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The ratios of channeled to random stopping powers have been obtained for light iong with Z
&

E/M 160
Mev travelling alo'ng the (110) and (111)axial directions, using a coincidence technique in which a
silicon dE/dx detector was used as the channeling crystal. Dechanneling lengths x»2 and the trajectory
spread contribution to energy loss straggling were also deduced from the dE/dx spectra. The concept of
"best-channeled "particles is not applicable to experimental data obtained with targets of thickness x x»2.
To compare experiment and theory, a first-order correction is made by averaging the valence-electron
density distribution over the spread of trajectories permitted within the channel. Simple calculations are
made which successfully reproduce the dechanneling lengths, trajectory spreads, and the stopping-power
ratios for silicon. The simple formula for stopping-power ratios is then applied with equal success to the
available high-energy data for germanium and is used to relate both silicon and germanium data to the
existing quantum-theoretical treatments for "best-channeled" particles. The theory of Golovchenko and
Esbensen gives good agreement with our deduced stopping powers for "best-channeled" particles.

I. INTRODUCTION

The problem of calculating the stopping powers
for light ions in amorphous media, or for ran-
dom incidence in crystalline media, was essen-
tially solved by Bethe' and by Bloch2 in the early
1930's. In recent years the calculation of the
stopping power for ions incident along low-index
directions of a single crystal has been tackled,
but with inconsistent results. In particular, this
situation persists even for the special case of
high (but not relativistic) ion velocities, where
the stopping is dominated by electron collisions.
The work described here is the final experiment
in a series designed to test the theoretical pre-
dictions3'4 for the channeled stopping powers for
high-velocity particles with special interest being
devoted to protons as opposed to heavier ions. In
the event, the observations made in the pursuit
of a limited objective have resulted in a complete
revision of our interpretation of the high-energy
measurements.

In the previous experiments'6 the stopping
. powers for 160-MeV a particles channeled in
silicon and in germanium have been measured by
a difference technique using a Ge(Li) detector to
obtain full-energy spectra; in this work it was
found that the strong dechanneling made it ad-
visable to restrict the target thickness to about
1 mm, producing a channeled energy loss of
about 5 Me&, comfortably 1.arger than the overall
energy resolution of about 0.8 MeV. For 160-
MeV protons the energy loss is only 0.5 Me&,
and the best overall energy resolution available

to us is 2.0 MeV, thus rendering the full energy
dif fe rence technique impracticable. However,
by using a silicon detector as the target mea-
surements of the energy loss can be made di-
rectly in a manner which is insensitive to the
energy spread of the incident beam. Such mea-
surements have been made for 160-MeV protons,
85-MeV deuterons, and 160-MeV o. particles.

In our earlier work, referred to above, we
observed very good agreement between the ex-
perimental' stopping-power ratios and the predic-
tions obtained from the theory of Dettmann3 and a
clear disagreement with those from the theory of
Golovchenko and Esbensen; however, the latter
authors (GE) appeared to be successful in pre-
dicting the stoppikg-power ratio for 700-MeV
protons in germanium as determined by Esbensen
eg gE. ,

' although the comparison here is between
a nonrelativistic theory and a measurement at
relativistic energies. This agreement we con-
sidered to be spurious because the statistical
energy-loss straggling due to encounters with
valence electrons had been incorrectly dismissed
as negligible. The present experiment using
160-MeV protons shared with the experiment of
Esbensen et al. the circumstance that the energy-
loss distribution resulting from statistical fluc-
tuations is highly skewed, at least for random
orientation. This is not the case for our deuteron
and o.-particle data, which confirm our previous
measurements and so validate the new technique.
The skewness of the proton energy-loss spectra
makes it necessary to establish a suitable
valence-electron density for the straggling cal-
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culation since for a skew distribution the mean
energy loss is significantly greater than the most
probable energy loss. It was this search for an
averaged valence-electron density that led us to
appreciate the inadequacy of the philosophy with
which the high-energy channeling work has
hitherto been approached. In the following
account we find it convenient to reverse the
chronological development and demonstrate how
our present understanding of the high-energy
channeling situation can be used to explain all
our experimental observations.

The primary feature of our present under-
standing is simple and, in retrospect, obvious.
It is that where a stopping-power measurement
is made for channeled particles using a target
thickness comparable with, or larger than, the
dechanneling length, then there is no possibility
of deducing directly from the energy-loss spectra
the stopping power attributable to the "best-
channeled" particles specified in most current
theoretical treatments. Instead, allowance must
be made for the smearing of particle trajectories
resulting from multiple scattering due to the
valence electrons. In the particular circumstances
of our present and previous experiments it is
appropriate to compute the averaged valence-
electron density distribution using a straight-
forward procedure involving the entire lateral
dimensions of the axial channels. At low ener-
gies mhere the circumstances permit more
rigorous control of experimental detail, as in the
work of Melvin and Tombrello, " the interpreta-
tion paradoxically becomes more difficult and
recourse to a Monte Carlo method of analysis
may be necessary. The secondary feature of our
present understanding is that it is possible to
obtain an expression for the stopping-power ratio
in the high-velocity limit that is both simple and
compelling; while it cannot replace the need for a
complete impact-parameter dependent quantum-
theoretical calculation, our simple expression is
arguably as accurate as the existing data and cer-
tainly more accurate than at least one of the pub-
lished full- theoretical treatments.

II. EXPERIMENTAL

The Harwell synchrocyclotron was used to pro-
vide external beams of 85-MeV deuterons, 170-
MeV n particles, or 160-MeV protons to the ex-
perimental area via a collimation system consis-
ting of apertures of 2.5- and 1.0-mm diameter
separated by 7.5 m in an evacuated beam pipe
with thin entrance and exit windows. The silicon
detector which served as the target was mounted
in a goniometer, in air. After passing through

the detector the particle beam entered another
evacuated pipe and was directed onto a third
collimator (1.0 mm diameter) placed in front of a
thin-window Ge(Li) detector, The Ge(Li) detec-
tor provided a timing signal to gate the silicon
detector such that the AE signals recorded mere
mainly those due to channeled particles, a feature
which takes advantage of the reduced multiple
scattering of channeled particles as compared
with those possessing unaligned trajectories.

The silicon detector was 0.739+0.006 mm thick,
cut with its (111)axis very nearly normal to its
surface and held in a triple-axis goniometer con-
trolled by stepping motors with step size cor-
responding to 0.01'. Movement between the (111)
and (110) directions was obtained by turning the
silicon target through 35'16' along the (110}
plane. The approximate channeling alignment
was obtained by optimizing the channeled fraction
of the e-particle energy spectrum recorded in
the Ge(Li) detector. This procedure was merely
a repetition of the earlier experiments'; the
Ge(Li)-detector thickness was sufficient to stop
+ particles but not deuterons or protons. Ran-
dom target alignment was obtained by rotating
the target through just 1' so as to minimize the
increase in thickness of target presented to the
beam while taking care to avoid channeling planes.
Once the target alignment had been determined
with the e-particle beam, the deuteron or proton
beams could then be acquired, with final minor
adjustments being made using the silicon detector
r E spectra for channeled particles as a guide (a
tedious exercise because of the coincidence re-
quirement).

Figures 1-6 show typical dE/dx spectra for
n particles, deuterons, and protons for (110) and
(111)axial directions in silicon, with results for
aligned and random orientations of the target
superimposed. The coincidence requirement be-
tween the two detectors is important because the
data analysis is concerned more with the mean-
energy loss of the channeled fraction than with
the position of the low-energy loss leading edge
intercept, and only the latter can be determined
from the singles spectra. The relative strength of
the channeled fraction of each aligned spectrum
is sensitive to the accuracy with which the target
is aligned, to the degree of collimation used and
to the amount of multiple scattering suffered by
the beam before entering the target. This is to
be expected since the channeling acceptance angle
r/i, is typically only 0.06', where g, is the angle
defined by Lindhard g, =(2Z,Z2e'/Ed)'~' in which
Z, and Z, refer to the incident particle and the
target atoms, E is the energy of the incident par-
ticle and d is the interatomic spacing along the
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particles travelling in a random direction. This
is justifiable because, as described elsewhere, "
we have been able to demonstrate equality to an
accuracy of 2% for 160-MeV n particles in sili-
con.

III. THEORY

In the present experiment we are concerned
with the transport of fast, light ions along a
major crystallographic axis in a single crystal
and we observe the three quantities (i) stopping
power, (ii) multiple scattering —in particular
as it affects particle dechanneling, and (iii) energy
loss straggle due to statistical fluctuations and
to trajectory spread. Because of the relatively
thick target we were obliged to use, our chan-
neling description emphasizes features which,
although still present, tend to be ignored'in
low-energy experiments. We begin our analysis
with a brief review of the three observable quan-
tities with reference to a random system such as
amorphous material or a crystal in which the
particle beam is constrained to avoid the cry-
stallographic planes and axes. Further details
of the relevant formulae as applied to a low-
energy experiment can be found in the paper of
Melvin and Tombrello and in the review article
of Qemmell. ' With this background the chan-
neling situation is easily developed.

A. The random system: general formulae

For a random arrangement of atoms the stop-
ping power has been treated by Bethe' and by
Bloch in terms of contributions from scattering
by nuclei and by electrons. The nuclear con-
tribution is

dE 4~Z', Z', e
N 1

1.29gM2E

where Z&, M, and Z„M&are the atomic numbers
and masses of the projectile and target atoms,
p is the projectile velocity and E its energy, N
is the number of target atoms per unit volume,
and the screening distance g is the Thomas-Fermi
radius 0.4685 Z, ' ' A. The electronic contribu-
tion is

—dE —dE

As we are interested in the ratios of stopping
powers, it is convenient to concentrate on the fac-
tor Z, ln(2mv2/I). In the special case of an elec-
tron gas in which the electron density is nonuni-
form the factor Z, ln(2mv'/I) can be split" into
two terms, Zln(v/v~) +Z„,in(2mvv~/S~). This
separation follows from an integration cutoff
determined by the ratio v/vz, where 5~ is the
plasmon energy, and e~ is the Fermi velocity of
the electron gas:

Su& =R(4me'NZ/m)'~';

v„=h(3m NZ)'~ /m . (4)

and is due to high-momentum-transfer collisions
with the target electrons (i.e. , Z~ =Z„,) . For
very thick targets the energy-loss distribution
again becomes skewed and the representation of
Tschalar' should be used.

The multiple scattering suffered by an ion in
amorphous material is determined by ion-
nucleus collisions since the momentum transfer
to a nucleus is much larger than that to an elec-
tron (although the mean energy transfer is far
less), i.e. ,

dQ dQ

The first term is attributable to collective or
plasmon excitations and depends on the average
electron density since the interaction is of long
range. The second term is due to single particle
excitations, involving high- momentum transfers,
and depends only on the local density. Note that
for an electron gas of uniform density Z=Z„,and
the two logarithmic terms sum to give Z In(2mv'/Re) .

The energy-loss distribution for a monokinetic
ion beam that has passed through a very thin tar-
get is given by the Landau-Vavilov calculation, '4

which makes allowance for the statistically small
number of collisions. For relatively thick tar-
gets, where Poisson statistics may be applied,
the energy-loss distribution becomes Gaussian
with a width determined by

""'-4 Z2 4NZ
dx

=4gZ)e NZ2

NZ2 ln Expressed in terms of stopping powers, we have

where m is the electron mass and I is a- mean
ionization potential, which is determined em-
pirically to be about 11Z, eV (in practice we use
172 eV for silicon, 343 eV for germanium). For
fast, light ions the collisional energy loss is
transferred predominantly to electrons, i.e.,

and

dx „MiE dx

Cx ~ 2M gE dx
(7)
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where the factor ~ for electron multiple scatter-
ing is an approximate allowance for the fact that
only close collisions with electrons contribute;
more accurately, we have

2m&
&Z2 ln

=Z, ln +41n —+(Z2 —4)I ~ ~. (11)
2&ivv J; V

F

e Mf E dX

m 4m Z'e4 2mev
(8)

On eliminating the term I., ~ a relationship be-
tween 8&», &

and Z, is displayed:

(Z, —Z„,) 1n(2mvv~/IE+)

Z~ ln(2mv'/I) (12)

where Z2 =Zg

Z2 ln =41n +4 ln-

+(Z, —4)')n( ) +(Z~ —4)I,
(9)

where we recognize the existence of four valence
electrons for silicon and germanium (which exist
as an electron gas), where the electron binding
energy is considered to have an insignificant ef-
fect on the close-encounter stopping contribution
for very high-velocity particles and where the
factor L, ~ represents the contribution of the
core electrons to the distant collision loss. For
channeled particles the valence electron contribu-
tion must take into account the nonuniform dis-
tribution of valence electrons across the channel,
the close collisions with core electrons should be
totally suppressed and the distant collision term
for core electrons should be approximately equal
to that for random collisions, at least for low-Z,
atoms and high-particle velocities; on this latter
point Dettmann3 specifically comments that 160-
MeV protons channeled in silicon contribute to
the "low excitation" of ion cores with an effi-
ciency comparable with random conditions. With
the stopping ratio R&»» defined as

(- dE/dx), „(Z,L,),~
(- dF./dx), (Z, L,,)„'

we have for channeled particles

(10)

B. Channeling: stopping-power ratios

The above formulae have been displayed in a
manner which permits a straightforward applica-
tion to the situation experienced by channeled
particles, in which the stopping power, energy-
loss straggling and multiple scattering are re-
duced because of the suppression of all close
collisions with atoms. For random stopping the
product Z, ln(2mv /I) can be written as before
in terms of close and distant collisions, but dis-
tinguishing in addition between valence and the
bound core electrons, we write

1n(2mvv~/hv) —1n(l —P )
'~ —

~ P
ln(2mv /I) —ln(1 —P ) —P' —

~ 6
(13)

where —,
' 5 is the small-density effect correction

to the distant collision term, important only for P
=v/c = 1. For best-channeled particles Z„,is
just the electron density at the center or axis of the
channel, Z~„.For less-well-channeled parti-
cles Z, will be obtained by taking an average
over the electron density distribution. For tra-
jectories which extend into the channel walls it
is probable that the outer core electrons will
make a small contribution to the stopping due to
close collisions; this enhancement can be con-
sidered to be included in Z,

From our previous 160-MeV n particle experi-
ment with silicon we have A(j f0&

—0.499+0.021 and

8& f f f &
0.615 + 0.013 . From these results we de-

duce Z„,&((0&
——4.9+0.4 and Z„,&(()&

——7.0 +0.4.
Applying these Z, values for 85-MeV deuterons
[E(1. (13)] leads us to expect the same ratios
R&»» as for a particles, while for 160-MeV pro-
tons, we would predict small increases to Q(~~p&

0 54 + Oo02 and A(f ff& Oe64 + 0' 02
The values we have deduced f'or Z„,are rather

high in relation to those considered appropriate
in low-energy channeling experiments. Of par-
ticular interest is the work of Melvin and Tom-
brello (MT) in which stopping-power measure-
ments were made for protons channeled in silicon
at energies sufficiently low (0.6 to 1.6 MeV) that
only the valence electrons contribute to the
channeled stopping. In deference to the familiar
uncertainty as to whether the best-channeled
stopping pow'er is to be derived from the peak or
the extrapolated leading edge of the energy-loss
spectrum MT extracted values of Z„,appropriate

The above relationship is appropriate for non-
relativistic energies and should be adequate for
the data presented here, for which the relativistic
intrusion is slight, but we will also wish to apply
it to the conditions of Esbensen et u/. , which are un-
ashamedly relativistic; the formula used here-
after is therefore

(Z, —Z...)
~&@%i &

=1—
2
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to each; however, they point out that because of
energy-loss straggling the best-channeled stop-
pipg power will fall between these two extremes—
this is correct, as will be apparent later, only
because the dechanneling i.s negligible. Experi-
mentally, MT have thus determined Z„,=Z
to lie in the ranges

1.1y0.4 &Zggis ('f fp) &2.9+0.5

2,8 —3.8 p O.V & Zaxis, ( ~i~) &4.5 —5.2 p 0.8

They also obtained theoretical estimates for
Z~i, by expressing the sum of the row averaged
Thomas-Fermi potentials in quartic form for
small displscements x from the axis, V(r) =V,r2
+V,x4, and then solving the Poisson equation
V V(r) =4veZ, (r). Correcting a minor slip con-
cerning the use of spherical or cylindrical varia-
bles, the resulting Z is values are Z~i, (gfp) —1.51
and Z is(i11) 3.00. Desalvo and Rosa have re-
cently published the results of a dielectric cal-
culation of stopping powers that incorporated a
Monte Carlo simulation of the ion trajectories
which are influenced by electron multiple scat-
tering and the valence electron density distribu-
tion; their results correspond to the average
energy loss and should be compared with the peak
values of MT. Excellent agreement is found be-
tween theory and experiment for both axial and
planar channeling; in particular they compute
Zg~ (fop) 2.72 and Zy~ (fff) 3.00.

Thus far it may appear that not only are the
values for Z, deduced from Eq. (13) of possibly
suspect provenance, but that they are far too
high, being double those calculated by Desalvo
and Rosa. However, there are qualitative
differences between the low- and high-energy
experiments which can best be illustrated by
calculating the wavelength X with which particles
travelling along a channel undergo oscillations
about the channel axis. For modest values of
the transverse energy E,=Eg' the wavelength
for a particle which crosses the axis is easily
found to be

(14)

where z is the amplitude of the oscillation and
V(r) = Vor for the central region of the channel.
Thus, X=2m(E/V, )'~', where V~ is known from
MT to be 3.35 (6.67) eV/A2 for the (110) ((111))
axes. At 1.6 MeV the wavelength X-0.3-0,.4 p,m,
which is comparable with the target thickness
(1 pm) used by MT, whereas at 160 MeV we find
X"3-4 p,m, which is very short compared with
the target thickness of nearly 1000 p,m demanded

C. Averaged electron density for channeHng

I.indhard" has shown for axially channeled par-
ticles that the probability of finding a particle
with transverse energy E, at any position within
the accessible area is independent of that posi-
tion once the particle has penetrated a distance
sufficient for statistical equilibrium to have been
reached. The probability distribution is

0 E~ & V(r)
(15)

where A(E,) is the area accessible to a particle
moving in the potential V(r). For a well-colli-
mated particle beam the initial (x=0) population
of transverse energies will be peaked strongly
around E,=O. With increasing penetration the
population distribution will broaden due to the
diffusion of E, values resulting from electron
scattering encounters in a manner best deter-
mined by having recourse to Monte Carlo me-
thods. For the high-energy experiments con-
sidered here, the divergence of the beam en-
tering the detector was comparable with the
critical channeling angle g, = g, so that the initial
population was essentially flat from E,=O to the
maximum value consistent with channeling E,
=E$2, and will remain so provided dechanneling
can be neglected. For a uniform E, distribution
the calculation of an averaged electron density is
straightforward.

For the case of an isolated atomic rom, the con-
tinuum potential at a distance p is

V(p) =Eq', (p/a) .

Using the Moliere screening function, a good
analytical approximation to the Thomas- Fermi
screened ion-atom potential, we find

(16)

by experimental considerations; Thus, at low
energies the transmitted particle will experience
a valence electrori density essentially determined
by the initial displacement rp on entry into the
channel, whereas at high energies all accessible
regions of the channel will be explored as per-
mitted by E,. A further difference is that when
the electron multiple scattering is important, as
it will be for thick-targets, all knowledge of the
value of the transverse energy acquired on en-
tering the crystal E,(x=0) will be lost after a
small penetration x and the E, values for all
particles will cluster more or less closely
around some expectation value (E~(x)) to which
there will be a corresponding (Z„,(x)).
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2 y.2 'I

U(p) = ' ' 0.10K —+0.55K0 ~ 0 )

+0.35KO— (17)

where Ko is the reduced Hankel function of order
zero. The total potential V(y, z) is obtained by
summing contributions from nearby strings, not
just those defining the channel. The local charge
density Z, (y, z) is obtained by solving the
Poisson equation; contour plots of the electron
density for (110) and (111)channels in silicon
and germanium are shown in Figs. 7-10. For
a particular transverse energy, the averaged
charge density is evidently

Z, (EJ= fZ„,(y, z)dydee,
J.

where the upper limits of integration are defined
by E,=V(y, z) or the dimensions of the channel.
Since the transverse energy distribution is uni-
form, the full average becomes

E~c dE
(Z, )= Z„,(EJ~~, .

0 C

The critical channeling angle is given by

4.=[f(p./n)l"'4i

where p, is the closest distance of approach to a
row compatible with sustaining a stable chan-
neling trajectory. Unfortunately, p, is not known

Dens i ti es in el ectrons /a tom Potential values in ev

d/4

d/4

Silicon: ~110~ axis
(cI = 5.431A)

d/ l2
/

FIG. 7. Equicontour lines of the net continuum potential for protons (thin lines on the right) and the corresponding
local electron density {thick lines on the left) in the {110}transverse plane of silicon. The potential values are in eV
and the densities in electrons per atom. The spacing of atoms along the axis is given by d/W2.
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Oensi ties in electrons/atom Potential values in eV

dI2 &6

d/2 K

Silicon:~111~axis
(d=5 131A)

FlG. 8. Same as Fig. 7, for the (111}transverse plane in silicon. The atoms are separated along the axis alterna-
tely by d&3/4 and dsvs/4.

precisely, although the Lindhard estimate p, = a
yields $,=0.83&/r&. For a flat E~ distribution
there should be no difference between g, and the
half angle $«„which is the quantity usually de-
termined experimentally. ' Barrett' has found
the formula

g«2(Barrett) =0.80[f(1.2u, /a)]'~ g, (20)

to give a good representation of a wide range of
measurements taken Rt low energies with thin
targets (-1pm); u, is the thermal vibration amp-
litude. The limited information for high ener-
gies" shows

g«2(obs) =(0.56 + 0.04)$,~2(Barrett), (21)

although the Barrett value does give a good fit to
the half-width at the mouth of the channeling dip.
The measured half angle is expected to fall as
the target thickness increases because of the loss
of particles with large g by dechanneling, so the
Barrett formula should really be applied to g,»
extrapolated to zero thickness. For very thick
targets an equilibrium E distribution should be
achieved. This is demonstrated in the measure-
ments by Acerbi'8 for 38.9 MeV protons chan-

neled in silicon where g, » was observed to re-
main constant over the target thickness. range
60—1500 pm. There is reason, therefore, for
adopting the Barrett formula at high energies
for very thin targets, thus determining the maxi-
mum divergence angle for particles initially ac-
cepted for channeling, and also as defining the
critical angle at which particles are subsequently
dechanneled.

Although it is reasonable to take g, =g, »
(Barrett) [henceforth use (B) for (Barrett)] it is
evident that Eg, is not the appropriate maximum
transverse energy for our electron density aver-
aging procedure, since the E, distribution is not
flat. The channeling dip measurements ' ' are
compatible with a trapezoidal distribution in g,
defined by a base width of 2 $«2(B) and a FWHM
of twice 0.56$«2(B). This distribution is readily
converted into an E, distribution which we have
used in our calculations for (Z, ). The resulting
(Z„,) estimates fall approximately midway be-
tween estimates derived from flat distributions
with E~(max) =Eg,~~(obs) and Eq, (~(B) We.
arbitrarily assign uncertainties to (Z„,), cor-
responding to one quarter the difference between
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Density in electrons/atom Potential values in e V

d/4

Germanium: ~110~ axis
(d= 5 657k)

d/ l2
PIG. 9. The same as Fig. 7, for the (110} transverse plane in germanium.

(Z„,) for the two flat distributions. The results
of the continuum model calculations for (Z„,)
and Z „arepresented in Table I for the (110)
and (111)directions in silicon and germanium.
The estimates for (Z„,) deduced by the use of
Eq. (13) applied to our published R&„~,& mea-
surements with e particles are also presented
in Table I, where they are seen to be entirely
compatible with the calculated values.

D. Dcchanneling

A particle penetrating into the crystal will
become dechanneled when its transverse energy
exceeds the critical value Eg,', where we take
Q f / p (B) to be a measure of g, . The de channe ling
length will depend on the rate of change of E„
which will be determined. by electronic multiple
scattering, fluctuations in the interatomic repul-
sion due to thermal motions of the target atoms
and by the damping effect due to the finite stopping
power. Bjorkquist et p/. " investigated these

I

effects for 1.5 MeV protons channeled in silicon
and found for axial channeling that the electronic
contribution dominates for low E~, and that
thermal atomic vibrations became important for
E, &0.6Eg'„the damping effect was relatively
small. Owing to the rapid increase of dE, /dx
with E, due to thermal vibrations, it is possible,
at 1.5 MeV, to adopt the steady-state increase
approximation and thus to deduce the dechanneling
without consideration of the diffusive spreading
due to electron scattering. At 160 MeV, both
thermal vibrations and damping are small in
comparison with the electron scattering term.
Thus, we may adopt Feldman's result for
planar channeling where diffusive spreading was
found to produce an exponential variation of
channeled fraction with depth x,

f,„(x)=const x exp(- 0.693m/x, &,) . (22)

%e can relate x«, to the electron multiple scat-
tering angle Q and the critical channeling angle
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FIG. 10. The same as Fig. 8, for the (ill) transverse plane in germanium.

1)1, in the following approximate manner. In the
absence of dechanneling the distribution in angular
deviation g due to multiple scattering is nearly
Gaussian,

of 1)1. Thus, the loss of particles by dechanneling
is about double the number indicated by the
multiple-scattering formula, and we obtain x«2
from

P(1') 2sgd1I1 =(2gd1)1/0') exp(- 1)1'/0'), (23)

and a characteristic length X can be defined by
the condition that the fraction of particles with

g &1), should, be 2. However, this fraction refers
to particles with g &g, at penetration depth X,
whereas in channeling, particles are lost imme-
diately as g exceeds |t1,. A first order estimate of
this loss can be obtained by recognizing that
once a particle attains (=g, at any x&X in the
nonchanneling situation, it will have an equal
chance of continuing to greater or lesser values

8/~ (+1/2)l =l .

Substituting for Q, we find

$2

ln4(m/M, E)8+(Z,~)
'

where

S, =(4sZ, e /mv') ln (2mvv~/i2&u) .
Estimating g, by using the Barrett formula and
substituting for the fixed quantities gives the

(24)

TABLE I. String-potential model electron densities in axial channels (electrons/atom).

Crystal Axis
Ep&y2 (B )/Z~

(e&) +axis

Si

Ge

(110)
(111)

(111)

81.3
66.4

136.6
111.5

1.77
3.61
1.97
5.92

4.8 + 0.6
6.0+ 0,5
8.7+ 1.3

10.5+ 1.1

4.9 + 0.4
7.0 + 0.4
9.1+0.6-

13.0 + 0.5

(&&, ) results refer to a temperature of 293'K.; && are densities deduced from R&z» &

and Eq. (13).
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following dechanneling lengths at 293 K:

x, ~,(Si) =0.064E/Z, (Z„,)L, ,

x, gg(Ge) =0.121E/Z, (Z, )L, ,

(25)

(26)

where g«2 is in mm, E is in MeV, and L,,
=in(2mmz/h&u) =5 for 160 MeV a particles. At
relativistic energies E is to be replaced by —,pv
and v in L, by v/(1 —P )'f'. The above result is
not precise; a normalizing factor close to unity

may be needed.

b,E(Z ~) —bE(Z~, )

f/x, (,
From our calculations of Z(E,), the stopping-
power contribution from valence electrons and,
in anticipation of the results of the dechanneling
measurements, setting f/x«, -3 shows that W
is of the order of 15% of the channeled energy
loss and is comparable with the statistical spread
observed in the present work.

Our analysis of the energy-loss distributions for
channeled particles utilizes the Landau- Vavilov
formulation'4 as used for the random loss distribu-
tions. Trajectory spread is taken into account
by convoluting the statistical-loss distribution and
a Gaussian of width W. If (Z„,) is known, then
W can be determined empirically. The Landau-

Trajectory spread

In channeling experiments the statistical energy
loss straggling has occasionally been taken ' to be
a good determinant of (Z„,), but this is only
correct if full account is also taken8 of the
phenomenon of trajectory spread. For channeling
in targets with thickness small compared with the
transverse oscillation wavelength X, for which
the electron multiple scattering will also be
small, it is clear that the spread in energy loss
will be directly proportional to the difference
Z„,(E, ) —Z „,corresponding to the width of.

the E, distribution; the statistical spread will be
small in comparison and will determine only the '

shape of the energy loss distribution around the
low-energy-loss region corresponding to E~=0.
For very thick targets where the E~ diffusion
ensures that all particles explore the accessible
regions of the channel equally the trajectory
spread will be very small and the statistical
straggling will be dominant. For targets of
intermediate thickness t the trajectory spread
will be related to the strength of the E~ diffusion,
for which the dechanneling half length is an
appropriate measure. Intuitively, we expect the
trajectory spread FTHM 5' to vary inversely
with the number of deehanneling half lengths
f/x, )„i.e. ,

Vavilov formulation determines (nE) and (bE2)
simultaneously for random loss and is not directly
applicable to channeling where the proportion of
close and distant collisions is different; only the
former produce statistical Quctuations. To use
the formulation for channeling, (Z, ) should be
substituted for S„the random-loss logarithmic
term 1n(2mv'/I) retained and the indicated
mean energy loss supplemented as necessary to
fit the data by adding a term attributable to an
excess contribution from distant collisions.

IV. DATA REDUCTION

A. Dechanneling

An estimate of the fully channeled fraction of
the transmitted particles, and hence x&&„has
been obtained from each singles spectrum taken
with the silicon detector in its aligned position.
The fully channeled particles ean be distinguished
from dechanneled particles by reference to the

corresponding coincidence spectrum. The lack
of a random peak on the two-proton-coincidence
spectra can probably be attributed to the parti-
cular care taken with collimator and detector
alignment for the proton work which was the main
topic of the experiment. It is obviously neces-
sary to distinguish particles dechanneled early
in their passage through the crystal from
those which were never channeled. For a
parallel beam incident on the crystal the fraction
not becoming channeled is very small, ' being
of the order 18.8 %du& (a few percent). More
important is the effect of beam divergence. The
beam divergence at the eollimator preceding the
crystal was very small (&0.03' full width at
base), but between the collimator and the crystal
was an 8- p,m vacuum window„ 1 cm of air, and
a 5- pm aluminum light-tight window —a total of
3 mg/cm2 of material —which introduce an rms
multiple-scattering angle comparable with P, .
The fraction of the particles which were initially
accepted for channeling can now be calculated
assuming a Gaussian multiple-scattering dis-
tribution and a channeling acceptance angle

g, =g, &,(B) =0.88$, . Typically we find 50% of
the particles to be so accepted. Interestingly,
provided rechanneling is negligible, the singles
spectra demand g, &0.8g„otherwise the cal-
culation shows fewer particles initially channeled
than are present as partially channeled events.
The channeling fraction f,„,the ratio of the fully
channeled particles to the total initially channeled,
is quoted for each spectrum in Table II, together
with the deduced value of x,&2(expt) and the theo-
retical estimate x,~2(calc) deduced from Eg. (25)
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TABLE II. Dechannelin len h .ne ~ng engths; theory and experiment.

Target Particle

p

p
7r+

Energy
(Me V)

158.5 5.30

81.5 4.77

160.0 4.77

38.9 4.75
160.0 4.79
700 5.77

1220 7.25

Axis

( 110)
( 111)
( 110)
(111) .

( 110)
( 111)
( ill)
( 110)
( 110)
( 110)

feb

0.19+ 0.06
0.16 + 0.04
0.13+ 0.04
0.13+ 0.04
0.08 x 0.02
0.08 + 0.02

x&g2 (expt)
(mm)

0.38+ 0.07
0.28 + 0.04
0.31+ 0.04
0.25+ 0.04
0.25 + 0.02
0.20+ 0.02
0.12 + 0.02

x&g2 (calc)

0,44

0.27

0.26

0.13
0.50
3.80
3.68

Target thickng kness for silicon, t = 0.739+ 0.006 111

o x y ( alc) gives Z„,& = 4 1+0 3 ~ Z

) ( )

i
iy2 ca c is for convenience: in general (Z ) 4 ~

on the assumption (Z ) =4.on ', , = . Fitting the experi-

with Z
en a o the theoretical d

' a echanneling lengths
wi „,as the fitting paramet

1oop{110) '1 + '3 an Zloc
d t s are in fair agreementag ent wwith the previous

imaes, in Table I and
litt

, and there appears to be
le need to introduce a norm1

' e a normalizing factor for

Of
eparticular interest is the dechannelin hag lf

or 38.9 MeVy cerbi et al. '.8 f
e measured value was 0.12

'which we assi n
mm, to

sign an uncertainty of +0.02 mm.
Since Acerbi's work involved the use of

their
earn, no multiple scattering, and

th' kn
eir x«2 was essentiall d
ic esses less than

y determined by target
han 0.2 mm, we expect (Z

appropriate to their work to lie i
o be rather less than

oun for our work.
Also shown in Table II are calculated l

x& 2 for erm
e va ues of

g anium for comparison with our re-
vious experiment' and with thv i at of Esbensen et al.'

e quoted dechanneling lengthss result from the
o ~»oat ——4; the actual values of ~Z

larger.
al e

B. Stopping powers

Th e Landau-Vavilov energy-loss stra lin

representation of random loss data t
ge o particle t

e intermediate energy re ' 2~ al
quality of the fit

egion, although the
e i s to the data have not in e

been subjected to the
no in general

o e customary statistical
ests. In the present work we fou d 't ne

ac eoretical distribution with
a Gaussian distribution with F'WHM 8'. The ran-

dom spectra in Figs. 11-16w
'
g . -16 were accordingly

i e using a three- ar-p rameter least-squares
search routine in which theic e parameters were

eight II, ener -lo
thi k

gy- oss calibration (target
ic ness S being used for coor convenience), and

spread O'. Of the six random
e 0~ e-particle spectrum failed to be

statistically acceptable, althoust ' e, ough the fit is
'

u y satisfactory (see Figs. 11—16
lt of th lana ysis are shown in Table III. The

W is in each case larger than the
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width 8'of the Gaussian would be determined in
a manner analogous to that used for the random
spectra, but the additional contribution from
trajectory straggle proved to be dominant.

The channeled spectra were analyzed for
different assumed values of the effective target
thickness: (i) the channeled energy loss was
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Channel Number

FIG. 16. Same as Fig. 11, for 159-MeV protoris and
the (ill) axis.

taken to be in simple proportion to the mean elec-
tron density so that the straggling calculation
should fit energy loss and straggling simultan-
eously; (ii) the valence electron density distribu-
tion was taken to be uniform (Z„,=4) and the
straggling calculated accordingly; the energy loss
then had to be assumed to be supplemented by an
additional distant collision contribution; (iii) the
axial valence electron distribution was taken to
be negligible so that there would be no straggling
contribution for well- channeled particles (for
protons only) .

On purely statistical goodness-of-fit grounds,
no observation can be made which permits an
empirical choice to be made for (Z„,). For n
particles or deuterons the question of selecting
(Z„,) is unimportant because the Landau-Vavilov
distribution is very nearly Gaussian —and a con-
volution of two Gaussians produces a third —so
that the resulting mean energy loss bE, and
hence R&», &, is obtained in a manner independent
of the details of the calculation. On the other
hand, the proton distributions are skewed so
that a change in (Z„,) introduces a corresponding
change in 8' and in 8&»». However, the discus-
sion of Sec. IIIE provided a prescription for this
difficulty that entailed determining (Z,„)either
from calculation, Sec. IIIC or from the results
of the (previous) o.-particle measurements, Sec.
III B. We adopt Z,~ «,0&

——4.8 + 1.0 and Z,«, ( f/1)

TABLE III. Results of least-squares analysis of energy-loss distributions. ~

Particle Axis
FWHM W Qg

Ch/r (keV) (keV) (Zh, ) (MeV) Rfqq»

,( 110)

( 110)

( f10)

Gh
Ch
r
Ch
Ch
r
Ch
Ch
r
Ch
Ch
r
Ch
Ch
Ch
r
Ch
Ch
Ch

672
761
855
570
580
628
372
279
279
298
248
235
236
155
121
104
205
130

95
80

229
609
800
231
399
500
199
154
223
105
105
182
69
68
91

104'
64
35
63
80

14.0
7.4
3.7

14.0
8.7
4.2

14.0
7.4
3.9

14.0
9.0
4.5

14.0
8.0
3.4
0.0

14.0
9.2
4.0
0.0

9.855
5.180
5.167
7.482
4.655
4.620
2.513
1.331
1.340
2.013
1.291
1.288
0.884
0.506
0.469
0.441
0.713
0.432
0.432
0.404

0.526
0.524

0.622
0.6.18

0.530
0.538

0.641
0.640

0.572
0.530
0.499

0.658
0.605
0.567

(Z„,) is the valence-electron density assumed for the Landau-Vavilov straggling
calculation. Final ratios R&&&& &

for protons were identified using (Z&, ) from Table I.
Ch: channeled; r: random.
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TABLE IV. Final experimental results for R& &k &&
in Si.

Expt Particle
Energy
yreV) Axis

Previous work

This work

Best estimate

This work

160

160

81.5

158.5

(110)
' (111)

(110)
(111)
(110)
(111)
(110)
(111)
(110&

(111)

0.499+0.021
0.615+ 0.015
0.534 + 0.020
0.625 + 0.020
0.533 + 0.020
0.643 + 0.020
0.522 + 0.012
0,625 + 0.010
0.543 + 0.020
0.630 + 0.020

=6.5+1.0, and since R&»» for protons is found
to vary linearly with (Z„,), we obtain R&„»&
=0.543 +0.010 and R&, «&

——0.630 +0.010 (the errors
referring only to 5Z„,=1.0).

An important, but difficult, problem is that of
assessing the uncertainties to be associated
with the R&»» values. The results quoted in
Table III were derived from a particular- set. of
data points from each spectrum; once the data
set is defined the uncertainty involved in the
fitting procedure is small. The main problem
is thus to determine the uncertainty associated
with the choice of data sets. Our preferred sets
included the peaks of the distribution if it was
clear that so doing would not broaden the distribu-
tion significantly. The choice of a reduced set
(i.e. , excludingpoints at the peak) does not neces-
sarily result in a different set of fitting para-
meters. However, if the data set included only
those points on the low-energy side of the spec-
trum below —', of the peak height, and a fit is
forced with the peak reduced to —,'its former
value, then we find the ratios R reduced by
5R-0.04. Alternatively, one could use the low-
energy intercept as a reference point, assume
W from the appropriate random spectrum, and
take Z„,=4; this results in a reduction of 5R- 0.03. Ultimately, the assignment of uncertain-
ties is a matter for enlightened judgement rather
than of numerical assessment and we consider an
allowance 5R-0.02 to be reasonable.

The results quoted in Table III refer to mean
particle energies which depend not only on par-
ticle but also on target orientation and whether
random or channeling conditions apply. Small
amendments are therefore needed to yield the
stopping ratios relevant for very thin targets; our
final results are presented in Table IV. The
deuteron ratios are not significantly different
from the cy-particle ratios; this is the expected
result since these ions possess the same v and
E/M, so that only a Z, dependence in stopping

power should be observed. The present a-par-
ticle data agree with the measurements obtained
previously. ' Accordingly, we determine our best
estimates of R&»» for n particles and deuterons
as the average of the three sets. The proton
ratios are not significantly larger than these
best estimates and do not display the modest in-
creases predicted in Sec. III B, although the
uncertainties are such that no inconsistency can
be claimed; it is noteworthy that larger ratios
for protons can be obtained only by increasing

C. Trajectory spread

The W values for random energy loss are
much greater than the 30 keV noise level, but
the excess is largely due to factors proportional
to the mean energy loss; the W values for chan-
neling would therefore be expected to be about
half the random values, whereas in practice
they are comparable or greater (particularly for
the o.-particles spectra). As noted in Sec. III E,
the large values observed for W can be attributed
to a trajectory spread with an estimate for W of

4E(Z) —6E(Z~&,)
t/Xf / 2

Since E&I. (12) shows R&»» to be proportional to
Z, , we can rewrite this result as

W Z- Z~, L( 14 —Z~ 'I L(, t

(28)

where L, =ln(2mvvz/h&o) and L, =In(2mv' I/). For
very thin targets we should take Z=Z ~ appro-
priate to E(max) =EQI&, (B), but since dechanneling
denudes the E, distribution of high-E, particles
it appears more appropriate to assume Z to be
defined by the flat E, distribution, giving the
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TABLE V. Comparison of calculated and experimental values for e' in Si.

Particle Axis {w/az)
„

{w/aX),
„„

( 110)
( 111)
( 110)
(»1)
( 110)
( 111)

0.539
0.426
0.539
0.425
0.469
0.375

3.6 + 0.3
3.7 + 0.4
2.9a 0.4
3.0 + 0.5
2'.4 + 0.5
2.6 + 0.4

0.15+0.02
0.11+ 0.01
0.19+0.03
0.14+0.02
0.20 +0.04
0.14+0.02

0.16
0.09
0.13
0.11
0.14
0.08

same (Z„,) as the result accepted in Table I.
The value for W appropriate to channeling is not
that value quoted in Table III, but rather the
value obtained after subtracting (quadratically)
half of the 8'value for random particles,
thus taking into account noise, beam energy
spread, etc. The experimental and calculated
values for W/E are compared in Table V, from
whence we obtain the satisfactory result
(W/b. E),„„=(0.74 ~ 0.06) (W/b. E)„„.(29)

V. DISCUSSION

A. Rehtivistic measurements of R(pgk7)

The measurement of R&»0& in germanium for
700-MeV protons and 1200-MeV g' by Esbensen
et gl. ' must be explained in terms of our simple
theory. This very high-energy experiment dif-
fers in several features from the present work:
(i) the germanium detector was cooled to 100'K
so that g, &2(B) =0.88/&, (ii) the relativistic
formula, Eq. (13), must be used; (iii) the de-
channeling length is not short compared with
the detector thickness.

It is this last feature which is the most signifi-
cant. For xf/2» t it would be appropriate to fit
the energy-loss spectrum assuming an axial
electron density Z~„and discounting the trajec-
tory spread convolution since there would be
little or no diffusion in E, values. However since
x&&2/t=p is only of the order 5 there will be few
particles which travel along the entire length of
the channel axis. The approximate trajectory

spread can be estimated by identifying the de-
channeling half-length with the penetration after
which particles entering with E,=0 have acquired
E„=Eg',which is the maximum transverse
energy associated with the flat E, distribution
equivalent to the trapezoidal distribution in g
defined by g«, (obs). The effective (Z, ) and
trajectory spread W(Z) associated with the par-
ticles contributing to the low-energy-loss portion
of the Esbensen spectra are to be derived from a flat
E, distribution of width P 'Eg'. We find p=4.5,
(Z„,) =5.0+ 1.0, and W-40 keV. These values
permit us to take account of energy-loss strag-
gling and to obtain the values for R&»» for ger-
manium quoted in Table VI. These values are
significantly larger than those deduced assuming
the low-energy intercept to give the best-
channeled ratios directly. However, the ratios
we now deduce as being appropriate for best-
channeledparticles (i.e. , replacing (Z, ) by
Z „)are not very different from the values de-
duced (incorrectly) from the intercepts.

B. Comparison of experiments with theory

The results of the high-energy channeling ex-
periments are summarized in Table VI and com-
pared with predictions from the simple theory
expressed in Eq. (13) with the theory of Dettmann
and that of Golovchenko and Esbenson (GE).
Only Eq. (13) can be compared directly with the
experimental measurements. As seen from the
final two columns of Table VI, the simple theory
is quite remarkably successful. The theory of

TABLE VI. Theoretical values for R&7,»& compared with experiment. '

Expt Crystal Axis Eq. {13) (& „;,) GE Eq. (12) (Z„,~) Dettmann Eq.(13) (S~ )
160 MeV+'s

160 MeV o.' 's

700 MeVp
1220 MeV x+

Ge
Ge

(110)
(111)
(110)
(111)
(110)
(110)

0.33
0.43
0.18
0.29
0.33
0.37

0.34
0.51
0.21
0.33
0.28

0.45
0.45
0.24
0.24

& 0.52
0.57
0.35
0.40

0.49+ 0.03
0.56 + 0.03
0.37+0.03
0.41+0.03
0.39+ 0.02
0.43+ 0.02

0.522 + 0.012
0.625+ 0.010
0.375 + 0.015
0.481+ 0.012
0.38 +0.03
0.41 + 0.03

~For 700-MeV p, 1220-MeV w+, we take (Z, ,) = 5.0 + 1.0.
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TABLE VII. Experimental R&»» values corrected for valence-electron density.

Expt

160 MeV n's

160 MeV u's

700 MeVP
1220 MeV vr

Crystal

Si

Ge

Ge
Ge

Axis

(110)
(111)
(110)
(111)
(110)
(110)

Expt(Z;3 )

0.36 a 0.03
0.50 + 0.03
0.18 + 0.03
0.36 a 0.03
0.32 + 0.03
0.35 + 0.03

GE

0.34
0.5.1
0.21
0.33
0.28

Expt(Z„,i )

0.48 + 0.03
0.51+ 0.03
0.24 + 0.03
0.31+0.03

Dettmann

& 0.52
0.57
0.35
0.40

Dettmann assumed a valence electron distribu-
tion that is uniform, with Z„,=4 electrons/atom;
the Dettmann predictions are all significantly
larger than the results of using Z, =4 in Eq. 13.
The theory of Golovchenko and Esbenson recog-
nizes that there is a dependence of the channeled
stopping power on the electron density distribu-
tion and their predictions refer to the best-
channeled particles, i.e., Z„,=Z „.The agree-
ment between Eq. (13) using (Z) =Z „andthe
QP predictions, is quite close. Superficially the
theory of Dettmann is a better fit to the data
than is that of QE but it is now apparent that the
data should not be compared directly with either.
Having shown that Eq. (13) gives a fair repre-
sentation of the calculations of QE and of the
raw data it is perhaps most appropriate to use
Eq. (13) to correct the experimental results
such that the two theoretical approaches may be
confronted with relevant data. This is done in
Table VII. Not surprisingly, the theory of GE
is seen to fit the corrected experimental results
extremely well whereas that of Dettmann pro-
duces serious overestimates.

The theory of Dettmann is relatively trans-
parent so it is of interest to investigate why its
predictions are unduly high. In the high-velo-
city limit Dettmann's theory gives for A&»»
an approximate, channel independent, result

R =[Z„,+-,'(Z, —Z„,—Z„,.)j/Z, ,

where Z„„refersto the core electrons (2 for
silicon, 10 for germanium) that are not excited
by distant collisions, whereas the outer elec-
trons are excited just as effectively for channel-
ing as for random trajectories. The distinction
between core and outer electrons is based on
detailed calculations concerning the impact-para-
meter dependence of the various orbitals. The
feature of Dettmann's calculations giving most
concern is the finding that, provided the bound
electrons contribute to the distant collision
energy loss, they should do so as effectively as
the valence electrons which are not effectively
bound at all; i.e., Dettmann requires I., ~ [of

Eq. (9)] should be of similar magnitude to in(v/v~),
whereas from Sec. IIIB it is found that L, ~ is
nearly one -order of magnitude smaller. The sur-
prising feature of Dettmann's calculations is
not that the ratio 8 should be high, but that his
random stopping power S„should be so nearly
correct. Evidently Dettmann underestimates
the core electron close collision contribution
to random energy loss to the same extent that
he overestimates the distant collision term (in
Dettmann's terminology he has the result S„,
=s„,).

VI. SUMMARY

We have found a simple expression can be
formulated for 8&»», which gives a very satis-
factory fit to the available data in the high-
velocity limit, including relativistic velocities,
provided an averaging procedure is invoked to
determine the average electron density in the
channel. It is evident that the term "best-
channeled" expresses a simplification convenient
for theory but one which is not in general suscep-
tible to experimental demonstration.

In previous experiments 8&», &
was determined

for 160 MeV e particles in silicon and germanium
using a technique in which the full beam energy
was recorded. The results were superficially
in good agreement with the theory of Dettmann
but not with that of GE. Because of the large
energy spread in the incident beam it was possi-
ble to obtain no useful information other than
the ratio B&»». The present work using a thin
bE/bx detector confirmed the previous R&„»&
measurement, but also provided information on
dechanneling and trajectory spread, which led
to the appreciation that an electron density
averaging procedure was needed. As a conse-
quence it is now understood that Dettmann's
theory gives inadequate estimates of the core-
electron local and distant energy loss contribu-
tions and overestimates the stopping ratio R&»»,
whereas the calculations of GE are probably
rather good.
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'The relativistic energy measurements of Esbensen
et a/. were observed to be in good agreement
with predictions of GE. However, their asser-
tion that the low-energy intercept gives the best-
channeled stopping power is incorrect and it is
merely fortuitous that a full investigation in-
volving statistical energy-loss straggle, trajec-
tory spread and a correction for the averaged

electron density should yield a result which
remains close to the low-energy intercept re-
sult.

Nowhere, here or in the literature, is a dis-
cussion provided on the effect produced by non-
axial-channeling trajectories on the bound-electron
distant collision excitation contribution: the neces-
sarycorrections are evidently small.
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