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By adapting the approach of Kadanoff and Falko to'the two-band model, the ultrasonic at-
tenuation coefficient for longitudinal waves in two-band superconductors is obtained. The
attenuation coefficient is expressed in terms of various correlation functions. Using the
techniques developed by Maki for evaluating the various correlation functions for pure super-
conductors in high fields, the longitudinal attenuation for arbitrary qE is obtained for the
case in which the propagation vector of the sound wave is parallel to the magnetic field. The
(&cp-+ field dependence is still a. feature of the two-band expression. This expression
is used to explain the purity dependence observed in the ultrasonic attenuation in supercon-
ducting niobium placed in high magnetic fields.

I. INTRODUCTION

Recent calculation of the band structure of niobi-
um' shows the Fermi surface to be comprised of
three sheets. The electrons on the sheet centered
around the symmetry point E' are identified as s
electrons while those on the other two sheets are
identified as d electrons. These sheets are seen
to overlap in certain directions. A theory which
describes superconductivity in niobium should re-
flect 01 take 1nto account th18 band stl'ucture. A
model which contained an additional coupling term
to account for possible pair formation of electrons
from the different bands in the overlapping regions
was introduced by Suhl, Matthias, and %'alker.

Niobium is also an intrinsic type-II supercon-
ductor. Therefore, niobium will enter into a mixed
state' when placed in high magnetic fields. For
type-II superconductors near the upper critical
field, Maki was able to obtain various transport
coefficients for both dirty and pure superconductors.
Both of his expressions for the ultrasonic attenua-
tion and thermal conductivity coefficients in dirty
superconductors showed a (H,2

—H) field depen-
dence, while those for clean superconductors
showed a (H,2-H)' + field dependence. This latter
field dependence has been seen in pure supercon-
ducting niobium in high fields. ' " Kagiwada et
al. ' obtained an exact fit of Maki's expression for
the longitudinal ultrasonic attenuation for pure su-
perconductors by adjusting certain parameters.
Forgan and Gough" discounted Kagiwada's fit of
Maki's expression by pointing out that their mea-
surements of ultrasonic attenuation in various pur-
ity niobium samples all showed the (H,2-H)' ~ field
dependence, but that they also showed a purity de-
pendence which was in disagreement with Maki's
expression. A similar purity dependence in the
longitudinal attenuation coefficients in various ni-

obium samples in high fields has also been seen by
Tsuda et gl. " The quantitative agxeement with
Maki's expression grew worse as the purity of the
sample became better.

The possible explanation of this dependence on a
purity dependence in the density of states was dis-
counted by Forgan and Gough since a false purity
dependence in the magnetization in niobium would
be implied. They thought that the purity dependence
could be accounted for by properly treating the
anisotropy of the Fermi surface in niobium. ' %'e
shall see that the purity dependence can easily be
explained in terms of the two-band model. The
better agreement with Maki's expression as the
sample becomes dirtier is consistent with the two-
band model. Garland' had shown that as a two-
band superconductor becomes dirtier, its proper-
ties become more and more like those of a one-
band superconductor.

The attenuation coefficient for the two-band su-
perconductors in high fields will be expressed in
terms of various correlation functions. " General-
izing the methods of Kadanoff and Falko, "we ob-
tain the attenuation coefficient for longitudinal
waves as
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locity of sound, n, «& is the number operator for
the s(d) electrons, r, «& is the stress tensor opera-
tor s(d) band, m, (E& is the mass of the s(d) elec-
trons, and p~ is the Fermi momentum of the elec-
trons. For the propagation vector of the sound
wave being parallel to the magnetic field, the var-
ious correlation functions can be evaluated using a
technique developed by Maki to obtain the longi-
tudinal attenuation coefficient for arbitrary ql.

The purity dependence will enter into the two-
band expression for the attenuation coefficients
through the ratios of densities of states N, /(NP;)
and N~/(N, N, ) In th. e two-band model, it is pos-
sible for a small increase in the concentration of
impurities to cause a rapid change in the density
of state in the s band while causing a slight change
in the d-band density of states. The rapid change
in the magnetic properties will not occur since
these properties are dominated by the d-band elec-
trons. "

II ~ FORMULATION

The formulation of the ultrasonic attenuation co-
efficient in the two-band superconductor will follow
somewhat the derivation in Kadanoff and Falko. "
However, special care must be taken because of
the different masses of the electrons in the two
bands. Instead of a single equation of motion for
the electrons, two equations of motion will be
needed in the two-band model. The motion of the
ions is still governed by a single equation. The
three equations are combined into one by the use
of Newton's third law. Following Tsuneto, " the
motion of the electrons are transformed to a co-
ordinate system which moves with the ions. The
longitudinal attenuation coefficient is obtained di-
rectly from the single equation expressed in the
new coordinate system. Using the method devel-
oped by Kadanoff and Falko for treating the effects
of the long-range Coulomb interaction, the longi-
tudinal attenuation coefficient is obtained in its
final working form.

To begin, we define (t)(r, t) as the displacement
of an ion in the neighborhood of (r, t). Using New-
ton's second law, we have the equation of motion
for the ions:

d
m~—j ~(r, t)+ V r'~(r, t)] = —N~eE(r, t)+fE„;+fE, „,

(2. 3)

where (2. 2) is the equation of motion for the s elec-
trons and (2. 3) is the equation of motion for the d
electrons. The subscripts refer to the type of elec-
trons being described. The current and stress ten-
sor are defined as

j (r, t) = Z. . (t,'(r, t)((.(r, t),(v —v')
(2. 4)

This equation can be further reduced by assuming
that &t)(r, t) varies as

y(r, t) = y(q, &~) e"'-'"'. (2. 7)

Equation (2. 6) becomes
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Transforming to a coordinate system moving with
the ions, the above equation becomes
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The forces f„„f„„„f~;, and f~ „are, respec-
tively, the forces exerted on the s electrons by the
ions, by the d electrons, and the forces exerted on
the d electrons by the ions, and by the s electrons.

Using Newton's third law, we obtain
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where E is the total electric field, Ze is the ionic
charge, and F;, is the force exerted on the ions by
all of the electrons in both bands. The two equa-
tions of motion for the electrons are also obtained
from Newton's second law and are

( ,—j (r t) + V t, (t', t)l) ,= —,N, e E (E t) f„„ f„„,
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where the ith component of h, «& is
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(2. lo)

In the longitudinal case, where Q; is parallel to the
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where
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The longitudinal attenuation coefficient is given
by
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The correlation functions in (2. 13) are averaged in
a system which includes the effects of the long-
range electron-electron interaction between elec-
trons in the same band. The interaction between
electrons belonging to different bands were taken
into account in (2. 2) and (2. 3) by the inclusion of

f„~and f~ „in the equations. The individual cor-
relation functions in (2. 13) can be treated in exactly
the same way as in the Kadanoff-Falko paper. The
resulting attenuation coefficient for the longitudinal
sound wave is now given by
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wave vector q, the sound-wave dispersion relation
becomes
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with c given by

e= v1,[ ,'eH ]'~'- (3. 3)

and 8 the angle between P (the momentum of the
quasiparticle) and the magnetic field.

In the case where the propagation vector q of the
sound wave is parallel to the magnetic field, the
angular integrations involved in the various corre-
lation functions are muc' simplified. The evalua-
bons of these functions will lead to expressions
exactly like Maki'sa except for the band subscripts.
Combining the resulting expressions for the various
correlation functions, we obtain the longitudinal
attenuation coefficient for arbitrary ql:

conductors in high fields are evaluated using the
techniques of the thermal Green's function. How-
ever, special care must be taken since it has been
shown that the perturbation expansion in terms of
the order parameter will lead to unphysical results
for the pure superconductor. Maki has used the
similarity between the density of states for the pure
superconductor in high fields and that of a current-
carrying superconductor as a means of circumvent-
ing this difficulty. ' To be able to apply Maki's
techniques to the evaluations of the various correla-
tion functions in the two-band case, we shall assume
that the density of states for both bands are of the
form

do (t),(a, q/) cosh 2 Q

+L Swhere the correlation functions are now averaged
in the fictitious system with out any current-cur-
rent interactions.

Ss(,(s, ql)sssh'( —-),
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(3.4)
III. ATTENUATION COEFFICIENT FOR LONGITUDINAL

WAVES

The various correlation functions for pure super- where
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with
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The asymptotic forms are given by
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The field dependence enters in the behavior of the
energy gaps in high magnetic fields. For the dis-
cussion in this section, we will assume that d-band
energy gap is given by'

(3. 3)

The field dependence of the lower energy gap shall
be assumed to have a similar form in the tempera-
ture region above the lower transition temperature
T„. Since the observed field dependence is defi-
nitely (H,2

—H)' in niobium, the assumption made
above seems to be correct. In addition, we will
assume that the energy gaps are proportional to
one and other. This assumption is analogous to
the observed behavior of the two gaps as the tem-
perature varies, i. e. , the recent discovery of
Hafstom et al. ,

' that the relative strength of the
two gaps remains constant over a wide tempera-
ture range.

IV. COMPARISON WITH EXPERIMENTAL RESULTS

Kagiwada et al were able to fit their data on a
niobium sample with a residual resistivity ratio
(RRR) 300 with Maki's expression by using the
value 1. 5 x10" states/cm'erg for the density of
states. To achieve a fit of the experimental data
on niobium samples with RRR between 100 and 600,
Tsuda et al. '5 used values ranging from 0. 2 to 5. 8
x 10 states/cm erg (the lower values being re-
quired to fit the data on the purer samples). This
variation in the density of sta.tes with the purity of
the sample reflects the fact that the density of
states as a parameter would have a purity depen-
dence. "' '" A strong purity dependence in the
density of states would imply a similar dependence
in the magnetic properties. However, this contra-
dicts both the BCS theory, which predicts a weak
purity dependence, and the observed magnetic prop-
erties in niobium, "' which show a dependence
stronger than the BCS prediction but not as much
as would be implied by the purity dependence in the
ultrasonic attenuation in pure niobium near the
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