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Dipole and quadrupole polarizabilities have been studied for 40 closed-shell ions in crystals in-

cluding the influence of both the environment in the crystal and self-consistency. The effect of
the crystal environment is incorporated by the Watson sphere model, while consistency effects
are included by a procedure adapted from many-body perturbation theory. Both effects are
found to be of importance and, when included, lead to satisfactory agreement with available ex-
perimental data on dipole polarizabilities. The influence of consistency effects is always found to
reduce the polarizabilities with respect to the free ions while the influence of the crystal environ-
ment leads to a decrease for anions and an increase for cations. Comparison is also made for
free ions with experimental results, and with theoretical results from other approaches to focus
on the accuracy of calculated consistency contributions. Physical reasons are discussed for the
observed trends in the various contributions to the polarizabilities for both free ions and ions in

crystals.

I. INTRODUCTION

Over the past 2S years, there has been a consider-
able amount of effort directed at the understanding
of the dipole (aD) and quadrupole (no) poiarizabili-
ties" of atoms and ions. Most of this effort has
been applied to free atoms and ions. Since in the
case of ions, the experimental polarizability data are
obtained from solid-state systems, and it is known
that crystal-field effects on the electronic structures
of the ions in solid state are rather important, it is
essential for a meaningful comparison of theoretical
and experimental results that the former be obtained
for ions in crystals rather than in the free state. In
this connection, semiempirical estimates have been
made in the literature'4 regarding the importance of
crystal fields on the aD of ions in crystals. These es-
timates indicate that o.D for a cation is increased by
the influence of the crystal field, the opposite being
the case for anions. This trend is to be expected phy-
sically, since the electrons of the cation experience
the influence of the negative charges of the neighbor-
ing anions in ionic crystals, become more loosely
bound, and therefore more polarizable compared to
the free ions. The situation is reversed for electrons
on anions which are surrounded by cation neighbors.

Among the earliest efforts at studying the influ-
ence of crystal-field effects on .the polarizabilities is-
that of Hartmann and Kohlmaier. -' These authors
have attempted to include the effect of the crystal po-
tential by cutting off the free-ion electronic wave
functions at the ionic radius and renormalizing them

appropriately. Such an approximation however leads
to a reduction in eD for both cations and anions.
Paschalis and Weiss have attempted to remedy this
situation by using more realistic electronic wave func-
tions in the crystal through the Watson sphere
model. ' In this model, the influence of the solid ma-
trix, on the eiectrons in an ion (charge q) is simulated
by superimposing on the potential in the free ion the
additional potential due to a hollow sphere with total
charge —q and an appropriately chosen radius [see
Eq, (3) and Fig. 1]. One of the first applications of
the Watson sphere model to perturbation problems
was made by Sachs' who has studied the diamagnetic
susceptibilities of Na+ and F using wave functions
obtained from the watson model. Paschalis and
Weiss have obtained analytic electronic wave func-
tions for a number of cations and anions in the Wat-
son sphere model using the Hartree-Fock-Roothaan
variational method to obtain the electronic wave
functions. Using these wave functions they have ob-.
tained dipole polarizabilities o,D using an approximate
procedure due to Buckingham. They correctly repro-
duced the expected trend of increase in oD over the
free ion for the cations and decrease for anions. Sen
and Narasirnhan' have applied the Watson sphere
model~ to the calculation of ag. They used the
Sternheimer differential-equation (DE) procedure" '2

to obtain the perturbed wave functions in the pres-
ence of an electric-field gradient. However, their
wave functions in the Watson sphere model were ob-
tained using the Hartree-Pock-Siater (HFS) approxi-
mation to the exchange potential. Since the polariza-
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bilities have been found"' to be quite sensitive to
the wave functions used, and HFS wave functions
have been found to give substantial differences from
Hartree-Fock (HF) results for other properties in
atoms, it is desirable to use the HF approximation as
far as possible for polarizability studies.

The present work was aimed at an ah initio study of
ad and n& for a series of closed-shell ions up to Ba +,

including both crystal-field and self-consistency ef-
fects in the course of perturbation of the ions by the
applied electric field. Such effects have beep. found
to be rathe'r important in the study of polarizabilities
of free atoms. " In our work we have used the
Hartree-Pock approximation in conjunction with the
Watson sphere model to obtain the electronic wave
functions for the ions in the crystal. The perturba-
tions by the electric field and field gradient are car-
ried out by the variational equivalent' '7 of the
Sternheimer DE procedure. "' Self-consistency ef-
fects are included here by a method' adapted from
diagrammatic many-electron perturbation theory. '

As we shall see, consistency effects which have not
been included in earlier polarizability calculations for
ions in crystals are rather important, and have to be
included in order to obtain. .satisfactory agreement
with experiment.

II. THEORY AND PROCEDURE

The procedure that we. shall adopt for evaluation of
the polarizabilities for ions in a crystal, in the frame-
work of the Watson sphere model including self-
consistency, involves essentially three steps. The
first is the determination of the unperturbed
Hartree-Fock electronic wave functions in the poten-
tial corresponding to.the Watson sphere model. The
second step is the evaluation of the perturbed wave
functions, in the presence of the electric field or field
gradient. This will be done in the framework of the
uncou'pled Hartree-Fock model"'" using a varia-
tional approach. ' With these perturbed wave func-
tions, one obtains the polarizabilities (uD and uo) in
the uncoupled Hartree-Fock approximation, which do

not include self-consistency effects arising from the
influence of electron-electron interaction during the
process of perturbation by the electric field'5 or field
gradient. '2'8'9 The third step involves the incor-
poration of self-consistency effects which will be car-
ried out in the spirit of the many-body diagrammatic
procedure, "as has been done already' for nuclear
quadrupole antishielding effects in a number of cases,
and shall be shown later in this section to be
equivalent to a determinantal procedure involving the
perturbed wave functions in the presence of the elec-
tric field or field gradient.

Each of these steps is described individually in de-
tail in the literature. However, for the sake of com-
pleteness, we shall briefly present the essential parts
of the formalism involved. Thus, considering first
the calculation of the unperturbed electronic wave
functions, the Hamiltonian f for a free ion with nu-
clear charge Ze and N electrons is given by

2 N
&+Ze i ~ e

r; '
q=t lr; —rj(i'

m, being the mass of the electron and r; is the radius
vector for electron i with respect to the nucleus. For
an ion in a crystal, one has to augment f by the in-
fluence of interaction of the electrons and nucleus in
the ion under question with the electrons and nuclear
charges on the surrounding ions. In the Watson
sphere model, the interaction between the central ion
and neighboring ions is simulated by the influence of
the potential described in the Introduction. Thus, the
unperturbed Hamiltonian in the crystal in this model
is given by

gj o sco+X V(r)

where

~

outer potential

lql
Ro

where

Ro radius r q =-(Z-N)e

Ro
II

FIG. 1. Watson-sphere-model potential for the positive and

negative ions; 80 is the radiUs of the Watson sphere.

ahd Ro is the radius of the Watson sphere. The
form of the potential V(r,), due to the Watson
sphere, is sho~n in Fig, 1. For Ro, in keeping with
earlier practice in the literature, ' we have chosen
the Pauling ionic radii of the ions under study. There
can, of course, be small variations in the ionic radius
for an ion in going from one crystal to another. ""
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and built out of the corresponding one-electron
Hartree-Pock wave functions, were determined varia-
tionally by the Hartree-Pock-Roothaan procedure.

The next step involves, the calculation of the polari-
zabilitieS aD and nQ in the uncoupled perturbation
approach (see method d, Ref. 17). The electric field
and field gradient acting on the electrons are as-
sumed" 2"4 to arise from an external charge Qe at
distance R, large enough to assume f& && R. In this
case,

Xsc'= —
A.e' Xr~Pr, (costi) with A. =Q/RL+' (6)

I

is a satisfactory form for the perturbation Hamiltoni-
ans acting on the electrons due to the electric field
(L =1) and field gradient (L =2), the angle /being
measured from the line joining the external charge
and the nucleus of the ion (Fig. 2). The perturbation
A.814 in the many-electron determinantal wave-
function 4, is obtained by minimizing the energy
functional

J(8e) = &8elx —E I8e& +2&4, le'I8e& (7)

with respect to variations in the perturbations X8~$;
of the one-particle functions $0. In the uncoupled

We have examined the influence of changes in Rp on
nD and aQ, as will be discussed in Sec. III dealing
with the results.

The determinantal eigenfunctions 4, of , satisfy-
ing the equation

~0@0 Ep@0

approximation, this corresponds to the minimization
of a one-electron functional similar to that in Eq. (7)
for each one-electron state $0. For the variational
forms of 8~$; we have employed the power series
form used in the literature' ', namely,

M

8~@;= P& r~ g a, r'PL (cosP)
SW

Once the 8~$, have been determined by the minimi-
zation procedure, the polarizabilities are given by

aDog = —2E2= —2J(ÃC&) =—2&Col sc'I8t4&

The third step of incorporating self-consistency ef-
fects can of course be carried out as in the fully cou-
pled variation perturbation procedure (method a,
Ref. 17) by minimizing the second-order energy in-
volving the electric field or field gradient, using the
perturbed determinantal function 4, + X.514 built out
of the one-electron perturbed functions @,0+ X8~$~.
In carrying out the energy minimization, one must
retain the coupling between different perturbed states
i and j. This is however, rather time consuming
when a substantial number of one-electron states are
involved, especially in the medium heavy and heavy
ions. We shall use an alternate procedure' ' adapt-
ed from many-body perturbation approach, which in-
volves only a knowledge of the 8t@& from the uncou-
pled variation-perturbation procedure. ' With this ap-
proach, the first-order self-consistency contributions
to the polarization energies corresponding to cx~ and
eQ are given by

2 2

E3=2 x &8iy;(I) 8i@~(2) I

' lyi'(I)@J(2)&+ &e'(»8i@i(2) I

' I8io (»yg'(»&
/&J ~12 f12

2 2- &8,q, (i) 8,y, (2) I

'
I e,'(»e~(»& - &8te;(»@~'(»I

' le'(»8~&i(»&
12

(10)

This expression can also be derived' by an alternate
procedure involving the evaluation of the expectation
value of the difference in the Hamiltonian X, and its
Hartree-Fock counterpart, namely,

2~"= x——I'HF
;&J fg

over the perturbed determinantal function for the
many-electron state, built out of the perturbed one-
electron functions $, + X8~$;. For some perturbation
problems, such as the nuclear quadrupole antishield-
ing effect, the first-order consistency contribution
analogous to Eq. (10), has been found to be quite sa-
tisfactory. ' However, for polarizabilities, the first-
order consistency effect is rather substantial and one
needs to incorporate higher-order consistency effects.

This will be done by the geometric series approxima-
tion, ' often used in many-body perturbation calcula-
tions" and found to be satisfactory for a number of
atomic properties. Thus, the net polarizabilities nD
and aQ including self-consistency can be obtained
from the expression

0 ADQ
ADQ = cl'~g 1—

AD Q

(12)

where aDo = 2E3, E3 being —given in Eq. (10).
For all. the ions we have studied here in ionic crystals
by the Watson sphere model, we have also carried
out corresponding calculations for the free ions. The
purposes for this were to allow comparisons between
the free ions and ions in crystals, for both the uncou-
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z

fitted to empirical relations

((xD)«»tg/ («D)r„,exp( —b/r, ) for anions, (13)

(~D)„„„„=(aD) f (1 —c/r, ) for cations

electron i

nucleus

FIG. 2. Choice of the coordinate system for an ion per-
turbed by a point charge Qe.

pled O.D~ and nD~ including consistency, and also to
make comparisons with the results of some other cal-
culations' ' on free ions including consistency ef-
fects by different procedures.

III ~ RESULTS AND DISCUSSION

We have presented in Table I the results of our
calculation for dipole and quadrupole polarizabilities
for a number of ions isoelectronic with the rare
gases, from helium to xenon. Also included are the
results for a few systems with 31' and 4d' outer-
most shells. For both the dipole and quadrupole
cases, the uncoupled values nD and 0,~, and the
values including consistency, namely, O.D and o.g,
and tabulated for the ions in a crystal as well as free
ions. Also for ready reference, we have listed the
values of Ao that we have used for the ions in the
crystal.

In Table II we have made a comparison of the ex-
perimental values of aD that are available for both
ions in a crystal as well as free ions and rare-gas
atoms with the results of our calculation. For the
ions in the crystal, the experimental values presented
from Ref. 30 are obtained from analysis of refractive
index data using additivity approximation. The ex-
perimental values listed from Ref. 4 were obtained
from a more detailed analysis of refractive index data
and allowed for variation in uD for a particular ion
with different ligands. The ranges listed for each ion
represented the variation in o,D over a series of alkali
halides of the same structure. These variations were

where I, is nearest-neighbor distance and the parame-
ters b and e are adjusted for best fit with the ob-
served variation of (aD)«»». The empirical values of
(an)r„, obtained in this way are listed as the experi-
mental values for free ions in the second column.
For the rare gases, the values listed are2 from either
refractive index data or from beam experiments. No
experimental results are available for a~ for either
free ions or ions in a crystal.

We would like to discuss the features of our results
in three different categories. The first is the nature
of trends' of variation in the cry'stal potential and
consistency contributions for different ions. The
second. is the question of the nature of agreement
between our theoretical results and experiment. Fi-
nally we shall make comparison with other theoreti-
cal'3' 4 '

. results available in the literature for aD
and e0 for free ions. To our knowledge, no theoreti-
cal results besides the present ones are available for
ions in crystals including consistency effects.

A. Nature and trends of crystal potential and

consistency contributions to ag and a~

The first important feature of our results in Table I
is that both consistency and crystal potential contribu-
tions in the case of both eD and no are of compar-
able order of magnitude, the consistency contribution
being the larger one for all the ions studied except
the helium like ones.

The consistency effect as represented by the ratio
~D/aD —1 increases as one goes to the heavier
isoelectronic series, ranging from 8'/o for the helium-
like ions to about 80% for the xenon-like ions. In-
terestingly, within a particular isoelectronic series, the
consistency effect appears to be nearly constant and
is also nearly the same for free ions and ions in cry-
stals. The rapid increase in going to heavier ions is
readily explained. The consistency effect represents
essentially the influence of the polarization of one or-
bital by the action of another orbital that has been
perturbed by the electric field or field gradient. Since
the outer orbitals, the ones which make the major
contribution to o.D, are more polarizable for heavier
ions, it is easy to understand the rapid increase in im-

portance of the consistency effect in going to heavier
ions.

Another important feature of the results in Table I
associated with the consistency effect is that this ef-
fect leads to a decrease from the uncoupled perturba-
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tion values nD and o.g for both cations and anions.
This is understandable, because the electron-electron
interaction imposes a constraint on the perturbation
of the outermost orbitals by the electric field, making
them less polarizable. In contrast, the crystal poten-
tial effects are of opposite signs for the cations and

anions as had been found in earlier semiempirical
treatments' and from quantum-mechanical calcula-
tions' within the Watson sphere model. The qualita-
tive reason for the difference in sign for the crystal
potential effect, an increase from the free ion values
of o.D and o.~ for the cations and decrease for the an-

TABLE I. Electronic dipole and quadrupole polarizabilities for free ions and ions in crystals.

Ion Radius R0
of the Watson

sphere (A} AD
0

Dipole polarizability'

ions in a crystal free ions
o!D AD

0

Quadrupole polarizability~

ions in a crystal free ions

O!g
0

O.'g

Li+
Be2+
B3+
(4+
N5+

N3
02-
F

Na+
Mg2+

A13+

p5+

S6+

0.60
0.34
0.20
0.15
0.11

1.59
1.32
1.33
0.95
0.65
0.50
0.37
0.35

0.0347
0.0133
0.0117
0.0094
0.0082

3.&46

1.717
0.908
0.171
0.0927
0.0600
0.0303
0,0232

0.0321
0.0125
0.0112
0.0090
0.0078

2.684
1.349
0.731
0.147
0.0809
0.0530
0.0273
0.0211

0.0304
0.0081
0.0030
0.0014
0.0007

S76.2
137.9

1.&84

0.166
0.0809
0.0452
0.0178
0.0119

0.0280
0.0077
0.0029
0.0013
0.0007

227.7
79.9
1.541

0.143
0.0706
0.0400
0.0160
0.010'&

0.00673
0.00183
0.00166
0.00113
0.00066

12.99
3.943
0.724
0.0674
0.0266
0.01367
0.00471
0.00330

0.00667
0,00182
0.0016S

0.00112
0.00066

12.12
3.694
0.631
0.0628
0.0250
0.01295
0.00451
0.00316

0,00470
0.00063
0.00014
0.00004
0.00002

8878.5
1045.7

2.757
0.0645
0.0218
0.00917
0.00227
0.00123

0.00466
0.00063
0.00014
0.00004
0.00002

1698.0
425.6

2.359
0.0601
0.0207
0;00878
0.00220
0.00120

S2

Cl
K+

Ca2+

S 3+

Ti4+
VS+

Mn7+

1.84
1.81
1.33
0.99
0.73
0.68
0.65
0.51

7.709
4.270
1.216
0.807
0.753
0.663
0.179
0.164

4.893
2.694
0.827

0.564 .

0.540
0.506
0.107
0.122

38.09
6.527
1.144
0.660
0.418
0.279
0.197
0.107

21.92
4.19&

0.773
0.453
0.292
0.199-

0;142
0.079

21.54

6.22

0.816
0.450
0.396
0.449
0.404
0.0388

19.68
5.53
0.751
0.418
0.362
0.418
0.112
0.0372

138.66
11.65 .

0.724
0.311
0.153
0.0844
0.0489
0.0194

82,05
9.73
0.669
0.291
0.145
0.0804
0.0468
0.0187

Ni0

Cu+
Zn2+

Ga3+

0.96
0.74

0.62

1.350
0.919
0.612

0.942
0.676
0.458

0.40.72
1.058
0.427
0.225

2.385
0.763
0.332
0.182

1.921
1.072
0.512

1.308
0.774
0.370

1.183
0.276
0.1000

0.830
0.196
0.0713

Se2

Br
Rb+
Sr2+
Y3+

1.98
1.95
1.4&

1.13
0.93

8,165
5.645
2.223

1.631
1.360

4.572
3.263
1.383
1.039
0.870

54.82
9,431
2.081
1 ~ 310
0.946

31.01
5.731
1.284
0.817
0.635

16.24

7.19
1.855
1.176
0.936

14.68
6.25

1.688
1.081
0.866

248.78
18.96
1.641
0,805
0.450

138.98
15.69
1.499
0.746
0.421

Pd'
Ag+
Cd2+

1.26
0.97

2.044
1.359

1.299
0.890

4.375
1.935
1.046

2.462
1.226
0.696

2.190
1.162

1.440
0.788

6.980
1.943
0.772

4.465
1.150
0.517

I
Cs+
Ba2+

2.16
1.69
1.35

9.335
4.373
3.711

5.013
2.492
2.273

14.64
3.996
2.667

8.251
2.237
1.507

17.33
5.676
7.198

15.54
5.181
6.891

38.50
4.520
2.374

33 ~ 11
4.096
2.166

0
'In units of A, ag referring to uncoupled results and aD including consistency.

0
In units of A, o,~ and o~ having similar meaning as o.D and o,D.
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TABLE II. Comparison between theoretical and experimental dipole polarizabilities.

Ion (atom)
Experimental'

TKS %'C

Crystal ions
Theoretical

Free ions (atoms)
Experimental, Theoretical

Li+
Na+
K+
Rb+
Cs+

0.029
0.25S
1.201
1.797
3.137

0.033 —0.032
0.164 -0.159
0.863 —0.855
1.417 —1.406

2.483

0.0347
0.171
1.216
2.223
4.373

O.Q321

0.146
0.827

1.383
2.273

0.0283
0.148

0.811
1.37
2.45

0.0304
0.166
1.144
2.08
4.00

O.Q278

0.143
0.773
1.30
2.24

F 0.759
2.974
4.130
6.199

0.882 —1.206

2.891 —3.408
4.023 —4.606
5.857 —6.726

0.909
4.270
5.638
9.335

- Q.719
2.75Q

3.261

5.013

1.56
4.41
S.84

8.91

1.88
6.53

9.43
14.64

1.54
4.20

5.95
8.25

He
Ne
Ar
Kr

0.2068
0.41
1.65
2.480

0.220
0.423
2.591
3.773

0.195
0.357
1.94
2.303

'Units of A3.

O,D refers to uncoupled results, and AD including consistency.

TKS: Tessmann, Kahn, and Shockley, Ref. 30; %C: ilson and Curtis, Ref. 4, the ranges quoted indicating variations in aD
for individual ions in different crystals.

The values listed here for the free ions were obtained (Ref. 4) from semiempirical fits of the type represented in Eq. (13), while

the values listed for the rare gases are from atomic beam data and from index of refraction measurements, see Ref. 2.

ions, has been remarked upon in Sec. I. One can ob-
tain further insight into this trend by examining the
results in Fig. 3, where the charges densities for
outermost shell 4p in the krypton-like ions Br and
Sr2+ in the %atson sphere model, are compared with
those for the free ions. This comparison demon-
strates quantitatively the compression and expansion
effects due to the crystal potential for the anion and
cation respectively.

Additionally, there is an interesting trend in the
percentage strengths of the crystal potential contribu-
tions to nD and 0.0 in going from the monovalent po-
sitive ion to the monovalent negative ion or the di-
valent positive ion. In both cases, the strengths of
the crystal-field contributions are seen to increase for
aD as well as 0.~, the extents of increase being of
course different for the two types of polarizabilities.
The increase for the anion can be understood by real-
izing that the outermost electrons in this case are
more polarizable, and therefore more severely affect-
ed by the crystal potential. The increase of the per-
centage strength of the crystal potential effect on O.D,
in going to the divalent positive ion from the mono-
valent, is most likely a consequence of the stronger
crystal potential for the former, since we have q = —2
in Eq. (3) as compared to q =-1 for the monovalent
positive ion.

8. Comparison with experiment

Considering first the free ion (and rare-gas atom)
results, the important role of consistency effects can
be clearly seen from Table II from the remarkable
improvement in all the systems of the agreement
between theory and experiment, ' ' when the de-
crease in na due to the consistency effect is incor-
porated. Overall, the agreement between the theoret-
ical values of O.D and experiment is quite good,
within 5% for almost all the systems, except for Cs+
and I, where the difference between theory and ex-
periment is close to 10%.

The importance of the consistency effect is also
seen for the ions in the crystals from Table II, where
the agreement with experiment is considerably better
for o,a thar. for aDO. Also the crystal-field effect is
seen to be of comparable importance in obtaining
agreement with experiment by noticing the substan-
tial increase in ua in the direction of experiment in
going from the free ion results to those for the ions
in crystals. The overall good agreement between the
theoretical O.D and experiment for all the ions in cry-
stals indicates that the two important corrections to
the free ion uncoupled O.D, namely, consistency and
crystal potential effects, have been satisfactorily in-
corporated by the methods adopted here.

It is interesting ho~ever, that the agreement
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I
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FIG. 4. Dependence of the calculated dipole polarizability for Cl as a function of the crystal potential represented by varying

R0, the radius of the Watson sphere. The points shown (0) are the calculated values. %e have plotted lno. a as a function of

1/R0 because this is found to be nearly a straight line,

listed to obtain an assessment of the contributions
from self-consistency effect by the different pro-
cedures.

Considering first the dipole polarizabilities nD,
there is overall very good agreement between our
results and those by the EF'9 and FCHF pro-
cedure, """ for the cases where they are avail-
able. The only two cases ~here there is some differ-

ence are Ar and Cl, our results in these cases being
closer to FCHF than to EF. The differences in aD
for these two systems between our work and those
from the FCHF procedure is not surprising in view of
the significant range of values obtained for the un-

coupled aD with different wave functions (see fourth
column of Table III). It is important to note that a

comparison of o.a and o.D shows that the consistency

TABLE III. Comparison of polarizabilities o,D, aD, u~, and a~ for free ions and atoms with results by other methods.

Ion (atom)

He
Li+

F
Ne

Na+
Mg2+

A13+

Cl
Ar
K+

Ca"
Br
Rb+

This work

0.220
0.0304
1.884
0.423
0.166
0.0809
0.0452
6.527
2;591
1.146

Dipole polarizabilities'

This work

0, 195
0.0280
1.541

0.357
0.143

0.0706
0.0400
4.198
1.943
0.773

AD
0

Litt' LanghoA'-Hurst

0.220 0.220

0.0303 0.0304

1.806 1.953-1.893

0.414 0.473-0.418
0.163 0.166-0.165

0.0812
0.04525

6.217 7.772-6.605

2.291 1.441-2.829

1.077 1.135
0.652

cxD

EF~

0.195
0.0280
1.283
0.348
0.139

3.187
1.430
0.728

FCHFe

0.196f~ "
0.0281~

1 40'

0.350'"
0.140'

0.0697'

0.0393'
3.760'
1 594k, h

0.789'

Quadrupole polarizabilitiesb

Ag
0

Ag

This work Littc This work EFc

0.0981 0.0979 0.0967 0.0962
0.00470 0.00469 0,00466 0.00464

2.757 2.765 2.359 2.939
0.269 0.268 0.244 Q.251

0.0645 0.0641 0.0601 0.0590
0.0218 '0.0218 0.0207 0.0200

0.00917 0.00909 0.00878 0.00835
11.6= 11.77 9.73 13.17

2.216 2.059 1.992 2.069

0.725 0.718 0.669 0.698

0,311 0.308 0.291 0.292

18.96 18.916 15.69 20.96
1.855 1.627 1.688 2.078

FCHFe

Q 0967s h

0.00466&

2.937i

0 268i,h

0.0632'

0.0215'
0.00895'

11.92~

2 084h

0.674'

0
'Units of A, aD referring to uncoupled result and aa including consistency.

0
Units of A, a&, and a& having similar meaning as nD and nD.

'Refers to Effective Field approach (see Ref. 29).
Reference 24.

'Refers to Fully Coupled Hartree-Fock approach (see for example Ref. 1).
fCohen, Ref. 31.
&Langhoff et al. , Ref. 17.
"McEachran et al. , Ref. 33.

. 'Lahiri and Mukherji, Ref. 32.
&Lahiri and Mukherji, Ref. 13.

0
"Kaneko and Arai, Ref. 34; Lahiri and Mukherji, Ref. 13 have found ~D =1.494 A .

0
'Lahiri and Mukherji, Ref. 13 have found a~ =1.957 A .
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effect in all cases leads to a decrease in the polariza-
bility by all three procedures, as one expects from-
physica1 considerations discussed earlier in this sec-
tion. This similarity in trend and the good agreement
in eD is remarkable, considering the fact that con-
sistency effects are included by very different pro-
cedures in the three cases.

For a~, again the overall agreement between our
results and those by the other two procedures, wher-
ever available, is satisfactory. A few exceptions are
the cases of F, Cl, Br, and Rb+. Of these, only
F and Cl results are available in the case of
FCHF, ' ' our result for Ci being somewhat closer
to the FCHF result than to EF.2~ What is noteworthy,
is that except for these four cases, the consistency ef-
fect by the EF and FCHF procedures, obtained by
comparison with uncoupled results, give the same
trend of decrease as found from our results. Since
the EF procedure, from considerations of flexibility
of the variational approach used is expected to be
somewhat less accurate than the FCHF procedure, "
especially for ag, it would be desirable to have FCHF
results for Rb+ and Br to see if the trend in the
direction of self-consistency contribution agrees with
the present work or with the EF results. Also,
since in those cases where self-consistent one-
electron results are available from many-body
perturbation-theoretical calculations good
agreement has been found with the results of the
present procedure, it would be helpful to have values
of ng by the former for F, Cl, Br, and Rb+ to
check how they agree with the results from present
work and the EF and FCHF procedures.

However, except for these few ions in the case of
n~, the good agreement between uD and O, q by our
procedure and the EF and FCHF procedure -for the

- free ion systems, leads us to expect that similar
agreement would be obtained between the different
procedures for ions in crystals. It would however be
interesting to check this expectation when results
from FCHF and other procedure for a~ and o.q for
ions in crystals are available in the future.

IV. CONCLUSION

The results of the present work have demonstrated
that both self-consistency effects and effects of the

crystal environment have important influence on the
dipole and quadru joie polarizabilities of ions in cry-
stals, and have to be explicitly included in making
quantitative comparisons with experimental data.
Good agreement with experimental data for dipole
polarizabilities has been obtained in cases where they
are available. Many-body effects have not been in-
cluded in the present analysis, but calculations by the
many-body perturbation-theoretic procedure in a
number of atomic systems'~ have sho~n that such ef-
fects are not important for polarizabilities. The phy-
sical reason for this is that polarizabilities usually ar-
ise from the outer regions of the ions, where the
electron density is relatively small and so many-body
effects are less pronounced. In addition, it should be
remarked that the Watson sphere mode17 provides an
approximate procedure for the incorporation of en-
vironment effects in the solid state including covalen-
cy. The present work has demonstrated that, at least
for properties like the polanzabilities which do not
depend explicitly on the departure from spherical
symmetry in the ground state, the %atson sphere
model does give a good representation of the influ-
ence of the crystal environment. It would however
be desirable in the future to carry out, at least in a
few ionic crystals, polarizability calculations using
band wave functions as representation of the elec-
tronic distribution in the crystals. Such a calculation
wouM avoid the use of the additivity approxima-
tion4 30 involving the component ions, as has been
done in analysis of experimental data ' and the
present work. A comparison of results of such an
analysis with those of the present work should there-
fore provide a test of the adequacy of the additivity
approximation. The importance of self-consistency
effects found here indicates that in a band polarizabil-
ity calculation as well these effects will have to be ex-
plicitly incorporated.
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