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The longitudinal component of the XY-model susceptibility is nondivergent at T=T,. In an
earlier paper it was shown thatas T — T+ the longitudinal susceptibility is determined essen-
tially by nearest-neighbor correlations and it behaves as the derivative of the free energy with
respect to inverse termperature. We provide here numerical evidences in support of the earlier

conclusions.

The longitudinal component of the susceptibility
X%,

2 2
= <|ES,-’] )—[<ESf>] M)
for the S =% XY model, defined by the Hamiltonian

H=—J % (SfS;‘+Sf’S}) , 2)
is (unlike the transverse component) nondivergent at
T=T, ForT>T, itis convenient to write the
longitudinal susceptibility as a sum of nearest-
neighbor correlations XZ and all other distant-
neighbor correlations A% i.e.,

XZ=1+ X%+ A% . A3)

As T — oo, evidently X*—1 — X%, In a recent paper,!
one of us showed using a somewhat involved asymp-
totic argument that as 7 — T,+, one still has
XZ—1— X% In addition, X* behaves as 3F/3K,
where F is the free energy and K =J/kT. In this
brief note, we provide numerical evidences for these
conclusions.

Series expansions for X* may be obtained by a
method previously, given? from which, by some
modifications, series expansions for XZ may also be
obtained.’ The nearest-neighbor correlation function
X% is an important quantity in spin dynamics.* We
list here our cubic lattice results through eight terms®:

(i) fcc lattice ‘ .
Xx7=1-3K*—4K*+0.5K*—0K>—32.408333K*®
—124.416667K" —354.876 SK®+ - - -,
X#=—3K2—4K3*+0.5K*+2.8K5—21.69027K"
—97.38178K"7 —254.989 12K%+ - - -

(i) bec lattice
Xx?=1-2K*+K*—6.10555K$
—14.43948K8+ - - -
XZ=—2K*+K*=2.55833K¢—13.52380K%+ - - - .
(iii) sc lattice
x#=1-15K*+1.75K*
—3.3375K5—10.6974K%+ - - -,
X#=—1.5K?+1.75K*—2.568 5K®
—7.63534K%+ - - -

In Fig. 1 we show the behavior of XZ and 1 + X*
for the cubic lattices. The critical points K, =0.222,
0.344, and 0.495, respectively, for the fcc, bec, and sc
are from Betts et al.® As may be observed here, the
two quantities are similar for the temperature range
T, < T < oo. Also observe that each of these quanti-
ties approaches the critical point with a finite slope
indicating nondivergent behavior at K =K,. In Fig. 2
we compare the susceptibility with 9F/3K, with the
free energy obtained by Betts et al.% Although their
amplitudes are different, the two functions appear to
behave rather similarly as predicted. :

We briefly discuss the general nature of our results
given here. The energy and susceptibility may be
each considered as a sum of certain short- and long-
range correlations. For nn models such as Eq. (2),
the correlations which give rise to the energy are lim-
ited to short-range types, whereas the correlations for
the susceptibility are ordinarily dominated by long-
range types. In terms of high-temperature series ex-
pansions one sees the difference readily. The expan-
sion coefficients for the energy series are determined
by closed graphs, but those for the susceptibility
largely by open graphs.? The expansion coefficients
for X for the XY model, however, are made up by
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FIG. 1. Longitudinal susceptibility on cubic lattices

shown as a function of K =J/kT. Dashed lines represent X*

and solid lines 1 + XZ. The critical points are 0.220, 0.344,

and 0.495, respectively, for fcc, bee, and sc lattices (see
Ref. 6).

closed graphs, in fact, by precisely the same graphs as

those occurring in the expansion coefficients for the
energy series.

To show this further, it is convenient to define an
operator
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FIG. 2. Susceptibility and the derivative of the free en-
ergy shown as a function of K =J/kT for cubic lattices.
Solid lines represent 1 + XZ and dashed lines 8F/9K.
Although their amplitudes are different, both quantities ap-
pear to behave similarly.

The high-temperature expansion coefficents for x#
are of the form Tr4#H", n=1,2, ..., where His
given by Eq. (2). Now one can show that for a given
n,

TrdZ2H"=a, TtH" , (5)

where a, is a c number.! Hence the longitudinal
component of the susceptibility for the XY model
behaves as the energy. For the transverse com-
ponents A and A” there are no such relationships.
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