thus CeSb and CeBi are cases where
& is about equal to or less than kT„, and we ex-
pect anomalies in the susceptibilities for the or-
dered phase.

Unfortunately, the magnetic structures of CeSb
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and CeBi are not known in detail. However, neutron
diffraction ~" indicates that the structures may be
noncollinear. For CeSb, a further complication
arises from the lattice distortion' at ordering and
the effects of such distortion on the exchange in-
teraction in the ordered phase.

Without more information on the magnetic struc-
tures of CeSb and CeBi a detailed quantitative analysis
is impossible. Our discussion here is therefore
confined to a qualitative basis.

Assuming a collinear magnetic structure with
spins parallel to the direction of tetragonal distor-
tion, we present a comparison of the theory and the
experimental results for CeSb in Fig. 9. We have
used a least-square fit to the data taken by Tsuchida
and Wallace'& ' in the ordered phase at low mag-
netic field to determine the parameters of the the-
ory. Here it is important to use only the measure-
ment done at low magnetic field (2. 1 kOe) because
of the metamagnetic transition observed at - 5 kOe. "
Restricting &, the cubic crystal-field splitting,
to have an upper bound of 30'K, the following addi-
tional parameters were allowed to vary: 6, the
relative size of second-order crystal-field potential
as defined in Eq. (2. 5); 8', the paramagnetic Curie
temperature in the distorted phase; and T'~, the
Noel temperature in the distorted phase. The best
fit shown in Fig. 9 is obtained with

CeSb: & = 30 K, 5 = —3.5, e' = 8.6 K, T„' = 35 K .
We note that the value of 6 is comparable to the

value —1.72 calculated from a point charge model
with the distortion measured by Levy. " T„' would
be the ordering temperature if the crystal remained
tetragonal in the paramagnetic phase. However,
this is not the case, and the measured Neel tem-
perature is therefore lower.

We also note that the calculation shown in Fig.
9 was not able to reproduce the upturned tail of
the experimental curve below 7 K. This failure
may rest on one of the effects neglected in the cal-
culation: first, the possible effect of a noncollin-
ear magnetic structure; second, the likely im-
portance of the exchange striction, i.e. , the mo-
lecular field constant A. is a function of the lattice
parameter. An increase of X with increasing dis-
tortion at lower temperature (observed by Levy" )
would give an upturn in 1/X.

In the paramagnetic regime, the theoretical
curve for 4 = 30 'K, 0 = 5 K.lies above the experi-
mental points at lower temPeratures and has more
curvature than is indicated by the experimental
points of Tsuchida and Wallace as reproduced in
Fig. 9. This may indicate that the crystal-field
splitting is smaller in the paramagnetic phase.
[In Fig. 9 we have included a n, = 20 'K, 8 = 5 'K
curve (dashed line) in the paramagnetic regime to
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FIG. 9. Inverse susceptibility versus temperature
for CeSb. Experimental data are those of Tsuchida and
Wallace (2. 1 kOe). Parameters used in the calculation
in the ordered regime are ~ = 30 'K, 6 = —3.5, B ' = 8. 6 K,
TED=35'K. In the paramagnetic regime we show two
curves, the solid curve with & = 30 'K, B = 5 'K and the
dashed curve with & = 20 K, 6 = 5 'K.

show the effect of such a decrease. Such a de-
crease in & could be associated with the absence of
lattice distortion in the paramagnetic phase. ] Al-
ternatively, the curvature of the experimental 1/X
may be greater than that indicated by the data of
Tsuchida, and Wallace shown. (Vogt's recent data'~

shows the possibility of significant curvature in
1/y just above Tz. )

For CeBi we have even less information. Be-
cause of the fact that metamagnetic transition oc-
curs at 10 kOe' and because of the observation
of the hysteresis effect' after applying a magnetic
field to the sample, we choose to fit the data taken
by Tsuchida and Wallace in the ordered phase at
low field (5. 5 kOe) and for the virgin material only.
Assuming an fcc lattice without distortion and a
type-I antiferromagnet, we found it impossible to
fit the data with isotropic exchange interaction be-
tween two spins. However, with two paramagnetic
molecular field constants, the fitting is surprising-
ly good, as shown in Fig. 10. The setof parameter
giving thebestfitis n= 21'K, &„=6. 6 (emu/mole)
and &, = —6. 0 (emu/mole) (with & defined in Sec.
III). Although the exchange interaction being aniso-
tropic is plausible, ~' further experiments (such
as susceptibility measurements on single crystal)
are needed to confirm this fact.

Finally, it is worth mentioning that the level
crossing effects described above, together with
successive lattice distortions, certainly play a key
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FIG. 10. Inverse susceptibility
versus temperature for CeBi. Ex-
perimental data are those of Tsuchida
and Wallace (5.5 kOe, virgin sam-
ple). Anisotropic exchange is as-
sumed in the calculation. The pa-
rameters are &=20 6 K X~~

=6.6 {emu/mole) ~, X~= —6. 0 (emu/
mole) '.
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role in the occurrence of the remarkable sharp
steps" in the magnetization versus applied field
behavior for single crystals of CeSb at 1.5 'K, and

the similar behavior for CeBi powder. ' Both for
understanding these effects and for a detailed quan-
titative theory of the 1/X versus T behavior of
"real" CeSb, detailed knowledge of the magnetic
structure such as would be found by neutron dif-
fraction is highly desirable. Such experiments
done including applied field effects on single crys-

tais would be especially valuable.
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