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Structure and superconductivity in alkaii tungsten bronzes
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The anomalous concentration dependence of the superconducting transition temperature of al-

kali tungsten bronzes M„%'Og is shown to be consistent with electron pairing induced by ex-

change of acoustic plasmons. Structural changes in these metals yield significant band-structure

splitting which is shown to be essential to the formation of well-defined. acoustic-plasmon

branches in the dielectric function. Our results explain why cubic H MO3 is not superconduct-

ing even for large metallic densities x 1, and furthermore, demonstrate that the hexagonal

phase is favorable tn superconducting pairing in agreement with experiments on Rb„%'03and

Cs„%'O3. Possible neutron and Brillouin scattering experiments are proposed to directly meas-

ure the acoustic-plasmon dispersion and damping.

I. INTRODUCTION

The alkali tungsten bronzes (of the form M„%03
with Man alkali) as representatives of a group of
narrow-band metal oxides (of the form M„Z03
where Z =W, Re,Ti, Ta. ..) are the focus of increasing
study due to their intriguing electronic, structural,
and optical properties. ' These nonstoichiometric
compounds are found to exist in cubic, hexagonal,
and two types of tetragonal structures. The basic unit
is the %03 octahedron, illustrated in Fig. 1. The
stable structure is determined by the alkali concentra-
tion x and the size of the alkali. Thus, the small
atoms, such as H, fit into the interstitial sites in the
cubic phase shown in Fig. 2(a), whereas larger atoms
like Rb induce a displacement to the hexagonal phase
of Fig. 2(c). The intermediate case of Na„%03in-
cludes the tetragonal 1 structure shown in Fig. 2(b)
as well as other phases depending on concentration.

Superconductivity in the alkali tungsten bronzes is
remarkably. sensitive to the alkali concentration and is

strongly correlated with the crystal structure. For ex-
ample, the cubic structure ' does not exhibit a su-
perconducting phase transition for any of the alkalis;
and the case of H„WO3 is particularly anomalous
since it remains normal even at highly metallic con-
centrations of x 1. On the other hand the hexago-
nal structure favors superconductivity in all of the al-
kalis tested to date. The current data on the super-
conducting transition temperatures is given in Table I.

Concentration variations of alkali content have a
profound influence on the superconducting transition
temperature T, as shown in Fig. 3. The case of
Rb„WO3 is particularly anomalous since T, increases
at lower concentrations, in contrast to the expecta-
tions of the BCS theory, "which predicts a decreasing
T, in accordance with the well-known relation
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FIG. 1. Schematic representation of the octahedral struc-
ture of WO3 is shown. The central atom (shaded) is

tungsten. The remaining spheres (cross-hatched) represent
the oxygen atoms.

where the Debye energy is Op —300 K, g is an
electron-phonon matrix element and N(0) denotes
the electronic density of states at the Fermi energy.
Experimentally, it is found that N(0) increases
roughly linearly with x (Refs. 10,12) and, therefore,
T, should also increase with x. In Fig. 3, this
theoretical T, based on an effective-mass model, is
compared with experimental results for Rb and
Na. ' The obvious discrepancy becomes even more
pronounced if N(0) ~ x as indicated experimentally.

19 5652 1979 The American Physical Society



19 STRUCTURE AND SUPERCONDUCTIVITY IN ALKALI. . . 5653

~"~C 3K ~t. ~~ 3~

2UU~~k&&~~

~~ ~&~a&~'' JHCA&

g +/~3& ~wK 3C
~ llew ~ ~~~.~~(.~g (.
I ~a' I'

c

gpss

~ (5
&egN' 'Ittl &p &~~r

Rbx W05

o Ne~ NO~

0

An attempt was made to reconcile the anomalous
concentration dependence with gross distortions of
the phonon spectrum. ' However, neutron data do
not show soft modes that are strongly concentration
dependent, thus indicating that other mechanisms
should be considered. " It should be emphasized that
any phonon mechanisms would require a variation of
the coupling g ~x 2 in Eq. (1) to fit the T, data, and
such a dependence is hard to understand on physical
grounds. Also, the similarity of the electronic band
structure of all of the alkali tungsten bronzes, resem-
bling Re03 in a rigid-band model, and of their T, (x)

TABLE I. Superconducting transition temperature in

'K for M„%03structures.

Cubic Tetragonal Hexagonal

H

Li

Na

K

Rb

Cs

&0.35

&0.35

&0.35

&0.35(T2)
&0.35(T2)

0.& —3.1
0.5 -5.7

1.3 -2.2
1.3 —5.4
0.5 -5.7
2,0 —6.8
1.0 -6.7

K

K
(c)

FIG. 2. Projections of the crystal structures of M„03
are illustrated for: (a) cubic, in this projection equivalent to
tetragonal type 2, T 2; (b) tetragonal type 1, T 1; and (c)
hexagonal. The dots represent the sites of the alkali M
atoms. The octahedra, represented by shaded squares are
those depicted in Fig. 1.
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FIG. 3. Dependence of T, on the concentration x for

M„WO3as determined experimentally is given for M =Na,
Ref. 10, and M =Rb, Ref. 9. The theoretical curve is deter-
mined by the BCS expression T, —e ' + where

W(0) x'~'.

dependence seems to indicate the same mechanism is
responsible for determining their superconducting
transitions. A configuration change and accompany-
ing phonon softening is not expected for Rb„%03in
the region 0.15 & x & 0.33 since Rb remains in the
large hexagonal sites shown in Fig. 2.

Lastly, the structural preferences of superconduc-
tivity in these materials is not at all evident from the
phonon mechanism in the BCS theory.

The x dependence of T, in the alkali tungsten
bronzes initiated our interest in the possibility that
the exchange of acoustic plasmons may be the
mechanism for superconductivity. Preliminary work
verified that the observed T,(x) could be theoretical-
ly reproduced using this mechanism. ' In this paper
we are primarily interested in relating the acoustic-
plasmon mechanism to correlate the observed T, with
the structure of the compound, and to develop the
criterion for the existence of acoustic branches in the
electronic response.

Pines first suggested the existence of acoustic
plasmons in a "two-plasma" system, which in our case
is formed by the heavy and light electrons of the con-
duction band. '6 If the electrons were uncoupled,
each would have a distinct finite plasmon frequency
in the long-wavelength hmit resulting from the long-
range Coulomb interaction. However, if the plasmas
are coupled, then under certain conditions, it is possi-
ble for the light-particle plasma to screen the heavy-
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particle Coulomb interaction in such a way that, as in
the case of phonons, an acoustic mode replaces the
"optic" heavy-mass-plasmon mode.

In analogy with acoustic phonons, Frohlich sug-
gested that the exchange of acoustic plasmons as an
electronic mechanism for superconductivity. ' Within
a simple effective-mass approximation, he derived
conditions for the existence of acoustic plasmons and
obtained a formula for the expected T,. He found in

general an increase in T, with decreasing density,
although he neglected the repulsive screened
Coulomb potential. He also pointed out that the iso-
tope effect would not be observed with this type of
exchange and that T, would roughly follow the
Matthias rules for T, versus electron per atom ratio, '

since completely full or empty bands will not yield
acoustic plasmons and the maximum frequency for
an acoustic plasmon is greatest for half-filled shells.

Regrettably, little progress has been made in ob-
serving acoustic plasmons or determining supercon-
ductors which employ this mechanism. The difficulty
in observation stems from their relatively low energy
so~ & 0.2 eV. Electron scattering, while successfully
able to detect higher-energy plasmons, is nearly out
of range at this energy, due to background difficu1-
ties. Brillouin scattering of light may be used to
detect well-defined acoustic plasmons, although no
systematic evidence is available to date.

On the theoretical side, several papers have dis-
cussed the role plasmons might play in superconduc-
tivity of multiband semimetals'9' and transition me-
tals. ' The USSR literature refers mainly to high-
temperature prospects of T, —100'K, which requires
unusually large mass ratios (say mq/m, ) 10) and
other restrictive parameters. Hence no attempt was
made to correlate the calculations with known materi-
als. By contrast, the previous work on transition me-
tals presumed the existence of an acoustic plasmon
with very low energy, even below the acoustic-
phonon energies, and then examined the conse-
quences of such low-lying modes on specific heat and
other experimentally determined properties. The
various observed anomalies may provide indirect evi-
dence for the existence of acoustic plasmons in tran-
sition metals, but the correlation with the data is by
no means certain. ""

. Recently we have proposed that the high-
temperature superconductivity in A-15 compounds
such as V3Si may be q consequence of the acoustic-
plasmon mechanism. 2 Here, the reduced dimen-
sionality of the transition-metal chains is important.
It was shown that the analytic structure of the dielec-
tric function allowed acoustic plasmons to exist at all
wavelengths for a system consisting of a linear chain,
in a tight-binding model embedded in a -free-electron.
gas of higher density. Choosing a model consistent
with band-structure calculations, a superconducting
phase transition mediated by acoustic plasmons was

shown to occur at relatively high temperatures.
While conceivable temperatures ranged as high as
100 K, the most realistic choice of parameters placed
T, —20 K. This remarkable agreement has led us to
search for other systems which may use the exchange
of acoustic plasmons for superconductivity.

The purpose of the present work is to establish a
correlation between structure and T„within the
acoustic-plasmon model, for the tungsten bronzes.
Specifically challenging is the case of H WO3 which is
found to have T, =0, while some other metal hy-
drides are very good superconductors with T, =17 K.
The plan of the paper is as follows. In Sec. II a sim-
ple two-band model is presented to establish the cri-
teria gover'ning the existence of acoustic plasmons.
In Sec. III a realistic model for the alkali tungsten
bronzes is investigated. The effects of reduced
dimensionality are explored and the case of H„WO3 is
investigated. Use of acoustic plasmons is shown to
yield T, in good agreement with experiment while al-

lowing for an understanding of the structural depen-
dence. Section IV comments on the limitation of
high T, are made alone with suggestions for possible
experimental tests.

II. BASIC MODEL AND EQUATIONS

The existence of acoustic plasmons requires two

overlapping electron bands corresponding to different
effective masses. To make contact with the tungsten
bronzes we display in Fig. 4 the band structure of

0.2—

I 0.1
K

0

z~ -03

-0.2—

X

FIG. 4. Band structure of Re03 (from Ref. 24) is

displayed as a prototype for M„WO3 with x =1 and M, an
alkali atom, in cubic structure. The success of the rigid-
band, model, where only the Fermi level (dashed line)
changes with x has been demonstrated for cubic Na~03
which is nearly identical with Re03.
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e~ tg(q, co) = ep + Q((q, a)) + Qp (q, co)

where Q; is the Lindhard" polarizability for the i th
band and ~0 comprises all other contributions to the
dielectric function. Following Frohlich, "we note
that the Q; can be approximated by

Q, (q, (u) =, for q't & co',
&r'r

(3a)

Q, (q, a)) =—",, for q'u, ' & co', (3b)

where ~~&=4mn, e'/m; is the plasmon frequency and
v; is the velocity at the Fermi energy of an electron
in the i th band (i =i,h), with k~r-(6mne /EF)' ', as
the Fermi-Thomas screening length. Therefore, in a
region q v~ & ao & q vq, the approximate expression

I

Re03 which corresponds to M„WO3 for x=1. Within
the rigid-band model, decreasing x from x 1

corresponds to removing electrons from the conduc-
tion band of Re03. Several band structure studies
show this model to be well obeyed for many
transition-metal oxides, in particular the alkali
tungsten bronzes. In Fig. 4 the two dimensionality
associated with the t2, conduction bands is due to the
planar nature of the (pd n) interaction. "In the
present section, we will constrain ourselves to a dis-
cussion of two overlapping electron bands in order to
establish Frohlich's criteria.

We describe the band structures by two effective
masses with m~ denoting the lighter mass and m~

referring to the heavier mass. Generally the origins
of these bands may be s or d like, but the present
case of tungsten bronzes refers to both m~ and m~

originating from d bands.
The dielectric function for the model may be writ-

ten

for the acoustic-plasmon frequency ~~ is given by

'E101g) 0 y ielding

2 2
q co~q

q ep+ 36)&i/i)i

which, in the limit of small q, has the form of an
acoustic mode. Rewriting Eq. (2) and utilizing au~,
gives the simple form

et«, g(q, a)) =e, (q) 1—
. . i

e, (q) = ep(q) + &F'r

q
(6)

which is the dielectric constant when h electrons are
neglected. Frohlich's criteria are then written (a)
w~' & vq', and. (b) e, (q ) &0, where q is the cutoff
value of q, for which co~ = q'v~, thus the plasmon is
strongly damped for q & q . While these conditions
are necessary they are not sufficient and should only
be viewed as a rough indication of the region of
parameters in which formation of acoustic plasmoris
occurs. A comparison of the approximate forms of
e(q, pp) with the full Lindhard expression for e„„~
shows that the computed acoustic-plasmon zero may
be shifted by a factor of 2 as a result of the approxi-
mations; this may cause the acoustic plasmon to be
Landau damped by the d continuum as shown in Fig.
5. Consequently we shall use the full Lindhard
dielectric function in the calculations below, which is
given by

( )
4me

X
f(k+q) —f(k)

a «)—a)(k+q) +a)(k) +ig

where f(k) is the Fermi function. This reduces to

Re(e;) =u' —+—1—1 1

2 4y

z+y z —2y +y 1

2y z+2y+y' 4y

z y
2y

ln
z —2y —y
z+2y —y2

(ga)

and

for 2y —y»«z «» 2y+y2,

r

ZQ 7P.

4
for 0««z «2y —y2

y .

Im(e) = ' 1—' mu2 z —y2

4y

0, for z ~2y+y'

(gb)

in the effective-mass approximation. Where the sub-
script i refers to the band index, with
z=ao/E~, y=q/kz, and u=kFr/q dimensionless parame-
ters. E~ is the Fermi energy, and kp is the Fermi
momentum.

III. STRUCTURE

In the case of the system represented by the energy
bands of Fig. 4, the degeneracy at the I' point indi-
cates a cubic, or tetragonal T2, structure. In this
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FIG. 6. Band structure of SrTi03 from Ref. 27 is shown
for cubic structure {$=0', g is the shift in position of the
oxygen atoms) and two tetragonal structures; @=1;
@=2.1 '. Note the 90 MeV splitting at I for @=2.1

FIG. 5. Total dielectric function, «~~{q, ~), as calculated
from the full Lindhard expression is displayed. The parame-
ters determining the figure are q 0.28&10~ cm ',
/=0. 14 eV, m„=3mo, m~ =mo, and x =0.2I. The
acoustic-plasmon frequency is given by ao, . The dashed
lines represent the approximate dielectric function used by
Frohlich with the resulting acoustic plasmon labeled col,.
The shaded area represents the heavy-electron continuum.

case, the heavy band will have a higher density than
the light band for all x. While the Frohlich criteria
are satisfied, the calculations with the exact Lindhard
function yield an acoustic-plasmon zero within the d
continuum, thus yielding a highly damped excitation.
Thus well-defined acoustic plasmons would not exist
for the band model of Fig. 4 using mi, /mr=3. 0. This
model is precisely that encountered in H„%03at all
but high pressures. This is a result of the fact that
hydrogen is sufficiently sma11 that it does not require
the large pentagonal or hexagonal sites accompanying
the T1 or hexagonal structures which have a higher
free energy that the T2 structure. Therefore, an
acoustic-plasmon-induced electron attraction fails to
exist for H„%03except perhaps under pressure,
where hexagonal structures may occur. This is in
agreement with experiment which shows no super-
conductivity for the alkali tungsten bronzes for cubic
structures.

In light of the strict limitations imposed on the
densities and the great similarity in band structure
among transition-metal oxides, it might appear from
the above result than the alkali tungsten bronzes are
poor candidates for acoustic plasmons. In order to
see the importance of structure in the determination
of conditions governing the existence of acoustic
plasmons, we refer to Fig. 6 which illustrates the
analogous band structure of SrTi03 as calculated by
Mattheiss. " He finds the effect of a cubic to tetrago-
nal phase transition on the conduction bands is signi-
ficant, even though transition involves only a 1—2
rotation of the oxygen atoms about Ti, from their cu-

Nc fkEI=, and Ei, ——g+
2 Nlr 2mb

(9)

In the above expression g corresponds to the splitting
between bands. Using this band structure to calcu-
late the density of states-'at the Fermi level,
N(0) = N, (0) + Nq(0) it is straightforward to show
that, for a fixed electron density, N(0) increases as g
decreases. This implies that the cubic geometry,
$ =0, will have. the largest N(0). The BCS expres-
sion, T, —ODe ', would, therefore, tend to
favor the cubic geometry for higher transition tem-
peratures if OD remains relatively constant. This
trend is contrary to the experimental results as
described in Table I.

To achieve a quantitative understanding of the
noncubic structures we incorporate the mendel of Eq.
(9) together with the dielectric function of Eqs. (2)
and (8). Choosing mi = mo and mq =3mo, where mo
is the free electron mass, we obtain a domain in g
and x for the existence of acoustic plasmons as
sho~n in Fig. 7. It is interesting to note that the
hexagonal structure with g =0.1 eV is bounded in x
from above and below, thus allowing superconduc-
tivity from the present mechanism only over a limit-
ed concentration region.

The concentration dependence of the supercon-

bic positions. As can be seen from Fig. 6 this slight
rotation results in a 90 MeV shift of the I 5+ state
(heavy) with respect to the I'4+ state (light). This
shift, for reasonable effective masses and Fermi en-
ergies, is sufficient to guarantee the existence of
acoustic plasmons in tungsten bronzes. Since the
hexagonal and tetragonal Ti structures involve rota-
tional angles larger than 2', the splitting of levels is
also expected to be larger than 90 MeV; and thus,
the dependence of T, on structure can be understood,
We now put the above ideas in quantitative form.

To represent the noncubic crystal geometries a
two-carrier band structure is used, given by
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Here the first term is attractive for co & m„while the
second term is the screened Coulomb repulsion.
This is similar in form to the attractive term which
appears in phonon calculations with ro„replacing soph.

Application of the BCS formalism results in

0 I

0.04 0.08 0.12
6(eV)

036 0.2

—1
T, =e,~exp

where

(12)

FIG. 7. Region where acoustic plasmons exist in x—( space
is indicated by the shaded area. ( is the splitting between
the two d bands as shown in Fig. 6, and x is the alkali con-
centration.

F(x) = Nr(0)
s

and the reduced Coulomb repulsion becomes"

p
1+p, In(EF/Op()

(13)

(14)

ducting transition temperature T, is rather sensitive
to the. details of the plasma dispersion and the choice
of the Coulomb potential screening.

The calculation of T, for the acoustic-plasmon
mechanism follows quite closely the standard calcula-
tion for phonons. As in the case of phonons, we are
interested in the region where the electron-electron
interaction becomes attractive due to the existence of
an exchanged boson, the acoustic plasmon. 'The cou-
pling between the electron and plasmon is simply the
screened Coulomb interaction'so that we can write
the electron pairing contribution

with the Fermi-surface average of the Coulomb term
represented by

iM,
=

2 &
d(cosO)

4me2

q~e, q, 0

Op) is the maximum acoustic-plasmon frequency in
analogy with OD for phonons.

As a consequence of the approximation of the at-
tractive interaction by a square well in the BCS
model, there is some uncertainty regarding the form
of the density of states to be used in the expression

25
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.12 10—

4 Rbx'~Os
o Nax@/0
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0
0 0.2

(i.20

0.4
ALKALI CONCENTRATION X

(a)

0 I'I I I

0 0.2 0.4
ALKALI' CONCENTRATION X

(b)
I

FIG. 8. . Ualue of T, as a function of concentration x is shown for two. approximations of F(x) discussed in the text: case (a)
uses F~(x) from Eq. (16a), whereas (b) used Fb(x) from Eq. (1'6b). In (b) we have superimposed the data from Fig. 3, as well

as including more recent data on Cs„WO3 from Ref. '7,
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for Nr(0). Also the dielectric function can be
evaluated at q = q as suggested by Frohlich, or at
q = kf which alternately represents the screening. In
Fig. 8 we display the results of two calculations of T,
with distinct representations for F(x): In (a) we use
the Frohlich expression

Sme2
F, (x) =

~ [N, (0)N„(0)]'~2,

Cmobs Vm

and alternately in (b) we employ

F,(x) =, -N, (0) .
8me2

Cmss 4'

(16a)

(16b)

The primary cause of the anomalous T, dependence
on concentration is the form of screening chosen for
F(x), since p,

' =0.17 is essentially constant over the
x range considered. However, F(x) decreases slight-

ly with x, in the case of

g =0.12 eV, Fb(x =0.08) =0.34,

IV. DIRECT MEASUREMENTS OF
ACOUSTIC PLASMONS

Central to the credibility of the acoustic-plasmon
model of superconductivity is the observation of
acoustic plasmons in those alkali tungsten bronzes
which are superconductors and their absence in the
nonsuperconductors. In this section we proceed to

whereas Fb(x =0.23) =0.31, and naturally this
dependence is amplified in T, as seen in Eq. 12.

In view of the uncertainty of the various parame-
ters involved a more sophisticated analysis of the
Eliashberg equations seemed inappropriate.
Nevertheless, quite good agreement is obtained for
T, (x). The magnitude of the values of T, as well as
an increase in T, as x decreases are representative of
the experimental data.

It is interesting to note that the dependence of T,
on the energy splitting g is model dependent as
shown in Fig, 8, so that detailed comparison with ex-
periment requires more accurate band structures.

Finally, it is interesting to comment on the max-
imum value of T, which can be expected from this
model. We note that for a given set of parameters, T,
is limited either by the functional form of F(x) or by
the finite domain of existence of the acoustic
plasmons. Because of the potentially large values of
O» & 3000 K the opportunity for values of T, —100
K exists for modest values of the parameters. In
general it is desirable to have mq/m, )) 1 while al-

lowing densities which permit the existence of acous-
tic plasmons. As in the phonon case, strong coupling
formulas will undoubtedly limit T, to values consid-
erably less than 0».
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FIG. 9. Hybridization of an acoustic plasmon and an LO
phonon is shown by dashed curves. The solid line
represents the uncoupled dispersion of the phonon and
plasmon. The shaded area. represents the heavy-electron
continuum and cu is in units of 10 3 Hz.

suggest experiments which hold promise of detecting
the plasmons.

Neutron scattering represents a means of observing
plasmons at relatively large rnomenta. While neu-
trons do not couple strongly with the electrons, they
do interact with phonons. In Fig. 9 we illustrate the
dispersion of acoustic plasmons and phonons along

1.2—

1.0—

o.e-

rnb/ITlg = 10.

&i~rrlb/fng, = &

g
I —~e-e

0 "f I

0 5 10 15 20
cu ( 10 sec ')

25

FIG. 10. Magnitude of Im (1/~) is displayed for two elec-
tronic systems for small values of q =0.06kn. The solid line
is for mi, /mI =10(mi = mo) while the dashed line represents

mi, /mI =3, The dotted line represents the magnitude Im
(1/e) in the absence of the h band. The band splitting is
(=0.2 eland Im (1/e) is in units of 10 . Here kR is the
Fermi momentum for the lighter mass electrons.
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with longitudinal-optical (LO) phonons. The interac-
tion betweeen the LO phonon and the acoustic
plasmon will result in a hybridization Of levels which
should be observable either as a broadening of the
LO level or a level splitting in the region of intersec-
tion, depending on the exact parameters involved;
The structure factor should exhibit two peaks in co by
analogy Kith the polaron gas calculations. '

Brillouin scattering offers the possibility of observ-
ing the dispersion of the acoustic plasmon at small
values-of q. In this region the acoustic plasmon is a
very well defined excitation as shown in Fig. 10. The
dispersion for this range of q values should be
co ~ eq, c being the constant velocity of the plasmon.
At larger momenta the sampling of the acoustic-
plasmon branch is significantly higher.

Finally, inelastic electron scattering, which has suc-
cessfully been used to observe plasmons, may lend it-

self. to the observation of acoustic plasmons. The re-
latively low energy of the acoustic plasmon may
present some difficulty in its detection, but in princi-
ple the coupling should be strong, since its origin is
the screened Coulomb interaction.

V. CONCLUSIONS

%e have examined the superconductivity of the al-

kali tungsten bronzes and found substantial evidence
that the electron pairing is induced by the exchange
of acoustic plasmons. The conditions required for
the existence of acoustic plasmons are determined by
the structure of the crystal. Acoustic plasmons can-
not occur in the cubic geometry; however, they are
permitted in tetragonal and hexagonal geometries.
Furthermore, it has been shown that higher transi-
tion temperatures result for hexagonal geometries
than for tegragonal geometries when this mechanism
is employed. These results are consistent with exper-
iment as shown in Table I. In particular, the
anomalous lack of a superconducting phase transition
in H„%03can be understood, since it has cubic
structure. Also, the calculated values for T, are in

good agreement with experiment for the various
geometries.

+sing this mechanism, it is possible to set an upper
limit on the value of T, for these materials. As was
shown in Fig. 9, for a given value of the.energy band
splitting g, T,(x) has a maximum value of order
20'K. This question naturally leads to the examina-
tion of maximum values of T, obtainable through the
acoustic-plasmon mechanism. Under ideal conditions
it is possible to have acoustic plasmons with max-
imum frequencies co~ —104'K. For these condi-
tions, the calculation of T, becomes somewhat more
complicated. The difficulty which arises was well
described by Inkson in his study of superconductivi-
ty resulting from surface plasmons. He points out

that low-energy boson excitations, which couple to
the electrons, remove oscillator strength from the
plasmon mode. The plasmon mode contributes to
the screening of the repulsive Coulomb interaction,
and thus, the treatment of an additional mode in the
system must be carefully designed to avoid double
counting. Therefore, extreme care is required in the
calculation of p, 'to insure that the excitation used to
pair electrons is not also counted upon to screen the
repulsive interaction. Problems of this nature have
resulted in controversy several times, most notably in

- the exciton mechanism for layered compounds postu-
lated by Bardeen et aI." and discussed by Anderson
and Inkson.

For acoustic plasmons of reasonably small max-
imum frequency of the type in the present problem,
the dominant screening comes from the "I"electrons
and only a small contribution to the total oscillator
strength comes from the acoustic plasmon, roughly
5%. Acoustic plasmons of higher frequency will be
more significant in reducing the screening, however.
This effect, which manifests itself in the exponent of
the expression in Eq. (12), will tend to reduce the
electron attraction and thus compensate for the in-
crease in O~~. The criterion for maximum T, is un-
certain. As mentioned earlier, there exists substan-
tial literature, mainly in the Soviet Union, ' which
examine in an abstract sense the possibility of the
acoustic-plasmon mechanism in multiband semicon-
ductors. These calculations suggest T, =100'K as a
result of the large O,~

which may be attainable for
very special band-structure parameters: The case of
known alkali tungsten bronzes does not satisfy the
extremely high T, criterion.

The extension of the present analysis to transition
metal superconductivity generally seems worthwhile.
Our results discourage the expectations of a very
low-lying plasmon mode of the type proposed by
Rothwarf2i and Ganguly. They argued that an
acoustic plasmon with energy below an acoustic-
phonon energy would yield anomalous thermodynam-
ic properties as well as possible distortions of the
phonon spectrum. Our analysis shows that such
low-lying modes require extremely low electron den-
sities and very heavy effective masses. 'This conclu-
sion is qualitatively apparent from the unscreened
plasma frequency rvq =4n ni, e /rnid of the heavy mass
carriers. Since the acoustic phonons in som'e sense
may be considered analogous to screened oscillations
of the ion "plasma", the ratio ni, /mi,

' should be small
compared to the corresponding ion density to mass
ratio. Judging from available band-structure calcula-
tions of transition metals, these conditions are diffi-
cult to satisfy.

It is interesting to note that very low-energy acous-
tic plasmons with an effective Debye energy

Op& &( 200 'K would have a limited influence on the
superconducting properties because of the limited
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phase space for their existence. Nevertheless it may
be interesting to apply the acoustic-plasmon mechan-
ism to lightly doped semiconductors which are known
to be superconducting at low temperatures. '

As a consequence of the relatively high plasmon
"sound" velocities obtained in our calculations, these
modes should have only a small influence on the
thermodynamic properties of the tungsten bronzes.

Finally, we comment on possible extensions of the
present theory. Generally speaking, our calculations
indicate that the acoustic-plasmon damping in the
tungsten bronzes is sufficiently small to have a negli-
gible influence on T,. Nevertheless the role of
stronger damping will be considered in a future publi-

cation with particular emphasis on disorder and possi-
ble clustering effects in the bronzes as weil as other
superconductors.
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