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The lattice dynamics of beryllium, a metal with hexagonal close-packed structure and
two atoms per unit cell, is investigated within the framework of Harrison's first-principles
pseudopotential theory, using (i) the Slater approximation for the conduction-band-core ex-
change, and (ii) a modified dielectric-screening function employing the Kohn-Sham approxi-
mation for exchange among the conduction electrons. The energy-wave-number character-
istic E(q) is constructed from the Hartree-Fock-Slater (HFS) wave function for Be"; this is
used to calculate the phonon dispersion relations in the [0001], [0110], and [1120]directions.
Good agreement is obtained with neutron diffraction experiments. The three independent elas-
tic shear constants are also calculated from I" (q); good agreement with experiment is obtained
for C and C', but only fair results obtain for c&4.

I. INTRODUCTION

Until recently, most of the successful applica-
tions of first-principles pseudopotential theory to
the calculation of phonon dispersion relations have
been only with metals having one atom per unit
cell. ' In this paper, the a Priori pseudopotential
theory based on the orthogonalized-plane-wave
(OPW) method of Phillips and Kleinman and devel-
oped by Harrison for simple and polyvalent metals
is extended and applied to beryllium, a metal with
hexagonal close-packed (hcp) structure and two
atoms per unit cell. Application to the lattice dy-
namics of magnesium is treated in a subsequent
paper.

We have constructed a nonlocal pseudopotential
from the Hartree-Fock-Slater (HFS) wave function'
for Be" and used it to calculate the phonon spectrum
in the [0001], [0110], and [1120]directions and
the elastic shear constants C, C', and c44. Previ-
ously published dispersion relations for beryllium
by Sahni et al. for a local pseudopotential and by
Koppel and Maradudin for a nonlocal pseudopo-
tential gave poor agreement with experiment. Roy
and Venkataraman' have calculated dispersion re-
lations for magnesium, a metal also having hcp
symmetry, using a first-principles nonlocal pseudo-
potential published by Harrison. ' Their results also
show poor agreement between theory and experiment.
One of the pitfalls in this type of calculation is
exhibited in the papers by Roy and Venkataraman
and Sahni et al. ; this is the vanishing of the longi-
tudinal acoustic (LA) branch at finite wave vectors.

When the wave vector is small, the relatively large
electrostatic and band-structure components of the
dynamical matrix nearly cancel each other and the
small positive remainder is then used in the cal-
culation of the LA frequency. Thus, a small error
in the band-structure component may result in a
negative remainder, which leads to an imaginary
LA branch.

Sahni and Venkataraman have recently published
results for the lattice dynamics of beryllium. They
constructed both an a Priori pseudopotential based
upon the band-structure work of Loucks and Cutler'
and a model pseudopotential based upon an exten-
sion of the Heine-Abarenkov' (HA) model potential.
The phonon dispersion relations calculated from
both of these approaches show generally poor agree-
ment when compared to experimental data. Another
recent calculation of the lattice dynamics of hcp
metals by Gilat, Rizzi, and Cubiotti is based upon
the HA method as reformulated and optimized by
Shaw and Harrison. The beryllium phonon spectrum
that one obtains from this method also compares
poorly with the experimental results. An examina-
tion of the above papers indicates that calculations
based upon first-principles theory have not produced
very satisfactory phonon dispersion relations for
the noncubic simple metals. The present work ex-
tends and expands upon a paper '4 in which we re-
ported on a successful first-principles nonlocal
pseudopotential calculation of the phonon spectrum
of an hcp metal.

Basic pseudopotential theory and its application
to lattice dynamics has been discussed in many

1733



1V34 W. F. KING, III, AND P. H. C UT LER

A. Born-von Karman Lattice Dynamics

Let the position of a unit cell in a non-Bravais
lattice be a(n) =n&a, +gaaz+nsas, where the a; are
primitive lattice vectors and the n; are integers.
We let d~ identify the jth atom in the unit cell. The
reciprocal-lattice vectors K& are defined from

TABLE I. Physical data for beryllium.

Ionic mass
Atomic volume
Fermi wave vector
Lattice constants

Effective valence

I=8216
Oo =54 75
ky = 1.026

a=4. 3211
c=6.7716

Z*= 2. 1347

places"' and we shall restrict ourselves to a
cursory description of Harrison's general theory
and to points directly relevant to the calculation.
The nonlocal pseudopotential theory developed by
Harrison is based on a representation of the va-
lence-electron wave functions by single orthogonal-
ized plane waves (OPW's). When these are substi-
tuted into the one-electron Schrodinger equation,
the terms can be rearranged to give a small effec-
tive interaction potential which, in theory, justi-
fies the use of second-order perturbation theory
to compute the conduction-band states.

The part of the total energy that is dependent
upon the crystal structure can generally be divided
into three contributions: (i) the Coulombic or
Ewald term which arises from the electrostatic
interaction of the ions, (ii) the band-structure
energy which arises from the electron-ion-elec-
tron interaction, and (iii) the core-core repulsion
or overlap term. The contribution from (i) was
computed using the Ewald method' for a lattice
of point ions immersed in a uniform compensating
background of negative charge, and that from (ii)
was computed from Harrison's nonlocal pseudo-
potential method. ' We shall assume that the small
core in beryllium makes the core overlap negligi-
ble and omit contribution (iii). Expressions for
contributions (i) and (ii) are given in Sec. II along
with a review of pertinent Born-von Karman
lattice dynamics and nonlocal pseudopotential the-
ory.

In Sec. III we discuss the calculation of the
crystal potential and application to the phonon dis-
persion relations and the elastic shear constants;
the results and discussion are given in Sec, IV.
Unless otherwise noted, all numerical values are
given in atomic units where 5= I, e = 2, the elec-
tronic mass equals —,', and energy is in rydbergs.
Table I contains the relevant physical parameters.

II, THEORETICAL FORMULATION

the direct-lattice vectors in the usual manner and
satisfy the condition

a; K;= 2m';~

Born-von Karman lattice dynamics is based upon
two approximations: (i) The potential energy of the
crystalline solid is assumed to depend only upon
the instantaneous nuclear coordinates, i.e. , adi-
abatic approximation; (ii) when this potential en-
ergy is then expanded in powers of the amplitudes
of the atomic vibrations and all terms higher than
those which are quadratic in these amplitudes are
neglected, the remaining terms constitute the har-
monic approximation

I
C =-,' Z Z 4„, ".". , u (nj) u, (n' j'),

ngn n'3'8

where u„(nj) is the alpha component of the displace-
ment of the jth atom in the nth unit cell and

nn
~

~ ~su (nj) su, (n'j ')

The subscript 0 means that the quantity is evalu-
ated at equilibrium. When the equations of motion
are solved in the standard manner the phonon fre-
quencies are given by

Z [(mmmm, ,) '~ D,(Q,jj ')U, (Qj ')
pter

where Q is the wave vector of the disturbance and
the dynamical matrix can be defined as

D.~(Q,jj') =Z@ g .—., exp[ —iQ (a+d&, —d.)] .

The m,. are the ionic masses. To simplify the no-
tation, we have suppressed the triplet (n&n2n, ) and
have simply written a for the direct-lattice vectors.
The condition that the set of equations (I) have a
solution is that the determinant of the coefficients
vanish:

det(D —(u'm&q;. & ~) = 0 .

B. Nonlocal Pseudopotential Formalism

Three basic approximations are necessary in
Harrison's formulation of the theory. These are
(i) the use of a self-consistent field which repre-
sents some average interaction, (ii) the small-core
approximation which allows the core and conduc-
tion-band sta.tes to be separated, and (iii) the use
of perturbation theory to calculate conduction-band
states and energies. These approximations are
appropriate for the alkali and polyvalent metals
but are generally unsuitable for the noble and tran-
sition metals. The theory is based upon a repre-
sentation of the valence states by single OPW's.
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In the core region the oscillatory behavior of the
valence-electron wave functions can be interpreted
as deriving from the orthogonality requirement
between the core and valence states. This can be
described by a repulsive potential ~~ which almost
cancels the crystal potential ~ and allows one to
represent the core-valence interaction by the weak
resultant potential called the pseudopotential:

The pseudopotential equation is obtained directly
from the one-electron Schrodinger equation and

has the form

(T+ w)y, =z,y, ,

w=v+Z. (z, -z„)l n&(n
l

where the Q~ are the pseudo-wave-functions, the

((x) are core functions, and the Z are the core
energies in the metal. The Z can be obtained
from the core energies in the free ion by applying
a correction that Lin and Phillips'9 have termed a
core shift. The magnitude of this shift is critical
to the calculation, although its determination is
somewhat arbitrary. Ne shall discuss its evalua-
tion in a later section.

The band-structure contribution to the total en-
ergy can be obtained from the second-order term
in the usual perturbation expansion for F~. As the
Coulomb interaction between any pair of electrons

has been counted twice, the electron-electron in-
teraction must be subtracted from this to obtain
the correct energy. %hen the lattice-dependent
factors are collected in a structure factor S(q), the
result may be written as

z,.=Z& &*(q)~(q) z(~),
where F(q) is the transform of the ion-electron-ion
potential and is called the energy-wave-number
characteristic. It is a function of the atomic vol-
ume as well as of the local potentials but is inde-
pendent of the structural configuration. Detailed
expressions for the calculation of F(q) may be
found in Harrison's book.

The use of single OP%'s to approximate the con-
duction-electron wave functions gives rise to an
additional charge which moves rigidly with the ions.
This charge, which was derived by Pickand Sarma '
in their reformulation of Harrison's approach,
can be combined with the valence charge to obtain
an effective valence Z* which is larger than the
valence.

C. Dynamical Matrix

The Coulombie contribution to the dynamical
matrix can be derived by methods due to Ewald~~

and Thompson. ' A more modern and rather el-
egant derivation of this matrix has been given by
Cochran. %e shall not attempt to duplicate these
rather long and tedious derivations but will merely
give the results:

(a+6, , —d ),(a+d;. —d, )8 3 erfc(qla+d, .—d, l) 67' exp( —g~la+d, , —d, l2)

la+1~ d~l la+d, —d, I' ~" la+~~ -d~l

erfc(7lla+d, , —dQ) 2q exp(-q'la+d, , -d, l')
~

&exp[iQ ~ (a+d, , -d )]

".s(Q, )(')= g- r ="--=, '
) exu( —(K ~ ()('/4n') sm( K ((), -(Is)).

s~o R ( K+Q)

where s is the number of atoms in a unit ce1.1 and

00 is the atomic volume. The prime over the a sum
means that the denominator is never zero. The
dynamical matrix is then

D'
g (Q, jj ') = ~,'& ()(Q, ij ' ) -~,'& ()(Q,jj '), j +j '

D 8(Q, jj ) =z', (& 8(Q,ii)-& g(Q,ij)

The parameter q is chosen to make both the sums
in direct and reciprocal space converge rapidly;
erfc(x) is the complementary error function. Good
results can be obtained by choosing g = (4/Qo)

%hen a periodic distortion is introduced into the
lattice, the accompanying change in band-structure
energy can be evaluated by expanding the structure
factors to second order in the amplitudes of the
disturbance and subtracting the equilibrium energy:

5Zb, =Z„, (distorted) -Zb, (equilibrium) .

The electronic component of the dynamical matrix
can then be written by comparing Eq, (2) to the

general expression for the crystal potential energy
in the harmonic approximation. This derivation is
discussed by Harrison, and Roy and Venkataraman.
The resulting expression is
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D.,(Q, jj')=&;(K Q). (K Q). TABLE II. Fourier components of the potentials.

x F(lK+Q l) exp[iK (d,.—d, )],
D 8(Q j&) =Z)f[(K+Q) (K+Q) &( IK+Q l)

K&—ek(j ) &(K)],
where

((j)=P,, cos[K (d, —d..)]
When K = 0, the term involving F(K) is omitted.

III. CALCULATION OF CRYSTAL POTENTIAL AND
CORE SHIFT

A. Crystal Potential

In the self-consistent-field approximation, one
assumes that all electrons see the same average
potential. The interactions that contribute to this
potential are o (i) the potential due to the ion core,
(ii) the conduction-band-core exchange, (iii) the
correlation between conduction and core electrons,
(iv) the potential due to the conduction electrons,
(v) the screening potential, and (vi) the exchange
among conduction electrons.

1. Coulomb Potential due to Ion Cot'es

The wave functions for the core electrons in the
simple metals do not vary much from the one-elec-
tron wave functions for the free ions or from the
atomic wave functions. We used the 1s Hartree-
Fock-Slater (HFS) wave function for the free beryl-
lium ion Be" since a program to generate these
wave functions for all of the elements has been
written by Herman and Skillman„' The electron den-
sity p(r) was constructed from this wave function
and, with the aid of Poisson's equation, mas trans-
formed to q space to give a potential contribution

1""'(q)= (4ve'/&, q') n(q),

q/k~

0.00
0.01
0.05
0.10
0.20

0.30
0.40
0.50
0.60
0.70

0.80
0.90
l.00
1.10
1.20

l.30
1.40
1.50
l.60
l.70

1.80
1.90
2.00
2. 20
2.40

2. 60
2.80
3.00
3.50
4.00

5.00
6.00
7.00
8.00
9.00

~ D D

8713.4561
348. 5706
87. 1679
21.8172

9.7152
5.4795
3.5188
2. 4538
1.8115

l.3946
l. 1087
0. 9041
0.7527
0.6374

0.5477
0.4764
0.4188
0.3717
O. 3325

0.2996
0.2717
0.2479
0.2094
0.1799

0.1568
0.1383
0.1232
0.0955
0.0769

0.0536
0.0398
0.0307
0.0244
0.0198

0.0163

0.2779
0.3061
0.3058
0.3049
0.3014

0.2956
0. 2878
0.2783
0.2673
0.2551

0.2421
0.2286
0.2148
0.2010
0.1874

0.1742
0. 1615
0.1494
0.1379
0. 1272

0.1171
0.1077
0.0991
0.0837
0.0707

0.0598
0.0506
0.0430
0.0290
0.0200

0.0102
0.0056
0.0033
0.0021
0.0014

0.0015
0.0015
0.0015
0.0015
0.0015

0.0015
0.0015
0.0015
0.0015
0.0014

0.0014
0.0014
0.0014
0.0013
0.0013

0.0013
0.0012
0.0012
0.0012
0.0011

0.0011
0.0011
0.0010
0.0009
0.0009

0.0008
0.0007
0.0006
0.0004
0.0003

0.0001
0.0000

D ~ D

586. 9297
23.4750
5.8671
1.4651

0.6499
0.3646
0.2325
0.1608
0.1175

0.0895
0.0702
0.0565
0.0463
0.0386

0.0326
0.0278
0.0240
0.0208
0.0182

0.0161
0.0142
0.0127
0.0102
0.0083

0.0068
0.0057
0.0048
0.0032
0.0022

0.0011
0.0006
0.0003
0.0002
0.0001

where the q-space electron density is

n(q) = J p(r) exp( —ij r) d'r .
This density is defined such that n(0) e1luals the
number of core electrons. The nuclear-charge con-
tribution to the potential is simply

1) "")(q)= —(4ve'/&, q') A

where A is the atomic number. The total ion-core
contribution is then

& G)(q) & (1n)(
)

(18)(q)

This potential is tabulated in Table II, column 2,
for selected values of q/kr.

2. Conduction-Band-Cote Exchange

We first assumed that the valence electrons could
be represented by the 2s atomic wave functions in

the core region and used a method described by
Hartree to construct the Hartree-Fock (HF) effec-
tive potential for the exchange interaction between
the core and conduction electrons. When this poten-
tial mas used in the calculation, the resulting dis-
persion curves were found to be as much as 50%%up

above the experimental values. We then computed
an effective-exchange potential from the Kohn-
Sham approximation which is two-thirds of the
Slater ' exchange. The results were very similar
to those obtained from the HF effective potential.
The best results for beryllium mere obtained from
the simple Slater approximation

1) "'(r) = —(Se'/2v) [3v' p(r)] '~'

This potential is tabulated in column 3 of Table II.
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3. Correlation between Conduction and
Co";e Electrons

Since it is well known that this contribution is
relatively small when compared to the other terms
in the crystal potential, we have used the following
approximation scheme to calculate the conduction-
core-electron correlations. We have assumed that
for the first approximation, the correlation between
the conduction and core electrons is the same as
that for the free-electron gas. When one electron
is added to the system of density n, the increase
in the correlation energy ~s the effective-correla-
tion potential v„. Then, if e is the average corre-
lation energy per particle, we obtain

d(ne)
dn

For metallic densities Pines' gives

E = 0. 031 lnx, —0. 115 Ry

where r, (3/4=wn)'~'. To ensure that v„(r)—0 as
~, it is necessary to include the constant-va-

lence charge density in the calculation. This latter
term may then be subtracted at the end of the cal-
culation. This potential is listed in column 4 of
Table II.

4. Potential due to Conduction Electrons

We follow Harrison and define this potential to
be due to the charge density of single-OPW states.
In the probability density for a normalized OPW,
the nonconstant terms give a localized electron den-
sity at each ion site which when summed over all
occupied states results in a positive charge distri-
bution. Harrison calls this the "orthogonalization
hole" and combines it with the valence charge to
form an effective valence Z*. This orthogonaliza-
tion hole contains (Z —Z") electrons. If we assume
that the hole distribution function is similar to that
of the core electrons, we obtain

v' '(q) = —[4' /Qoq n(0)](Z" —Z)n(q)

This potential is tabulated in column 5 of Table II.

5. Screening Potential

This is the change in potential obtained when

single OPW's are replaced by multiple OPW's in the
valence states. This is treated by Harrison" who
concludes that (i) the change is of first order but the
matrix elements enter the energy squared and (ii)
the calculation of the screening field is justified in
the plane-wave approximation.

6. Exchange among Conduction Elect~ons

We follow Cohen and Phillips, ' and Harrison
and assume that a fluctuation in the electron density
will cause an exchange potential X, in addition to the

direct-interaction potential. The Fourier component
for the total potential seen by an electron is then

W,
' = (4''/q'+X, ) n, ,

where n, is the transform of the valence-electron
density. The form of the potential that we have used
is based on a suggestion by Harrison and utilizes
the Kohn- Sham effective-exchange potential

d(ne, )
d.

where &„ is the exchange energy per electron of a
uniform gas of density n. At q = 0, Xo should equal
the exchange potential for a uniform electron gas
at that density, which is given by

dE„—e m

dn k~

where k~ is the Fermi wave vector. At large values
of q, we use Hubbard's result that the ratio of
the exchange to the Coulombic potential approaches
~. This gives X, = —2&e /q at large q. An expres-
sion for X, that will exhibit these asymptotic values
is

When Eq. (3) is used to calculate the screened
pseudopotential in terms of the unscreened elements,
the dielectric function that obtains is

~*(q ) = I+ [ I + (q'X, /4~e')] [~(q) —I]
where e (q) is the static dielectric function. The
justification for the use of this dielectric function
or the slightly modified version of it lies in the
relatively low phonon frequencies as compared with
the electronic frequencies. The screening action of
the electron gas is similar to that of a static exter-
nal charge distribution. "Further justification for
this dielectric function can be found in an investiga-
tion made by Koppel. He has shown that for beryl-
lium, the off-diagonal elements of the dielectric
screening matrix are approximately two orders of
magnitudes smaller than the corresponding diagonal
elements. As can be seen in Fig. 1, there is little
difference between the use of the modified and the
free-electron dielectric function.

B. Core Shift

In the calculation of the screened matrix elements,
the core eigenvalues E always appear together with

(k
~

V~ k) as V„=(k
~

V~ k) —E, where the subscript
a represents the quantum numbers n and l. The
use of the rigid-ion approximation means we assume
the core eigenvalues E are shifted from their free-
ion values but that the core wave functions are not
modified. The zero-order approximation to the
E are, thus, the HFS energy eigenvalues, and the



1738 W. F. KING, III, AND P. H. CUTLER
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FIG. 1. Theoreti-
cal dispersion curves
for the three crystal-
lographic directions
[0001j, [0110j, and
[1120j in beryllium.
The pseudopotential
for these calculations
was constructed from
the Hartree-Fock-
Slater wave function
(Ref. 5) for Be". In

the [0001j direction
the curves were com-
puted with both the
free-electron and the
modified dielec tric
function. The results
are almost identical
with the exception of
the LO branch, which
is drawn as a dashed
line for the free-elec-
tron case. The ex-
perimental points are
from Schmunk (Ref.
39).

shift in energy is called the orthogonalization hole
potential vppg, The contributions to the potential
at q = 0 are all easily calculated with the exception
of vpp~ Harrison originally approximated this
potential by its value at the nucleus but, since this
is clearly its maximum value, he suggests that a
weighted average of vpp„might be more appropri-
ate. ' If we define the average value of this poten-
tial as vp»=nv»„, where v»„ is the value at
the nucleus, then a has a value of 0. 625 when a
distribution of the form e '" is assumed. This is
obviously still only a crude approximation since
the value depends upon the form of the distribution
that we assume for the orthogonalization hole. It
seems, however, to be a better estimate than to
take the maximum value, so we have used n = 0. 625
in the present calculations.

In the computation of vppg we follow Harrison
and assume that the orthogonalization hole due to
each core shell has the same distribution function
as the charge density for that core shell. Then the
potential at the nucleus due to a shell is

v„, = 2(2l + I) f [P„',(y)/y ]dr

where the P„,(r) are the radial wave functions.
The value of vpp~ at the nucleus is then.v..=-Z „v, ( 2,fl"/) f"I'I &«Ir)I'd~

nl 0

where the (nl Ik) are the orthogonality coefficients.
Using Harrison's approximation for v'"(0), we
can write t/' explicitly as

&1)(0) (2)(Q) (3)(0)

The &„, are the HFS energy eigenvalues which, for
Be", consist only of the 1s value. These quantities
are listed in Table III.

C. Elastic Constants

(&&) c44

(iii) C = cqq+c$2+ 2 c33 4c$3

Constant (i) derives from a shear that alters the
angle between the axes in the basal plane, (ii) re-
sults from a bending of the hexagonal axis with re-
spect to the basal plane, and (iii) results from a

TABLE III. Values for the calculation of V~.

~~')(0)
~"&(0)
v"&{0)

~ts
&opm

& oyw

&~o

3.2962
0. 2779
0.0015
0.625

—10.6086
1.90603
1.1913
8. 2243

In hexagonal crystals, there are five independent
elastic constants, three of which are pure shears
that conserve the volume. ' The usual notation de-
fining these shear constants is
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strain that alters the c/a ratio. A detailed discus-
sion of the elastic-shear constants of hexagonal
metals is given by Cousins. '

A hcp structure can be considered to be twosim-
ple interpenetrating hexagonal lattices. When one
of them is displaced relative to the other, there is
internal strain. Born and Huang' have investigated
the effects of internal strain on the second-order
elastic constants for nonmetals and have shown that
the neglect of this strain leads to very small errors
for central-force interactions. Cousins' relates
this work to metals and concludes that the omission
of internal strains in the calculation of the second-
order elastic constants will not lead to errors larger
than 6/o. We, therefore, also neglect these strains.

In the region where Hooke's law is valid, the
strain energy of a hexagonal crystal may be writ-
ten as

Z=Z + s Os[cps(ss+ss)+cssss+2csssyss0

+2cis(ssss+esss) +c44(ss+ss)+ s (csi —cps) ss]

where F. is the equilibrium energy, s&, s2, and ss
are normal strains, and s4, s„and s6 are angular
decreases in the yz, the xz, and the xy angles,
respectively. We shall take the e axis in the [0001]
direction, i.e. , along the e axis.

In the calculation of the second derivatives of the
strain energy of the crystal, it is customary to
write the direct- and reciprocal-lattice vectors in
terms of strain parameters g, y&, or yz. For the
constant C these are ' for the direct-lattice vec-
tors

ag =c(1+sl)e.
as = a(1+sl)

as=a(1+sl) '~'(- —,'e„+-,' v2e, ),
and for the reciprocal-lattice vectors

K, = (2v/c)(1+ sl)- 'e,
Ks= (2m/e) [(1+st)'i'e, + (1/IS)(l+sl)'use„]

K, = (4v/a/3)(1+st)'~se,

The second derivative of the strain energy then
gives

at the equilibrium condition q = Q.

For C ' and e44 the direct-lattice vectors are
Aa&=re,

1/2a2=0+y e»

as=-,'ay', "(-e„+y-, 'KSe, )

with

d E--, =C'Q, at y, =1;

with

as=a(e„+yse, ),
as = -s' 0( —e„+v3e, —ys 8 g)

d E
=p44Qo at y2

——0
dip

The total crystal energy can be separated into
four parts: (i) the free-electron energy which de-
pends only upon the volume and not on the ionic
positions, (ii) the electrostatic energy caused by
the positive point charges immersed in a uniform
compensating negative cha, rge ba.ckground, (iii) the
repulsive energy of the ion-core interactions, and

(iv) the band-structure energy. The free-electron
energy may be neglected in any calculation of
shear constants since it depends only upon the vol-
ume. For the small ion cores of beryllium, we

assume that the core repulsion is negligible, which
leaves only the electrostatic and band-structure
energies to be considered. The electrostatic energy
can be calculated by Ewald's method ' and the
band-structure energy is given by the expression
for 8„,in Sec. IIB:

Z„=Q S(q) S(q) E(q) = X. cos (-,'K ds)E(K)

IV. DISCUSSION OF CALCULATIONS AND RESULTS

A. Phonon Spectra

The construction of the energy-wave-number
characteristic E(q) is the most critical part of any

first-principles calculation of the dispersion re-
lations from pseudopotential theory. Its low-q val-
ues strongly influence the longitudinal modes as
Q/Q goes to zero. To avoid a poorly behaved LA

branch, this means particular care must be given
to the numerical techniques used in constructing
E(q) for low-q values. A plot of E(q) for intermedi-
ate values of q is shown in Fig. 2. Selected values
of this function, which was constructed from the
1s HFS wave function for Be"with the modified
dielectric function «'s(q), are tabulated in Table IV.
When the band-structure components for the dynam-
ical matrix are formed by summing over recipro-
cal-lattice vectors, an interpolation scheme must
be used for values of E(q) intermediate to those
tabulated. In the low-q region, the graph of q versus
E(q) is a straight line when plotted on log paper.
This indicates that the most accurate interpolation
for the low-q region is obtained by using an equa-
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I'IG. 2. Energy-wave-number characteristic for
beryllium constructed from the HFS wave function for
Be".

exchange approximation.
An earlier calculation' of these dispersion re-

lations made use of an analytic wave function for
Be"from Green et al. ' and the results for the
[0001]direction are shown in Fig. 3 for comparison
with the HFS results. In addition to the slightly
different fit to the experimental data, a hump near
Q/Q = 0. 6 in the TA branch does not appear in the
curves constructed from the HFS wave function.
Although over 1700 reciprocal-lattice vectors were
summed over for the results in Fig. 3, the small
splittings at the zone boundary indicate that the sums
had not yet fully converged. The potential due to the
orthogonalization hole was varied in the calculation
using the analytic wave function and for the results
shown Vyp had the value 7. 6242.

We assumed in Secs. I and III that the core-core
repulsion in beryllium is small and was, therefore,
neglected. There is, however, some indicationthat
the core repulsion is not negligible in beryllium.
Joshi and Rajagopal have pointed out that analysis
of neutron data for beryllium indicates the presence
of considerable trace-variable forces which they
assume arises partly from the ion-core repulsion.

tion of the form y =a+ bx . Above q/kz—- 0. 8, the
best interpolation resulted from Lagrange's for-
mula for a fourth-degree polynomial.

The Coulomb components of the dynamical ma-
trix were evaluated by summing over 100 vectors
in direct and reciprocal space. Convergence was
very rapid, and 50 or 60 vectors in each space
would have sufficed. The electronic or band-struc-
ture components are constructed entirely in q space
and the sums were carried out to 1533 reciprocal-
lattice vectors. The largest elements are those
from which the longitudinal branches are calculated
and these elements had converged to four decimal
places at 1533 vectors.

The theoretical dispersion relations for the [0001],
the [0110], and the [1120]directions are shown in
Fig. 1. The experimental points are from neutron-
scattering measurements by Schmunk. The dashed
curve results from the F(q) constructed with the
free-electron dielectric function e(q) while the solid
curves are from the F(q) incorporating the modified
dielectric function e*(q). As can be seen from Fig.
1, only the LO branch is modified sufficiently to
show up on the scale of the drawing. Exactly anal-
ogous results were found in a calculation of the
magnesium phonon spectrum using the same pseu-
dopotential formalism. This suggests that within
the approximation adopted for the dielectric screen-
ing function, the results for the calculated phonon
spectrum are relatively insensitive to the choice of

q/a~ z(q)/z

0.01
0.03
0. 05
0. 07
0.09

—0.496 299
—0.550 926
—0.197 961
—0.100 717
—0.606 991

4
3

E 3
E 3
E 2

q/k~

2. 10
2. 20
2. 30
2. 40
2. 50

+(q)/z
—0. 274 434
—0. 244 570
—0. 218 854
—0. 195 000
—0. 172 506

E-2
E-2

E-2
E-2

0. 10
0. 20
0. 30
0.40
0.50

—0.490 568
—0.118 399
—0.496 198
—0. 257 028
—0. 147 881

E 2
E 2
E 1
E 1
E 1

2. 60
2. 70
2. 80
2. 90
3.00

—0. 151 423
—0.131 920
—0.114 136
—0. 981 355
—0.839 101

E-2
E-2
E-2

E-2

0.60
0.70
0. 80
0.90
1.00

1.10
1.20
l. 30
1.40
1.50

—0. 900
—0. 565
—0.359
—0. 228
—0. 143

—0. 879
—0.521
—0. 294
—0. 156
—0.788

568 E 0
192 E 0
263 E 0
297 E 0
363 E 0

708 E-1
097 E—1
075 E-1
322 E-1
919 E-2

3. 10
3.20
3.30
3.40
3.50

3.60
3.70
3.80
3.90
4. 00

—0.713
—0.604
—0.510
—0.429
—0.359

—0.300
—0. 250
—0. 208
—0. 172
—0. 143

932 E-3
774 E-3
308 E-3
097 E—3
679 E-3

637 E-3
638 E-3
458 E-3
995 E-3
269 E—3

l. 60 —0.413 246
1.70 —0.287 870
1.75 —0. 283 209
1.80 —0. 301 345
1.90 —0.362 625
1.95 —0.381 423
2. 00 —0.353 704

E-2
E-2
E—2
E-2
E-2
E-2
E-2

—0.543 113 E-4
—0. 198 442 E-4
—0. 716 111 E-5
—0. 278 150 E-5
—0. 103 692 E-5
—0. 920 454 E-6
—0. 642 702 E-6

4. 50
5.00
5. 50
6. 00
7.00
8.00

10.00

TABLE IV. Energy-wave-number characteristic for
beryllium in units of rydbergs per electron, calculated
with the modified dielectric function e*(q).
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out that the extrapolation of the parameters from the
theory of ionic crystals is not valid for metals and
results in factors which are much too large. Since
the treatment of core-core repulsion is by the in-
troduction of an ad hoc potential and since it is also
assumed to be a very small contribution inberyllium, 3

we have not included this ad hoc correction in this
calculation.

B. Elastic Shear Constants

o l40
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I—
Z

l.00-
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0.80-
Z
UJ

a 060-
QJ
Ct

U

0.40-

0,20-

0
0 0.2 0.4 0.6 0.8

«Qmax
I.O

FIG. 3. Theoretical curves for the )0001) direction.
An analytic wave function for Be" from Green et al.
(Ref. 41) was used to construct the pseudopotential for
these curves. Experimental points are from Schmunk
(Ref. 39).

The elastic shear constants were computed by
summing over the same number of direct- and re-
ciprocal-space vectors as in the evaluation of the
dynamical matrix. Previously published results
for these shear constants were obtained with a
faulty transformation matrix and the numerical val-
ues are in error.

The calculation of the band-structure contributions
to the shear constants requires the first and second
derivatives of F(q) with respect to q. As we only
have the tabular form of this critical function, the
evaluation of the derivatives is inherently plagued
with difficulties and the resulting electronic con-
tributions may contain errors that are impossible
to estimate. The procedure we used was to piece-
wise fit a second-order polynomial of the form y
=a+bx to neighboring points of F(q) and use the
derivatives of the polynomial. At high q values we
used an equation of the form y =a+ bx as this
function better interpolates F(q) at both high and
low q values. The results are listed in Table V
along with experimental values from Smith and
Arbogast. On the basis of these calculations, the
electrostatic energy of the ion cores predominantly
determines the elastic shear constants C and C',
while the results for c44 indicate that nonelectro-
static forces, possibly ion-core repulsive inter-
actions, are responsible for about 40% of this shear
constant.
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stants of beryllium in units of 10 dyn/cm . Experi-
mental values are from Smith and Arbogast {Ref. 48).
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Total
Experimental
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