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Measurements are reported of the Hall coefficient and the ratio of longitudinal over trans-
verse magnetoresistance in n-type Ge up to electric field strengths of 3 and 9 kV/cm, respec-
tively, for j II t100] at 200'K, in order to obtain quantitative information about electron trans-
fer to higher conduction-band minima. The lattice temperature was high enough to ensure
that no negative differential conductivity was present. Calculations of the galvanomagnetic
properties have been performed for the case that (i) electrons are only in the normally oc-
cupied (111) valleys, taking into account acoustical, optical, and equivalent intervalley scat-
tering as well as scattering by ionized impurities; and (ii) electrons are transferred to the

higher (100) conduction-band minima. Only in case (ii) is reasonable agreement between

theoretical and experimental results obtained, giving a mobility ratio of only about 4. This
is of the same order of magnitude as the theoretical value by Paige.

I. INTRODUCTION

As is well known, the conduction band of ger-
manium consists of four normally occupied mini-
ma along the (111)directions in k space, another
minimum at the center of the Brillouin zone, and a
third set of six minima along the (100) axis ap-
proximately 0. 18 eV above the lowest minima. '
In the past, these higher minima have been con-
sidered in influencing the high-field behavior of
n-type Ge. ' Recently, they have been made re-

sponsible, by Fawcett and Paige, '7 for giving rise
to the bulk negative differential resistance' (NDR)
by a mechanism similar to that of the Gunn effect
in GBAs and to the associated current oscillations
observed by McGroddy and Nathan. It is, how-

ever, not yet established' whether the influence of
the carrier transfer alone is strong enough to
cause the NDR or another effect is responsible for
it (e. g. , Kawamura and Morishita" and Gueret' ).

It is the purpose of this paper to present an ex-
perimental indication that population of higher val-
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leys does occur at high electric fields. We have
investigated (i) the longitudinal and transverse
magnetoresistance of samples of n-type Ge orient-
ed parallel to the [100] crystallographic direction,
at 200 'K up to 9 kV/cm, and (ii) the Hall coeffi-
cient up to 3 kV jcm. Hall measurements in GaAs
have been reported by Acket" and interpreted al-
ready by Omar' in terms of carrier transfer to
higher minima. Previous measurements of the
hot-electron Hall coefficient in Ge by Movchan"
have been performed at 77 'K. Although these re-
sults agree qualitatively with those reported here
for 200'K, the presence of an NDR at 77 'K gives
rise to some uncertainty in interpretation of Mov-
chan's data. According to Chang and Ruch, '

temperatures above 150 K ensure that the NDR
vanishes and, consequently, the interpretation of
our measurements is not obscured by the forma-
tion of high-field domains. Owing to the fact that
the energy relaxation time at high fields and the
high-field electron drift mobility show only a
slight dependence on lattice temperature, it is to
be expected that also at temperatures higher than
150 K considerable carrier transfer to the higher
valleys is present. This will be shown by compar-
ison of the calculations with the experiments. We
have also calculated the magnetoresistance of hot
electrons with carriers only in the (111)valleys
by taking into account scattering by optical, acous-
tical, and equivalent intervalley phonons as well
as ionized impurities. We will show that the ex-
periments at high electric fields cannot be ex-
plained by this simple model and that population of

higher minima has to be considered at field
strength above 2 kV/cm.

The change in symmetry, when electrons are
transferred from the (111) "germaniumlike" val-
leys to the (100) "siliconlike" valleys manifests
itself in a strong change in magnetoresistence be-
havior. Although no theoretical treatment appears
to be available at present of hot-electron magneto-
resistance, taking into account the band structure
of Ge, including the higher valleys, at least a
semiquantitative interpretation of the experimental
results in terms of a two-band model is possible,
as will be shown in Sec. VI.

Similar calculations have been performed for the
Hall effect and it was found that also in this case
the experimental data could only be understood by
means of a two-band conduction mechanism.

To estimate the influence of electron transfer
we will calculate the fraction of electrons in the
lower and upper valleys by assuming a model with
parabolic energy minima and Maxwellian energy
distribution and using the energy-balance equa-
tion. Similar calculations have been performed for
GaAs and GaSb by Omar. ' '

II. EXPERIMENTA L
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FIG. 1. Schematic diagram of the measuring ap-
paratus.

Filamentary samples were prepared from n-type
Ge with 5 0 cm resistivity at room temperature,
with their axis parallel to the [100] crystallograph-
ic direction. The samples for the magnetore-
sistance measurements had a cross section of

0. 15 mm and a length of about 3 mm. The Hall
measurements were performed with samples
(5 x 1.7 x 0. 5 mm ) with narrow side arms of 0. 2

mm width. Contacts have been prepared by As
diffusion and Ni plating of the end faces.

The measuring arrangement is shown in Fig. 1.
Fast-rising pulses were applied to the sample by
discharging a coaxial cable. The sample has been
mounted in an insertion unit inside a Dewar within
the magnetic field, and could be rotated from lon-
gitudinal to transverse magnetic field positions.
The applied voltage and the voltage drop on a
small current measuring resistor were observed
on an sampling oscilloscope and an X- F' recorder
connected to it. In case of magnetoresistance
measurements the change of the current due to the
application of a magnetic field at constant voltage
conditions has been observed. The smallest de-
tectable change of the current was below 10 ', by
making use of the dc offset of the sampling oscil-
loscope (Tektronix 661). Hall measurements have
been performed by observing the difference signal
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between the side-arm potentials on a second sam-
pling oscilloscope. The measurements have been
taken within 1-3 nsec after application of the pulse
to Rvold RQy effects of injections of minority car-
x'lex'8 fx'oIQ the Rnode.

III. ANALYTICAL TREATMENT OF GALVANOMAGNETIC
EFFECTS OF HOT ELECTRONS IN (111)VALLEYS

Several authox'8 have treated the problem of hot-
electron magnetoresistance in semiconductors. A

compilation of previous papers will be found in
Ref. 18. Since the galvanomagnetie properties
are very sensitive to scattering mechanisms it is
felt that only calculations including all possible
scattering mechanisms are adequate for compari-
son with experimental results. We have, there-
fore, performed a calculation according to a
model used in two previous publications, '9'~o here-
after referred to as I and II, whose main features
will be shortly outlined here.

In calculating the current as a function of an
externally applied field, one has to solve a Boltz-
mann equation for the carriers. There are two

mR1D difficulties fox' Rsemiconductor with spheroi-
dal energy surfaces: (i}Taking into account dif-
ferent scattering mechanisms it is not possible to
find the exact distribution function; and (ii) even
if one knows the analytic form of the collision op-
ex'ator in the Boltzmann equation exactly, it is not
possible to use this exact form in numerical eal-
eulations. The second difficulty may be overcome
by introducing the concept of relaxation times.
This tx'eRtIQent 18 exact fox' elastic scRttex'1Qg Rnd

randomizing scattering as discussed by Herring
and Vogt. ' But the acoustic scattering is not elas-
tic, Rnd the optic scRttel lng 18 Dot randomizing.
But as the energy loss of an electron in a scat-
tering process with an aeoustie phonon is small,
one may hope thet the error by introducing a re-
laxation time for acoustic scattering is small. The
ex'x'ox' by 1Dtx'odUclDg R I'elRXRtloD tlIQe fox' optic
scattering may not be too large if the relaxation
time for optical scattering is greater than that for
acoustic scattering. There are further complica-
tions in case of scattering types which are very
Rnisotropic, like ionized impurity scattering as
discussed by Eagles and Edwards and by Koren-
blit and Korenblum et a/. ' Electron-electron
scattering cannot be handled in this way.

To overcome the difficulty regarding the distri-
bution function, approximations are made which
depend on the donor concentration under considera-
tion. As has been shown by Frohlich and Paran-
jape and more exactly by Dykman and Tomchuk, '
the1e 18 R limit fol the mlQlmuIQ cRx'1 lex' conceQ-
tration for establishing a Maxwellian energy dis-

TABLE I. Colnparison of calculated Inagnetoresis-
tance coefficients $~ and $~ for different values of the
optical-phonon coupling constant D,~, and experimental
results |',Ref. 26} at 300'K.

Experimental
results

(erg/cm} 6.4~10-' 9.6x10-' 1.aex10-' (ref. 26}

1.087

0.475

1.103 1, 120

tribution with an electron temperature different
from the lattice temperature.

In the calculations of this chapter we assume a
Maxwell-Boltzmann distribution for the spherical
part of the distribution function and consider
acoustic, optical, and ionized impurity scattering
and intex valley scattering between equivalent val-
leys. We will use relaxation times for these
px'ocesses Rnd Use the tx'RDspox't theory dex'lved by
Herring and Vogt. ' We do not take into account
the influence of electron-electron scattering on the
mobility. So we are able to calculate the Hall-mo-
bility, and magnetoresistance coefficients as a
function of the electron temperature, The integra-
tion over the energy in calculating the averages of
the relaxation time was done numerically. Then
we calculated the average energy loss of an elec-
tron and with the method of energy balance we cal-
culate the electric field strength necessary to pro-
duce the considered electron temperature. The
validity of these assumptions will be discussed
later on.

The expressions for the relaxation times of the
diff erent scattering mechanisms mentioned above
and for the energy loss were compiled in I and II.
%'e used also the same constants as listed in II.

In Table I numerical results for the magneto-
resistance coefficients are given for the Ohmic
case at 300 K. Since there appeax'8 to be some
uncertainty in the choice of the correct value of the
optical-phonon coupling constant D„,calculated
xesults for three different values of D„aregiven.
Howevery R VRI'lRtloQ of D0y by R fRctoI' of 2 cRUse8
only a 5/~ variation of the calculated magnetoresis-
tanee coefficients. Good agreement is obtained
with the experimental results of Benedek, Paul,
and Brooks favoring the lowest value of D„
=6.4 x10~ erg/cm given by de Veer and Meyer, ~'

which we will use in the following.
In order to fest the validity of the assumptions,

in Fig. 2 the calculated drift velocity is plotted as
a function of field strength at 200 K for current in
the [100]direction. From this we calculated the
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FIG. 2. Calculated values for the drift velocity and
electron temperatures assuming that electrons are only
in the (ill) valley. Lattice temperature is TI =200'K,
and j II [100].

mea. n relaxation time and from the calculated elec-
tron temperature which is also given in Fig. 2,
the minimum carrier concentration is obtained at
which a Maxwellian distribution is realized accord-
ing to Frohlich and Paranjape. This criterion is
fulfilled only upto a field strength of 0. 4 kV/cm at
200 'K for a. carrier concentration of 3. 10" cm '
as used in the present experiments. In calculating
the acoustic relaxation time the Planck distribu-
tion was used for the phonons. For a high ratio of
electron temperature to lattice temperature this
may cause a considerable error. But as shown by
Meyer and Jf(rgensen we are far away from this
critical ratio. The mean optical relaxation time is
greater by a. factor 10 than the mean acoustic re-
laxation time up to electron temperatures of
7000'K which corresponds to 10 kV/cm for Tz
= 200 . Therefore, we may hope that our calcula-
tions are close to reality. Especially the ratio of
longitudinal to transverse magnetoresistance may
be correct because both magnetoresistance coef-
ficients are compiled by similar linear combina-
tions of energy averages of components of the re-
laxation time tensor. The coefficients of the lin-
ear combinations depend only on the particular
arrangement of the valleys in 0 space, as given by
Herring and Vogt. ' [See Table 1 and Eqs. (21) and
(22) of that paper. ] So we expect that the errors
introduced by averaging over an incorrect distribu-
tion function may partly cancel in calculating the
ratio and that the failure of the Frohlich-Paranjape
criterion would not affect the validity of this ratio
at high field strengths.

IV. EXPERIMENTAL RESULTS AND CALCULATED
VALUES FOR ELECTRONS IN (111)VALLEYS

The lattice temperature at which the measure-
ments have been performed was well above the
maximum value for negative differential conduc-
tivity as given by Chang and Ruch. ' Consequently,
no oscillations have been observed and we may at-
tribute the observed phenomena as due to the bulk
properties of the material.

Measurements of the magnetoresistance ratio
b,p, /b p„where bp is the change in resistivity due
to the application of the magnetic field, have been
performed at 200 K for both longitudinal and trans-
verse magnetic fields. For a given value of the
electric field, measurements have been made for
several values of the magnetic field B, with the
product p(E)B in the order of 0. 1, p(E) being the
electric-field-dependent electron mobility and B
being the magnetic induction. The ratio 4p/p 8'
was plotted versus B and extrapolated for B ap-
proaching 0.

In Fig. 3 results are given for a typical sample.
We plot the ratio of the longitudinal over the trans-
verse magnetoresistance Ap, /Ap, I p o as a. func-
tion of the electric field strength. In this way the
strong dependence of the magnetoresistance on
p(E) is eliminated. Also given are calculated re-
sults assuming electrons only in the (111)valleys.
The calculation gives the correct Ohmic value, and
both the experimental and theoretical values of
hp, /hp, decrease with increasing field, Up to
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FIG. 3, Ratio of longitudinal over transverse mag-
netoresistance for the limit of vanishing B. Dots are ex-
perimental values at TI, =200 "K and j II [100]. The full
line is calculated for electrons only in (111)valleys.
Dashed lines are calculated for several values of the mo-
bility ratio b with inclusion of electron transfer to (100)
valleys and nonequivalent intervalley scattering.
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transfer to (100) valleys and nonequivalent intervalley
scattering.

about 2 kV//cm reasonable agreement is obtained
between calculated and experimental results.
However, for higher field strength an increasing
discrepancy is observed. We, therefore, may
conclude, that the described model is not applica-
ble for field strength larger than about 2 kV/cm.

The normalized Hall coefficient (R„/R„o)is plot-
ted in Fig. 4 as a function of applied electric field.
The experimental values exhibit qualitatively the
same behavior as the results reported by Movchan
and Miselyuk" at 77 'K, that is, R„/R„,shows a
strong increase with increasing electric field. In
our case, however, the effect is not as pronounced
as reported by Movchan and Miselyuk. This may
be caused by the difference in lattice temperature
or by a inhomogenious field distribution at 77 K
due to the presence of a NDR, The measurements
of Fig. 4 have been performed at two different
magnetic fields which give about the same results.
Therefore, we can rule out the possibility that the
observed behavior is caused by a variation of the
scattering coefficient x in the Hall constant due to
a. change in the value p, (E}Bwith increasing elec-
tric fields and decreasing iL(E). Also given in

Fig. 4 are calculated results for electrons in (111)
valleys. Although the theoretical results show a
small increase in Rz/R„o in the range 0. 5-1. 5 kV/
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FIG. 5. Calculated values of the ratio yg~/n of carrier
densities in the (111)valleys over total density with
j II I.100]. Full and dashed curves: results obtained by
Paige for 27 and 77 'K, " respectively. Dash-dotted
line: present calculations for 200 'K.

cm, they cannot explain the strong rise in the ex-
perimentally determined Hall coefficient at strong
electric fields. As in the case of the magnetore-
sistance we conclude that the model used for the
calculations is not appropriate for strong electric
fields in Ge.

V. ELECTRON TRANSFER TO HIGHER CONDUCTION-
BAND MINIMA

Both the behavior of magnetoresistance and the
Hall effect may be understood qualitatively if we
assume carrier transfer to the (100) minima. and
take into account two-band conduction in (111) and

(100) valleys. In case of the magnetoresistance,
carriers in the (100) valleys do not contribute to
the longitudinal magnetoresistance and, therefore,
the ratio of longitudinal over transverse magneto-
resistance should decrease with increasing carrier
transfer. At these conditions one expects that the
Hall coefficient increases and should exhibit a
maximum at high transfer values.

In order to get quantitative results one needs to
know the amount of carrier transfer to the (100)
conduction-band minima. In the following we will
neglect the contribution of the [000] valley to the
transport properties because of its small effective
density of states. ' Calculations for lattice temper-
atures of 27 and 77 'K have been performed by
Fawcett and Paige and Paige, '~ based on a Monte
Carlo method. These results are given in Fig. 5.
For comparison with the experimental results at
200 K our calculations have been performed using
a model introduced by Omar. " From the experi-
mentally determined drift velocity which is an
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average over both kinds of valleys ((v,), Fig. 6) the
electron temperature has been calculated from the
equation

e(vg E = (e{T,j- earl f)/r, .
Here E is the electric field strength, e(Tj is the
average energy of the electrons calculated accord-
ing to Omar, " and T, and TI are electron and lat-
tice temperature, respectively. A value of v,
= 5 &&10 ' sec has been used for the energy relax-
ation time which has been obtained from the paper
by Seeger and Schweizer, and which has been
found to be fairly constant at high electric fields.
Having determined T„the numbers n, and n~ of
electrons in (111) and (100) valleys can be calcu-
lated according to Ref. 17 and the results are
shown in Fig. 5 for n, /n. The same constants have
been used as quoted in Ref. 7, Table I, from which
a value of the effective density-of-states ratio n
= 2. 5 is obtained. e is the effective density of
states in all (100) valleys relative to those in all
(111)valleys.

Despite our very crude model, our data at 200'K
show the general behavior exhibited by the Monte
Carlo calculation at 27 and 77 'K, except that in
our case a more gradual electron transfer at low
electric fields is obtained. This good agreement
is certainly caused by the fact that the calculations
are ba.sed on the experimental drift velocity and,
therefore, the electron temperature calculated
from Eq. (1) will not be in error too much.

VI. TWO-BAND CONDUCTION

Having determined the population ratios in both
types of valleys as a function of the applied elec-

10

tric field, the galvanomagnetic effects can be cal-
culated. In the following we will neglect that for
current in [100]direction the (100) minima are not
equivalent and that electrons will accumulate in the
cooler [100] valley.

In addition to the scattering mechanisms de-
scribed in Sec. III we have now to consider the
scattering process of electrons from the (111)val-
leys into the (100) valleys as a further scattering
mechanism. This case has been treated by Nathan,
Paul, and Brooks ' by introducing

(2)

where 7',.~ is the relaxation time for scattering
from a, (111) into a. (100) valley, and r, the relaxa, -
tion time for all scattering mechanisms in the
(111)valley. & is the energy separation between
(111)and (100) valleys, e is the carrier energy
above the bottom of the (111)valleys. A was found
to be equal to 1 from measurements of the mobil-
ity dependence on hydrostatic pressure. The re-
laxation-time tensor is now

1 1 1 1 1
+

p
= +

7 7 y ~] 2 ~ ~, f ~g 2

where v~, and 7', , are the transverse and longitu-
dinal components which were used for the calcula-
tions of Sec. III. As the mobility without magnetic
field is mainly determined by v'~, we calculated
r, 2 by inserting r, , for r, in Eq. (2). The galvan-
omagnetic effects in the (111)valleys have been cal-
culated with the relaxation-time tensor Eq. (3) in
the limit of zero magnetic field.

The average total drift mobility is then given by

(g) = p,n, /n+ p, ,n, /n,

or by introducing b = p, ,/p2,

(p) = [1+n,/n(b —1)]p,,/b. (4)

5

E

C)
n r, b'n, /n+ r,n, /n
e (bn, /n+ n, /nP (5)

Subscripts 1 and 2 refer to (111) and (100) valleys,
respectively.

The Hall coefficient is given by

D
C)

QJ

5

E t:kV/(:m)

l

5 1Q

where we have assumed that the ratios of the Hall
mobilities in (111) and (100) are equal to the ratios
of the drift mobilities. The scattering coefficient
x~ is assumed to be equal to 1. With the same as-
sumptions the ratio of longitudinal over transverse
magnetoresistance is given by'~

hp, (n, /n2)b't, g(1+ bn, /ng)
Ap, (n, /nz)b(b+ I) + [(n, /nz)b $«+ 4, ](1+bn, /n2)

'

FIG. 6. Experimental drift velocity at TI ——200'K and
j II [100]. (6)
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where $», $„,and $3, are the longitudinal and
transverse magnetor esistance coefficients.

Calculated results for 2 p, /d p, and Rz/Rso ac-
cording to Eqs. (5) and (6) are given in Figs. 2
and 4, where b has been treated as an adjustable
parameter. From analogy to Si, ' the longitudinal
magnetoresistance coefficient $» should be very
small and has been taken as equal to zero. In ab-
sence of a better value for $3, we will use the one
reported for Si: (2, = Q. 65.

VII. DISCUSSION

From Figs. 3 and 4 it is clear that much better
agreement is obtained between theoretical and cal-
culated values when electron transfer to the (100)
valleys is taken into account. The experimental
values of the magnetoresistance fall within the
range of the calculated results, indicating a mo-
bility ratio of about 4 over a wide range of elec-
tric field strength. However, at strong fields the
measuring accuracy becomes comparatively poor
and the value of 4 may be taken as indicative only.
This may be compared to b=2. 3, calculated by
Paige for 27 'K and which has been found to be
nearly field independent between 2. 5 and 7. 5 kV/
cm.

In the case of the Hall effect the quantitative
agreement is less satisfying. Although the calcu-
lated results do show the strong increase in R„/
8», it occurs at somewhat higher electric field
values. The slope of the experimental curve at
strong field is best represented by the calculated
values with b in the range of 4. The discrepancy
between calculated and experimental results of R„/

R» at intermediate electric field strength has al-
so been observed" in GaAs, where it was found
that with increasing field intensity the experimental
ratio Rz/R„o increases stronger than the calcu-
lated one.

We conclude that the experimental values of the
galvanomagnetic properties may be understood in
terms of the electron-transfer model. Popula-
tion of the (100) minima should therefore be taken
into account in interpreting high-field effects in v-
type Ge. Although the necessity of including the
higher valleys has been pointed out several times
in the past, ' "4 quantitative calculated results of
carrier transfer as a function of the electric field
have been published only by Paigev for the case of
2'7 and 77 'K. ' Our data at 200 'K (Fig. 5) fit into
the general scheme of Paige's results, and from
the agreement of theoretically and experimentally
determined galvanomagnetic properties we may
conclude that the values in Fig. 5 are close to re-
ality.
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The effect of uniaxial compression on the excitation spectra of group-III impurities in ger-
manium is presented and discussed. The deformation-potential constants b' and d' for the
ground states are deduced on the basis of the piezospectroscopic effects for the C and D lines.
Although there is a slight chemical-species dependence of b' and d', the average values of
these are —1.4 and —2. 5 eV, respectively. These, in turn, lead to the values of —2. 5
and —4. 1 eV for b and d, the corresponding parameters for the valence band, using the re-
lationships given by Bir et al. The values of b and d thus calculated agree in sign and mag-
nitude with those determined by other methods. This is in contrast to the results obtained
on the basis of the previous interpretation, in which the final state of the B line is assumed
to have I'& symmetry.

I. INTRODUCTION

A study of the electronic excitation spectra of im-
purities in semiconductors under uniaxial strain
provides direct information about the deformation-
potential constants of the energy states of the im-
purity. In the case of group-V impurities in ger-
manium or silicon, the stress-induced splittings of
the excited p states are the same' ' as those of the
conduction-band minima; hence the corresponding
deformation-potential constant of the host can also
be readily obtained from the piezospectroscopy of
the impurities. For the shallow donors, the de-
pendence of the ground states on the applied force
is relatively simple and well understood. ' ' Be-
cause of the complexity of the top of the valence
bands of silicon and germanium, the effective-mass
description of the shallow acceptor impurities in
these materials is considerably more complicated
than for the group-V donors. The effective-mass
wave equation for acceptors consists of a set of
coupled differential equations, each involving all

valence-band edges. Thus, under the effect of a
uniaxial force, the sublevels of an excited impurity
state do not follow a given band edge in a simple
manner, as is the case for the group-V impurities.
In fact, as discussed by Bir et a$. and Suzuki et
al. , an explicit relationship between the splitting
of the ground state of a group-III acceptor and that
of the valence-band edge can only be obtained from
a detailed knowledge of the wave functions of the
impurity state. These authors have used the ef-
fective-mass wave functions for this purpose.
Given the deformation-potential constants of the
impurity state, such an approximation should be
sufficient to predict the correct sign of the valence-
band deformation-potential constants, if not the
magnitude.

The first piezospectroscopic study- of a group-III
impurity in silicon or germanium was that of Jones
and Fisher for thallium in germanium. More re-
cently, a study was made of group-III impurities in
germanium by Dickey and Dimmock' and group-III
impurities in silicon by Qnton et al. " The inter-


