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The connection between a solution of the Hubbard Hamiltonian obtained by Esterling and
Lange and the low-density solution is discussed. It is shown that their solution agrees to
first order in the bandwidth with the exact solution for the two-electron N-site case. How-
ever, even this correct first-order expansion fails to adequately account for the low-frequen-
cy behavior of the Green's function and related quantities.

I. INTRODUCTION

In a recent paper, Both' has obtained an approx-
imate solution to the single-band Hubbard Hamil-
tonian and has discussed its failures in the low-
density limit and also related these failures to a
paper by Esterling and Lange. It is the purpose
of this comment to clarify the connection between
the work by the authors in Ref. 2 (EL) and results
obtained in the low-density limit.

The procedure used by EL was to make a Taylor
expansion of the mass operator in powers of the
bandwidth about the zero-bandwidth limit. It will
be shown here that the results of EL agree to first
order in the bandwidth with the exact solution for
the two-electron N-site Hubbard model. Further
comments will be made concerning the nature of
this expansion.

II. EXACT SOLUTION

For two electrons in an N-site Hubbard model,
it is convenient to write the Hamiltonian in the
Bloch repr esentation:

II=K «(k)(c,', c„+CJ,C„)
k

+ (I/N) Q C C,„,C~, C~, ,
P~&~ a'

Here «(k), I, and C» specify the Bloch (bandwidth

parameter) energy, interaction parameter, and

creation operator for Bloch state k and spin up

(&), respectively. The summation is over the N

k vectors in the first Brillouin zone. The follow-
ing Green's function is defined:

G (k, f-f') =--f, &K.ql(c„„(f)c,', (I')).IK&, . (2)

The symbol (), denotes the usua. l fermion time
ordering and the state IK&, denotes CJ, (I) I vac).
Thus, Eq. (2) describes the propagation of a spin-
up electron in a system otherwise containing a
single spin-down electron. For the Hubbard
Hamiltonian, IK&, is trivially an exact eigenstate.
From the equation of motion for C), „(f), it fol-
lows that

8
( ——«(« -q) —«()« ~ «) ~ «()«)I «"(«, « —«)'

=&,, , {)(&-f')-f(I/N) 5 {K+ql(cg (I)
p

xc,„„(f)c,, „(f)c,', (f')).IK&, .
It is easily seen that

-f &{K+q I (cg«(f)c, +p«(&)c, ., ),~(&) car (I')).IK&,

~ G'"(k, f -I'). (4)

After transforming to frequency space, Eq. (3)
becomes

(~ —«(k -q) —«(K+q) + «(K)] G'(k, (d)

= V, ,+(I/N)Q, G'"(k, ~)

The summation over p is independent of q (since q+p can always be reduced to a vector in the first Eril-
louin zone) and, from Eq. (5),

I 1r, ~ («, )=[ —«(«))-' (-„-r,

Therefore, G'(k, &u) is written explicitly as

I/N I l' o+ — — I-—& — — — [~-«(k-q)-«(K+q)+«(K)] . (q)~-«(k) N, ~-«(k-q)-«(K+q)+«(K)
The mass operator is defined by Z(k ~) =~ —«(k) -[G(k, &u)], where G(k, (d) is given by Eq. (2) with q
Thus,
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I l
Z(k, ~) = — 1 ——

N N „,td —f (k —q) —f (l(+ q) + c (lf) )
is the exact mass operator for two electrons in the N-site Hubbard model. The mass-operator expansion
of EL is compared with this result in Sec. III.

III. COMPARISON WITH ESTERLING AND LANGE

In order to comp; . Eq. (8) with the results of

EL, the former is expanded to first order in the
Bloch energy parameter. This gives, with n
= 1/N,

fn~ I'[n~(Z)+n'~(k)]
Z k, (() ~ -f(I n) [~ --f(I -n)]

+ (higher order terms);

here, g, e(q) = 0, without loss of generality. It is
to be noted that the expansion requires l&(k)/I I

& 1 and Ie(k)/(() I &1 for all k.
It is interesting to compare Eq. (9) with Eqs.

(15)-(20) of Ref. 2. In order to see that the
mass-operator expansion of EL does reduce to
Eq. (9) for the case of two electrons in N sites,
their mass operator is written as

where

and

S =Q e""-(-a(jC)Ct C Ct)

(The indices i and j refer to Wannier sites. ) Since
the expectation va. lue refers to the state (K)„ it
follows tha. t (C),) C~, ) = 5q ~, D =n —n5 o, and
Sq:n . With thes e connections, it is r cadi ly seen
that the mass operator given by EL agrees with
the exact expression to first order as given by
Eq. (9). Thus the claim made by EL, that they
have presented a Green's function that accounts
for all first-order effects in the kinetic (Bloch)
energy, has been verified by the exact solution

for two electrons in an arbitrary number of sites.

IV. DISCUSSION

Roth has argued that EL have unjustly claimed
to have an exact result in the "strongly correlated
limit. " EL have, in fact, claimed to account for
all first-order effects in the kinetic energy. This
latter claim is correct, as has been verified
above. Roth's argument is based on the fact that
the EL mass operator does not agree in the low-
density limit with the T approximation to the mass
operator. However, the T approximation, which
for two electrons is the first order in the density
expansion of Eq. (8), contains terms of all orders
in the kinetic energy parameter c(k). Therefore,
in comparing the results of EL with the T-approx-
imation mass operator, one must expand the latter
to first order in the Bloch energy and see if the
EL mass operator agrees with it or not. That it
does agree has been demonstrated above.

A different, but more subtle, question concerns
the nature of the Bloch energy power expansion
of the mass operator. From Eq. (8), two serious
conclusions can be drawn: (1) Near zero frequen-
cy the mth power term in the expansion of the
mass operator beha. ves as (d; (2) the expa. nsion
does not yield finite lifetimes in any finite order.
This implies that, if lifetime effects are important
at a frequency &uo, the expansion of Eq. (8) is being
carried out beyond its radius of convergence in

The singular behavior of terms with m & 2

and the lack of finite lifetimes points out the inad-
equacies of an expansion in powers of the Bloch
energy. An approximation (to the mass operator)
which contains terms of all orders in the Bloch
energy is necessary for obtaining finite lifetimes.
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