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Gantmakher-Kaner (GK) oscillations and Doppler-shifted cyclotron resonance (DSCB) of
helicons have been investigated in very pure copper with the magnetic field Bp and the prop-
agation vector q along the [101], [001j, and [ill] directions. The results are compared with
a model Fermi surface proposed by Halse. For Bp jj [101], the GK mode is excited by a heav-
ily damped helicon which enhances the effective skin depth for certain values of q. Using a
period of 314+7 G for the GK oscillations, we assign a value of jmcv~ je„&= (0.648+ 0. 014}
&&10 gcmsec to electrons with orbits near the plane a jk~ j =2.675, where a is the lattice
constant, mc the cyclotron effective rn. ass, and vg the drift velocity along Bp. The value of
jmcvg je„& calculated from the model Fermi surface is 0.609X10 gem sec . Damping of

the helicon by open-orbit electrons near the planes a jk~ j =4.225-4. 625 has also been ob-
served. For Bp jj [001), no GK oscillations were observed; we attribute this to the large-
amplitude oscillations in v, for electron orbits near the plane a jkg j = 1.95. The helicon
edge does not appear to be a measure of jm,v, jm~ since jm,v, j may go to infinity around
the necks. For Bp jj[lllf, GK oscillations with a period of 590 +76 were observed. This
period yields jmcvgj, ~= (1.26+0. 02}&10 ~

gem sec « for electron orbits near the plane
a jk j =3.625, while the value calculated from the model Fermi surface is 1.34&& 30 «~

gem sec . We emphasize that alignment of Bp along a crystal axis can be extremely crit-
ical, particularly when open-orbit electrons are present.

I. INTRODUCTION

It is well known that electromagnetic waves are
generally strongly damped in metals. If, how-
ever, one applies a sufficiently strong magnetic
field to a pure metal at low temperatures, circu-
larly polarized electromagnetic waves known as
helicons can propagate through the metal. The
criterion for such waves to propagate is ~,v»1,
where ~, and v' are the conduction-electron cyclo-
tron frequency and relaxation time, respectively.
Physically, this means that the electrons are able
to complete many cyclotron orbits before they
undergo scattering.

Helicons were predicted in 1960 by Aigrain and
by Konstantinov and Perel and observed in 1961
by Bowers, Legendy, and Rose. ' The early heli-

con experiments ~ were directed at determining
the Hall coefficients of metals. A proposal by
Stern, however, brought to light the fact that
helicons could be used to obtain information about
the Fermi surface. Stern proposed that helieons
could undergo Doppler-shifted cyclotron resonance
(DSCR) in much the same way that circularly
polarized sound waves undergo DSCR. Suppose
a helicon of angular frequency & and wave num-
ber q is propagating in a metal. Let the propaga-
tion vector q and the applied magnetic field Bo
both lie along the z axis. An electron with an
average velocity e, in the direction of the applied
field experiences a Doppler -shifted frequency ~,
given by

(d, = +qV, (t)
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If &, coincides with &„ the electrons can absorb
energy from the helicon. For magnetic field val-
ues such that ~, &~, '", where ~, '"=v+qV, '",
there will be some electrons which have the prop-
er v, so that +,= &,. These electrons absorb en-
ergy from the helicon so that it will not propagate.
However, for fields such that ~,», '", there will
no longer be any electrons capable of matching the
effective frequency of the helicon even when v, is
a maximum, no energy will be absorbed via the
DSCR mechanism, and the helicon will propagate.
The condition &, = &, '" defines the Kjeldaas edge
or absorption edge. Under normal experimental
conditions, ~ «qv, '" so that the absorption edge
condition can be written as

(m, v,),„=eBs/cqs,
where B~ and q~ are the values of Bo and q mea-
sured at the absorption edge. Among those metals
whose Fermi surfaces have been studied using
DSCR of helicons are yolyerystalline sodium, po-
tassium, and indium, '0 and single-crystal alumi-
num. '

To date a great deal of the theoretical work con-
cerning helicons has been based on the assumption
that the wave propagates in an infinite medium.
The infinite-medium dispersion relation has been
used quite effectively to analyze helicon propaga-
tion in a thin metal slab provided the thickness of
the slab is much less than the other two dimen-
sions and provided the electrons undergo specular
reflection at the boundaries. The infinite-medium
dispersion relation is given by

q'„= (4m &a/ic') o, ,

where a, is the conductivity for the left and right
circularly polarized waves. If, however, one in-
cludes the effects of the boundaries and calculates
the ratio of the transmitted electric field to the
incident electric field, the size-effect oscillations
predicted by Gantmakher and Kaner' can be ob-
served. These oscillations are interpreted as
coming from electrons with an extremal value of

m, v, A large group of electrons having the same
(m,v,),„, can generate a substantial field at the
specimen surface provided they complete an in-
tegral number of revolutions while traversing the
specimen. The period of the Gantmakher-Kaner
(GK) oscillations can be related to the Fermi-sur-
face topology. In particular,

(m, t),),„,= (eI /2') Mo,
where L is the specimen thickness and Mo is the
period of the oscillations measured in units of the
magnetic field.

The purpose of this paper is to present detailed
results of GK size-effect measurements and to

The general dispersion relation for a plane elec-
tromagnetic wave in an infinite nonmagnetic
medium of dielectric constant K is

det(o'-M) =0

where 0 is the conductivity tensor of the medium
and

M= (ic'/4m~)[q~ 1 —qq —(~'/c') K I] (6)

For frequencies used in the experiment, the dis-
placement current can be neglected so that one ob-
tains

M = (ic'/47) ~) (q' I —q q)

If a static magnetic field Bo and the propagation
vector q of the electromagnetic wave both lie
along the z axis, and if there is at least twofold
symmetry about this axis, then the conductivity
can be written as

( o„„o„, 0)
0 Oo„j

(8)

where each component of o may depend on the fre-
quency &, the wave number q, and the applied mag-
netic field 8,. If Eq. (8) is substituted into Eq.
(5), one obtains

for the dispersion relation. The ratio of the y
component of the electric field to the x component
is given by

Equations (S) and (10) describe an elliptically
polarized plane wave traveling in the z direction
when, for an uncompensated metal, the magnetic
field is large enough so that 0„»o„„and 0„,»0».
Under these conditions Req»Imq, and the wave

investigate DSCR of helicons in single-crystal
copper along the [001], [110], and [111]directions.
These results are then related to the Fermi sur-
face of copper. Finally, it is shown that informa-
tion similar to that obtained by magnetoresistance
measurements can also be obtained from helicon
experiments.

In Sec. II, the theoretical ideas are presented.
In Sec. III, the experimental techniques are de-
scribed in detail, and in Sec. IV, the results and
their interpretation are presented for each of the
three highest-symmetry directions.

II. THEORY
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For convenience Eq. (11) can be rewritten as

(12)

that propagates is known as a helicon. For mag-
netic fields such that Bo»B~, the conductivity
does not depend on q and one can determine the
eccentricity of the ellipse directly from Eq. (10).
For a propagating wave the eccentricity of the el-
lipse is very close to zero so that the helicon is
very nearly circularly polarized even if 0,„and
0» differ significantly. We found no evidence for
elliptical polarization of the helicon with 5,
(I [lol].

If there is at least threefold symmetry about

Bo, 0.„,=0» and one obtains

qq = —4 ITS&0'gc'

where

tance u/w wavelenghts, ' where
u: RH Bo/p(BO) (18)

R„ is the Hall coefficient (R„=1/n, ec) and p(Bo) is
the resistivity of the metal which, in general, de-
pends on Bo. The net effect, then, is a much
greater damping of the helicon for a real metal
with significant magnetoresistance.

In the nonlocal regime (ql & 1) it can be shown"
that for q&q~ and ~,7'-~, Re0, =0. The helicon
propagates because q is real. As q increases
with decreasing B'0 and reaches a critical value
q&, Re0, can be of the same order of magnitude
as Im0, . q then has a large imaginary part and
the helicon is heavily damped. Rea, becomes non-
zero just at that value of qz/Bs for which the de-
nominator of Eq. (15) vanishes. This is just the
condition set down in the Introduction,

q, = 4m'(lmcr, —i Re o)/c (13) (m, v,),„=eBe/cqs (19)

f. +&max
g &~id

~ 1 —(qc/eB, )m, V,+it
(14)

where E = 1/&u, v' and k~ is the component of the
electron wave vector at the Fermi surface normal
to k, . If the charge carriers are electrons, only
o, (q) need be considered because only the left cir-
cularly polarized wave propagates. The real and
imaginary parts of 0, are given by

ie
o,(q) =

4~ ~cc max"hz

+ &maxf se~e
4m' m(u, J [1 —(qc/eBO)m, v,]'+e'

(15)
and

For this case the helicon is a circularly polarized
wave which propagates provided Im0, »Reo, .

The conductivity tensor to be used in Eq. (13)
cannot be determined explicitly without knowing
the shape of the Fermi surface. For a Fermi sur-
face with cylindrical symmetry about Bo, the con-
ductivity can be written as

If two kinds of charge carrier s are present and
the metal is uncompensated, the general disper-
sion relation for electromagnetic waves in the
metal is not changed, but the specific form of the
conductivity is changed. In particular, the con-
ductivities for each carrier are additive so that

e h0'~ = 0'~ + 0~ (2o)

q =4m~/ Rc„BO (21)

where R„= 1/ec(n, -n„) in the high-field limit.
nh is the number of holes per cubic centimeter.

Thus far in the discussion the presence of the
boundaries of the metal has been neglected. Sev-
eral authors" ' have considered the effects of
the boundaries on the transmission of electromag-
netic waves. Antoniewicz' has shown that the
ratio of the transmitted electric field to the inci-
dent electric field can be approximated by

where 0', and 0," are the conductivities for the elec-
trons and holes. In the local regime the dispersion
relation reduces to

+ &maxe'
Imo, (q) =

4& mc c ma-hg

In the local regime (ql «I)
(13) reduces to

q'= 4m~n, e/cBo

u', [1 —(qc/eBo) m, v,]dk,
[1 —(qc/eB, )m, v,]'+~'

(15)
and for large &,s, Eq.

B,(L) 4i~ .
"

(—1)"
Lc „,(nm/L)' —((u/c)'~, (nv/L)

4ic
a)Le.(O)

(22)

where, when the displacement current is neglected,
the dielectric function is given by

where n, is the number of electrons per cubic cen-
timeter.

For a metal with negligible magnetoresistance,
the helicon damping decreases exponentially as
, v increases. However, for a metal with ap-
preciable magnetoresistance, the helicon ampli-
tude decreases to e-' of its initial value in a dis-

e,(q) = (4v/i(u) o.(q) (23)

Equation (22) has contributions' '8 from the
poles of the sum and from the branch points of the
conductivity. The helicon modes arise from the
poles of the sum and the GK modes arise from the
branch points of the conductivity. The poles oc-
cur whenever
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(nv/L)' = —(4vi~/c')o, (nv/L)

If the conductivity is local, one obtains

n = 2L(~n, e/vc) Bo

(24)

(25)

VARIABLE
DE L AY LINE

The branch points of the conductivity are caused
by electrons at an extremum in m, v, . Each branch
point contributes an oscillatory term, and since
the numerator of Eq. (22} alternates in sign, the
period of the electric field is related to lm,v, I,„&

by

OSCILI ATOR
1P

OI
O O

O

WIDEBAND

AMP LIF IE R

PHASE

SHIFTER

Imccal sxt (eI/2vc)~0 (26)

III. EXPERIMENTAL TECHNIQUES

A. Transmission Method

VARI AB L E

AT T E NUATOR
MIXE R

The technique employed in studying the trans-
mission of helicons is similar to that used by
Grimes and Buchsbaum. ' Signals are coupled
into the copper specimen by means of a small coil
of rectangular cross section having about 200 turns
of No. 42 wire placed as close to the specimen as
possible. A similar coil on the other side of the
specimen picks up the transmitted signal. Gen-
erally, the axes of the two coils are perpendicular
to minimize the signal which couples directly from
one coil into the other.

A block diagram of the experimental apparatus
is shown in Fig. 1. At zero magnetic field the
externally coupled signal is cancelled by adding to
it a signal of the proper phase and amplitude. The
phase of this signal is controlled by the variable
delay line. As the magnetic field is increased and
an absorption edge is passed, the helicon begins
to propagate. The helicon signal (whose strength
may be on the order of 50 p, V when the voltage
across the input coil is about 3 V) goes into a
wide-band amplifier with a gain of about 54 dB.
It then passes through a phase shifter and finally
into one input of a double-balanced mixer. A
reference signal from the oscillator is fed into the
second input of the mixer. The output from the
mixer consists of the sum and difference frequen-
cies of the two input signals. For input signals
of the same frequency, the difference signal is
just dc. By using an appropriate low-pass filter,
the high-frequency component of the signal can be
filtered leaving only the dc signal. The amplitude
of this dc signal is proportional to the cosine of the
phase angle between the reference signal and the
helicon signal, and to the amplitude of the helicon
signal. This signal is then amplified or differen-
tiated before being connected to one axis of an
x-y recorder. The other axis of the recorder is
driven by a signal from a rotating-coil gaussmeter.

To understand how this system allows us to de-
tect the helicon signal, note first of all that the

DC AMP OR
DIFFEREN-

T IATOR

FROM X- Y

GAUSSMETER RFCORDER

FIG. l. Schematic of experimental apparatus.

helicon signal has both an amplitude and a phase
with respect to the reference signal. Both the am-
plitude and phase of the helicon depend on the
strength of the magnetic field Bo. In the local re-
gime (q/ «1, a condition satisfied for magnetic
fields reasonably fa,r above the absorption edge),
the wave-number dependence of the helicon on the
field Bo and the frequency ~ is given by Eq. (17).
For a given frequency the wavelength of the helicon
increases as the square root of the field. As the
field is increased the number of helicon half-wave-
lengths in a specimen of a given thickness L de-
creases. This means that, as the number of heli-
con half-wavelengths in the specimen changes
from N to N —1 (this is the case for increasing
field}, the pha. se of the helicon signal with respect
to the reference signal changes by w. Therefore,
the recorder output changes from a maximum to
a minimum or vice versa.

B. Specimen Preparation

The manner of preparing the copper specimens
used in these experiments is very important. The
specimens were all cut from a boule having a
resistivity ratio of 35 000 as measured by the eddy-
current-decay method. The specimens were first
cut into rectangular slabs about 8&8&1 mm. They
were x rayed using a standard Laue back reflection
technique and then spark-planed. The crystal axis
was within 0. 3 of perpendicular to the specimen
face in all specimens.

After each specimen had been planed, its thick-
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ness was carefully measured with a micrometer.
If the specimen did not have the same thickness on
each corner to within 0.000j. in. , it was x rayed
and spark-planed again.

This RccurRcy wRs QecessRx'y in px'epRx'ing the
specimens because, if reasonably large helicon
signals or GK oscillations were to be seen, the
faces of a specimen had to be flat and parallel to
within a fraction of a helicon half-wavelength.
For a frequency of 200 kHz and a field of 20kG,
the wavelength of a helicon propagating along the
[Oolj axis in copper is about 7xio crn. This
means that the specimen faces had to be flat and
parallel to within much better than 0.003 in.

When the specimen was found acceptable, it was
etched very lightly in dilute nitric acid to remove
surface damage. Care was taken to see that the
etching was done evenly. The specimen was then
x rayed once again to insure that the crystal axis
was still normal to the specimen face.

C. Specimen Holder

Th6 fox'Dl of constluctloQ of the sp6clIQen holder
was very important in carrying out these experi-
ments. First of all, the specimen holder had to
be constructed so that the transmitting and re-
ceiving coils were extremely close to the specimen.
In the usual experiment, the coils were within
one- or two-thousandths of an inch of the speci-
Inen. The following steps were taken to insure

panel

) 4

BRAS S PLATES

FIG, 2, Schematic sho%ing ho%' the specimen is
mounted between the transmitting and receiving coils.

MICRGMETER

TOP PLATE
)

':3

FIXED
PIVOT

BOX tAJITH

SPE CIMEN

I )
l

I

I

Qi )
I

l
I

I
I

I

~ ~
~ ~I

FIG, 3. Schen1atic showing how the specimen is tilted
En the lEquEd helium.

good coupling of the signals into the specimen. A
square hole whose dimensions were Slightly greater
than the specimen dimensions was cut into a plate
which matched the thickness of the specimen.
The coils (about 200 turns of No. 42 copper wire)
were wound on phenolic coil forms about ~6 in.
square and about &z in. thick. These coil forms
were fitted into holes in two other brass plates so
that the coil surfaces were even with the faces of
the plate. Silver paint was placed around the spec-
imen to help shield the coils from one another and
the three plates mere fastened together with screws.
Figure 2 shows this arrangement. By exercising
reasonable care, one can achieve good coupling of
signR18 into RQd out of the specimen.

The plates containing the mounted specimen were
fitted into a box which allows the specimen to be
tilted in the vertical plane. The tilting was accom-
plished by a micrometer located at the top of the
holder and connected to the spring-loaded lever
arm of the box. This arrangement is shown in
Fig. 3. A 0.0005-in. linear movement of the
micrometer col I'esponds to 4 of Rx'c Rnd the
system is linear for small angles of tilt.

D. Specimen Alignment in Magnetic Field

The presence of open-orbit electrons with the
magnetic field in certain directions can cause the
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cur determine the crystal axis. To check these
angles the tilt angle is set to that value determined
by the symmetry line and the detected signal is
plotted as a function of the field-rotation angle.
There should be a symmetry line in this plot if the
crystal axis has been correctly determined.

I I I I I

-2 -I 0 I 2
FIELD DIRECTION (DEGREES)

FIG. 4. Transmitted signal versus tilt angle between

Bp and [101]. The tilt is about [101] with Bp = 23. 1 kG,

f=200 kHz, and rotation angle = —0.2'.

amplitude of the detected signal to vary drastically
as a function of the magnetic field direction.
Therefore, some caution must be exercised when

aligning the crystal axis along the magnetic field.
The magnetic field is first set to a high value and
the crystal is oriented so that the crystal axis is
approximately parallel to the magnetic field. The
detected signal is plotted as a function of the tilt
angle as the tilt angle is swept through about 7
in intervals of 4 while the field rotation angle
is kept constant. A symmetry line is then located
in the plot. The tilt angle is set at the symmetry
value and the field rotation angle is swept through
about 7' in 0. 1' intervals. The symmetry line is
then located for this plot. The angles obtained
from the two symmetry lines should determine the
crystal axis. Figures 4 and 5 show representative
plots of the signal strength versus tilt angle for a
fixed rotation angle and the signal strength versus
rotation angle for a fixed tilt angle.

The technique described above works provided
there is twofold or fourfold symmetry about the
axis in question and provided that the specimen is
cut and mounted in such a way that one crystal axis
is parallel to either the tilt or rotation axis. If
the latter criterion is not met, the following steps
are taken to align the magnetic field along the crys-
tal axis. The magnetic field is again set to a high
value and the crystal is oriented so that the crys-
tal axis is approximately parallel to the magnetic
field. The detected signal is plotted as a function
of tilt angle while the field rotation angle is kept
constant. In general, there will be no symmetry
line in this plot. The field rotation angle is changed
to a new value and the detected signal is plotted
as the tilt angle is varied. This process is re-
peated until one of the plots shows a symmetry
line. The angles for which the symmetry lines oc-

z
M

Cl
LLI
I-
I-

M

CL
I—

i I I I I I I I

-2 -I 0 I 2 3
FIELD D IREC TION (DEGREE S)

FIG. 5. Transmitted signal versus rotation angle be-
tween Bp and [101]. The rotation is about [010] with Bp
= 23. 1 kG, f= 200. 0 kHz, and tilt angle = —2. 0'.

IV. EXPERIMENTAL RESULTS AND INTERPRETATION

A. Results and Interpretation for Bo iI[101]

In Figs. 6-8, we show representative curves
with Bo along or near [101]. Some general com-
ments concerning the curves may be helpful. First
of all, the labeling of the ordinate as the transmit-
ted signal is a convenient notation. One should
remember that this signal is really the result of
beating a reference signal with the signal picked
up by the receiving coil. Second, in order to en-
hance rapidly varying signals while suppressing
slowly varying signals, a differentiator was em-
ployed in some of the experiments. The differen-
tiator enhances the GK oscillations without en-
hancing the more slowly varying background
changes in the signal. The differentiation is ac-
tually with respect to time, but, since the mag-
netic field sweep is linear in time, it is equivalent
to differentiation with respect to the field. In
Fig. 6, we show the transmitted signal versus Bp
with Bo along [101]while in Fig. 7 we show the
differentiated transmitted signal versus Bp with
Bo along [101]. In Fig. 8, we show the trans-
mitted signal versus JBp for Bp tilted 2.0 away
from [101] toward [010]. Figures 8 and 7 show the
GK oscillations (the closely spaced oscillations),
but only Fig. 8 shows any sizable helicons. We
will come to the explanation of this important dif-
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FIG. 10. I BA/9k~I vexsus cjk, I fox the Fexmi sur-
face of copper with k, along [101]. u is the lattice con-
stant. The dashed line indicates where R4/Mg is posi-
tive, the solid where it is negative. The horizontal line
xepxesents the experimental value of I 8A/Bk~ I,& .

surface of copper. The period of the GK oscilla-
tions should be related to the va.lue of IsA/&k, l,„,
shown in Figs. IQ and 11 since there are a large
number of elections with 1I~8gI g«e

To understand what happens in the cases where
the curves show no helicon but do show GK oscil-
lations, we x'efer to Fig. 10. The periodic open-
orbit electrons from a Ik, l = 4.225 to a Ik, t = 4.625
severely damp the helicon. 36' Physically, this
damping arises from the fact that these open-orbit
electrons can carry cux rent in only a single direc-
tion. Therefore, this current cannot possibly re-
main perpendicular to the rotating electxic field
of the helicon. This means that the Joule heating
can become quite large, energy is dissipated, and
the helicon does not propagate. Howevex, these
open-orbit electrons have the same damping effect
as electrons fol which j 18~58) & tBlc5gI ~«e The
condition for the helicon window is satisfied and
the window shows up as GK oscillations when the
boundary conditions are imposed.

%e ean explain qualitatively the structure of the
polar plot in Fig. 4 by considering the shape of the
portion of the Fermi surface responsible for the
open orbits. Figure 12 shows the band of open-
orbit electrons when Bo II [101]. In principle, as
soon as Bo is tilted the slightest bit off axis these

eon window. Those electrons with j m, e, I,„give
rise to the usual absorption edge so that the heli-
con is highly damped below this absorption edge.
Fox' those electrons with lm, P, I,„t, the damped
helicon enhances the effective skin depth for cer-
tain values of q; that is, it appears as though the
electric field has penetrated throughout the sam-
ple. The electrons with Im, p, I,«can gain energy
fxom this damped helicon provided the mismatch
between the helical wavelength of the GK mode and
a Fourier component of the helicon mode is not
too great. At high fields the mismatch of the
wavelengths causes the GK oscillations to die out
as the curves show. At the low fields the damping
of the helicon is so great that the enhancement
of the skin depth is not a significant factor.

The data are analyzed by making use of a rela-
tion derived by Harrison' namelyq

(n) (e~j
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Figures 10 and 11 show Is+/&k, I versus + III, I for
the Fermi surface of copper with Bo~~ [101]and

for Bo tilted 2' away from [101] toward [010],
respectively. Here a is the lattice constant. The
values of I &A/Sk, I shown in these curves were cal-
culated using Halse's constants for the Fermi

FIG. 11. I BA/M~I versus a I k~j for the Pex'mi sur-
face of copper with k~ tilted 2. 0' away from [101]. The
solid horizontal line represents the experimental value
of I M/8kg Im~ The dashed horiIzontal line x'epresents
the experimental value of I BA/M~ j,~ . BA/8kg is neg-
ative where the line is solid and positive where the line
l8 dashed.
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OPEN OREIlTS

= [ooij

FIG. 12. Central section of the copper Fermi surface
in the (110) plane. The open-orbit electrons are those
having k~ values between the two dashed parallel lines.

(28)

This dispersion relation has two branches which,
in the limit of large Bo, become

(28)

q' = 4m', e/cBO (30)

Equation (29) is just the dispersion relation for
the GK mode and Eq. (30) is the dispersion rela-
tion for the helicon mode in the local regime.

oyen orbits become long extended closed orbits.
Because of finite mean free path, however, the
electrons may be scattered before completing this
extended orbit and thus will have the effect of an
open orbit. The drastic change in signal in Fig.
4 as we move from 0.7 to 1.0' off axis is the
result of the open orbits changing into extended
closed orblts

We now wish to consider what information ean
be obtained from the GK oscillations. We have
already seen that the period of the GK oseillations
should be related to electrons with lm, V, I,„t.
However, a close investigation reveals that the
GK oscillations are not strictly periodic. The
oseillations at the low fields have a period of about
400 G, while the oscillations at the high fields
have a yeriod of about 310 G. In relating the GK
oscillations to the Fermi surface, we must decide
whether to choose the low-field yeriod, the high-
field period, or some average period.

In order to determine which period to use,
Antoniewicz has evaluated the conductivity for a
rather special Fermi surface on which m, and

v, are constants, in the limit as &,v-~. Using
these assumptions the conductivity ean be evaluated
in closed form. Equation (11) can then be used to
get an explicit form for the dispersion relation,
in particular,

Since the dispersion relation yields a pure-GK
mode and a pure-helicon mode only at high fields,
then the high-field oscillations correspond to the
yure-GK mode and they should be used in relating
the GK periods to the Fermi surface. At the in-
termediate fields the helicon mode and the GK
mode are mixed and it is this mixing which gives
rise to the monotonic change in the period of the
GK oscillations with field.

In most of the curves the last seven or eight
oscillations are reasonably periodic so we will
use the average period of the last seven oscilla-
tions to determine the experimental value of
lm, vgI,„t. This average period is 314+7 G.
This means that I m, c, I,„,= (0.648 a 0.014)x 10 "
g cm sec ' or I sA/sk, I,„&

= (3. 86+ 0. 08) x 10' crn '.
The horizontal line in Fig. 10 represents the ex-
perimental value of I &A/N, I,„,. The va, lue of
ISA/Bk, I,„, from Halse's Fermi surface in Fig.
10 is 3.65x10 cm-' so the values are within 6%
of each other. It should also be pointed out that
the period of the GK oscillations changes by less
than 1/g as the field is tilted 2' off axis. This a,iso
agrees with the result one expects from the cal-
culated value of ISA/&k, I,„,when Bo is tilted off
axis by 2' (see Fig. 11).

We will now consider the information that can be
obtained by investigating the helicon oscillations.
For simplicity we assume that an extr emum in
the signal occurs when there is an integral num-
ber of helicon half-wavelengths in the specimen.
This may not be strictly true because of phase
changes which ean occur at the boundary. The
number of half-wavelengths in the specimen is
given by, Eq. (25). If both electrons and holes
are present, Eq. (25) can be written as

n = 2L, (~n, «e/vc)'~' B,'"
where n,«=n, -n„. To determine the number of
half-wavelengths we assume that an extremum in
the signal occurs when there are n& half-wave-
lengths in the specimen. The next extremum in
the signal occurs when there are n& —1 half-wave-
lengths in the specimen (this is the case if the sec-
ond extremum occurs at a higher field than the
first). We then plot n versus B ~'. From Eq.
(31) it can be seen that when Bo '~ = 0, one obtains
n= 0. The curve is adjusted to pass through the
origin and one reads n directly from the graph.
Figure 13 shows such a plot. At high fields
(small Bo' ) the points lie on a straight line in-
dicating that the local dispersion relation is satis-
fied. At low fields q is large enough that ql &1
and there ls a devlatlon from the local dispel sion
relation as the nonlocal regime is entered. Recall
that q =nm/I so we can consider graphs of n versus
Jao

' to be equivalent to graphs of q versus
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FIG. 13. Number of helicon half-wavelengths in the
specimen versus Bo ~ The dashed line shows the be-
havior if the local dispersion relation were valid near
the edge. Bo tilted 2' away from [101],f=445. 37 kHz.

&&10' cm-' for IBA/Bk, l,„. The calculated value
of IBA/Bk, l ~ shown in Fig. 11 is 8.4&&10 cm-'.
It has been pointed out' ' '~ that there is not neces-
sarily a correspondence between I BA/Bk, I,„
and that value of Bo for which an infinity occurs
in the slope of the curve obtained by plotting n
versus Bo . This lack of correspondence may
explain the discrepancy between the experimental
and calculated values of I BA/Bk, I,„.

It has also been shown" that for &,v'- ~ and
for closed electron orbits B~fxv', where v is
the frequency. The graph in Fig. 14 shows the
linear relationship between B~ and v' . For a
spherical Fermi surface the slope of this straight
line is proportional to the Fermi radius, but for
more complicated Fermi surfaces there may be
no simple interpretation of the slope.

B. Results and Interpretation for Sp II[001]

In Fig. 15 we show the transmitted signal ver-
sus Bo for Bott [001]. For higher frequencies the
absorption edge shifts to higher fields. The graph
in Fig. 16 shows the linear relation between B~
and v ~ .

The graph of n versus Bo'~ (Fig. 17) shows the
same behavior as Fig. 13 and the explanation for
the shape of the graph is the same as given pre-
viously. From the slope of the straight line we
calculate that n,«=6. 5X10 cm '. The value of

Bo' . From the slope of the straight line in Fig.
13 one can determine the number of effective
electrons n, «by using Eq. (31). The average
value of nyf f is 6.9&&10 cm- . This compares
with a free-electron value of 8.4&10 cm ' and
a value of 5.3X10 cm- determined from mag-
netoresistance measurements. The value of
n, «obtained from Halse's surface is 4.7& 10
cm- . The reason for the discrepancy in the ex-
perimental and calculated values of n,« is that the
local regime may not have been reached even for
the largest values of Bo. If the curve shown in
Fig. 13 still has a slight deviation from a straight
line at high fields, then the slope of the straight
line shown is too large thus giving a value of n, ff
which is too large. A second reason for the discrep-
ancy is that the calculated value of n,« is for
BO It(101] while the experimental value is obtained
for Bo tilted 2' away from the [101]axis. In the
calculated value the open orbits are neglected.
We can also determine )m, v, l for these electrons
which cause the absorption edge. B~ is directly
measured in the experiment and n at B~ can be
determined from Fig. 13. Since q=nv/L, qs can
be calculated and )m, v, ),„can be calculated
from Eq. (19). The value of Im, v, l is 1.3
x10 9

g cm sec . This gives a value of 7.6

l5—

9
5.0

I

7.0
I

8.0

FREQUENCY (kHz )

FIG. 14. The value of Bo at the absorption edge versus
the cube root of the frequency. Bo tilted 2' away from
[101].
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FIG. 15. Transmitted signal versus Bo for Bo II [001]
with f=395.3 kHz. The specimen thickness is 0. 84 mm
and T = 4. 2 'K for all experimental curves with Bp along
or near [001].

FIG. 17. The number of helicon half-wavelengths in
the specimen versus Bo' ~. The dashed line shows the
behavior if the local dispersion relation were valid near
the edge. Bp ll [001],f= 395.26 kHz.
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FIG. 16. The value of Bo at the absorption edge ver-
sus the cube root of the frequency for Bo tl [001].

syf f from magnetoresistance data' js 4 3 x 10
cm-' and from Halse's Fermi surface n,«= 4.9
&10 cm-'. Once again the discrepancy in the
experimental and calculated values of n,« is
probably due to the fact that the magnetic fields
used were not large enough to get completely in-
to the local regime.

In Fig. 18 we show the transmitted signal ver-
sus Bo with the field tilted +1.3', 0', and —1.3'
away from the [00lj axis as determined from the
polar plots in Fig. 19. The curves in Fig. 18
were all taken with the same gain setting so the
reduction in amplitude of the helicon is a real ef-
fect. Once again this reduction in the amplitude
of the signal is the result of damping by open-or-
bit electrons but the effects are not so pronounced
as in the previous case. The same effect shows
up in the magnetoresistance so that our data agree
qualitatively with the magnetoresistance experi-
ments. "

The value of Im, v, l,„for those electrons re-
sponsible for the absorption edge is calculated in
the same manner described in the previous sec-
tion and is 1.6&10-' g cm sec '. This value
corresponds to lsA/sk, l ~=9.5X10 cm-'. In
Fig. 20 we show 1sA jsk, l versus a1k, l for Bo
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FIG. 18. Transmitted signal versus Bo with f=300.0
kHz. In (a) Bo is tilted 1.3 away from [001] toward
[010] and in (c) Bo is tilted 1.3 away from [001] toward
[010]. In (b) Bp is along [001].
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FIG. 19. (a) Transmitted signal versus rotation angle
between Bp and [001]. The rotation is about [010] with
B()=22.8 kG, f=300.0 kHz, and tilt angle =0.0 . (b)
Transmitted signal versus tilt angle between Bo and [0~01].
The tilt is about [100]with Bo ——22.8 kG, f= 300.0 kHz,
and rotation angle 0.0 .

FIG. 20. I K4/Bk, I versus a I k~l for copper Fermi
surface with k along [001]. The horizontal line repre-
sents the experimental value of I BA/Bk, I m~. The
dashed line indicates where BA/Bk, is positive, the solid
where it is negative.

along t001]. The experimental value of lSA/Sk, l,„
is indicated by the horizontal line. In this case
the helicon edge does not seem to be a measure of
le/Sk, l,„since, in principle, l M/Sk, l may go

to infinity on the plane that separates the electron
and hole orbits.

One should also notice that there are no GK os-
cillations present in Fig. 15 even though the cri-
teria to observe sizable GK oscillations are satis-
fied for this geometry. This is not to say that
they do not exist, but we can say that their am-
plitude must be at least an order of magnitude
smaller than in the [101]direction. A possible
explanation for the absence of GK oseillations
may be the large-amplitude oscillations in v, for
electrons with lm, v, I,„,. In Fig. 21 we show v,
versus time for electrons at the plane a lk, l = 1.95.
Not only are there large-amplitude oscillations in

v, around this orbit, but these electrons actually
have a negative value of v, for a short time. This
means that in real space they have a back and forth
motion in the z direction. With this kind of motion
it may not be possible for these electrons to re-
main in phase with the damped helicon in order to
absorb energy from it. Under these circumstances
the amplitude of the GK oscillations might be re-
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FIG. 24. Differentiated transmitted signal versus Bp
for Bp II I.111]with f= 25. 0 kHz, specimen thickness = 0. 84
mm, and T=4.2'K.

FIG. 25. I dA/8k~I versus a lk, I for copper Fermi
surface with kg along I.111]. The dashed line indicates
where BA/N~ is positive, the solid where it is negative.
The horizontal line represents the experimental value of

I a4/ek, I,~.

For Bo tl [101]a mechanism for exciting the GK
mode is proposed. Damping of the helicon by
open-orbit electrons has also been observed for
this geometry. For Bo II [001] the helicon edge
does not seem to be a measure of ISA/&k, l,„.

Finally, we have shown that the information ob-
tained from helicon experiments is consistent with
results obtained from magnetoresistance mea-
surements. We have also pointed out the conse-
quences of failure to align the magnetic field along
a crystal axis.
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Results of atomic calculations pertinent to the use of Herman's X~& method in energy-band
calculations are given. With e fixed at ~, two p parameters were determined for each atom,
one satisfying the virial theorem, and the other the variational principle. The object of these
calculations was to determine the sensitivity of P to changes in charge-density inhomogeneity
in going from one atom to the next and the sensitivity to the potential shift of a given atom
obtained by turning on the Latter potential. These results are compared with those of
Kmetko on the X~ method. The results reported here indicate that a P of 0.0040 should be
used in applying the X~& method in solids.

In this paper the results of a study of the sensi-
tivity of Herman's X &

local-excharige potential'
to the Latter potential and the inhomogeneous
charge density in atomic systems are reported.
Slater has suggested~ a method, based on the de-
termination of the a parameter in the free atom,
for using the X local-exchange potential in a crys-
tal. In a crystal one can only determine the ener-
gy by the statistical method, so the variational
principle and the virial theorem are not available
to aid in the determination of n. For this reason
Slater has proposed that one use X orbitals for
the atom and determine both the n that satisfies
the virial theorem and the different a that mini-
mizes the total energy of the atom as calculated
via Hartree-Fock theory. Slater has indicated that
the n that satisfies the virial theorem would be the
more appropriate one to use in the crystal.

Kmetko' has obtained the set of n's that mini-
mize the total energy for all atoms in the Periodic
Table. He obtained results both with and without
the Latter potential. Since Kohn and Sham have
shown that for a nearly homogeneous electron gas
the variational principle requires n =

& for the one-
electron eigenvalue equations, deviations from this
value can be taken as an indication of the inhomo-

geneity of the system.
In Herman's X

& method this inhomogeneity is
accounted for by including gradient corrections in
the local exchange. The local- exchange operator
is then written as

v „'(r) = [o. + p G(r)] vz, (r),

where

1 4 Vp(r) ' V'p(r) ~

p '(r) 3 o(r) p(r)

3mv 8(~)=-6 s p(~)

and p(x) is the self-consistent charge density.
Herman has shown the oscillating structure of

G(r) for the krypton atom, ' and this structure was
found to be typical of all the atoms studied.

Since the main goal of this study was to deter-
mine the sensitivity of P, n was set to the homo-
geneous-electron-gas value of 3. The p that satis-
fied the virial theorem (p„) and the p that mini-
mized the total energy (p „)when calculated via
Hartree-Fock theory were then determined. In or-
der to make a general study, but without studying


