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Expressions are derived for the total energy and the thermal-equilibrium single-electron
and phonon distribution functions for a defect electron-phonon system with a strong electron-
lattice distortion V& . An application of the result is made to the case of a single-phonon
mode coupled strongly to a two-level electron system.

I. INTRODUCTION

In the calculation of properties of trapped-elec-
tron defect centers in crystals one finds it neces-
ary to consider the effect of the electron-phonon
interaction upon the system both directly, through

its effect upon the energy eigenvalues and eigen-
states, and indirectly, through its effect on the
thermal averages of observables. If one assumes
the electron-phonon interaction Hamiltonian tohave
the usual form, linear in the phonon coordinates,
then this interaction Hamiltonian can be divided



rather naturally into two parts which enter into the
determination of the energy and thermal averages
in somewhat different ways. The part, which is
diagonal in the electron operators arises primari-
ly from the distortion of the lattice and can produce
relatively large shifts in the energy levels of the
system and somewhat smaQer shifts in the elec-
tronic distribution functions. This portion of the
interaction can be handled exactly. ' The part of
the interaction which is Nondiagonal in the electron
operators usually has a much smaller effect on the
energy levels, but its effect on the system can only
be determined through some appropriate order in
perturbation theory. The presence of the nondiago-
nal part of the interaction in the density operator
for thermal averages can, therefore, be a consid-
ex'able nuisance in calculations, and it is desirable
to have a criterion for determining how significant
its contribution to the thermal averaging process is
in a yarticujar situation (and thus, e. g. , whether
it might be neglected in the density operator for
some system).

For this reason, we have performed a calculation
of the changes in the average total energy and inthe
population of electron and phonon levels induced by
the interaction of a trapped-electron center with the
lattice vibrations. More specifically, expressions
have been obtained for the changes in the occupation
of phonon levels produced by the nondiagonal part
of the electron-phonon interaction, and for the
changes in the average energy and the occupation
of electron levels produced by the diagonal and non-
diagonal parts of the interaction separately. Knowl-
edge of the magnitudes of these changes is ade-
quate to determine the importance of the diagonal
and nondiagonal parts of the electron-phonon inter-
action in the thermal averaging px'ocess ln the lax'ge
majority of problems of interest. The derivation
has been performed by noting that though the changes
of the energy and thermal properties due to the non--

diagonal part of the interaction are not exactly cal-
culable, even for strong electron-phonon coupling
(i.e. , large lattice distortion by the electron), they
are frequently small enough so that they may be
adequately handled in the lowest nonvanishing order
in perturbation theory. By combining an exact
treatment of the large, diagonal part of the inter-
action Hamiltonian with a perturbation treatment of
the smaller, nondiagonal part, one may then make
an accurate calculation of the energy and thermal
effects of the electron-phonon interaction even in
the strong-coupling case. The mathematical de-
tails of this approach are developed in Sec. II, and
the relations derived there are applied in Sec. III
to the study of a simple but nontrivial model com-
prised of a, single phonon mode interacting with a
two-level electron system. The numerical results

obtained for this model indicate that even though the
nondiagonal paxt of the interaction typically has a
much smaller effect on the energy eigenvalues of
the system than does the diagonal part, its effect
in the density operatox' can be comparable to that
of the diagonal part.

II. CALCULATION OF THERMAL EFFECTS DUE TO
ELECTRON-PHONON INTERACTION

Consider a single impurity or defect electron
trapped in a crystalline lattice that may be strong-
ly distorted by the presence of the electron. The
Hamiltonian operator H for such a system in quan-
tized form may be expressed as

V~=gv; „a)a;(b„+bt), v;, „real

where b~ and b„are the standard raising and lower-
ing operators for the emission or absorption of a
phonon of energy +„ in mode n, and a~& and a, are
the creation and annihilation operators for an elec-
tron of energy &; in the state i. The interaction V„,
linear in the phonon coordinates, whose matrix ele-
ments p; „connect an electronic state to itself is
the electron-phonon interaction operator responsi-
ble for the displacement of the centers of oscilla-
tion of the lattice ions by the electron. As stated
in the Introduction, for large v; „it is capable of
producing a strong electron-phonon coupling and of
introducing large distortions into the lattice. The
perturbation V„, also linear in its phonon coordi-
nates, contains matrix elements p;&,„which connect
different electronic states. In contrast to the v; „,
the v;; „can ordinarily be adequately handled by
perturbation theory because they appear in the per-
turbation expansions divided by electronic energy
differences rather than, merely, by phonon ener-
gies..

%e can make the effect of the interaction V„more
transparent by defining a set of phonon operators
c~~, c„corresponding to the emission or absorp-
tion of phonons by lattice oscillators whose cen-
ters of oscillation are shifted by the electron. In
terms of these phonon operators and a correspond-
ing set of transformed electron operators 8~, a,
the physics of the strongly coupled system has a
simple description. To this end, then, let us first
introduce the canonical transformation generated
by the Hermitian operator '

(R =g;g; a;a; =Q„C„(c„-c„)



where
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&H'&'-&H, &,=Q, e»e "» Q, e-"»

g»='~. ».(.- .'}/ ., ~.='~»;,.«'&»/ ..
We set

-Q»e, e "» Q, e-"»,

&a» a») -(a» a»)0= 8» Q» 8

and note that

H'-=3C'( aa ' b b )

=e' X'(a, »ft; c, ct)e ' =Hs+H, , (3)

wllel'e E» = e» -Q„s»~ „/»d„

Also one sees from (2) that a»»a» = »t~»a, , so that

where

ll =Z;(f;-Z 5; „/Qt)a,.d, , H =Z „(C„C„+—).
(4)

The perturbation V„, similarly, becomes

V =—'U(a a b b )=e' g(»f 8 c c )e '

Now in the absence of any electron-phonon inter-
action, the average energy and the one-particle
electron and phonon distribution functions are

&Ho&0=-Zo Tre ~ OHO,

&a', a»&, -=ZO'Tr e "Oa', a»,
&b»b„& -=Z Tre ~"ob„b„,

where

Zo= Tre-'~0 .
With the total electron-phonon interaction present,
the corresponding quantities are

(H&=Z 'Tr e-'"H,

etc. , where of course Z = Tr e ~ . The changes
produced by the electron-phonon interaction are
then

«H(p)) =&H&- &Ho)0

= (& H) -&H')'). ((H'&' - (H,),),
~N» (P) -=&«'«& -&a»a»&o

= ((a,'a, ) -(a,'a;))+ (&»f»a;&- &&»a»)'}

+ (&a» a»)
'-

&a» a»&0}

~N. (P) -=&b.'b. & -&b.'b.&.

= ((b„'b„) -(c„'c„))+ ((c„'c„)-(c„c„)')
+ (&c.'c.&

'- &b.'b.&0),

where the quantities of interest have been expressed
as sums of several terms by introducing, in addi-

tionto the thermal averages with respect to 0 and

IIO defined earlier, the average

( ) I (Tr e-»»8') -i Tr e-»»il'. ..
From (l), (3), and (4) one finds immediatelythat

(a» a») -&a»a»)= 0

Finally, from (3) and (4) one concludes that

Thus the only unknown contributions to 6&H(P))
and hN, (P) are, respectively,

6 &H(P) &
= Z" Tr-e-'"H Z' 'Tr-e '-"' H' -(Ga)

depending on the parameters (»}»}, (r»„}, and use

p (»}} to construct the expectation value

&~(~) &, = » p (n) ~(~)

for the scattering operator

8 (x}= e""' e ""

In terms of (6), expressions (Ga)-(6c) become

(6)

GN»(P}= Z Tre ~"a»»a;-Z' Tre "
a»»a» . (Gb)

The contributions to 6 N„(P) are the quantity

GN„'(P)=—Z 'Tr e ~sc»c„-Z' 'Tr e ~" c»c„(Gc)

and the term (b„b„)- &c„c„). Now, the evaluation
of this last term is tedious. Furthermore, inthe
presence of the electron the c~ may more prop-
erly be thought of as the creation operators
for phonons than may the b„. The quantity
5 'N( )Pdefined by Eq. (Gc) will, therefore, be

considered effectively the change in the physical
phonon distribution function produced by the elec-
tron-phonon interaction. (Recall that for the elec-
tronic distribution function, the distinction between

the states produced by a&~ and a&~ is, for our pur-
poses, immaterial, since a»» a» = a» a». )

Mfe now wish to derive explicit expressions for
the variations (Ga)-(Gc) which are correctthrough
second order in the nondiagonal interaction V„

(and to all orders in the diagonal interaction V~}.
For this purpose we define the density operator

p(»I) =exp~ ~)»l»»fad» ~n»}ncncnl/

T r exp ~ ~«» a» a»

~n»var

cn cn )
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&[z(z)) ~p—( [&n[z]x))„]
g' = pZ, q""= p(o, x= p

(10a)

6¹(P)=- .In(S(x)&„&
"n =p-. , n =p-, -=p

(10b)

6 ¹»(P)= —;»(S(x)).
g'= pc, g =p(o, x= p.

(10c)

Expanding S(x) through second order in V„, using
the interaction representation, we obtain

(S (x))„=1+f,"dz, f, 'dzz (V„(z,) V„(zz))„(11)
where V„(x)= e"" V„e ""

Since p (r]) commutes with H', we can perform one
of the integrations in (ll) and write

(S (x)),= 1+J, dz (x-z) (V„(z) V„)„. (12)

We can now apply these relations to the evaluation
of (V„(z) V„)„in Eq. (12). If V„ is written as a
function of the a; and c„, then in the one-electron
case it takes the form

V„(x) = Z v;~ „ar(x)a, (x)
fj,n,' i 0g

&& [c„(x)+c„'(x) - 2v,. „/(u„] . (14)

One may evaluate the contractions necessary tocal-
culate the contribution of V„ in (12) by replacinga;
and a& in (14) by their expressions in terms of )f t

and d&, expanding the component of exp[i (g;-g&)]
corresponding to the nth phonon mode in a series,

Now p ()7) can be factored [see (7)] into

p (rl) = p; (r)') p. (r)'),
and p, ()7') satisfies the conditions given by Bloch
and de Dominicis which make it possible to apply
a thermal variant of Wick's theorem' to the phonon
system. Specifically, one defines the "contraction"
of a pair of operators A, B containing the c„, c~
as

A'B'= Trp, (q')AB,

and deduces that for a product of field operators
A, B,. one has

n

Trp (q')AB~. ~ B»=ZTr p ()7«)A B~ ~ ~ B' ~ ~ ~ B
(13)

with similar relations holding for other orienta-
tions of A relative to B&. In particular, one finds

C

c„' c' -=Tr p, (q') c„cJ= (1-e ""
) ' 6„

By using (13)—(15) in (12) and noting that c„(x)
=e ""nc„, one obtains the result

(S(x))„=1+ Z v, ~ „vq, (drd;)»
ig, nm; iaaf

x f *dz ( x- z) L~ „(z,.r)'),
0

(16)

where

(drd;)«= Tr p(r))if)rif, = e «')/pq e «g-
L;J „(z;rl') = j[e'"«No (rp)

+e '"«(N (r[o'„)+1)]6„+E;&„(z;rl')

xI' „(z;q')]iK,, (z,q'),
F;, „(z;r)') = (o„' [(v;,„+v~ „)+ (v; „-v~ „)

x (e-'"» [N[) (r)'„) + 1]—e'"«N[) (r)'„)}],

(17)

N, (q'„)

Trp(]7) at(z) a, (z) ar) a,.
Trp(r))a)ra;

=(e"»-1) '.
We have removed c and c r from (12) through con-
traction and then applied (3), (4), and (7). The
function K;& (z;r)') given by (17) can be calculated by
a number of procedures r'8 [See. also the calcula-
tion of K,z(s) in Ref. 3; then let s--iz, P&u-q'. ]
Its value is found to be

(z ~c) ez(zg-s~)

i.m ) mNo (z[d . ).—No (r] )
[N[) (z[d m) + 1]N[) (z[d m)

(IS)
This completes the formal solution to the prob-

lem, as expressions (10) can now be calculated by
first substituting (18) into (17) and (17) into (16)and
then taking the logarithm and differentiating and
evaluating or evaluating and differentiating as the
case may be. In the case of 6¹,(P) the differenti-
ation with respect to g; is trivial. In the case of
61P„(P) we use the fact that

and using the property of contractions illustrated by
(13). By resumming the resulting expressions and
transforming from the a~, 8& to the a~, a, , onethen
fiends

c„' (x) [ar(z)a&(z)]' = [(v; „-vz „)/[d„]
&&c„' (x)cr' (z)[ar(z)a; (z)],

[a,'(z)ay(z)]'c;(x)= [(v;,.-vg, .)/~. ]
x c „' (z) c„' (x) [a,'(z) a, (z)],

cr' (x) [ar(z) a, (z)]' = —[(v; „-v~ „)/ur„]

Xc„'(x) c„' (z) [a,'. (z) a, (z)],
[a,'(z)a,. (z)]'c„'(x)=- [(v; „-v, „)/&o„]

xc„' (z)c„'(x)[ar(z)a, (z)] .
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d~n
, N, (q'„) =-N, (g'„)[N, (q'„)+ I] .

The energy 6 (H(P)) can be obtained from the slope
of the ln function defined in (10). In the calculation
of 5 (H(P)) and the 5N; (P) the summations over
phonon modes can be approximated in the usual
fashion by an integration with an appropriate phonon.
mode density, when this is convenient. The actual
evaluation of the integral(s) over g can be performed
by numerical methods. Explicit expressions for
the integrated quantities in terms of elementary
functions can apparently be obtained only by making
various approximations.

It is interesting to note that the average value of
V„can be expressed in terms of the calculatedquan-
tities in the form

8 'Tre n" V„=6(H(P))

-Z, g,.&N',. (P)-Z„~„6N'„(P) .
It should also be commented that the so-called non-
radiative transition probability per unit tune be-
tween electronic states i and j, w;&(P), can be ob-
tained from the relations

2„—(S(g))„=Z(ft]'u,)„W,(g, q'),x

m;, (P) =Im[W, q(i, P(u)] .

In Ref. 3, the go;& (P) were calculated from the opti-
cal spectral functions by assuming that there exists
a single relatively small range of phonon frequen-
cies for which the electron-phonon interaction is
large, and that in this frequency range the approx-
imate relation.

the results. For instance, the techniques of Ref.
3 would allow one to calculate transition rates for
electronic coupling to either acoustical- 0x optical-
phonon modes. The methods of the present paper
make it possible to consider cases where bothtypes
of coupling appear simultaneously.

III. APPLICATION TO A DEFECT-LATTICE MODEL

Since the relations describing the thermal effects
of the electron-phonon interaction which have been
derived in Sec. II can hardly be said to yield a
transparent picture of the behavior of the system
under introduction of the electron-phonon interac-
tion, it is helpful to apply the results given there
to the actual numerical calculation of 5 (H(p)),
&N, (P), and 5N'„(P) for a particular system. Such
an application can also serve the purpose of illus-
trating that the nondiagonal part of the electron-
phonon interaction can usually be treated by pertur-
bation methods even. in the case of strong electron-
phonon coupling. The system considered mill be
one comprised of a tmo-level electron system in-
teracting with a single phonon mode. In Eqs. (16)-
(18), the indices i and j will then take on the values
1 and 2 only, while the indices g and m can only
assume the value 1 and mill, therefore, be dropped.
Furthermore, it will be assumed that the e, and b„
appearing in the Hamiltonian have been chosen so
that e&, the diagonal interaction matrix element
coupling the electronic ground state to the phonon
mode is zero. (Such a choice can always be made. )
It is then possible to express all the quantities re-
ferring to the interaction matrix elements in terms
of two parameters

0
Uu, n

=-
V ("~,n "y,n) i

0 0

is valid. The w;& (P) were then used to determine
the nonradiative transition rates Ag-~Tg(Cr" in

Alg0, ) and 'T, -'Tg (V" in Alg0~) using a set of
phonon modes centered around 194 cm . Use of
Eqs. (19) to evaluate the m, ~ (P) allows one to avoid
both these restrictions on the range of validity of

(where &o S is half the Stokes shift for the system)
and

&=&ia=&u .
The calculation of the derivatives necessary for

the evaluation of 5N; (P) and &N'(P) is straight-
forward, though tedious. One finds that

cosh „sinh (g - —,'P)~~ [e'"+e '~"- '"—1] ~'

sinh(-,' P(o) ') (e~ —1) (2o)

IN'(P) = —DNA(P)

cosh&o~g (g ——,
' P), S sinha( —,'g&u) cosh+(g ——,

'
P)

cosh —,'P(o, g 0 sinhg(-,'P(o) sxnh —,'Pe
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sjnhg~sjnh&o(g —a& p) a . a, sinh (age&)sinh &u(g —
a p) sinhu&&a(a& p —g)

$a sinha(-,' g(o) sinh (u(g ——,
'

P)
&& $ slnhgco+ 2$ .

(& p )

where Myg = 63 —cg

Bomewhat more easily, one can verify that

A.
~

dP cosh( —'Par )

$ Icefall
qe4l(a-8& card I]

(e'" —I) (22)

sinh~&a(-,'P-g) st~~(g --,' P)+28
slnh a P47

x

-Il
(e~ —I) (23)

«IN ~

Q) =55,2 GITI
/

+20 QJ = 532 cfYl
/'

/
/

l

/I ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ «% $~+
~ ~ ~ ~ ~ » ~ ""

~ ~.../
0 A ~ ~

C3 S=O

~ S=6

-30—

+ IO—

m4

V-Io-
I

-20-

IOO 300
T'K

400 500 600

FIG. 1. The change (&')' —(Hp)p in the average energy
of the system produced by the diagonal part of the elec-
tron-phonon interaction.

These expressions permit one to make a straight-
forward numerical evaluation of the quantities of
interest.

Calculation of 5(H(P)), 5Nta(P), and 5N'(P) was
carried out for a phonon frequency (d of 10 sec ~.

The electronic-transition frequency was taken to
be 10' sec, far out in the infrared. Choosing
such a low electronic transition energy maximizes
the problems encountered in treating the nondiago-
nal interaction V„by perturbation theory, so that
the fact that V„can (as will be seen) be adequately
handled by this method here is a strong indication
that the method can be used quite successfully for
the more usual situation of electronic transitions

in the visible or near infrared regions. 8 values
of 0, 1, and 6 are used to cover the range from a
vanishing to a rather large distortion of the lattice
by the electron. The off-diagonal interaction ma-
trix element v» is somewhat arbitrarily taken tobe
the same for all three 8 values, namely, one-half the
diagonal matrix element va for $ = 6. (If the electronic
transition frequency had been chosen in the near in-
frared, then e,a could have been taken equal to or some-
what greater than va without any complications. )

Before displaying the results of calculating the
expressions given by Eqs. (20), (22), (23), we
first give in Figs. 1 and 2 the change produced in the
average energy and the population of the electronic
ground state by the diagonal part of the electron-
phonon interaction. These changes have been cal-
culated for the parameters mentioned earlier and
for a range of temperatures from 20 to 600 K by
using Eqs. (5). The quantities 5 (H(P)), 5N&a(P),

and 5f&&'(P) are then given in Figs. 3, 4, and 5,
respectively. The total change in the average en-
ergy as a consequence of the electron-phonon in-
teraction is the sum of the contributions shown in
Figs. 1 and 3, and the total change in the electronic
ground-state population is the sum of the contribu-
tions shown in Figs. 2and4. As noted earlier, the
change in the physical phonon number is essentially
given in full by 5N'(P), shown in Fig. 5. To aid in
the interpretation of these calculated shifts, plots of

the unperturbed phonon and ground-state-electron
populations as functions of temperature are given
in Fig. 6.

Figures 2 and 4 show that from about liquid-
nitrogen temperatures upward over a wide temper-
ature interval both the diagonal and nondiagonal
parts of the electron-phonon interaction produce
quite significant variations of the average elec-
tronic ground-state population from its noninter-
acting value. (The effect of V„ is of course non-
vanishing even at 0 K since, unlike V„, this part
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FIG. 4. The change 5N& (P) in the population of the
electronic ground state produced by V„.
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FIG. 3. The change 6(H(p)) in the average energy of
the system produced by V„.

FIG. 5. The change 5N'(P) in the average phonon
number produced by V„.
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The unperturk&ed phonon and ground-state -elec-
tron populations as functions of temperature.
tioned in the text, (c~c)' = (b~ b) p.

of the interaction has the ability to mix electronic
states. ) It is also interesting to observe that the
contributions of V~ and V„ to the population change
of the ground state are of comparable size, and
tha|; the eQect of V„ is not strongly dependent on
the strength of the diagonal part V„. Presumably
the first of these characteristics is due to the fact
just mentioned that V„ is capable of directly mixing
the electronic states, while V„can only alter the
behavior of the electronic ground-state population
by changing the temperature at which thermal ex-
citation out of the electronic ground ~tate becomes
appreciable (by shifting the energy difference be-
tween the electronic states).

Figures 1 and 3 show that over the temperature
range considered the contributions of V~ and V„ to
the change of the average energy are also compa-
rable, with the effect of V„actually dominating in
much of the region. The comparability of these
contributions arises from two causes. The first
is peculiar to the model, and is simply due to the
fact that the choice v& = 0 forces H' and Ho to have
the same ground-state energy and thus the same
low-temperature averages. The second is that
only V„shifts the phonon levels, ' and though the
shift of the lowest-lying phonon levels by V„ is, in
general, small compared to the shift of the elec-
tronic levels by V, (in this ca,se approximately 16

and 3% of the latter for S = 1 and 6, respectively),
theproximity of excited-phonon levels to the ground
state allows them to have arelatively greater effect
on energy averages at low temperatures. The ini-
tial rise of the curves in Figs. 1 and 3 (except for
the S = 0 curve in Fig. 1) from their values at 0 'K
occurs because both V„and V„depress the energy
eigenvalues of the low-lying states relative to the
ground state, and thus cause more rapid population
of these excited states with increasing temperature.
The subsequent falling behavior of the curves is due

to this same depression of the energy levels; how-

ever, the decreased energy of the excited states
becomes more important than the accelerated pop-
ulation of these states once a certain temperature
ls passed.

The change in phonon number shown in Fig. 5
again is a nonnegligible correction to the phonon
number for the noninteracting system (cf. Fig. 6).
As in the case of AN&, the strength of the diagonal
part of the interaction has little effect on the shift
of the phonon occupation number by V„; in fact, the
S = 1 curve is omitted from the figure because it is
so nearly coincident with the curve for S = 0.

One point worth noting is that the curves in Figs.
1, 3, 4, and 5 all contain crossover points; and in
Fig. 5, the curves shown cross twice. In the case
of Figs. 1 and 3, this crossing is due to the manner,
described earlier, in which the depression of the
energy levels by the interaction initially (i.e. , for
low temperatures) raises the average energy and

then subsequently brings it down again. Presumably
the behavior of the curves in Figs. 4 and 5 is re-
lated to this effect.

Examination of the six figures shows then, that
in the model considered the statistical effects of
the diagonal and nondiagonal parts of the electron-
phonon-interaction Hamiltonian are comparable to
each other, and produce a significant alteration in
the average values calculated from a density matrix
based on the noninteracting Hamiltonian Ho alone.
Because of the simple character of the model, it
is not possible to extrapolate these conclusions to
a general class of physical systems; calculations
based on the expressions derived in Sec. II are
necessary in each such case to determine the sig-
nificance of the statistical effects of the two parts
of the interaction Hamiltonian. However, the mod-
el studied here is sufficiently realistic to indicate,
on the basis of the above results, that the many
calculations done in the past in which the thermal
effects of the diagonal and/or nondiagonal parts of
the electron-phonon interaction were neglected
should be considered as at best of semiquantitative
significance pending justification of the use of such
an approximate density operator.

Two final comments need to be made about the
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results obtained here from the application of the
general theory of Sec. II to our model. The first
one is the obvious statement that the numerical
results given may easily be adapted to other values
of & by simply noting that & appears multiplica-
tively in 5(@, 5N~, and 5N, . A less obvious fact
is that the numerical results for 5 (8) and 5N f for
this case of a two-level electron interacting with a
single-phonon mode can also be applied to the sit-
uation of a two-level electron interacting with an
Einstein-model lattice if one assumes that for the

phonon modes coupled to the electron the approx-
imation

~12,n +&2,n

is adequate. In this case

where v -=e„ is the Einstein frequency, and

=~~pgg ~ =Q co S3 ~ 2 2 3

It has again been assumed that v&, „=0, all n. .
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