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Ultrasonic Longitudinal-Wave Attenuation in Superconducting Mercury*
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This paper presents results of measurements of the attenuation of longitudinal-wave ultra-
sound in pure single crystals of mercury in both the normal and superconducting states. Mea-
surements were made for frequencies from 10 to 320 MHz and for three different crystallo-
graphic directions of sound propagation. A distinct frequency-dependent behavior was ob-
served, and is consistent with a state-dependent electron mean free path. Tests for disloca-
tion damping mechanisms in the background attenuation were negative: No amplitude depen-
dence was observed over a 60-dB dynamic range, and reasonable fits to the frequency and

field dependence of the data at various temperatures were made, using free-electron theory.
An anomalous behavior persists in the high-frequency limit which cannot be explained in

terms of a single-energy-gap BCS theory.

I. INTRODUCTION

In an earlier publication, ' the authors reported
preliminary results of ultrasonic longitudinal-
wave attenuation measurements in pure single-
crystal specimens of mercury, both in the supex-
conducting state and in the presence of a trans-
verse critical magnetic field. The results re-
ported exhibited substantial qualitative deviations
from the Bardeen, Cooper, and Schrieffer (BCS)
theory, which predicts that the ratio of the elec-
tronic attenuation in the superconducting state (u, )

to that in the normal state (n„) is given by

~ /~ 2/(1 +ek~T&lkr)

where 6(T) is the temperature-dependent super-
conductlng enex'gy gap. Thex'6 ale two main fea-
tures of the apparently anomalous data: (a) a
marked frequency dependence with a limiting be-
havior in the high-frequency limit, q/ » 1, where

q represents the ultrasonic wave number, and l
represents the electron mean free path; (b) in the
case of limiting behavior, the attenuation drop just
below the critical temperature is much more rapid
than that predicted by the BCS theory and is con-
siderably more gradual than the BCS prediction
for low-reduced temperatures. Similar qualita-
tive behavior has since been reported by Newcomb

and Shaw, hereafter referred to as NS, who made
independent measurements on pure single-crystal
mercury.

Measurements of ultrasonic attenuation in other
superconductors, both strong 6 and weak cou-
pling"' have also exhibited departures from BCS
behavior. In the case of tin, for which earlier
ultx'asonic measurements had established a9

strongly anisotropic-effective enex'gy-gap param-
eter, Claiborne and Einspruch' have had some suc-
cess in explaining the departures in terms of this

anisotropy, together with the assumption of mul-
tiple gaps associated with the energy surfaces in
the higher Brillouin zones. Newcomb and Shaw

have also applied. this phenomenological two-gap
model to mercury-cadmium single-crystal alloys.
Applying this procedure to the present pure mer-
cury data yields extreme values for the two gaps.
An alternative explanation of the sharp drop near
T, advanced by Dobbs and Thomas, uses the real
metal modification of Eq. (1) which was given by
Perz. '0 In this approach, Eq. (1) is modified by

a factor Z,/(8', + J',), in the limit q/ » 1, where Z,
is an integral over an effective zone on the Fermi
surface of angular width 1/qf, and J2 is an integral
over the entire Fermi surface. Only for longi-
tudinal waves propagated along a sufficiently high-

symmetry axis does J2 = O. For lower-symmetry
sound propagation, or for quasilongitudinal modes

slightly off axis, a rapid drop is expected just be-
low 7.',. In contradiction to the present mercury
results, however, this mechanism does not pre-
dict a limiting behavior for q/» 1, but rather an

lncx'easlngly sharp dx'op near T~.
Not all of the ultrasonic measurements in pure

mercury have exhibited the anomalies described
above. Ferguson and Burgess made measure-11

ments of ultrasonic attenuation in thin specimens
(Sx 10-' cm} of polycrystalline mercury at 9 6Hz,
and found good agreement with Eq. (1), assuming

a zero-temperature gap of 26(0) = 4. OkT, . They

suggest that a temperature-dependent dislocation

damping may account fox the anomalies observed
at lower ultrasonic frequencies. Such mechanisms
generally have been acknowledged to play an impor-
tant role in ultrasonic measurements in supercon-
ductors, the most pathological case being lead. In

the most recent measurements on lead by Fate et
al. ,

' the pronounced dependence of the attenuation

behavior upon driving amplitude was confirmed, al-
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though an anomalous behavior was found to persist
even in the low-amplitude limit. Furthermore,
the normal-state data in lead in this limit were
found to be in reasonable agreement with free-elec-
tron theory, "suggesting that dislocation damping
which varies with temperature and frequency, but

is independent of driving amplitude, ' is also un-

likely to be the source of the anomalous behavior
for that metal. The results of similar investiga-
tions in mercury will be described in this paper.

Although the original BCS theory assumes weak
coupling as well as the condition q/» 1, subsequent
calculations have been made' '~ which relax both
of these assumptions. The present mercury data,
however, are in disagreement with the results of
the strong coupling calculations, which reduce to
Eq. (1) in the limit ql » 1, and predict departures
from Eq. (1) near T, when ql«1. The q/ depen-
dence of these theoretical predictions, attributed
to a state-dependent electron mean free path, find
qualitative experimental support in the work of
Fate et al. , although only for the temperature re-
gion near T,. The results of the present investi-
gation suggest that the concept of an electron mean
free path which differs in the normal and supercon-
ducting states could also explain the observed fre-
quency-dependent behavior in mercury within the
framework of the free-electron model. The strik-
ing difference, however, is that for mercury the
anomalous behavior remains in the limit q/» 1.

II. TECHNIQUE

Measurements were made on samples of dimen-
sions 1—,

' in. ~ —,
' in. ~~ in. having plane, parallel

faces oriented to within five degrees of being nor-
mal to a [111], [110], or [Sf'] crystallographic
axis, prepared from 99.9990Pg purity mercury sup-
plied by the United Mineral and Chemical Co. A
detailed description of the procedures used in pre-
paring the oriented single crystals of mercury
for this work has been reported elsewhere. '

The ultrasonic measurements were carried out
using the conventional pulse-echo technique, '
single transducer or transmission methods. Be-
cause of the thinness of the samples, an X-cut
quartz delay rod was employed with 10-MHz reso-
nant frequency X-cut transducers. A successful
bonding agent for these samples was found to be
GC Pliobond cement.

A block diagram of the electronics is shown in
Fig. 1. For the low-frequency (&200-MHz) mea-
surements, a Sperry Product Ultrasonic Attenua-
tion Comparator served as both the transmitter
and superheterodyne receiver. Because of the
somewhat high noise figure of this instrument,
a narrow-band rf preamplifier was usually em-
ployed over this frequency range to provide approx-
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FIG. l. Block diagram of ultrasonic pulse-echo ap-
paratus.

imately 20 dB of additional useful receiver gain.
An Arenberg Ultrasonic Laboratory PA-620-B pre-
amplifier was used for this purpose at frequencies
up to 50 MHz, supplemented at 50 MHz by an
Ameco PV-50 nuvistor preamplifier. A narrow-
band rf preamplifier was constructed for measure-
ments at 150 MHz and higher. An Applied Micro-
wave Laboratory Model PV5K pulsed oscillator
was employed as the transmitter and the Sperry
receiver was replaced for frequencies above 230
MHz by a receiver consisting of an LEL Mode14-
6235 Converter, a General Radio Co. Model 1209-
C local oscillator, and an LEL model 1753-22 i.f.
amplifier. In all receiver configurations, the de-
tected output of the i.f. amplifier was displayed on

a Tektronix 545 B Oscilloscope whose vertical
output was fed to a pulse-height detector, "which
developed a signal suitable for display on a strip
chart recorder. Double stub tuners were used for
impedance matching at the higher frequencies. A
calibration curve for relative attenuation measure-
ments was made at each frequency, using the
pulsed output and calibrated attenuator of a Hewlett-
Parkard Model 608C signal generator tuned to the
receiver frequency, as shown in Fig. 1.

Sample temperature was monitored by a 47-0,
—,'-W Allen-Bradley carbon resistor which was cali-
brated against the helium vapor pressure by com-
puter fit to the empirical equation of Clement and
Quinnel. '2 The resistor and sample both were in
good thermal contact with a brass electrical ground
plate, and point-by-point measurements were taken
of Q.', and n„with the sample holder in thermal
equilibrium with the helium bath as the tempera-
ture was lowered. The data were checked for con-
sistency by making similar measurements slowly
but continuously on warming. The normal-state
attenuation was measured by applying an external
magnetic field normal to the direction of sound
propagation. In most cases, the sample holder
was held continuously at helium temperatures un-
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til data had been taken for several different fre-
quencies, so as to use the same thermometer cali-
bration and to maintain similar sources of back-
ground attenuation for the sample under investiga-
tion.

In order to compare experimental data with the
BCS predicted behavior of Eq. (1), it is first neces-
sary to subtract any background attenuation which
is of nonelectronic origin. Conventionally this is
done simply by extrapolating the observed attenua-
tion in the superconducting state to T = 0 where n,
(electronic) = 0. The remaining attenuation is then
usually assumed to be temperature independent and
experimental values of e, and n„are measured rel-
ative to this extrapolated background attenuation.
Such a smooth extrapolation was made in analyzing
the present data, and because of the high critical
temperature of mercury the correction term is
small. However, the possibility of temperature-
independent dislocation damping requires that ex-
perimental justification be made for the assump-
tion that the background attenuation is constant.

In analyzing the attenuation data in the normal
state, taken in the presence of a transverse ex-
ternal magnetic field greater than the critical mag-
netic field H„a further extrapolation must be made
to determine what the normal-state attenuation
would be in the absence of the magnetic field. Typ-
ical field-dependence plots of the normal-state at-
tenuation over the range from H, to 12 ko are
shown in Fig. 2. The zero-field correction is
small for temperatures above 2.2 'K, and although
below this temperatur e the extrapolation is ham-

pered by the presence of magnoacoustic oscilla-
tions, in that temperature range the total attenua-
tion is also largest. The maximum extrapolation
error at the lowest temperatures is estimated to
be 5%.
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FIG. 3. Temperature dependence of the normalized
logitudinal-wave ultrasonic attenuation for propagation
along [ill]. The upper, middle, and lower solid curves
are BCS theory results for 26(0) =3.5kT„4.6kT„and
5.4k T~, respectively.

III. RESULTS

Representative experimental plots are given in
Figs. 3-5 for sound propagation along the [ill],
[110], and [311]crystallographic directions, re-
spectively. For the purpose of clarity, other data
which were taken at i.f. are not plotted. In addi-
tion, it should be pointed out that data taken on a
second [311]crystal at frequencies between 155
and 320 MHz were within experimental scatter of
the 155-MHz curve shown in Fig. 5.

The qualitative features of the frequency-depen-
dent results illustrated in Figs. 3-5 were also evi-
dent in the data of NH. The latter exhibited the
same monotonically increasing rate of falloff near
T, for sound frequencies up to 130 MHz. For a
larger range of frequencies from 10 to 320 MHz,
the results of the present work indicate that a
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limiting behavior is present in all data
z. urthermore, in disagreement with th

e imiting behavior shown in Figs.
3-5 indicates that no effectivc ive energy-gap anisot-
ropy is detectable in the present data within ex-
perimental scatter. This m

iscrepancy with NS, however since th NS

p pagation along the threefold symmetr d'

;...„...,.„1 1y &mated by poor transducer bonds.
As an alternative wa ofy o displaying the results

or e high-frequenc -lim' '
q y- imiting case, we note that

q. ~lp may be rewritten in the form

2r (0)/I T,
[~(T)/z(0)](T, /T)

'

Within the framewocwork of the BCS theory, [&(T)/
6(0)] is a universal function h' h hn, w ic has been tabu-
lated by Muhlschlegel 3' A 1

versus 1[&(T)/&(0)](T /T) fsho
plot of 2ln(2n n —1

should therefore be lin-
ear wi a slope which gives the limiting energy

gap, [2b,(0)/kT, ]. Such a plot for these data is
shown in Fi . 6.ig. . As was evident from Figs. 3-5,
such a single-gap fit is not consistent with the data.
The 155-MHz [211]data shown in Fi 6
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FIG. S. Isothermal amplitude-dependence test at 50
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maxlDluDl instrumental dynamic amplitude rRnge of
nearly 60 dB. These data, presented in Fig. 8, al-
so exhibit no discernible amplitude dependence.

If a frequency-dependent source of attenuation of
nonelectronic origin mere present, it mould be un-

likely that the experimental data would fit Pippard's
calculation which estimates only the conduction
electron contribution to the ultrasonic attenuation:

where o.'(~), the zero-field attenuation in the limit
q/ 0, ls

o( ) =(m/l2) (em~„~/P, 2),

( )
6 l q / tan '(q/)

mq/ 2 q/ —tan '(q/)

Here, N is the carrier density, m is the electron
mass, vI is the longitudinal sound velocity, p is
the metal density, and co is the angular sound fre-
quency. Hence, as a further test for sources of
ultrasonic attenuation other than the conduction
electron system, the experimental data mere fitted
to Eq. (4) at several different temperatures and

frequencies. The value of the quantity o.'(~)/&u was
determined initially by fitting the frequency-depen-
dent data at 2.0'K to Eq. (4). At other tempera, -
tures, / was determined as a single adjustable fit-
ting parameter. The reasonably good fit mhich was
achieved is illustrated in Fig. 9. Another free-
electron prediction mhich was verified for these
data is that n„(H) Hin the lim-it of large trans-
verse magnetic fields. This relation was found to
hold over the experimental temperature range.

An independent procedure mas used to test the
reliability of the above method for estimating the
electron mean free path as a function of tempera-
ture. Deaton and Gavenda, making numerical
calculations of Pippard's" free- electron expres-
sions for longitudinal-wave ultrasonic attenuation,
find that for ql =6.8,
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FIG. 9. Comparison of experimental &{0,ql) data for
q lI f311]with the free-electron theory, Eq. {4).

Experimental data for a given frequency were
taken as a function of magnetic field strength trans-
verse to the direction of propagation (see Fig. 2),
and mere extrapolated to the limit of infinite field,
assuming a l/H functional dependence for large
values of II. Comparing the measured values of
n(0, q/) and the extrapolated values for n(~, q/) to
Eg. (4), /(T) was determined for the normal state
of mercury. As was mentioned previously, n(0,
q/) is similarly obtained by extrapolation from the
measured values near H,. The functional tempera-
ture dependence of the electron mean free path ob-
tained from the tmo methods is the same. However,
the latter method yields values of /(T) which are
approximately a factor of 2 larger than those ob-
tained by fitting the zero-field data to Eq. (4).
This is not thought to represent a serious discrep-
ancy, homever, in light of the possible effects of
open orbits and other real metal effects on the
high-field-limiting attenuation. ~ In what is possi-
bly another manifestation of such real metal ef-
fects, the infinite-field attenuation, which accord-
ing to the free-electron model should vary as q,
was observed to vary approximately as q" in
these measurements on mercury.

In comparing the experimental q/ dependence
mith the free-electron theory as discussed above,
it was also observed that the frequency dependence
of n, differed systematically from that of n„at in-
termediate values of reduced temperature, as can
be seen by comparing slopes of log-log plots of
such data shown in Fig. j.o. Note that for temper-
atures below 2. 5 'K (see Fig. 10), both the normal-
state data (open symbols) and the superconducting
data (closed symbols) yield unity slopes, appro-
priate to the limit q/» l, as given by Eq. (4). All
the normal-state data for temperatures higher than
2, 5 K exhibit a nonlinear behavior which is char-
acteristic of intermediate ql values, whereas the
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where f(T) normally would represent twice the
Fermi function of argument A(T)/kT, so as to be
in agreement with Eq. (l) in the limits qf, » l, ql„
» 1. For purposes of discussing the present anom-
alous data, f(T) will be assumed simply to be a.n
unknown functional temperature dependence which
may be more appropriate for mercury. If l, & l„
for mercury, as the isothermal frequency-depen-
dent behavior seems to suggest (see Fig. 10), then
F(ql,)/F(ql„) & l for ql & l, and a,/o.„should deviate
to values greater than f(T) in this region, in quali-
tative agreement with the behavior displayed in
Figs. 3—5.

V. SUMMARY AND DISCUSSION
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superconducting data only begin to show this behav-
ior at the highest temperature plotted, 4.0'K.
These results strongly suggest that for T & T„ the
electron mean free path in the superconducting
state is greater than that in the normal state (l,
&l„). This conjecture is also consistent with the
frequency dependence displayed in Figs. 3-5, and
in particular with the limiting behavior at high fre-
quencies. Evaluating the frequency dependency of
the experimental data in terms of Eq. (4) (see Fig.
9), ql„was found to vary from 0.2 to 4.5 as a func-
tion of temperature below T, at a fixed frequency
of 10 MHz, and from 3 to 70 at 155 MHz. Hence,
for frequencies above 150 MHz the condition ql » 1
will be reasonably well satisfied over the whole
temperature range below T„and any anomalous
behavior based upon the fact that l, & l„will wash
out, since both n, and n„are independent of l in
this limit. For ql & 1, following an approach sug-
gested by Fate, ~ we may rewrite Eq. (l) in the form

I I I I I I I III i «il I I I I I I III I
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Fr ecjuency (MHz)

FIG. 10. Log-log plots of the frequency dependence of
the attenuation for q (I [311], both in the normal state
(open symbols) and in the superconducting state (closed
symbols). For clarity, data at several temperatures
have been arbitrarily displaced along the abscissa.

The experimental results of the present work,
together with those of Newcomb and Shaw, ' indi-
cate that the temperature dependence of the ultra-
sonic attenuation departs significantly from the
BCS predicted behavior for pure single-crystal
mercury. Unlike the NS results for pure mercury,
however, the present work indicates very little
anisotropy as well as a high-frequency-limiting
form which is qualitatively consistent with the as-
sumption that l, & l„. Although a similar approach
has been used by Fate et al. to explain ultrasonic
measurements in lead in terms of strong coupling
theoretical calculations, " " in the case of lead
the analysis suggested that l„&l„and consequently
a frequency dependence which approaches the BCS
predicted behavior for large values of ql. Our re-
sults for mercury are thus in disagreement with
this theory for ql »1.

One possible explanation of the deviation from
BCS behavior which persists for ql » 1 is that of
multiple energy gaps. A three-adjustable-param, -
eter two-gap numerical fit to the data was at-
tempted. Large differences between the average
values of the two gaps are required to fit the data.
A possible source of the rapid drop near T, is that
of mixed sound modes because of slight misoriented
samples. 8&' lt should be noted, however, that es-
sentially the same limiting behavior was observed
for three different orientations. Furthermore, the
low-temperature gap of 2A(0) & 2kT, for all orienta-
tions is exceedingly small for this strong coupling
superconductor. If one compares the behavior in
lead, one finds a similar behavior in the limiting
case, with 2A(0) & 1.86kT, and a falloff near T,
which is sharper than BCS with 2A(0) = 4.3kT,.
The difference between mercury and lead lies
mainly in the fact that the limiting cases are for
ql &1 and ql & 1, respectively, over the range 0& T

In an attempt to reconcile these observations
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with the X-band frequency measurements on thin
polycrystalline mercury, "we have also undertaken
in this work to test for the possible presence of
dislocation damping contributions to the background
ult;rasonic attenuation. No dependence upon sound
amplitude was observed over a dynamic range of up
to 60 dB. Furthermore, a reasonable fit can be
made to the free electron predicted dependence up-
on frequency and mean free path for the present ex-
perimental data. These tests, although not conclu-
sive evidence against such mechanisms, at least
indicate strongly that their influence is not likely
to be large enough in magnitude to explain the ob-
served anomalous behavior. Additional negative
evidence relevant to the dislocation damping hy-
pothesis is found in the Cd-doped Hg measurements
of NS, which retain a non-BCS character even with
a sharply reduced background attenuation, and pre-
sumably in a situation where there is extensive
pinning of dislocations.

The experimental evidence accumulated to date

for pure single-crystal mercury suggests that this
strong coupling superconductor may deviate signifi-
cantly from BCS predicted behavior. If the data
are to be consistent with the BCS theory, vastly
different multiple gaps ar required, as well as a
state- dependent electron mean free path. Addition-
al experimental measurements in the difficult fre-
quency range between 300 MHz and 9 GHz will be
necessary to resolve the discrepancy between the
results presented here and the X-band frequency
results in polycrystalline mer cury. The usefulness
of further theoretical work perhaps is also indi-
cated in view of the persistent anomalies which
exist in the longitudinal ultrasonic measurements
on mercury and lead.
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