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Neutron inelastic scattering and Baman light scattering have been used to investigate spin-
wave excitations in the canted antiferromagnet NiF2. All the zone-center Baman-active
phonons have been observed as well. By neutron scattering, we have measured the dispersion
of one-magnon excitations in the (010}plane of the crystal. These data have been analyzed,
together with published values for the antiferromagnetic-resonance mode frequencies, to
give values for the two anisotropy parameters and three exchange constants in the spin Ham-
iltonian for the crystal. We find a=4. 36 (+0.14) cm ~, E=l.66 (+0.03) cm, J~ (coupling
ions along the e axis) = —0.22 (+ 0.50) cm, J2 (coupling corner to body center ions) =13.87
(+ 0.36) cm ~, and Js (coupling ions along the a or 5 axes) = 0. 79 (+ 0.40} cm I. From these
parameters, we have calculated the density of magnon states and find that it shows one
sharp peak near 108 cm ~. The one-magnon Baman scattering confirms the values of the
antiferromagnetic-resonance frequencies, while the second-order (two-magnon} scattering
gives a broad line corresponding to a weighted two-magnon density of states centered at 203
cm I. We have interpreted the two-magnon line shape in terms of the neutron data by a
Green's-function theory which includes the effect of magnon-magnon interaction. In this
theory of line shape, the density of states is approximated by a one-exchange-parameter
model, corresponding to a weighted zone-boundary energy. Nevertheless, excellent agree-
ment with experiments is obtained. This study, therefore, has served to characterize
completely the interactions in NiF2, and, in addition, it has supplied the first detailed com-
parison of neutron and Baman data for an S= 1 ion.

I. INTRODUCTION

¹ickel fluoride ¹Fahas the rutile crystal struc-
ture' and orders below 73. 2 'K to form a slightly
canted two- sublattice antiferromagnet. Unlike the
isomorphic compounds MnF2, FeF2, and CoF2,
the spins lie in the a-b plane of the crystal and are
tilted away from the axes by a small angle- 0. 5 '. ' ' This tilt gives rise to a small ferro-
magnetic moment which modifies the magnetic
properties from those of a conventional antiferro-
magnet.

We have investigated the magnon dispersion re-
lations in this compound by both neutron scattering
and light scattering. By inelastic neutron scatter-
ing, the dispersion may be studied throughout the
Brillouin zone, since the neutron wave vector is of
the same order of magnitude as that of the shortest-
wavelength magnons. The data may be readily

analyzed to obtain values for the anisotropy and
exchange constants in the spin Hamiltonian of the
crystal. Indeed, neutron scattering is perhaps the
most direct method of obtaining exchange constants
in an antiferromagnetic compound. In the case of
NiF2, it permits unambiguous determination of the
values whereas other methods havepreviously given
conflicting results.

Raman light scattering provides information on
both one- and two-magnon excitations, as well as
optical phonons. However, the technique is limited
to exploration of small wave-vector excitations
because of the small momentum carried by the in-
cident photons = 10 A '. In first-order scattering,
therefore, Raman experiments provide information
only on the excitations near the center of the Bril-
louin zone, This is true for both one-magnon and
phonon excitations. However, light scattering is
also sensitive to two-magnon excitations of essen-
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tially zero total wave vectors. These excitations
are formed of pairs of magnons having equal and
opposite wave vectors whose individual wave vectors
range throughout the Brillouin zone. The results
of these second-order light scattering experiments
may then be compared with the results found from
neutron scattering. In particular, as we shall see,
the two-magnon excitation observed in the optical
experiments is not the simple sum of two individual
magnons, but that magnon-magnon interaction
effects are observable and significant. Such effects
have been calculated and observed in RbMnF3, "'
a cubic antiferromagnet, and in MnF2 and FeF2,
which have the rutile structure. In the present
case we compare the neutron and Raman data for
an 8=1 ion for the first time. '

In Sec. II we shall describe the crystal and mag-
netic structure in detail as well as the method of
crystal preparation. In Sec. III we discuss the
theory of spin waves in NiF~, and in Sec. IV we
describe the neutron scattering measurements and
their results. The Raman light scattering is de-
scribed in Sec. V, and the theory of the line shape
is given in Sec, VI, where the neutron and light
scattering results are compared. The results are
summarized in Sec. VII,

II. CRYSTAL STRUCTURE AND SAMPLE PREPARATION

The rutile crystal structure of NiF, is shown in
Fig. 1. The space group in the paramagnetic state
is D4„-P4/mnm, and the point symmetry of the
¹

' ion site is D2I, . The arrangement of the F
ions around the Ni2' sites may be considered to be
distorted octahedra. At 25 C the lattice parame-
ters are ao=4. 6506A, co=3.0836 L, andu=0. 310. '
Below the Neel temperature magnetostriction causes
the symmetry to change to orthorhombic; however,
this distortion is very small and may be neglected
for our purposes. The average lattice constants at
21.4'K are ao=4. 6474 A and @0=3.0750 A. '

Single-crystal NiF2 was grown from the melt
using a modification of Stockbarger's method.
NiF2 is reported to have a vapor pressure of 1 atm
at about 1000 'C and a melting point over 1300 C.
For these reasons it is impractical to grow from
the melt using conventional methods, but a sealed
platinum container has been found to overcome the
difficulties. Dry NiF2 was prepared by passing HF
over "low cobalt" NiCla at S50'C for 16h. The
resulting material was a light greenish-yellow. The
material was loaded into a Pt-10% Rh alloy tube and

then lowered through a hot zone (1420 'C) at 1 mm

per hour. After 100 h the tube was removed at
room temperature and opened by cutting along the
length with a circular diamond saw. The NiF2
boule was emerald green, weighing 56g, and was

co

Ji

Q Jq

,Qp
/

FIG. 1. Crystal structure and magnetic structure of
¹1F2~ The canting angle & is exaggerated in the diagram
for clarity. The first three neighbor interaction con-
stants are indicated.

2 in. long and —,
' in. in diam. Although there were

many cracks, there were clear areas as large as
a ~-xn. cube m'hich were shown to be nearly single
crystals. From the clear area, two samples, both
approx~mately 0.5 cc yn volume, were cut.

Both samples were single crystals but with rath-
er large mosaic spreads and, in particular, when
used for the neutron scattering had a mosaic spread
of - l. 5 —2. 0' full width at half-maximum (fwhm).
Nevertheless, in view of the difficulty of sample
preparation and the fact that it was the only large
sample available, measurements were carried out
using it. The large mosaic spread must be borne
in mind during the analysis of the results (Sec. IV).

III. THEORY OF MAGNETK STATE

A. Molecular Field Theory

The theory of the magnetic properties of NiF&
has been discussed by Moriya, ' and the symme-
try properties have been discussed by Joshua and
Cracknell. The energy levels of the Ni ' ion are
shown in Fig. 2. The properties of the ground-
orbital singlet state may be described by the spin
Hamiltonian

36()t) D3 ()t) g (3 (P) 2 3 ()t) 2)

where 3 = l. The upper sign in Eg. (1) applies to
the corner site (P =i), and lower one to the body-
center site (i) =j), the z" axis here is along the
crystal c axis, and x and y" are at 45' to the
crystal a and b axes. Peter and Mock have mea-
sured the spin-Hamiltonian parameters for Ni '
in the isomorphic lattice ZnF& and find g= 2. 33,
D = 4. 19 cm ', and E = 2. 67 cm '.
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FIG. 2. Energy levels of ¹iF2,
shovring the splitting of the (3d), I',
term under the orthorhombic crystal
field, spin-orbit coupling, and ex-
change field.
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In the rutile structure it is usually found that the
exchange interaction, which we write in the Heisen-
berg form, is appreciable between at least three
types of neighbors. These are indicated in Fig. 3..
%e write the spin Hamiltonian for the crystal as

where I is summed over the different types of
neighbor, and (I—5,) denotes the sum over all pairs
of the Eth neighbor ions m and m+ 6, , each pair
being included only once. TIle foul th terQl reple-
sents the dipolar interaction. This is a smallterm
and in the present work we neglect its dispersion
and include it in the effective value of D. %e also
include in D any anisotropie exchange present,
although this is expected to be small. The effect
of antisymmetric exchange, which may be present
between individual pairs of next-nearest-neighbor
ions, averages to zero on summation in the molec-
ular field approximation.

Molecular field theory may be used to determine
the antiferromagnetic ground state. The positive
axial single-ion anistropy D causes the spins to
lie in the a-b plane where competition between the
rhombic term E, which tends to align the spins at
90, and exchange, which tends to align themanti-
parallelly, causes a canting of the spins in this
plane. The canting angle 6 between the spins and
the a axis is easily seen to be I& i =Z/8 J2. We
shall see that this relation is slightly modified
by spin-wave theory. The 6 has been estimated
by a number of authors to lie between 0. 38 and
2. 5 .' ' Thus the spin structure, shown in Fig.

l, may give rise to four types of domains corre-
sponding to the possible directions of the ferro-
magnetic moment,

Several authors' ' '2' have discussed the
antlfex'x'oQ18gnetlc resonance modes ln ¹lF3and
shown that there are two modes with different en-
ergies. The upper mode corresponds to the pre-
cession of the spin vector predominantly out of the
a-b plane against the anisotropy parameter D, while
the lower mode in the a-b plane precesses against the
anisotropy parameter E. The former is antiferro-
magneticlike whereas the latter is more ferromag-
netic in nature. The physical picture of these modes
is important in the discussion of the spin-wave
theory below.

B. Spin-Wave Theory

The transformation of the Hamiltonian Eg. (2)
to spin-wave variables and the determination of
the energy dispersion relations is fairly straight-
forward except for the single-ion anisotropy terms
which we now discuss.

l. ~iagze-Ion Anisotxopy Teems

It has been pointed out by %alker that care
must be taken when expressing the single-ion
anisotropy spin operators in terms of the first-
order spin deviation (boson) operators at each
site. If one chooses as one's criterion that the
matrix elements of the crystal field operator ex-
pressed in boson representation should reproduce
those of the original spin operators between cor-
responding states, then one finds, for example,

02c--3S —S(S+ l, ) —6Sqa a+S(2$ —l), (Sa)
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n=(I- I/2S)

023-St —S~ Sg'(atat+aa)

where

The above operator for Qa~ Eq. (3a) reproduces the
diagonal matrix elements for S,= S and S,= S- j.
but not S,= S- 2. Similarly, (31) reproduces the
matrix element (S- 2 I IS) correctly but not
(S-3I IS- I). Walker has emphasized, therefore,
that the above prescription is probably not fool-
px'oof .

If we derive the energies for the antiferromag-
netic resonance modes in NiF2 using (3a) and (3b),
we find

E (1)—(32m qD+4q"E')'",

E,(2) = [(~' n")-D"I«,D(n ~')

+4q(q'+ 3g)Z2j"~

However, as Richards has discussed, the lower
mode with energy Eo(2) corresponds to the preces-
sion of the splns within the 6-6 plane and therefore
can depend only on the in-plane anisotropy E.
From Eq. (4b) it may be seen that Eo(2) will also
depend on the out-of-plane anisotropy D unless

%'e therefore conclude that in fact g must
be taken equal to q' and we use g = tI' = (1 —1/2S).
We make this somewhat arbitrary choice mainly
because we know that at least Eq. (3a) reproduces
the single-ion ground state and first excited states
correctly.

Inspection of Eqs. (3) and (4) shows that the
difficulty in treating the out-of-plane anisotropy
arises because S,. and S„., both of which are in-
plane components in NiF3, are approximated dif-
ferently in (3), thus becoming inequivalent. This
introduces some apparent out-of-plane energy
into Eq. (4b). The x', y', and z' axes are defined
below, after Eq. (7).

2. Dispersion Relations

The energy dispersion relations for NiF& have
been given by Moriya, ~~ although in his expressions
g was taken equal to 1. Including the factox' g
= (1 —1/2S) = —,', we find that the energies of the two
modes are given by

Z, (1) = [(a, —d,)' —(c,+2b, ) j'i'

E,(2) = [(a, +d,) —(c,—2b, ) j'i

a, = [(D —3E sin2&) g+yaocosN

yM yso+yle+y8aj

b, = ,'q(—D+EsinN),

c, = -,' yz, (1+cosN)

d, = —,
'

ya, (1 —cos2&)

The canting angle & is found to be

by setting the terms linear in the deviation opera-
tors equal to zero. y„ is the l'th component of the
Fourier transform of the exchange

y„=Z Z, e"'~,
6)

/gal
= 2Jg cosg'~i c
= 8+acos~p~~ 0 cos pQg~ 0 cos p g ~ c 3

1

TABLE I. Spin-@rave energies at spe(:ial points in
the Brillouin zone in terms of the spin-Halniltonian
parameters. Small energies of the order of E6 have
been ignored.

Point
I
I'
X
z
R, U
M
A

Q

(O, O, O)

(O, O, O)

(-,', O, O}

(O, O, —,')

{Mode 1)
(Mode 2)

EzB
(32J,pa+ 4q'Z') "'
4qE
&D+ 8J2 —4J3
ga+8J2 —4'
qa+ 8J2 —4J& —4J3
gD+ 8J2 —8J3
qa+8J&-4J, —8J3

y„= 2Z, (cosaq„+ cosaq, ,)

Here the axes are chosen so that 0„.and 0,. are
in the a-b plane with z' along the crystal axis
closest to the spin direction, and 0,, is along the
c axis of the crystal. From the symmetry of the

p„ it can be seen that all domains have the same
spin-wave spectrum.

The modes are split at q=o due to the nature of
the single-ion anisotropy, but become degenerate
at the zone boundax'y ln the approximation of the
dipolar interactions we have used. The energies
at the zone-boundary points, and at q = 0, are listed
in terms of the spin-Hamiltonian parameters in
Table I. These points are referred to the crystal
axes(X, Y, Z) parallel to (a, b, c). The R(-,', 0, —,')
and U(0, —,', —,') points will be taken to be degenerate
unless they are specifically distinguished; they
differ in NiF& only due to the small canting of the
spine. In writing Eq. (5) we have omitted the



1366 HUTCHINGS, THORPE, BIRGENEAU, FLEURY, AND GUGGENHEIM

higher-order renormalization of the spin-wave
energy. Using Oguchi's theory, it amounts to
essentially a constant correction of less than 4%
over the entire zone, Ip

(a)

IV. NEUTRON SCATTERING FROM NiF2

A. Measurements

I

E
CJ

IJJ

5O

The neutron scattering measurements were made
at 4. 2 K on a crystal of volume -0. 5 cc. The crys-
tal was mounted with an [010]axis vertical so that
values of q lay in the a-c plane.

Preliminary measurements were made on the
Pluto time-of-flight spectrometer at AERE
Harwell, but all the data presented in this paper
were taken at the H7 triple-axis spectrometer at
the Brookhaven high-flux beam reactor using stan-
dard constant-Q techniques.

The use of pyrolytic graphite crystals, (002)
planes, both as monochromator and analyzer en-
abled measurements to be made very quickly. Typ-
ical neutron groups giving points on the dispersion
curve took between 10 and 30min, although up to
2h was spent on points such as atthezoneboundary
where high accuracy was required. Incident neu-
trons of 30 meV (- 242 cm ') were used in order to
avoid confusion by the effects of —,'& contamination
present if lower energies were used. Because of
the rather poor quality of the crystals, the value
of q could not be determined with certainty to
better than - 0. 04 reciprocal-lattice units, and for
this reason only careful measurements of the zone-
boundary energy at the X, Z, and A points were used
in the determination of the spin-Hamiltonian param-
eters. The dispersion was measured, however, in
the three principal directions [001], [100], and

[101]about the (100)M and (001)~ reciprocal-lat-
tice points. This provided a check on the param-
eters determined to within the accuracy of align-
ment.

The data are shown in Figs. 3(a)-3(c), and in Ta-
ble II. In the [0 00] direction difficulty was

experienced in obtaining the lower magnon energies,
and at some points evidence for three excitations
were observed. It is possible that the acoustic-
phonon branch lies close to the magnon branch
in this direction over a range of q, and affects the
latter through interaction. However, further in-
vestigation of this point must await the availability
of better crystals. Only the unambiguous magnon
data is shown in Fig. 3(b).

Since the dispersion at the zone boundary is small,
instrumental resolution corrections are unneces-
sary. These may broaden the magnon line width

observed, but will not shift the position of the
peak intensity. In contrast, the observed q = 0

pl
0 0.25 0.50

100

E
O

LLI

5p

X
OI

0.25 O.5

[~ (,O, (]

IOO

I

E
CJ

IJJ

50

pp 0.25 0.5

FIG. 3. (a) Magnon dispersion in the [00$ j direction.
& is in reciprocal-lattice units. The dots are the experi-
mental points, crosses are Richards's antiferromagnetic-
resonance frequencies, and the solid line is calculated
from the parameters given in Table III. (b) Magnon
dispersion in the [$00] direction. The symbols are as
in Fig. 3(a). The range of possible error in q due to the
mosaic spread of the crystal is indicated. Typical
errors in energy of the measured points is -1% for the
higher energies, 3—4% for the lower energies. (c)
Magnon dispersion in the Q0$] direction. The symbols
are as in Fig. 3(a).
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TABLE II. Measured and calculated zone-boundary energies in ¹F&. The calculated values use the parameters listed
in Table III determined from the neutron and infrared data. Two-magnon energies ignoring magnon-magnon interactions
are also given.

Point

X
z
R, U
M
A

(-,', o, o)

(-,', —.', 0)

Measured
Measured
Measured
Calculated ~

Calculated

110.02 + l. 21
114.05+0.81
110.91 +0.81
106.87 +0.40
107.75+ 2.40

2'~ (cm ')

220. 04 + 2.4
228. 1 +1.6
221.8 + l. 6
213.8 +0.8
215.6 +4.8

~Emphasized in Baman scattering.

excitations lie higher than the antiferromagnetic-
resonance frequencies because of the effect of
instrumental resolution and high dispersion in this
region. The latter were used in the analysis
because of their higher accuracy.

B.Analysis and Results

The three measured zone-boundary energies, at
the X, Z, and R points, were used with the two

q =0 energies measured by Richards~ to determine
the five parameters in the Ha.miltonian [Eq. (3)]
from the expressions given in Table I. The values
of the two anisotropy constants, and three exchange
constants determined in this manner, are givenin
Table III.

We find that Z2 is the largest interaction, Z~ is
small and probably ferromagnetic in sign, and Js
is a little larger and antiferromagnetic. The
anisotropy parameter D is close to the value found
for Ni ' in Znpz, whereas that for E is somewhat
smaller. Also given in Table III are the values for
the parameters found from previous works. These
mostly assume only one predominant exchange
interaction. In addition, they generally are obtained
from analyses of bulk magnetic measurements
using either molecular field or first-order spin-
wave theory, so that for S = I they are expected to
be accurate only to about 10%%uo. The values given

for the canting angle 6 are calculated. In the pres-
ent work we use Eq. (6). From the exchange
constants we calculate an average Curie-Weiss 8
(paramagnetic Curie point) of 8=109+7 'K, and a
value of 6&, corresponding to the perpendicular
susceptibility of j.08+ 7 K. These may be compared
with the experimental values of 8= 144 'K (Joenk
and Bozorth'), and 8, =128+10'K (Cooke et af. ').
In view of the experimental difficulty of directly
measuring a Curie-Weiss 8, the difference isprob-
ably not significant, particularly in light of the fact
that neither determination of 8 was made at very
high T/8 values. The large value Joenk and
Bozorth find for 8 also leads them to deduce 2J,
+4 J'3= 41 + 3 K, which is in clear disagreement
with our value of 2 J,+ 4 Js = 3. 9 a 3. 7 'K.

The enexgy dispersion calculated from the val-
ues in the top li.ne of Table III is shown as the full
line in Figs. 3(a)-3(c), where it is seen that there is
very reasonable agreement, in view of the experi-
mental difficulty mentioned above. Calculated val-
ues of the spin-wave energy at the principal zone-
boundary point not measured are given in Table
II. It should perhaps be pointed out that these
calculated values also depend for their accuracy on
the validity of the three- exchange-parameter model.
It is possible that more dls tallt exchange lnterRctlons
such as J'& and J5, which are highly correlated with

TABLE III. Values found for the Hamiltonian parameters [Eq. (2)] in cm ~.

Present vwrk
Cooke et al.
(Bef. 8.)
Richards
(Bef. 10)
Joenk and
Bozorth
(Bef. 7)
Ni 'in ZnF2
Peter and Mock
(Bef. 19)

1.66 +0.03
2.3+0.2

1.66

l.65+0, 03

4.36 +0.14 —0.22+0. 50 13.87 + 0.36
13.4 +0.3

15.63

15.25

0.79+0.40 0.43+0. 02
0. 61+0.08

0.38

0. 39
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the other parameters in the a-c plane, may affect
these zone-boundary energies. However, the mag-
nitude of these more distant exchange interactions
is expected to be very small.

The density of magnon states may easily be cal-
culated using a computer, and the result of step-
ping q over 10' points in the Brillouin zone and
adding the number of points giving energies with-
in ranges E and E+0. 25cm is shown in Fig. 4.
Both spin-wave branches were included equally in
the summation. The density of states peaks sharp-
ly near 108cm ', the other singularities appearing
as smooth shoulders on this peak. We shall uti-
lize this feature of the density of states in discus-
sing the two-magnon Raman-scattering line shape
later.

V. LOW-TEMPERATURE LIGHT SCATTERING FROM NiF2

A. Measurements

400 '—

I
I

I 'l
I

I

M A I IXR

DENSITY 0F STATES
Ni F&

300—

Details pertaining to the apparatus and techniques
employed in the light scattering experiments were
given previously by Fleury and Loudon. 7

The NiFz sample had the same mosaic spread
- 1 —2 as that used for the neutron experiments
and, in fact, it was cut from the same boule. For
most low-temperature runs, it was mounted in a
glass Dewar and cooled by a stream of cold helium
gas. Temperatures as low as 10 K could be con-
veniently maintained with this scheme. In order
to verify that there were no significant differences
in the spectra at lower temperatures, some data
were taken with the sample immersed in liquid
helium, pumped to a temperature of -1.8 'K.

The arrangement for the magnetic field experi-
ments was also described by Fleury and Loudon.
The sample was mounted in the bore of a 50kOe
superconducting magnet, which was immersed in
liquid helium. Because the sample was essential-
Iy on a "cold finger" (the bore wall) the temperature
of the NiF2 for the high-field experiments was in
the vicinity of 20'K.

In all of the experiments the geometry was such
that any of the elements of the Raman tensor in the
laboratory frame could be individually examined.
Unfortunately, because of the inequivalence of the
X and Y directions along the a and b axes in the
antiferromagnetic phase of NiFz, and because of
the random distribution of "X" and "F" domains
below 73 K, it is difficult to distinguish between
certain elements of the Raman tensors for the
magnetic scattering. Note that the coordinate
system used here is rotated by 45 in the X-F
plane from that of some other authors, ' and dif-
fers from that used in Eqs. (5) and (7) for the
description of the magnon dispersion.

B. Results

&. Phonons

4J

200—

I00

090 100
E, cm '

I

I I

I

I

I

I
I

I
I

]
I

I
I

I

I

I

I

I

I

I

I

I

I

I

I

I

I

I

I

I

I

I

I

I

I IO

Although this paper is not directly concerned
with the phonon properties of NiF~, we shall brief-
ly comment on the phonon Raman spectrum in
order to help distinguish the magnon spectrum.
Insofar as the phonons and magnons are uncoupled,
NiF2 can be considered to be of space group D4„.
Like other rutile-structure compounds, the four
Raman-active modes ' are of symmetries A&~,

B,~, B, and E~. We have observed all four
modes at temperatures between 1.8 and 300 K with
no anomalous changes in frequency or intensity
over this range. In particular, because there is no
change in the chemical unit cell at T~, the phonon
spectrum is unaffected by the antiferromagnetic
phase transition. Figure 5 summarizes the phonon
spectrum at - 80 'K. The frequencies are

FIG. 4. Density of magnon states in NiF2 calculated
from the neutron data (solid line). The dashed line is
the density of states for the one-exchange-parameter
model used in the calculation of the Raman-scattering
line shape.

and

A~=410 cm ', B„=70cm ',

Eg ——305 cm

B2~= 536 cm ',
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(x Y)
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from run to run. This suggests that the effects of
magnetic domains are important here. Richards
claims that a field of 5 kOe applied in the [100]
direction is sufficient to align the domains. With
all the domains aligned, X and Y directions in the
laboratory become truly inequivalent, and rigorous
one-magnon polarization selection rules should be
observed. The field effects qualitatively agree
with such an interpretation. The effects of strain
on NiF2 domain structure might then be invoked to
explain the lack of quantitative reproductibility in
successive experiments.

3. Theo-Magnon Excitations

50 IOO 200 300 400 500
(cm-i)

I

600

FIG. 5. Phonon-Raman spectrum of NiF2. The sen-
sitivity scale for the E~ and A«phonons is 30 times
less than that for the B&~ and B«phonons.

The relative strengths of some selected Raman-
tensor components are illustrated in Fig. 5. For
further discussion of the phonons in the rutile-
structure materials the reader is referred to Ref.
28. The most striking difference between the
phonon and magnon spectra is the temperature de-
pendence of the latter. In addition, the Raman
tensor for one-magnon scattering is antisymmetric,
and this fact may be used to distinguish it from
phonon scattering. This point is discussed fully

by Fleury and Loudon.

2. One-Magnon Excitation

The Raman spectrum of Fig. 6 illustrates scat-
tering from the upper magnon mode, as well as
from the two-magnon excitation at - 205 cm ' to be
discussed later. At - 10 'K the strength of the one-
magnon scattering is about one-quarter that of the

8& phonon, and about 2+0 that of the two-magnon
scattering. The xz and yz components of the one-
magnon Raman tensor were observed to be equal
and much larger than either the xy or xx compo-
nents. The temperature dependence of the one-
magnon frequency and linewidth agrees with the
infrared (IR) results of Richards. '

Effects of magnetic field on the one-magnon line

were less clear. First, the shift of the line was

less than 1 cm ' in fields of up to 50kOe, applied
either parallel or perpendicular to the c direction.
This behavior also agrees with the IR results.
However, on some runs certain elements of the

one-magnon Raman tensor were observed to van-

ish as the field was increased above about 2kOe.
The amount of decrease for a given field varied

As has been shown earlier magnon pairs scat-
ter light most efficiently through an excited-state
exchange mechanism, rather than the spin-orbit
coupling responsible for one-magnon scattering.
This difference in mechanism accounts for the
initially surprising observation that second-order
magnon Raman effect is more than an order of
magnitude stronger than the first-order effect in
NiF2. As in the previously studied two-sublattice
antiferromagnets FeF&, MnF~, and RbMnF3, '
the two-magnon state excited in the light-scattering
process is of positive parity and zero net spin.
The magnon pair thus consists of one magnon from
each of the two sublattices. The shape of the two-
magnon spectrum is determined primarily by the
joint magnon density of states, properly weighted
according to the dictates of crystal symmetry.
More recent work' ' has shown that the two-mag-
non line shape is significantly affected by magnon-
magnon interactions as discussed in Sec. VI, and

that the extended range parameter of the excited-
state exchange is unnecessary. Symmetry require-
ments provide a connection between the polarization
properties of the scattered light and the neighbor-
hood of the Brillouin zone in which the individual

magnon wave vectors terminate. A complete dis-
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FIG. 6. Magnetic light scattering in NiF2. The sharp
peak at 31 cm ' is due to a single zone-center magnon.
The - 200-cm peak is a magnon-pair excitation.



FIG, 7, The xg and xg Haman tensor contrlbut'1. ons to
the magnon pair scattering. As explained in the text, ,
the similarity in shape and position of these peaks argues
for near equality of magnon frequencies near the M, U,
and 8 points of t'he Nip& BriOouin zone,

nal to noise and higher resolution for comparison
with theoxy.

The two-magnon Raman-tensor elements for
nearly strain-free regions of the crystal are ob-
sex'ved to be Qgg Qyg &~, These off-diagonal
terms Rx'6 1R1"gex' thRQ the diagoDRl elements 0»»

Rnd Qgg by RD ox'del' of IQRgnitude
The scattering efficiencies of one- and two-mag-

non excitations in ¹iF3are comparable to those
obsex'ved in other trRnsit1on metal fluox'ides,
In particular, the extinction coefficient (defined as
the fraction of light scattered per unit path length
per unit solid angle) for the magnon-pair excita-
tion in NiF3 is -3.0 "cm ' sr ', approximately
three times greater than the corresponding quan-
tity in FeF2. However, the one-magnon scattering
in NiF~ is about three times weaker than in F6Fz.

Magnetic field experiments, under conditions
described above, revealed no discernable effect on
the two-magnon scattering for 8 either parallel
or pex'pendicular to the e direction. Although two-
magnon RbsolptioQ of IR radiation 18 expected in
NiF2, the presence of a strong absoxption due to
the E,g phonon at 227 cm ' has preveDted its ob-
86X'VRtloQ,

From the neutron scattering results and the the-
oretical analysis in Sec. VI, we shall see that the
effects of magnon-magnon interactions are quite
evident in the low-temperature two-magnon Raman
spectrR of N1F3.

VI. THEORY OF RAMAN SPECTRA MAGNON-MAGNON
INTERACTIONS

It has been shown"'31 previously that two-magnon

cus81OD of the theory fol Rntiferromagnets sUch Rs

MDF~, with the moment directed along the e axis, was

given earlier. The same arguments applied to
, NiFz show that for "F"domains the Raman-tensor
eleIQents Q~~ » &y~ » Qgg» Rlld Qyg 1'ecelv6 dominant
contx"ibutlons fx'om I - Rnd R-point magnons»
whereas n„, and n„, are dominated by M- and U-

point magnons. For "X"domains the subscripts
x Rnd g should be intex'chRDged. Assuming R ran-
dom distribution of X and F domains within the
scattering volume, the experimentally obsex ved

e„, should receive equal contributions from R-
pojnt and ~- Rnd U'-point magnons
should depend on M- and U-point magnons alone.
As shown in Fig. 7, there is no discernable dif-
fex ence between e„„and n„, in the laboratory
frame. This observation implies that the frequen-
cies of M- and A- and U-point magnons in ¹iF3
Rre vely Ileax'ly eqURl» Rnd pex'mits one to com-
bine o.„„and n„(as in Fig. 8) to obtain better sig-

tl I
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l90 220

FIG. 8. The experimental line shape for the Haman
scattering (&~+&~~) is compared with theory using a
single exchange paraxneter J=13.68 cm . The theory
without interactions included is shown by a dotted line
and the theory with magnon-magnon interactions is the
solid line. The only adjustab1e parameter is the peak
height which is chosen to coincide with experiment. The
instrumental width in the experimental spectrum is
-2.5 cm '.
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optical experiments can only be understood satis-
factorily if the interaction between the two magnons
is included. The reason that the interaction is so
important is clear. The photon creates spin de-
viations on neighboring sites where they interact
strongly. The two-spin deviations can be thought
of as wave packets of magnons which propagate
through the lattice but are initially in close prox-
imity.

The original work"' * ' on RbMnF3 produced
excellent agreement between theory and experi-
ment. This was possible because the magnons in
RbMnF3 can be described by a single exchange
constant and so the density of states has a single
peak. Recent work' on MnF2 has shown that ex-
change between more distant neighbors introduces
more structure into the density of states which
complicates the situation considerably as the var-
ious two-magnon modes are associated with dif-
ferent peaks in the density of states. s It is there-
fore essential to include at least two exchange con-
stants to describe the magnon dispersion curves,
and the interaction effects, in order to understand
the two-magnon spectra of MnF2. '

We have seen from Sec. IV that the exchange in
¹iF&is predominantly next nearest neighbor but
there are small (-5%) exchange interactions be-
tween other neighbors. These are much smaller
than in MnF3, and from Fig. 4 we see they are
not large enough to give two distinct peaks in the
density of states. We therefore feel confident in
using a model involving only one exchange constant
to interpret the Raman scattering in NiF~. We
chose the single exchange parameter, J~= 13.68
cm, to give a magnon band from 0 to 109.4 cm '
(the weighted-average zone-boundary energy). The
neglect of crystal field effects that produce canting
and finite antif err omagnetic-resonance frequencies
is not serious since the two-magnon Raman ex-
periments only probe magnons on or near the zone
boundary. The density of states for such a model
is also shown in Fig. 4.

The theory now becomes identical to that de-
scribed for CoF2 in a previous paper" (except that
the anisotropy is put equal to zero and the spin is
1). The scattered intensity I(&u) for the d mode
(visible in either xy, yz, or zx polarizations) is
given by

We use here the coordinate system of Sec. V, and
the parameters in the above expressions are S
=1, @=8, and J'&=13.68 cm '. Expressions (8)
and (9) are actually for the xy polarization .How-
ever, because 8 (&u) does not depend on the ratio
c/a, identical expressions are obtained for the Yz
and zx poiarizations (i. e. , the crystal becomes
effectively cubic). Inclusion of next-neighbor ex-
change would mean that a„,Wca„. Experimentally

~„,=~„=~,„, so that we see that next-neighbor
exchange is not visible in the Raman spectra. The
other Raman mode with elements a„„, n„, and

o.„has small intensity as expected for an s
mode, '

The calculated intensity is compared with ex-
periment in Fig. 8. The theory and experiment
agree extremely well and would agree even better
if the instrumental width were deconvoluted from
the experimental results. The scattered intensity
without the magnon-magnon interaction is shown as
a dotted line [~ Im B(&o)j. The large effect of the
magnon-magnon interaction is apparent, the line
center being shifted from 219.8 to 202. 7 cm ' and
the width increased considerably.

VII. DISCUSSION

The values of the exchange constants may be
compared with those found in other rutile com-
pounds. These are listed, together with the pres-
ent results, in Table IV. It can be seen that in
all the compounds listed except VF~ the corner
to body-center interaction J2 is largest and pre-
dominates. J„ linking ions along the c axis, is
ferromagnetic, and J, is small and antiferromag-
netic. The magnetic structure of VF~ ' requires
J, & 10J2 and thus the predominant interaction
changes dramatically in these compounds. The
series should provide a good test for theories of
superexchange.

The fact that the Raman spectra can be well ex-
plained in terms of the neutron results and magnon-
magnon interaction lends further support to the
proposition that the factors affecting the two-mag-
non optical spectra are now well understood. The
combined results from both one- and two-magnon
light scattering can thus provide quantitative
values for the dominant exchange and anisotropy
for antiferromagnets. The results show that the
theory holds well for an S=1 ion, and for the case
of a canted antiferromagnet. They suggest that a
simple one-parameter model may be applied with
success in ca.se where the magnon density of states
shows a predominant peak as its main feature.
Although no theory has yet been worked out for the
magnon interaction effects at elevated tempera-
tures, the two-magnon Raman spectrum of NiF~
has been followed experimentally to temperatures

(8)

where
1 + 8 sin —,'q~ sin —,'q, a cos —,'q,c,

N a 40 —4(d2 2
a

(10)

&o;=SrJ~(1 —cos —,q„a cos —,q,a cos ,q,c)—2l, 2& 2& &1/2
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TABLE IV. Comparison of effective anisotropy and exchange constants in cm in rutile flourides.

VFp (Ref. 33)
MnF& "
FeF2 (Bef. 14)
COF2
NiF2

TN('K)

7.0
67.4
78.4
37.7
73.2

Magnetic
structure~

b
b
b
c

Spin or
effective

spin
3
2
5
2
2
3+
2
1

Effective
anisotropy

energy

0.74
20. 1

J, &10J,
—0.44
—0.05
—0.83
—0. 22

2.45
3.64
4. 54

13.87

(0.06
0.19

0. 79

Structures: a, spiral along c axis, spins in a-b plane; b, type 1 body-centered tetragonal, spins parallel to c axis;
c, type 1 body-centered tetragonal, spins canted in a-b plane.

"A. Okazaki, K. C. Turberfield, and B. W. H. Stevenson, Phys. Letters 8, 9 (1964).
Values quoted by E. Belorizky, S. C. Ng, and T. G. Phillips, Phys. Rev. 181, 467 (1969), as private communication

from B. A. Cowley.
"This work.

well above T~=73 K." The fact that light scat-
tering samples a portion of the four-spin correla-
tion function, whereas neutron scattering probes
the two-spin correlation function, suggests that
neutron experiments in ¹iF~at higher tempera-
tures would provide valuable information for the
development of a theory of magnon interactions at
higher temperatures.

VIII. SUMMARY

In this paper we have reported the investigation
of magnons in NiF~ at low temperatures by inelas-
tic neutron and Raman light scattering. The
neutron data have been analyzed to give values of

the parameters describing the exchange and an-
isotropy in the crystal Hamiltonian. The density
of magnon states calculated from these parameters
shows one sharp peak as its main feature. Two-
magnon scattering of light with different polariza-
tions confirms that the zone-boundary energies of
the magnons lie close to each other. By adopting
a simple model in which the weighted-average
zone-boundary energy is used to define a single
effective exchange constant descriptive of the den-
sity of states, the Raman line shape and frequency
can be explained very well by a Green's-function
theory of magnon-magnon interactions in a cubic
antif erro magnet.
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The theory of dilute magnetic alloys is studied using Anderson's model. The Coulomb in-
teraction is represented by the fluctuating potential acting on single electrons at the impurity
site, and the partition function is rigorously formulated as a path integral over all possible
time histories of this potential. For any particular path, the response of the electron gas is
calculated using a method introduced by Nozieres and De Dominicis, which is exact in the
limit that the potential fluctuations are slow. From this, the contribution of any particular
path to the partition function is obtained as an explicit and rather simple functional. When
the Coulomb interaction is large compared to the width of the virtual bound state, a particular
group of paths are singled out on the basis that they make the largest contributions. The
functional is evaluated for this set of paths, and gives an expression which can be interpreted
as the grand partition function for a one-dimensional gas of classical particles interacting
through a logarithmic pair potential. This is identical to the result of a recent study of the
s - d exchange model by Anderson and Yuval. An analysis of this result has been given earlier,
and it yields a satisfactory description of the Kondo effect. The resistivity is estimated, and
found to approach the unitarity limit below the Kondo temperature and the Hartree-Fock value
above the Kondo temperature. The correspondence between the Anderson and s-d exchange
models is shown to break down when the former is only weakly magnetic.

I. INTRODUCTION

This paper describes a new approach to the
theory of dilute magnetic alloys. ' The approach
employs the Anderson model, and bases its only
approximations on a single widely held assump-
tion: Spin polarization on the impurity persists
much longer than it would in the absence of the
Coulomb interaction. The goal of the investigation
is to make firmly based predictions about the be-
havior of dilute alloys below the Kondo tempera-
ture, where perturbation expansions diverge. ' Be-
cause the physical mechanism of the Kondo effect
is not well understood, it is very difficult to give

a priori justification to any approximation proce-
dure. For this reason we have avoided the stan-
dard gambits of modern many-body theory, such
as partial summation of perturbation expansions
and decoupling equations of motion. While such
schemes have the ability to continue the leading
terms in high-temperature expansions to low tem-
peratures, this ability is not a genuine criterion
for their quality as low-temperature approxima-
tions. The key approximation in this study is
purely mathematical; no class of diagram or type
of correlation is excluded. Furthermore, the
validity of the approximation can be established
self-consistently from the behavior of the solution.


