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We report here the 8-line optical absorption spectra of Cr'3 in the rare-earth orthochromites
ErCr03, HoCr03, and YCr03 as a function of an applied magnetic field. All three materials ex-
hibit Davydov splittings. Their polarized spectra are found to be dissimilar. It is shown that
these differences arise from the different types of spin structures which these materials exhibit
in their magnetically ordered phases, and that from the polarization characteristics the mag-
netic factor group may be determined. ErCr03 is found to undergo a spin reorientation at 9'K.
The k=0 exciton problem is solved for the different spin structures and the transfer-of-energy
matrix elements responsible for the Davydov splittings are determined. They are 5 to 100
times smaller than those of the corresponding excited state of Cr' in Cr&03. The differences
are shown to arise from a combination of the different crystal structures of the two materials
and the spin selection rules on the transfer-of-energy matrix elements.

INTRODUCTION

In order to interpret the oytical spectrum of
magnetic insulator crystals it has been necessary,
in only a few cases, to consider the exciton nature
of the electronically excited states. Some examples
of these are (1) line shape of the magnon side-
bands observed in several antiferromagnets, ' (2)
line shape of transitions from the first thermally
populated spin excitation of the ferromagnet GdCl„
and (3) Davydov sylitting in the two antiferromag-
nets Cr~O, ' and YCrO, .' The exciton description
becomes necessary when the electronic excitation
can transfer rapidly among the ions of the crystal.
In this paper we consider the Davydov splitting of
the series of isostructural compounds ACrO& (A
denotes rare earth).

In both Cr2O, and YCrO, the Davydov splitting is
observed in the transitions corresyonding to the
ruby R lines. We report here a study of the corre-
sponding transitions in the two related rare-earth
orthochromite crystals ErCr03 and HoCr03 and
some new information on the YCr03 spectrum. All
three materials exhibit Davydov splittings with
transition selection rules to the Davydov compon-
ents characterized by the magnetic symmetry of
the crystal.

In Sec. IIA the construction of the Frenkel ex-
citons necessary to describe the excited states of
insulating crystals is briefly reviewed with empha-
sis on the relationship of the transfer-of-energy
interaction to that of interionic interactions in gen-
eral. In Sec. IIB the properties of the RCr03
crystals and the relevant single-ion states are de-
scribed. The exciton theory is applied to RCrO,
in Sec. IIC. The energy matrices for the k = 0 ex-
citons are derived for the three types of magnetic

order which are comyatible with the crystal struc-
ture and which yreserve the paramagnetic unit cell,
and include the effect of an external magnetic field
along the antiferromagnetic axis. From the solu-
tions, the selection rules and relative intensities
of the exciton transitions are computed. They are
shown to be different for each of the magnetic sym-
metries considered. The theory is compared to
the observed spectra as a function of magnetic field
in Sec. III. From this comparison we determine
the appropriate magnetic factor group for the sev-
eral RCrO, 's and the corresponding transfer-of-
energy matrix elements between a Cr' ion in the
~E excited state and its three translationally in-
equivalent types of neighbors in the ground state.
For ErCrO, they are found to be highly sensitive to
the type of magnetic order. Finally, in Sec. IV the
transfer-of-energy matrix elements are compared
to the yreviously determined values for Cr~03 and
are found to be 5 to 100 times smaller. The differ-
ences are shown to arise from dissimilar super-
exchange paths in the two materials.

II. THEORY

In this section we wish to review the position of
transfer-of-energy in the framework of interionic
interactions, to discuss how the transfer-of-energy
leads to an exciton description of the excited states
of weakly interacting magnetic ions in ionic insula-
tors, and to consider the specific problem of exci-
tons for the different magnetic spin configurations
of RCr03, In the description which follows we treat
the excitations as Frenke) excitons, as Loudon has
shown this to be the proper description for magnetic
insulators.
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A. Interionic Interaction and Description of Excitons

To begin with, an ionic crystal of N unit cells is
constructed, each consisting of p molecular units.
The Hamiltonian for the crystal is

x=x, + Z Z' 3:„.
num

where Xo is the free-ion Hamiltonian and r, and r,
describe the positions of the two electrons. The
prime on the summation indicates that when n =m,
the i =j term is excluded. The summation 8 & t
includes all pairs of electrons, one on the ith ion
of the nth unit cell and one on ion mj. Initially, the
two states of the crystal are defined as products of
the free-ion eigenstates of Xo. The ground crystal
state is

I+'& = If' fla"'fin"'f'~"'f'~ & (2. 2)

while that in which ion ni is excited from the ground
state f to f is

I&.'~& =
I fuff "2'f' '"f '''f

There are Np degenerate crystal states for each of
the free-ion excited states. States of the crystal
in which more than one ion are excited will not con-
cern us here. The eigenstates of the crystal under

X can be found by solving the matrix in the repre-
sentation defined above.

Consider the matrix of K in this basis. The ma-
trix elements can be grouped into two classes:
those which do not transfer energy among the ions,
such as (Il „, )K) E„,) called "static" matrix ele-
ments, and the transfer-of-energy matrix elements

(F„,)K) E ~'&. Since Z contains a two-electron
interaction, both the static and transfer-of-energy
(hereafter denoted as TE) matrix elements contain
both direct and exchange parts. The direct and ex-
change parts of the static and TE matrix elements
can be associated with the different kinds of inter-
ionic interactions as shown in Fig. 1.

The direct part of the static term corresponds to
what is usually termed the crystal field. Matrix
elements for which su=so' describe the shift of the
free-ion energy levels due to interionic interactions.
Those for which se w so' split the free-ion terms
according to the symmetry of the site, giving what

are called the crystal field solutions. The exchange
part of the static matrix elements split up the Kra-
mers degenerate crystal field states when the ma-
terial becomes magnetically ordered. This is
known as the exchange splitting. The static matrix
elements thus provide the single-ion description of
the energy levels of ions in concentrated salts.
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FIG. 1. Types of interionic Coulomb matrix elements.
Single-electron orbitals are designated by a and b. The
matrix elements are defined in the text.

The TE matrix elements are responsible for the
delocalization of excitations and hence the exciton
character of excited states. The direct pari of the
TE matrix elements induces a transfer of energy
via the interaction of the transition moments of the

electron clouds on the two interacting ions as shown

in Fig. 1. Although there is no electron exchange,
energy is transferred. The exchange part of the

TE matrix elements produces a transfer of energy
via the electron exchange, as diagramed in the
lower right-hand corner or Fig. 1. In. ionic insu-
lators this is thought to be a suyerexchange process,
involving the intervening anions.

The matrix elements of e jr,2 include the mag-
netic diyolar interactions, provided that the inter-
ionic interaction is solved relativistically. Inprac-
tice, we usually add to the Hamiltonian terms which
reyroduce the relativistic effects, the most im-
portant of which look like the interaction of the mag-
netic moments.

If the TE matrix elements are negligible, the
single-ion model, which has been the usual descrip-
tion of the excited states of ionic insulators, is val-
id. If the TE and static matrix elements are com-
parable in magnitude, the yroblem becomes intrac-
table. If, however, the TE matrix elements are
much smaller than the static matrix elements, as
will be shown to be the case for RCr03, then the
former may be treated as a small perturbation on
the latter. In this case, we first treat the single-
ion ("static") problem, redescribe the crystal states
as products of these single-ion eigenstates, and

consider TE matrix elements among these crystal
states.

Let us presume that the single-ion problem has
been solved. We represent the ith ion of the nthunit
cell in its ground state by g„, and in an excited state
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X 0 c +3 ~ 8+3

FIG. 2. Crystal structure of RCr03. The oxygens
are not shown. The four translationally inequival "nt
Cr'3 ions are labeled by the numbers 1 to 4. The vec-
tors v& and 72 are nonprimitive lattice translations.

by p. „,. Here, g and p. are antisymmetrized prod-
ucts of occupied single-electron orbitals where the
orbitals are now solutions of the single-ion problem.
The ground crystal state is

IG& = Igoigoo'''gop'''gal''' gnp& (2 4)

while the excited states are

~ , ~ ~ , ~ lV ~ ~ ~l"nj' Igolgoo gop l'nf gNp&

There are pN degenerate crystal states for each
single-ion state p, , where 8' has the values 1 to V,
V being the number of single-ion excited states.
(The single-ion states are assumed to be nondegen-
erate. ) To find the eigenstates of the crystal, one
must solve the (PNV+1)-dimensional matrix whose
elements are (yf, )X ] l & ). It is easy to see that
matrix elements for which 5' e lV' will not appre-
ciably affect the solutions if, as we have assumed,
the TE matrix elements are much smaller than the
energy separations between states differing in 8'.
As a result, the matrix breaks up into V blocks,
each of dimension pN, i. e. , we can treat the exciton
problem for each single-ion excited state separate-
ly.

We now concentrate on the solutions of the pN-
dimensional matrix of the single-ion excited state
p. ~, the superscript being unnecessary in the fol-
lowing discussion. In order to reduce the PN-di-
mensional matrix to a simpler form we take linear
combinations of the crystal states ~ p, „,) which
transform as irreducible representations of the
translation subgroup l of the full space group 8.
These are

N
.
) N-1/2 Q e-&IT''Vo!) )

where T„ is a pure lattice translation which takes
a unit cell at the origin to that of n and k is a vec-
tor in the reciprocal space. Since k has N possible
values in reciprocal space and i = 1 to p, we still
have a pN-dimensional subspace, as required.
Matrix elements between states differing in k are
zero because they belong to different irreducible
representations of 1. As a result, the matrix re-
duces to Np-dimensional matrices, each matrix
characterized by one of the N values of k. A typical
matrix element is

(l„-I IXlgrg&=t„. Z„e''" "- '""(l.;I~I~i,&,

(2. 7)

where the origin of real space is chosen as a point
in the n= 1 unit cell. In general, there will be p
solutions for each value of k. The series of solu-
tions determine the energy dispersion and eigen-
vectors of the excitons as a function of k .

B. Description of RCr03 Crystals

The materials RCr03 crystallize in an orthor-
hombic space group Pbnm(Dz'„) with four molecules
per unit cell. A unit cell is shown in Fig. 2. As
the crystals are cooled, the following typical pat-
tern of magnetic order sets in: (i) the Cr" spins
become ordered at temperature T» (282-112 'K for
8 = La to Lu) in a predominantly antiferromagnetic
structure which has, in addition, a small ferromag-
netic component; (ii) the Cr" spins undergo a re-
orientation at temperature Tn; (iii) the 8" ions be-
come magnetically ordered at a temperature T»,
which may be accompanied by a further Cr" spin
reorientation. The types of magnetic order for the
Cr" and R' spins which are compatible with the
crystal structure and which preserve the paramag-
netic unit cell are listed in Table I. The symbols
Py P2 I'3 and I'4 are labels for the different mag-
netic space groups. The symbols G, F, A, and C
describe the different possible relationships among
the spins on the four translationally inequivalent
ions in the unit cell which are consistent with the
magnetic space groups. The notation is that of
Bertaut and is described at the bottom of Table I.
The subscript / labels the orthorhombic crystal axis
along which the Cr" spins lie. All spin configura-
tions are antiferromagnetic except for F, which is
ferromagnetic and is responsible for the small fer-
romagnetic component which can occur in all but
I',. All studies of the RCrO, series indicate for
the Cr" spins a predominantly G-type antiferro-
magnetic spin arrangement. We shall ignore the
small canting of the spins and assume a two-sub-
lattice antiferromagnet for describing the Cr'3
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single-ion states. This is justifiable because the
very small canting of the spins can have very little
effect on the description of the single-ion states
with which one begins. However, in treating the
excitons which arise from each single-ion state,
the full magnetic space group will be used. As a
matter of convenience, we shall describe the type
of magnetic order by the Cr' spin configuration
Gg, remembering that this implies all the informa-
tion about the magnetic structure consistent with
Table I.

The single-ion transitions which form the start-
ing point of the analysis are the 'Az(f 32) - 2E(t ~z)Cr'3

transitions (analog of the ruby It lines), and are
indicated schematically in Fig. 2. The fourfold
degeneracy of the E and Aa states is removed
completely by a combination of the low-symmetry
field, spin-orbit coupling, and internal fields re-
sulting from the magnetic order, as shown in Fig.
3. The initial and final states of the observedtran-
sitions are the lowest components of the 'Az and
E manifolds, respectively. For the ground state,

these are I 4A„M, = —,') on ions 1 and 3 ("up" sub-
lattice) and I A„M, = ——,

'
& on ions 2 and 4 ("down"

sublattice). For the excited state, the lowest com-
ponent is the M, = —,

'
(up sublattice) and M, = ——,

'

(down sublattice) spin projection of a linear combi-
nation of the two orbital basis states of I E, M, ) .
Here, and throughout this paper, the single-ion
Cr' states are quantized along the direction of
antiferromagnetism, E=x,y, or z axes for the 6,
spin conf igurations.

Only the optical transitions induced on the elec-

TABLE I. Magnetic point groups, spin representations,
compatible spin configurations, and magnetic dipole
selection rules to the four Davydov components corres-
ponding to a single-ion state of Cr'3 in ACrQ3. The
Davydov components are labeled as in Table III.

"UP"SUBLATTICE IINN
'

TRANSFERC)+

ENERGY
OF

E

A2

FIG. 3. Schematic energy-level diagrams for the 442
ground and 2E excited states of the Cr'~ iona on the up
and down magnetic sublattices. The effect of the low-
symmetry field (C~), spin-orbit coupling (S.O. ), and ex-
change field (EXCH) on the eigenvectors of the octahedral
field (Og,) are shown. The TE elements split each single-
ion state into four k= 0 excitons as shown.

C. Solutions of k= 0 Matrix

trons of a single ion are of concern here. There-
fore, it is necessary to solve only the %=0 p-di-
mensional matrix, since k, which is proportional.
to the quasimomentum of the excitation, must be
conserved in any transition. Both the ground crys-
tal state (initial state) and the photon can be de-
scribed as k = 0 particles, the former because the
ground state contains no excitation, the latter be-
cause the wavelength of an optical photon is much
greater than the interionic spacings. Therefore,
only k = 0 excitons (final state) can be created by the
action of light.

Magnetic
sym-

metry

D2a@2~)

D2a~C2g)

Compatible spin
configurations

Magnetic dipole
selection rules

to the four Davy-
dov components

I') G~, A~, C8

r, a„Z„,C,
I'3&~, C„, A.,
I 4G„, A~, +

Cg 0 0 0 g g

E~, Cy x x p, 8 g, 8

E~s C~ g g Xs@ Xs8

The problem is very similar to that considered
by Allen et a/. in analyzing the Davydov spectrum
of Cr~03. %e will briefly review their analysis,
adding those aspects relevant to BCr03, particular-
ly the relative intensities among the exciton tran-
sitions,

The matrix elements for the k= 0 matrix are

A
g
~ 8gg = —S2 g

———S~ g

-S4 g

Cg Sgg =Sag = -Ssg =-S
~g- Sig = S2g =S3g =S4g

Sig = -S2g =Ssg = -S
4g

where the basis states are given by

In ACrO& the Cr'3 ions are in a predominantly 6-type
spin configuration.

(2. 9)
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The symbol p. „- 0 is unnecessary for the discussion
which follows since only the k= 0 excitons of the
lowest component of the E manifold are considered.
Note, however, that since the single-ion eigenvec-
tors of E depend on the Cr'3 spin configuration,
the basis states I i) will also depend on the Cr"
spin configuration. The state I i) must be a basis
for the representation of the factor group (r'f 0/K,
where 8„- 0 is the group of the k = 0 vector. The gen-
erators of the k= 0 factor group are the operations
which leave a unit cell invariant and are usually
called the factor group of the crystal. When the
material is magnetically ordered, it is the mag-
netic factor group which is the appropriate group.
This is the group which leaves invariant both the
crystallograyhic unit cell plus the magnetic mo-
ments on the magnetic sites. The operations of
the relevant factor groups are shown in Table II.
The operations of the G„spin configuration differ
from those of the paramagnetic state in that the
products of I(R I 0} (R is the time inversion oper-
ator) with the operations listed are not vaiid sym-
metry operations in the G, spin configuration,
whereas they are for the unordered material be-
cause the magnetic moments are flipped by {RI 0) .

The effect of an external magnetic field along the
direction of the Cr' spins in any of the G-type con-
figurations is to distinguish ions 1 and 3 from 2 and

4, the spins being parallel and antiparallel to the
field, respectively. This is represented by adding
to the Hamiltonian X the term X "=pH0 (L+2S),
so that X"'=X+X ~. Matrix elements of X ~
in the I i) representation are

n & fft

If it is assumed that the external field does not cou-

TABLE II. Symmetry operations of the magnetic fac-
tor groups corresponding to the Cr'3 spin configurations
t"„, G», and 6„. Let C», C», and C28 be twofold ro-
tations through the center of a unit cell about the x, y,
and z axes, respectively, and ol =IC» where I is the in-
version operator. R is the operation of time inversion.
The translations v& and v2 are shown in Fig. 2 and 7.

=T(+T3. Products of these with {E I 0}produce the
double group Product. s with {RIO} are appropriate oper-
ations for the paramagnetic factor group only.

Cr'3 spin magnetic Symmetry operations of the
factor group magnetic factor group

Paramagnetic, {EI 0}{C3,I T'1} {C33I T}{C2„IT3}
or G3 D33(D33) {II 0}{(r~-I T(}{(r((l T}{o„lT3}

G~-D33(C33) {EIO} {C3~R IT1}{C33R IT}{C,„IT3}
{IIO {0 R IT(}{(r R IT} {(r„lT3}

&x-»a«2a~ {Et 0}{Ct~ IT(}{C3 R IT}{C3„RI Tt}
{II 0 }{(rg IT(}{(r~R IT}{0,R I T3}

pie states on different ions, this reduces to 5,&

()1„, I X I p. „~). By writing the basis states I ti„,)
as in Eq. (2. 5), it is easily seen that

X tot X Xmagl+ l

&21 -~l &2'3 &24
(2. i2}

H31 H32 +l H34

l l
H41 H42 H43 gl

where l refers to the spin configuration G, . The
matrix is first simplified by using the operations
of the magnetic factor group of the crystal on the
matrix elements to determine relationshiys among
the H', J 's. In using group theory to perform these
matrix simplifications, we can consider the functions
I )1„,) rather than the actual basis states Ii) This.

is because the two sets of functions have identical
transformation yroyerties under the factor-group
operations. Considering the factor-group operation
9, we find, in general, that

e()1.( I xl v., ) = (ti ( Ix I )1 ., ) . (2. iS)

This imylies H&& =H, .J., since the Hamiltonian is
invariant under 9. The operations, which, in gen-
eral. , consist of rotations (proper and improper} and
nonprimitive translations, take site ni to mi' and
nj to mj'' while simultaneously rotating the con-
tours of the electronic wave functions. If 8 is anti-
unitary, the comylex conjugate must be taken as
well. These relationships are summarized in Ta-
ble IH.

The resulting matrix is then diagonalized. For
50= 0, this can be performed by a similarity trans-
formation which reduces the representation I i) to
that of an irreducible representation of the magnetic
factor group. Wigner' has described how to find
these irreducible representations (called corepres-
entations) for antiunitary groups. One first reduces
the representations formed by the four functions
Ii), i = i to 4, in the unitary subgroup of the mag-
netic factor group. The characters of this repre-
sentation are given by

4

)t(e}= P y,'„('(e}, e in site group
5=1

+11 +33 H22 +44 3 (g Sg }P+0 gr

(2. ii}
where H« ~ —(i ~X ~

I i) and g and g' are the g
values of the ground and excited states, respective-
ly, for an external magnetic field Ho along the di-
rection of antiferromagnetism.

The resulting matrix in the I i) representation
is

J» l4)

l
g l H12 H13 +14
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TABLE III. Solutions of the TE matrices of the 6& {l=x, y, z') Cr' spin configurations. In this table, ~~, =exp(iq g&),

(d2, ——exp (Ap2, ), and ~', =1+exp (iyg) -i@2)).

Relationships among
H', ~'s

Bepresentations-
unitary subgroup

Eigenvalues
oft,

G~

Hlt H$g-—, H'(3=H)3
H"(I=H)g (a11 real)

I'i+ I'2= I'3+ I 4- D2a

1 1 1 1
1 1 —1 —1 1
2 1 1 —1 —1

1 —1 1 —1

HI3 +Hft+H13 +HI3
&33 = +HII-H"33+HI 3

Gg

H'„=H'„(real)
H",,=H'„, H', 4=H23

21 )+2 I"
2
—Cp, (x')

0 1 0

gg) 1 0 —1 0
0 1 0
0 1 0 —1

les

H~(2+ 8(g
-H'„+a~

2I')+2

1

0
1

0 1 0
1 0 1
1 0 —1
0 —1 0

H )4+By„
—H~(4 +R2„

H~)4 ——H~23 (real)
H(2=H43, H(3=H42

Eigenvectors"
oft

H
tc:

Ilt)~()) = 2 (1, +1, 1, +1)
I/2))= 2(1, +1, —1, yl)

Egy 2 0 0
2 Ej„0 0
0 0 Epq 2
0 0 2 E2y

2 (+1~ +le ~gg.
2 (+1~ +ls ~28»

E iz 0 ~g

(+s) (~i) +2m

-(~,~(~;)* 0

—(dg
CO g
0

2 (+1~ ~txs ~txa+1)

~is .

-(~g (&up' o H&

~As defined in Bef. 10.
Coefficients of the basis states ) i) in the order i= 1, 2, 3, and 4.

'A11 off-diagonal matrix elements are to be multiplied by q(g
' —3g) H3, where H3 II t.

=0, 9 not in site group

where )('„Is (8) is''the character of the representation
to which p. „, belongs. The resulting irreducib1e
representations are shown in Table III. The Dim-
mock-%heeler test'3 can then be used to determine
whether the antiunitary operations introduce any
added degeneracy. In the present case, no added
degeneracy occurs. The similarity transformations
S, which perform the reduction in the unitary sub-
group can be found by means of the projection oper-
ators of the appropriate irreducible representations,
and are shown in Table III. The transformed ener-
gy matrices H= 8~ H, S, , which are not yet neces-
sarily in diagonal form, can be diagonalized either
directly or by a second similarity transformation
H=S, H, S,', as described by Allen et al. 4 The re-
sulting eigenvalues and eigenvectors of the As =0
energy matrix are given in Tab1.e III. Also shown
RI'e tl1e 111Rtl'lees fol Rs 4 0 Rlollg the Cl' splI1 di-

rection, given by H', "=H, +S,' S, H, S, S,'. Note
that in Table III the following substitutions have
been made:

The selection rules on the transitions to the four
k = 0 excitons can easily be calculated assuming the
transition mechanism is that of the single ion. The
Cr' site symmetry C, contains the inversion oper-
ator. Therefore, single-ion transitions within the
d configuration can occur only via magnetic dipole
radiation, as found experimentally for RCrO3. For
As= 0, transition moments are proportional to the
matrix e1ements (G I MI g), where g can be any of
the four excitons g,'„g» for the G, spin configura-
tions and M= 5+28. Since (GI belongs to the to-
tally symmetric representation of the magnetic fac-
tor group M must transform as the same repre-
sentation as g. The resulting selection rules can
be found in Table I. Note that they are unambigu-
ously different for each of the magnetic symmetries
considered.

Fol' G3 wltll Ae —0, olliy oIle excl'toll 'tl'Rllsltloll

appears in each polarization, ~hereas for 6, and

G„ two transitions apyear in each polarization.
The relative intensities of the two transitions in
each yolarization follow directly from the eigen-
vectors of the As = 0 matrix with the help of some
symmetry considerations on the magnetic dipole
transition moments. The transition moments are
expanded in the (3) representation as

&j.e'""=H~'s+Hj'4

Aa, e ~=Hq3 -H~4,

&g = ~s —~ag

Aq~ e ~ = H(2 +H(3,f(p x x

Re, e = Hla —H,3, (2 15)

(Gillie) =Z, Cg, t)(Gigjif& .

Taking
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Sf =P m„, , where m„, is the single-ion transition moment op-
erator, it is seen that

(GlM lf) =N Z„(g»&tz'''A»'" IMI&tt&u'''tt«'''& = (g ~ lm ~ I
tt ~) (2. i7)

This is the single-ion transition moment at siteni.
Relationships among the (G i M ii) are found as was
done for the H&&'s, noting that M is not invariant
under the operations 8. Denoting the $th compo-
nent of the transition moment as M f =(GiMtii),
we find

e M it -=e( g„, l
m„',

l
p, „,) =++„., lm„'., lit„,) -=+ M,' .

(2. is)

These transition moments in terms of M f~, , for the
G, and G„spin configurations, are shown in Table
IV. Using these relationships and the zero-field
eigenvectors of Table III, the transition moments
to the four excitons can be obtained for each polar-
ization, also shown in Table IV. The intensity ra-
tios of the two components which appear in each
polarization are shown in the last row of Table IV.
Here, for instance,

f;yf;= I « IM'I y'(y;, )&t«IM'
I &ii «.&& I'

~ (

the function g,', or at)~ being appropriate according
to the polarization ( for which the moment is non-

vanishing.
The relative intensities as a function of Ife a 0

along the Cr' spin directions follow directly from
the relative intensities with HO=0 and the eigenvec-
tors of H,"' in the applied field. We have assumed
that the external magnetic field which lowers the
symmetry does not significantly alter the relation-
ships among the H', &'s derived for the symmetry
appropriate to He=0. Note that for G, , with Aoi(y,
the it;, and g,, excitons as well as the |tz, and gz,
excitons are mixed, as isobviousfrom H,"' in Ta-
ble III. Thus, the Ho= 0 forbidden transition to
the i)» exciton now appears with H iiy and the tran-
sitions to the gz, and g~, excitons each appear in
both the

Helix,

z polarizations. Here, 8 is the mag-
netic vector of the light. For G, and G„with Ae
parallel to z and x, respectively, all the excitons
are mixed, and hence appear in all polarizations.

III. OBSERVATION AND ANALYSIS OF
EXCITON SPECTRA

l1,) (l1„))

l2,) (l2„))

l3,) (l3 ))

l4,) (l4„))

le.)

~I'
Ig

~I

I„

+1 (+1)

+1( 1)

+1 (+1)

+1 (-1)
y 1+e-&+fg

g i "2Ã

1 +cos(pfg
1 —COSP fg

1 —COS+2~
1+ cosy»

+1 (+1)

-1 (+1)

-1 (-1)
+1 (-1)

+1 -g ~ "2g

g 1 + g-& (('2x

1 -cosy2g
1 + COSP2g

1 +COSg72~
1 —cosg 2~

+1 (+1)

-1 (+1)

+1 (+1)

—1 (+ 1)

+1+8 ~ "2g

y] +e-&gfx

1 + cos+2g
1 —cosy 2g

1 +CoscPf~
1 —Cospf»

TABLE IV. Calculated transition moments to the
crystal states and zero-field exciton states and intensity
ratios of the transitions to the zero-field exciton states
for the G» and G„Cr' spin configurations. All values ex-
cept the intensity ratios are to be multiplied by Mfg or
Mf„(the transition moment to I 1)) for the G» and G„spin
configurations, respectively, where (=x,y, or z is the
polarization.

@f lM~ lg)
with g=

Photoelectrically determined polarized absorp-
tion curves were obtained near 7300 A for single
crystals of several of the series BCr03 using a
1. 8-m spectrometer of the Ebert-Fastie design. "
The dispersing element was a V500-line/in. grating
used in the eighth order. Slits were adjusted so
that a resolution of 0. 25 cm ' was obtained. An

EMI 9558 phototube with an $-20 surface was the
sensing element. The signal was passed through
an electrometer and was recorded on a logarithmic
conversion recorder. An interference filter be-
tween the source and sample limited the light strik-
ing the sample to a 50-A bandpass. At the begin-
ning and end of a scan, calibration lines from a
Fe-Ne hollow cathode lamp were superimposed on
the spectra. Samples were mounted in liquid He or
in a variable-temperature Dewar in which the sam-
ple was surrounded by He exchange gas. In the
latter, the temperature was controlled by varying
the pressure of the exchange gas in conjunction
with the current of a nichrome heating resistor.
The temperatures were determined from the resis-
tance of a Ge thermister which was mounted on the
the same Cu block as the sample. The temperature
is accurate to better than 1.O'K in the range 5-
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FIG. 5. Experimental and theoretical dependence of
the (a) energies and (b) relative intensities among the

Davydov components for each polarization as a function
of magnetic field. Note that the relative intensity of only

that exciton which appears at zero field is shown. That
of the other exciton which appears for Ho 0 0 is unity less
the value shown. Here, g' =2. 36.

B. Gz Spin Configuration - HoCr03

The zero-field spectrum of HoCrQ, is shown in
Fig. 4. For G, , transitions to all four excitons
are allowed (see Table I). The exciton energy
splittings are determined by H]g Bf and B~.
H,'& is determined experimentally as half the differ-
ence between the center of gravity of the g,', exci-
tons (R)(x) and the g, excitons (R)(y, z). R„and
R2, are the moduli of H»+H, 4 and EI» —EP4, respec-
tively, and are determined experimentally from the
relations

B„—,aE„, B„=-,SE, =-, aE, , (3. 1)

where hE, is the zero-field splitting of the two ex-
citon lines which appear in the $ =x, y, and z polar-
izations. Equation (3. 1) follows from Tables III
and IV. Since 8» and Bf'4 are in general complex,
they cannot be determined from the zero-field
splittings alone, but require a knowledge of the
zero-fieM intensity ratios in each polarization as
well. The phase angles y„and y~, defined in Eq.
(2. 15) are determined experimentally from I;,/I „
and I~/I2„respectively, as shown in Table IV.

TABLE V. Cr' -Cr' TE matrix elements for several
of the R Cr03 series as determined from the Davydov
spectrum of the A2 —E Cr' transitions. The matrix
elements are of the form H&& =

l H&& l exp(i8~&), with I H~& I

in cm and 8,', in degrees.

RCr03 Cr IH fp I 0 fp tH f3 I ef3 IH f4 I ~f4
spin

ErCrO3-G~

HoCr03-Gg

YCr03-G„

ErCrO3-G„

05 180 0 8

0. 3 180 1.7
2. 0 +86 1.0
10 +81 20
2. 2 +107 1.7
0 8 +130 2 6

0 0.2 180

+44 1.0

+104 0, 0
+97 0. 0

+157 0. 1
+128 0. 1

There is an ambiguity in the sign of p„and y2,
since the intensities depend only on the cosine of
the angles. The result is four possible combina-
tions of p„and y~, . Two of these combinations
can be eliminated by examining the spectra in an
external magnetic field along the Cr" spin direction
Ao[[z. In P (see Table III) the matrix elements
depend only on the difference between the angles
y, =y„-p~, . Two different solutions result, one
for p', = a (y„++2,) and the other for p, =a (p„
—p„). These can be distinguished by a compari-
son with the data. The resulting values of H',

&
are

shown in Table V.
The calculated intensity ratios of Table IV. re-

quire that the intensity ratio I z, /I z, in the if )( y
polarizations be the inverse of that in the 5 ]) z po-
larization. This requirement is not accurately
satisfied, and therefore we chose p~ to be a best
fit to the intensity ratios in the two polarizations.
A comparison between the calculated and observed
energies and relative intensities as a function of
magnetic field along the z axis is shown in Fig. 6.
An excited-state g value of g'= 4 is necessary to
fit the energy dependence of the transitions. This
large deviation from the spin-only value is dis-
cussed in the Appendix. The calculated splittings
and intensities agree fairly well with the experi-
mental results, although the agreement is not as
good as was the case for G, . Part of the difficulty
may be that the TE matrix elements are not com-
pletely independent of the external field as we have
assumed. A second possible explanation may be
the assumption of one isolated single-ion state.
Any nearby higher-energy single-ion states also
give rise to four excitons which belong to the same
representations of the magnetic factor group as
those of the lowest single-ion state we have been
considering. Excitons from the two single-ion lev-
els which have the same symmetry can interact,
weakening the above assumption according to the
size of the matrix elements and the proximity of
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FIG. 6. Experimental and theoretical dependence of
the energies and relative intensities among the Davydov

components on the magnetic field Hp ll z ~ The dependence
of the energies is shown in (a) and those of the relative
intensities in the Hllx and Hll z polarizations are de-
scribed in (b) and (c), respectively. Note that the legend
of (a) is different from that of (b) and (c). Here, g' =4.0.

C. Gx Spin Configuration - YCr03, ErCr03

In Fig. 4 is shown the zero-field absorptionspec-
trum of YCr03. The polarized zero-field spectrum
has been reported by van der Ziel and Van Uitert, '

the other single-ion states. The second explanation
would apply in zero magnetic field and might explain
the discrepancy between the calculated and the ob-
served intensity ratios I'z, /Iz, in the Ally and All z
polarizations. We have not attempted any calcula-
tions to take into account any other single-ion states,
since they are not observed, and therefore no in-
formation about the resulting excitons is known.

The polarization selection rules and dependence of
the energy splittings and relative intensity of the
transitions in an external field demonstrate that
the four transitions correspond to the four Davydov-

split excitons of a component of 3E.

while the spectrum in a magnetic field up to 20 kG
has been observed by Aoyagi et al. ' The observed
relative energies of the four observed excitons
agree with the previously reported work within 0. 2
cm ', while the center of gravity of the four exciton
lines agrees within 1 cm . Aoyagi et ai. observe
no exciton transitions in the All y polarization, in
contrast to the work of van der Ziel and ourselves,
where two weak lines with Illy are observed. Their
energies are identical to those of the All x polariza-
tion. The observed selection rules are those pre-
dicted for G„.

Aoyagi et ai. explained their observations using
the paramagnetic factor group. They were then
forced to assume two nearly degenerate single-ion
levels to explain the two transitions in both the

Ill x and 5 II z polarizations. Allen'z has reinter-
preted the experimental results of Aoyagi et al.
taking into account the Ally transitions observed by
van der Ziel. Allen treats the problem using the
magnetic factor group of YCrO, in the G„spin con-
figuration. He calculates that, of the four observed
transitions, the lowest energy pair corresponds to
the g~, Pz„excitons of one single-ion energy level,
while the pair highest in energy corresponds to the

excitons of a second singl e- ion lev el. This
is equivalent to setting H"„»B&2, H&4 in the
above discussion of the G„spin configuration. It
then follows from Eti. (2. 15) that y„= 180. Allen's
conclusions for YCrO, -G„differ from the conclu-
sions drawn about ErCrO3-G, and HOCrO, -G, in the
present paper, where the four observed excitons
were attributed to one single-ion state and H]3 Hi2,
and H,"4 were found to be of similar magnitudes.

We have attempted to interpret the results of
Aoyagi et al. ' and some additional measurements
made in this laboratory using the magnetic factor
group appropriate to G„, assuming that the four
excitons arise from one low-lying single-ion level.
For G„, the analysis is similar to that of G, . In
this case

~1 2 E ~2 ~E 2 ~E ~ (3. 2)

For YCrO„ the intensity ratio Iz„/Iz„ in the 0 II x
polarization is nearly the inverse of that in the
0 II y polarization, as one expects using the magnetic
factor group, the ratios being 0. 4 and 1.75, respec-
tively. Comparing the splitting and intensity ratios
to the calculations of Sec. IIC, we obtain the four
possible sets of values of H,'2, H,"3, and H,"4 shown
in Table V. We have measured the dependence of
the transition energies and relative intensity of the
excitons in three polarizations as a function of mag-
netic field Hz llx up to 35 kG. These results are
shown in Fig. 7. None of the four solutions deter-
mined from the zero-field spectra fits the observa-
tions in the magnetic field.



2408 R. S. MELT ZER

YCrO&-Gx

I 3 705—
Ll

I

E

&- I3 70

LIJ

d~ +~
04.—+ + +~+

X2

9 ~
O HIIX
~ H I I Y

o HIIZ
+ H IIX,Y, Z

+
+ +

0 o o

+
+ +—

8
+

I3 695 ~&)
0 IO

0.8 —
H I I Z (b)

V) ol ~ 3
LIJ

—o2 ~ 4

0 4— 0

20
I

30
HIIX

LLJ

t-a
LLI
CL IO I5 0

I
4

IO I5

MAGNETIC F IELD(kG)Hol I X

FIG. 7. Dependence of the energies and relative in-
tensities among the Davydov components on the magnetic
field Holi@ for YCr03. The energy dependence is shown
in (a), and the relative intensities in the Hlls and HID
polarizations appear in (b) and (c), respectively. The
curves indicate Allen's results of Ref. 19. Note that the
legend of (a) differs from that of (b) and (c).

On the other hand, Allen's conclusion of two
single-ion states allows one to fit the dependence
of the transition energies on the field for HD & 17. 5
kG, provided one allows for a shift in the center of
gravity, but fails to describe the observed relative
intensity dependence in the H )j x, y polarizations,
shown by the curves in Fig. 7. It therefore seems
that neither description is satisfactory.

A possible explanation for the inability to explain
the magnetic field dependence of the transitions is
that the external field induces a Cr' spin reorien-
tation. The spin reorientation alters the single-
ion eigenstates, invalidating any description of the
field dependence of the exciton states based on a
fixed set of single-ion states. Both Allen and our-
selves have assumed a fixed set of single-ion states.
This explanation allows for both a shift of the cen-
ter of gravity of the exciton transition energies as
well as a dependence of the total transition intensity
in each polarization on the magnetic field. The lat-
ter is observed above 20 kG and occurs because
the total absorption intensity in each polarization
depends directly on the square of the single-ion
transition moment in that polarization. Presum-
ably, the spin reorientation begins at low magnetic

fields.
The spectrum of ErCrO, -G„, shown in Fig. 4,

is similar to that of YCrO„except that one of the
HI~y excitons is not observed. The relative intens-
ities of the two excitons which appear in each po-
larization are somewhat different from those of
YCr03. The four combinations of TE matrix ele-
ments calculated from the spectrum of ErCr03 are
shown in Table V. The intensity ratio Ia„/Iz„ in
the 8 ~) x polarization is 0. 25. It is therefore not
surprising that $2„ is not observed in A ~~y since it
would be four times weaker than the already weak
transition to gz„.

Above 9 'K, where the stable Cr' spin configura-
tion in zero field is t"„, the dependence of the tran-
sition energies on a field ITO)Ix cannot be understood
for any choice of TE matrix elements. In addition,
the total absorption intensity in each polarization
is strongly dependent on the field, suggesting, as
for YCrO3, a Cr" spin reorientation induced by the
field. Holmes et al. have actually observed a
spin reorientation for Ao() x by means of magnetiza-
tion and magnetic susceptibility measurements,
confirming this interpretation. They find that at
22 'K the reorientation is complete at 11 kG.

IV. COMPARISON TO Cr2 03

It is of interest to compare the TE matrix ele-
ments derived hereinfor RCrO, withthoseprevious-
ly determined for Cr~O, . Although the strength of
the interionic interactions which lead to magnetic
order for the two materials is comparable, as indi-
cated by the similar weel temperatures, the TE in-
terionic interactions differ by as much as two or-
ders of magnitude. The reason for this striking
contrast lies in the different structure of the two
materials and the selection rules on the relevant
interionic matrix elements.

Below 308'K, Cr~03, like RCr03, is an antiferro-
magnet with four translationally inequivalent ions
per unit cell, two with "up" spin and two with "down"
spin. Allen et al. have shown that the five observed
excitons belong to the six exciton states (two doubly
degenerate) which arise from the two lowest single-
ion levels of E. Their relative energies depend
upon the single-ion splittings of the two levels and
three independent TE matrix elements correspond-
ing to the interaction of an ion with its three types
of translationally inequivalent neighbors, identical
to the situation of RCrO, . The magnitudes of the
TE matrix elements are summarized in Table VI.

In order to compare the TE matrix elements in
the two materials, we first assume that the major
contributions to the TE matrix elements arise from
nearest-neighbor (nn) interactions. We secondly as-
sume that the superexchange is predominantly respon-
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TABLE VI. Comparison of TE matrix elements and
superexchange paths between Cr203 and RCr03. The
symbols c and z represent the number of Cr-0-Cr super-
exchange paths between a pair of Cr' and the number of
equivalent nn pairs (ij), respectively. R~& is the distance
between interacting ions.

Material (ij) I H)J I R;g
(Ai

(cm ')

Cr-O-Cr
angle
(deg)

c z Ir H)g I

8Z

(cm )

Cr203
(12) 7.5 2. 89
(13) 71 3.65

93
133

2 3 125
1 6 108

(14)
2. 94
2. 65

96
82 1.25

1 3

(»)
RCrO3 (13)

(14)

0. 8 3.79
1.4 5.36
0.4 3.76

147
120
144

1 4
2 8
1 2

0.2
0. 1
0.2

'Where the values were not unambiguously determined,
an average was taken. For RCr03 the values are aver-
aged over the different materials and observed spin con-
figurations.

sible for the transfer of energy. This is quite reason-
able, as can be seen by extending Birgeneau's calcula-
tion of multipole interactions in ruby. ' Birgeneau
found a maximum contribution to the TE matrix ele-
ments of 2x 10 cm ' for Cr'3 ions separated by 13 A,
which resulted mainly from quadrupole-quadrupole
interactions. Since the quadrupole-quadrupole in-
teractions fall off as R ', we estimate the contribu-

tion to the H&&'s in ACrO, to be of the order of 10
to 10 cm '. In addition, since the Cr" ion is at
an inversion site in RCr03, contributions to H, &

from dipole-dipole and dipole-quadrupole interac-
tions will vanish.

The Cr-0-Cr superexchange paths in Cr203 in-
volve 2. 0-A Cr-0 distances for all three types of
nn. In ACrO& the superexchange paths are also
2. 0 A for ions of "unlike" spin (1-2, 2-3, etc. ).
However, for interactions between ions of "like"
spin (1-3, 2-4), the two Cr-0 distances are 2. 0
and about 4 A.~~ One therefore concludes that

H&3(ACr03) «H, 3(Cr303)

and

Hqa, H«(RCr03) = q3~ Hi4 (Cr30,).
This is in rough agreement with experiment, as seen
in the last column of Table VI, where the TE matrix
elements have been divided by z the number of
equivalent nn and c the number of important su-
perexchange paths.

The different suyerexchange paths also suggest
that

H$3(RC r03) H j3 H«(BC r03),

whereas experimentally they are very similar (see
Table VI). This can be understood by considering
the spin selection rules on the TE matrix elements.
For interactions between ions of like spin,

H13 ~ ( (A2 3)nl ( E 3) 3",S.=-l l&(nl, m3)l'''(E ) i'''(A3, —) 3' ', S = —1) .
ff &m (4. 1)

Here, S, is the total spin projection of the crystal state (defined along the Cr' spin direction). All other
ions are in their ground state. For ions of unlike spin,

Hi3= Z ('''(A3, —3)„q' ''( E, 3)~3' ' ', S, = —1 ~R(nl, m2)~ ~ ~ ~ ( E, ——,')„, ~ ~ (4A3, —,') 3
~ ~, S,=+]) (4 2)n&m

Since Z (n3, mj) is a spin-independent operator, the
total spin projection must be conserved in the en-
ergy transfer. Thus, H» and H,4 are zero unless
the single-ion spin projection is not a good quantum
number. The above spin projections are approxi-
rnately valid, although spin-orbit coupling will mix
other spin states into E and the slight canting of
the syins in RCrO, ' implies the above spin projec-
tions are not yerfectly correct. Thus, the much

, more favorable suyerexchange path for H» H14
compared to that of H» in RCr03 is canceled by the
spin restrictions on the TE matrix elements. How-

ever, &or Cr&03, H»»H», H,4, as required by the
spin selection rule because the superexchangepaths
are similar for interactions between ions of like
and unlike spin.

The similar Neel temyeratures for the two ma-
terials, in contrast to the widely differing TE ma-
trix elements, can be understood from the different
types of matrix elements responsible for the two
effects. The Neel temperature is closely related
to the splitting of the ground state of the ordered
material. This, in contrast to the TE matrix ele-
ments, is determined yredominantly by the "static"
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exchange matrix elements of the form

(4. 3)

where all the other ions are in their ground state.
The spin selection rule is satisfied regardless of
whether the interacting ions are of like or unlike
spin. The unfavorable superexchange path for nn

ions of like spin in RCrO, will, of course, effective-
ly eliminate contributions from these ions, but the
superexchange path for nn ions of unlike spin in
RCrO, should be as favorable as the nn ions in

Cr20, in determining the ground-state splitting, and
hence the similar Neel temperatures.

V. CONCLUSION

We have shown that the R-line spectrum of Cr'3
in several of the ACrO, series can be understood
by treating the excitations as Frenkel excitons.
These excitons must be characterized by the mag-
netic rather than the crystallographic factor group
of the material in the magnetically ordered state.
The symmetry operations, and hence the relation-
ships among the TE matrix elements for different
pairs of translationally inequivalent Cr" ions, are
altered by the magnetic order as compared to those
of the unordered state. The eigenvectors of the
energy matrices belong to irreducible representa-
tions of the magnetic factor group, and therefore
the polarization selection rules on transitions to the
excitons are different from those of the unordered
material. From the polarized spectra, the magnet-
ic factor groups may be determined.

The magnetic factor groups, as determined from
the spectra of YCr03 and HoCr03 at liquid-He tem-
peratures, are consistent with the magnetic struc-
tures previously reported. However, ErCr03 is
found to undergo a spin reorientation at 9 K inwhich
the magnetic factor groups of the low and high tem-
perature phases indicate a reorientation from a G„
to G„spin configuration, in contrast to the results
of neutron-diffraction studies.

By fitting the theory to experiment, we determined
the TE energy matrix elements among the trans-
lationally inequivalent Cr" ions in ErCr03-G, and
HoCrO, -G, . Since some of these are complex quan-
tities, it was necessary to measure the relative
intensities of the exciton transitions as well as the
Davydov splittings. Furthermore, it was necessary
to make these measurements as a function of an
applied magnetic field along the antiferromagnetic
axis of the Cr' spins. We assumed a model in
which the field simply destroys the degeneracy of

the energy levels of Cr' ions on the two antiferro-
magnetic sublattices. For ErCr03-G„and YCr03-
G„, the field appears to induce a spin reorientation,
and therefore they are not amenable to this model.

The resulting TE matrix elements are 5 to 100
times smaller than those of the corresponding states
of Cr' in Cr20„ the only other magnetic insulator
for which a Davydov splitting has been observed in
the optical spectrum. We have shown that the dif-
ferences can be understood qualitatively from the
combined action of the different superexchange paths
in the two materials and the spin selection rules on
the matrix elements which describe the different
interionic interaction. The result is that those TE
matrix elements responsible for the large Davydov
splittings in Cr203 are reduced in RCr03. However,
the static type of interionic interactions, responsi-
ble for the magnetic order, are similar in the two
materials. Thus, the Noel temperatures are com-
parable.
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APPENDIX

Is it reasonable for a deviation of 2 from the
spin-onlyg value to occur for E~ In Al&O, :Cr' a
deviation of + 0. 4 from the spin-only value has been
observed, while for pure Crz03 the deviation is up
to +0. 85.' The octahedral field and therefore the
energy-level schemes for AI203: Cr' and Cr" in
RCr03 are nearly identical. ' For Al&03:Cr' the
deviations were explained by second-order terms,
the most favorable of which is

( E ] L, ( T~)( T~( Vg„, I T2) ( T2 I Vg, g, I E)
[W( E) —W( T,)][W( E) —W( T~)]

where V„«represents the trigonal field and W is
the energy of the cubic field state. Second-order
terms were necessary because the nearby states
'T, (t', ), T,(t2), and T2(t2) are not coupled simul-
taneously to E by either V„«or V„and by L, .
This is not true for Cr' in ACr03 because the near-
est state T,(t z) is coupled to 'E by the low-sym-
metry field V(C, ) and by L, . First order ma-trix
elements of the form

('E l L, I 'Tg) ('T, I V(C( ) I 'E)
W( E) —W( Ti)

are nonvanishing for Cr' in RCrO, . If one chooses
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the reasonable value

I&'&i
I
v(@i~i'E)

I

= 2oo cm-'

and the energy denominator to be identical to that
of ruby, g' may be as large as 4 for certain choices
of E.
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Some nonequilibrium properties of an impurity in a linear chain of spins with neaxest-neigh-
bor interaction of the isotxopic X'-F type are studied. It is shown that under certain conditions
its behavior is in agreement with the general principles of statistical mechanics. The relax-
ation in the presence of a transverse field is also studied, and it is found that in the weak cou-
pling region the approach to equilibrium is described by a sum of exponentials. However, the
results do not agree with the solution of the Bloch equations.

I. INTRODUCTION

The magnetic relaxation in a spin system which
is isolated from the lattice vibrations has been the
subject of interest in the past years. In the the-

oretical considerations, one normally assumes
that the methods vrhich are employed in nonequilib-
rium statistical mechanics also apply in this situa-
tion. On the other hand, it was recently demon-
strated that a nontrivial model such as the X-F


