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Quantum spin systems are shown to be rigorously equivalent to certain Bose systems. As a result the phase
transitions occuring in such systems can be regarded as generalized Bose condensation processes. In those
processes it is not the number of bosons that is kept constant but a certain function of it. The problem of
degeneracy arising in Bosonizing a spin system is solved in a simple fashion. The low-temperature limit of the
Bose systems reproduces the magnon gas with correct interactions. The Bloch sum rule becomes exact at all
temperatures, when one replaces the magnon number by the number of bosons. The crossover to classical
behavior at criticality is discussed and it is shown that at T, the quantum S = 1/2 spin systems behave like
the corresponding classical § = oo systems. A classical effective Hamiltonian whose corresponding partition
function is equal to the partition function of the quantum spin systems is derived. Finally, possible
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application to dynamics are briefly discussed.

INTRODUCTION

The powerful tools provided by the renormali-
zation-group approach' have been used to investi-
gate the critical behavior of many classical sys-
tems. Less attention has been devoted to quantum
systems as can be judged from the relatively
small number of publications treating the latter.2~”
Two main reasons seem to be responsible for this
state of affairs: thefirst is a philosophical one and
the other is technical in nature. The philosophical
reason. is that since close to the critical point one
can take the Kadanoff-type® blocks to be extremely
big, the microscopical quantum nature of the
Hamiltonian is lost and one can justify the use of
classical Hamiltonians. The technical reason is
the additional complication introduced by non-
commuting objects.

The philosophy is certainly intuitively appealing
yet has never been proven to be true. On the con-
trary, numerical evidence suggests a different be-
havior for S=3 and S=~ Heisenberg models.?
Thus the problem is open and requires investiga-
tion. Furthermore, it is a problem of great
physical importance since mircroscopical Hamil-
tonians arve of quantum nature.

One technical characteristic property of quan-
tum systems whose partition function has been
written in path integral form is the fact that the
“effective” classical Hamiltonian appearing in the
functional integral is a sum of an infinity of terms.
This is going to be the case here too and it should
be reminiscent of the fact that the (classical) mod-
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els treated so far are merely a great simplifica-
tion of physically realistic models. It is not clear
a priovi whether such Hamiltonians belong to the
same universality class as their corresponding
classical Hamiltonians. A naive renormalization-
group (RG) treatment would disregard the higher-
order terms (U, Uy, . .., etc.) as being irrelevant.
This may be particularly useless in case the ef-
fective Hamiltonian is written in terms of an or-
der parameter that seems to be of lower dimen-
sionality than it should be (see below). It certain-
ly disregards a possible effect of the higher-or-
der terms. Yet, even in the classical case one
assumes a certain form of the effective Hamilton-
ian in the linear range of the RG, namely, close
to T,, since it is pratically impossible to follow
the development of the effective Hamiltonian in the
nonlinear range of the RG.

The treatment of quantum spin systems, de-
scribed in this paper is based upon the author’s
view that second-order phase transition can be
generally described by condensation processes in
appropriate Bose systems. Practically speaking,
we describe a general method of exact bosoniza-
tion of spin Hamiltonians that has, in our opinion,
many advantages over existing methods.

For example, we need not restrict the Bose op-
erators corresponding to spin operators to act
only on a subset of the Bose Hilbert space, hence
projection operators are not needed and the way is
open to use known techniques for writing the Bose
Hamiltonian in path-integral form. In addition the
effective Hamiltonian is analytic and can be ex-
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19 EXACT BOSON REPRESENTATION OF QUANTUM SPIN... 4781

pressed as a converging power series in the order
parameters (methods we are aware of contain ex-
pansion of logarithms, see, e.g., Ref. 2). As a
result one should find this representation useful
for numerical methods too.

The main features appearing in the process of
writing down the path-integral form of the parti-
tion function are (a) the appearance of an addition-
al dimension whose origin is the division of the in-
verse temperature B into segments (see below);
(b) the disappearance of this extra dimension and
crossover to the starting dimension when one ap-
proaches T,; (c) at zero temperature the addition-
al dimension does not disappear; (d) by using the
naive renormalization-group approach mentioned
above one finds that the quantum Heisenberg Ham-
iltonian belongs to the universality class of the
classical Heisenberg Hamiltonian.

I. BOSONIZATION OF SPIN OPERATORS

In this section we use the results of Agranovich

and Toschich!® to derive a representation of Pauli
(spin) operators in terms of bosons. The work has
been published in 1968 but to the best of our
knowledge it did not attract much attention of peo-
ple interested in statistical mechanics and quantum
theory of magnetism. We believe that the results
of Agranovich and Toschich are of great impor-
tance and that is why in this section we will follow
the main steps which lead to the final formula ex-
pressing the spin operators in terms of bosons.
In addition we will show a way to simplify this
formula by rewriting it in a compact form which
is suitable for renormalization-group treatment.

We consider the case S=3, S,=+3

=43, and
SiSj+SiST =1,

1.1)

where 7 denotes the lattice sites.
Let us introduce (Agranovich-Toschich):

1/2

oo 1/2 7 o
; =< > a,B‘,"’B’,‘) B; and S;=B'§(2 a, B§"B';> ;
v=0

v=0

[By, Bll=6,;, [By,B,;]=[B}Bi]=0. (1.2)

This is obviously a generalization of the Holstein-
Primakoff!! transformation. The latter corre-
sponds to @, =-g; =1 and av=0 for v>2, wherea,
are real coefficients and B}, B, are the Boson op-
erators. Substituting (1 2) mto (1.1) and using
the fact that

B""'By = (N, - v)B}"BY, (1.2)

where N B‘B‘, and that the term inside the
square root sign commutes with N we get

SiSi+SiSi=) . a[2BPBy + (v+ 1)BIBY] =1.
v=0
(1.3)
Equality (1.3) can be fulfilled if and only if

a,==2/(v+1)a,.,, a,=1

or
a,=(-2)"/(1+ V)1,

Thus we obtained an Agranovich-Toschich spin-
boson transformation:

(2 N
(Z wo )

1/2

(G2 d—— o
<}: aror BI'BY) . (1.4)
The operator for the spin deviation number is just

(2)

1 =SiS;= N,+Z( N,(N,—l)---(N - ).

(1.5)
We can see readily that together with (1 1)
S 2 S-)Z = 0

holds and thus the transformation (1.4) reproduces
all the properties of spin-3 operators. Equation
(1.4) is the result of Agranovich and Toshich.

Now we simplify formula (1.4) and derive the
equivalent expression which can be written in a
compact form.

It is clear from (1.2’) that

BYBy=N,(N, = 1)+ (N, = v+1) (1.6")
and thus
= 2 .
BT(Z (]F V))' N,(N{—l)"'
~ 1/2 A
X@, - v+ 1)) =BY(@)). (1.6)

Furthermore, a state which is an eigenstate of N
with eigenvalue N; is an eigenstate of f(1\7,) with an
eigenvalue f(N;) given by

F2(Ny = Z(l(+23), NyWN;=1)ee-(N; —v+1).  (1.7)

(1.7) follows directly from (1.6). We should note
that all the terms in the sum (1.7) with v>N;+1
are equal to zero because they contain a zero in
the corresponding products. As a result (1.7) can
be rewritten
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(=2)" Ny '
Frw)= 2(1”)' W=t - am
It is easy to see that (1.7’) is equal to
1 ul v [N+ 1
ro=- g 3 ()

and

fEWNy) =~

[f( 2 ) ). o

This expression is equal to

£ = gy L 1] g T
| (1.9)

because

5 o (VD)o
We note that

Hi+ (-1)M]= 41+ (~1)"] /2
for integer N,. Thus,

FIN) =N+ 1)1 2414 (-1)M1]. (1.10)

This formula is correct for any integer N, i.e.,
for any possible eigenvalue of 1\7,, hence we can
identify f (V;) in (1.6) with

A48, 2414 (<171,
As a result we get
=B+ 1) /2414 (-1)7],
§" =@+ 1)"1/24[14 (~1)"1]3,.

To calculate Sf we use the fact that for any ana-
lytic function &, the following holds:

"(N,)B,=B;h(N, - 1). (1.12)

(1.11)

The proof of (1.12) is very simple. We can read1ly
see that

N,B,=B,N,; - 1),
hence for every integer »
NB;=B,(N, -1)",

which justifies (1.12). We also have
(N )B}=BtR({N, +1). (1.12%)

Using (1.12) and (1.12’), we get

S;S; = BY(N,+ 1) /24 1+ (=1)"14[1+ (= 1)71]

X @+ )72, =314 (<] (L13)
and
S;Sp=41+ (-1)"]. (1.13")
Hence
si=1Lsp, Si)=-4-n (1.14)

The eigenvalues of S§ are +1 as expected.

Thus Egs. (1.11), (1.14), and (1.2) are equivalent
representation of spin operators through bosons.

Formulas (1.2) and (1.11) are inconvenient be-
cause they represent the Pauli operators in a non-
analytic way. Now we will show that they can be
rewritten in an analytic fashion.

To do it we must prove that for any function
f (N) there exists an analytic function g() which
coincides with f (N) for integer values of N. As a
result f (¥)=g(N) as a function of the & operator.
Define

g(N)= Z;b"(zv
= Z b, NN, = 1) (N; = v+1). (1.15)

v=0

The coefficients b, are determined below. We de-
mand f (N)=g(N) for integer N or

f(o)—-—* b,
11 1
f(l)_ '—"bu
T Pt (1.16)

2! 1 2!
f(2)=—2~!— bo+ﬁ bl+'ﬁ ‘b2!

3! 3! 31 3!
f(3)=ﬁ b0+§!— b1+F b2+ﬁ b,

etc. We see that b, is expressed through b,, b,
through b, and b, and so on. Thus we can succes-
sively calculate all the coefficients b,. Writing

g@)=3" b, NN =1)++- (N =v+1), (1.17)
v=0
we have the desired operator gV).
We conclude this section by finding a closed for-

mula for b,. To-do so let us define the set of func-
tions f,(x):
fuln)= Z. (N T o (1.18)

We can see that f,(1)=f (N} and f,(0)=b,N! From
(1.18), we have



Y -y, () (119
and -

dhé,;x) - h,‘-l(x) , (1.191)
where

hy(x)= fy(x)/N!.
The solution of (1.19’) is simple:
()= [ Tgen(9) dy+ By (1), (1.20)

By successive integrations, taking into account
that from (1.18) follows that f,(y)=f,(1) and hence
ho(¥)=hy(1), we derive

h],(x) = (x "l)ho(l)"" hl(l);

By(%) =3 (x — 1P (1) + (x = 1Ay (1) + hy(1),

(1.21)
hy(%) = (1/31)(x = 1)%h,(1) + 3 (2 — 1)2R, (1)
+ (% = 1Ay (1) + By(1).
From (1.21) one can see that
N 1 —u
hN(x)= Z (N_——ﬁ)—! (x— I)N I’I,M(].)q (1.22)

u=0
Equation (1.22) can be clearly proven by mathe-
matical induction. Recalling the definition of
hy(x), we obtain

ey 30 ()0, (1.23)
since
fw)=f£,(1).

Substituting (1.10) into (1.23) we end up with

N N ®
e (O L

Since only even p contribute to the suin, we can
rewrite (1.24)

even

1 & /N 1
=0 3 (u)m (1.25)

We see that b, alternates in sign with N. Thus we
have the following analytical expression for the
spin operators:
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S;=B} (i b, 8, - 1)+~ (A, —n)),
o (1.26)
S; = (Z b, NN, 1) (N, - n))B,,

n=0

Si= D0 cali @, - 1)@ - ),
n=0
where ¢, is given by substituting f(u)= —4(-1)*
[see (1.14)] into (1.23). The result is

c,=2""1(=1)"/nl. (17.27)

Now using (1.6’), we can rewrite (1.26) in normal
ordered form:

5=} (3 0. BTB)

n=0

s; = (Z b,,B‘;"B’,")B,, (1.28)

n=0

sz }: ansnB’il,

n=0

where b, is given by (1.25) and ¢, by (1.27). From
the above given derivation it should be clear that
expressions (1.28) are built in such a way that
their matrix elements between states with well-
defined eigenvalues of N, are equal to the corre-
sponding matrix elements of (1.11) and (1.14), re-
spectively, i.e., they coincide on a basis of the
Bose-Hilbert space. As a result all their matrix
elements coincide, respectively, and we can re-
gard the two Bose representations of the spin op-
erators as equal. Thus we can use each of them
according to what we find more convenient.

II. INTUITIVE TREATMENT OF THE QUANTUM
HEISENBERG MODELS

The Heisenberg Hamiltonian is

=" J,;(aSiS7 + SiSH)+ h Z‘: Sz, 2.1)
i

where a is a measure of anisotropy (o =1 means
isotropic Heisenberg model) and %,;j denote lattice
sites.

To treat (1.26) we substitute the representations
(1.2) or (1.11) or (1.15) into (1.26) and then we are
left with the problem of the interacting Bose gas.
This problem was treated by various groups, Pa-
taschinsky and Pokrovsky,!? for example. We as-
sume that near the critical point only B}B,>1 are
of importance, that we can consider the operators
as ¢ numbers and that only terms up to the fourth
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order must be taken into account. This means that
we should plug (1.2) into the Hamiltonian and eval-
uate the coefficients U, and U, considering the
higher orders as irrelevant. This intuitive scheme
will be verified in the next sections while now we
shall limit our considerations to this simple pro-
cedure.

To illustrate the results we take J;;=J — const.
After a simple calculation we get the following:

(a) Isotropic Heisenberg model: U,= U, and

se= 30 Te%a(| B3|+ | By =Y jktar(|B, [+ [N, ],
4

The shape of this Hamiltonian corresponds to
three order parameters in the system or in other
words to O(3) symmetry. The new U, term is as-
symetric with respect to the order parameters
(see Sec. II).

(b) x-y model (a>1):

3= Z Jr?a? | B2| +4d(a - 1) Z |B |

and we see that U, >0 and the model has two order
parameters.

These results, although they are of intuitive
quality, show that the quantum and classical Hei-
senberg models behave in the same way at the cri-
tical point because the expressions obtained above
repeat the output of the vector-spin-model con-
siderations.

To conclude this section we would like to stress
that although our assumption B> 1 is equivalent
to a transition to a classical Bose system the re-
sults correspond to the quantum spin system with
spin S=% in which the straightforward transition
to a classical limit is impossible. This can be
seen in a simple way: if we neglect the spin com-
mutation relations, going to a “classical limit,”
it is impossible to derive the spin-Bosons re-
presentations derived above and used in the above
calculations of U, and U, coefficients. Thus the
classical features of the system near the critical
point stems fromthe fact that near T, the quantum
spin system is equivalent to a classical Bose sys-
tem which contains the information about the quan-
tum nature of spins (commutation relations,
S=15, etc.).

III. BOSONIZED HEISENBERG MODEL: STATES OVER
COUNTING PROBLEM AND ITS SOLUTION

We recall the transformation relating the Boson
operators Bf, B, to the spin operators:

Si=Bl(1+N)" 241+ (-1)74,
i (3.1)
S;=3[1+(=11](1+ N,)"*/*B,,
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7= (1), ' (3.2)

One can easily check that the commutation and
anticommutation relations of those operators are
in accordance with what is expected of spin -3
operators. In particular (S})*=(S;)?*=0. The ei-
genvalues of S% are 3 as expected.

Now we shall turn to a problem of general na-
ture that appears in every attempt to bosonize any
spin model. Any finite lattice having say, N lat-
tice sites, with a S=1% spin at each site has a finite
number of independent states, namely, 2% since
the state of a spin 3 is always described in terms
of two orthogonal states.

In contrast to the spin Hilbert space, a system
of bosons always lies in an infinite-dimensional
Hilbert space. (For example, B'|0), (B")?|0),...
are mutually orthogonal). Thus it is impossible
to find a one-to-one correspondence between the
basis elements of a spin Hilbert space and any
Hilbert space of bosons. However, a multivalued
transformation assigning to each basis state in the
spin space an infinity of states in the Bose-Hilbert
space is possible. To see how this happens let us
examine the set of 2% states S defined by

Sy, my e {ng, n+ (<1)Ml}

where n,, n,, ...,ny is a given set of integers and
m; denotes the number of bosons associated with
lattice site 7. Now from (3.1) and (3.2) we see that
S; changes an even number of bosons to an odd one
[keeping the norm with the aid of the (N +1)~1/2
factor] and gives zero for an odd number of bo-
sons. S changes an odd m; into an even m; but
gives zero when acting on an evenm ;. S does not
change the boson number at lattice site . We con-
clude that the spin operators can connect only
states inside the set S but they cannot connect
states belonging to different sets S. An even m;
corresponds to S?=—4 and an odd one to $f=3.
Since the different sets S are mutually exclusive
and their union constitutes a basis for the com-
plete Hilbert-Bose space we conclude the following:

(a) In the process of bosonization we have em-
bedded the spin Hilbert space into an infinite-di-
mensional Bose space.

(b) The infinite-dimensional Bose space is a
union of an infinity of mutually orthogonal sub-

S={|m,,m,, ..

FIG. 1. Structure of the
Ho|TaN bosonized Hamiltonian in
- the Bose space. Each block
2N H is a matrix identical to the
Hamiltonian matrix in the

spin space.
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FIG. 2. Diagonalized form of the bosonized Hamilto-
nian, in Bose space.

spaces each having the dimension of the original
spin space. S gives a possible definition of the
basis of such a subspace.

(c) The spin operators are invariant inside every
subspace described in (b) and their action there is
completely isomorphic to the action of the spin op-
erators in the spin Hilbert space. Inside this sub-
space the matrices representing the spin-Bose op-
erators are equal to the matrices representing
those operators in the spin space, provided the
proper correspondence between Bose states and
spin states is kept, i.e., even m; corresponds to
S%= -3 and odd m, to Sf=3}.

(d) 1t therefore follows that the matrix repre-
senting any spin Hamiltonian in the original spin
space is equal to the matrix representing it in any
of the above defined subspaces.

(e) In conclusion the matrix representing the
spin Hamiltonian in the Bose space is of block
form, each block matrix being equal to the matrix

£ wig
Es+wlig
EzN‘W( ”/B
E‘+w(2)/B
E*w?)/8
EoN w8

FIG. 3. Diagonalized form of the Hamiltonian in Bose
space, including the weight function.

representing this Hamiltonian in the original spin
space. (See Fig. 1.) Diagonalizing this matrix we
get Fig. 2, where E,,E,, ..., E,y are the eigen-
values of the original spin Hamiltonian. Thus the
new partition function is the trace of ¢™*# due to
one block, namely, 2227 e"*%t multiplied by the
number of blocks which is infinite. To remedy
this point we can assign a different weight to each
block such that we get a finite partition function.
(This is possible since for a finite lattice the num-
ber of blocks is denumerable.) By this we mean
calculating Tre~5%"¥ where W is chosen so that
it commutes with 3C and is constant inside each
block. The new “effective” Hamiltonian 3¢ + (1/8)W
will have the form shown in Fig. 1 when repre-
sented in the basis in which 3C is diagonal (see

Fig. 3). Denoting by Z_, the original Heisenberg
partition function we see that the partition function
we get for the Bose system with the weight func-
tion is

) 2" )2”
oW (Z e-aE,) +e-ve Z e"BEiy vus

i=1 i=1

- (@)
= “W(a
=2 € o

=0

where a is an index denoting the number of the
block. Now if we choose the W’s so that 2 e™¥ is
a finite number M we get that the partition func-
tion of the Bose system is MZ_ .. Thus our Bose
system will reproduce the thermodynamical pro-
perties of the original 'spin model. W is not de-
termined uniquely by the requirements mentioned
above. We can choose, for example,

W=—-pu Z [28,+ (-1)"i 2],
: i
where u and A are constants.

Denote the two possible eigenvalues of 1\7’, ina
certain block by 2n;, 2n;+1, where #; is an inte-
ger. The 2N,-+ (-1)% has the same eigenvalue for
both of them, i.e., it is actually a constant inside
a given block. One can even calculate the constant
M (to do so one has to calculate the number of
blocks #,, contributing to each eigenvalue of W and
then calculate Z—)nwe'“’). The result is of the or-
der of N! /uN, where N is the number of lattice
sites. :

This completes the description of the exact bo-
sonization process we propose for spin systems.
Its virtues are its exactness and the fact that one
does not need projection operators in order to
project a partial Hilbert space out of the whole
space, as is done in other bosonization schemes.

Finally we would like to stress the fact that our
picture describes the conventional magnon gas in
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the low-temperature limit, provided B}, B, are
identified as creation and annihilation operators

of magnons, respectively. 2J, [21\7,+ (=1)7:] is con-
stant in each block and since u is temperature
independent, (27, [2N,+ (~1)%i])=const, the latter
constant being independent of temperature. Since
St=-1(-1)":, we can rewrite this relation as

(2 BIB,)-M =const, (3.3)
— .

where M =(2; St) is the total magnetization. Re-
lation (3.3) is the well-known relation of Bloch.!3
In our picture this relation is exact and true for
all temperatures [the sign in (3.3) differs from the
one used in Keffer!® due to the fact that in our
ground state the spins point in the —3 direction].

IV. PATH-INTEGRAL FORM OF THE QUANTUM-
HEISENBERG-MODEL PARTITION FUNCTION

In this section the partition function of the quan-
tum Heisenberg model is rewritten in a path-in-
tegral form using Klauder’s technique'* of coher-
ent states. The only difference between what is
used here and what Klauder does is the fact that
we calculate Tre~#¥ for real p whereas Klauder
does so for imaginary g(f=4t). Transcribing
his éf into B gives immediately the desired result
for the partition function. The reader is reminded
that a coherent state is an eigenstate of a Bose
operator B with given complex eigenvalue A:

B|W=x|ny, (A|B*=(x|x*. (4.1)
Coherent states for different complex X are not
orthogonal but satisfy

(u'A>=e-lulzlz-nlzl2+u*x. ) (4.2)

As a particular case (X | Ay=1.
The most important property of coherent states
is their completeness:

*
JIRA -

where drdr* means now and henceforth d(ReX)
d(lmX). The extension to many bosons is straight-
forward. We define

I)\v)\z’ cesAy)= IA1)I7‘2>’ coy I"N)
and all previously proper described properties of
coherent states still hold. In particular,

m m
dx, drx*

X = RIS W= VNI W 5 B € %))

Now, we wish to calculate Z=Tre 8#"¥, Using
Trotters formula,'® we can write
~ 7(M) — - E ___I/_V_ o = M
VA=A Tr( MH M) Tre", (4.4)

|
where

1. By 1
Q=1- H-—-W.

The limit M - « gives the exact Z. We shall
take a finite but very big M to make Z close
enough to Z. Let us insert complete sets of co-
herent states among the members of this product:

ZU=(|RINXNQ[E) s (M [@X). (4.5)

Summation (integration) over equal indices is un-
derstood, IM) is defined as a coherent state of
N bosons:

Amy= A, M, ), OsysM -1, (4.6)

Now

B w
r T+l \ r —_— _ 741

rl@ Pty = 1-4 <H+ﬁ) [ A )

) B ()\rlﬂ-fW/B‘}\rfl))

= )7+l = I —.

| =\ |x )(1 Mooy )

When using coherent states it is convenient to have
the Bose operators in normal ordered form since

then the BY’s operate on the left and yield complex
numbers and the B’s operate on the right:

(X'| BB} ++ BB,B, e - B, |\
£ 3
= ( b4 | Ar-«-l) A;‘-l-l )\r-l*. .o 7\?1* 7\2 7\;' .o )&”,. (4'7)

Using (1.28) we already have H in normal ordered
form and W can be easily rewritten in this form.
The conclusion is that in the normal ordered
form of H+ W/B, we have

r|H+W /B |y r+l
QB =HQO\™*, 7\')+

()Lf )tnl) (Xr-rl* )\r)

sH(\r1x A7), (4.8)

The right-hand part means substitution of A}***
for B} and 2] for B, in both W and H. The defini-
tion of H is clear from (4.8). Hence

AT A= (A7 ary (1 __B_ﬁ()\nl*)\r)
Q M
~ ( AT I )\ﬂl) exp (_1% ﬁ(krﬂ*’ Ar))
-l -4 gl P

— (B/M)H(N™* A7) (4.9)



A summation over i is understood in (4.9). We
have used the smallness of B/M and (4.2).
. Now we can write (4.5) as

A\ d\T* <X"Q ‘)\1‘4-1)

Zun - f I-I

with |[A#)=|x°). Or,

20~ [ exp( T (- gl - 4
B ~ . A\ d\T*
-3 Zr: Q}C()x"*, b 1))H_i?___'_

Tyt

2 + A;’*'xrl)

(4.10)

The limit M - gives a proper path integral (see
Klauder?).

o | BTGl

+36 (AT*, x)) dr], (4.11)

M=1 wn W, %
Z(M)Zf'n an (fTK n ex

n=0

Since
2
A AN =L d|\n | dgr,
where ¢" is the phase of A“", we get

1
zZW = H 1= (1= gE /M)e- 1@ /i

n=0

1 1
=(1 —ﬂE/M)M H 1/(1 _ﬁE/M)_edzggn/M .

Every polynomial P(Z) is proportional to |(Z - Z,)
where Z, are its roots. e?'™/* are the roots of
unity, hence :

M =1
z¥-1=[](z -e? /"),

n=0

Hence

2T b

19 EXACT BOSON REPRESENTATION OF QUANTUM SPIN... 4787

where 7 is a continuous variable 0<7»<pg. It
should be mentioned that (4.11) is not enough to
define the path integral in general and (4.10)
should be taken as its proper definition.!*

We would like to illustrate this procedure on a
system of free bosons, where we also drop the
index 7. The partition function is

ZU0 = f Hd)t'd)\""
M r r+l 2
Xexp[+2 ( hl ___|7\2 I 4 TR

=0
)
where E is hw.

Fourier transforming with respect to » (remem-
ber M =)°);

1 M

27 ”
A= — n
\/_E:exp(zMrn))\

where 1“7 is defined as the Fourier transform of
AT, we get

e-i(zr/M)nl )\wniz] .

\
Z U0 _ 1 1
(1=BEM)* 1/(1 -BE/M)¥
L S
T1-(1-pE/M)¥
Hence
Z=lim Z"=1/(1 -¢"%),

M-
as it is expected.

V. CLASSICAL EFFECTIVE HAMILTONIAN FOR THE
ISOTROPIC HEISENBERG MODEL

The path integral as it stands is very complicated
and even the original O(3) symmetry is not obvious
in it. In this paragraph we shall show that only a
few praperties of this representation are really
needed to write down a simple O(3) symmetric
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equivalent classical Hamiltonian for the Heisenberg
model.

As we have shown, we can write S}, Sj, S§in
terms of the Bose operators BI, B;. Equivalently
we can use S§, S}, Sj. When those operators are
put between the coherent states, we get

(S EAD =QTHAT rmsp ety (5.1)

where a =1,2,3 represents x, y, or z, respective~
ly, and ST is a function of A}***, Aj. The explicit
dependence is given in the Appendix. Thus the ef-
fective classical Hamiltonian in the former para-
graph is

+Z¢: TINFALAT*20)

- % wse) g 5

iy
1,2,3

where T'; contains both the weight function W; and
the part coming from the norm of the coherent
states. The variables appearing in the effective
classical Hamiltonian -x}*®, A}»** carry an addi-
tional label with respect to the original variables,
i.e., the label ». The latter label stems from

the division of the inverse temperature g into seg-
ments. Thus we have added, in effect, a new
dimension to the system. If the original quantum
system was a d-dimensional system, the classic-
al effective Hamiltonian describes a (d + 1)-dimen-
sional system, which is finite in the (d +1)th di-
mension., As we approach criticality we expect a
crossover from (d + 1)-dimensional behavior to
d-dimensional behavior. It is important to note
that the last two terms in 3C,,, are sums of single-
ion terms, i.e., they do not couple different spin
sites. T; may however, depend on the #’s through
N TN or AN ‘

We have also added a magnetic field z;, the pur-
pose of which is to keep track of symmetry. By
this we mean that if we have h; = 8,;h then the par-
tition function

Z =Tre %83;)¥ (5.3)

should be independent of the direction of 2. This
results merely from the O(3) symmetry of 3¢. The
same is true for Z“’ as well, because O(3) is not
broken in its definition.

Let us write the partition function
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(%3

ANT*dnT

Z(M)Z/I I_B;T_li exp[%(zj J,; 8555
i,
2

+Eh‘S§+R’;>]. (5.4)
iyn

Now let us denote by (X) the column matrix whose
comgponents are the real numbers X; (1<i<#n) and
by (X) the corresponding row matrix, Let A be
an # Xxn symmetric matrix. Then the following
holds:

—wamnvei [ CTY Y ontG oy
fI:Idx*e _ _(detA) € ’
(5.5)

where b is another n-component vector. Now take
Afj=JyorAM=J,

where J is the (symmetric) matrix whose elements
are J;;. J should be invertible (det J# 0) in order
for formula (5.5) to apply. The condition for J to
be invertible can be best seen in its Fourier-
transformed representation. We can write

1
o O <§)/2 =eXP(§§Jub¢b3)

:exp(%ZE:J(k)bkbk> .

Thus we can deduce that the condition detJ#0 is
equivalent to demanding J(k)#0 for all k. If J(k)
does not fulfil this requirement we can add a con-
stant ¢ to it so that the requirement is fulfilled.!®.
Since J(k) is bounded in all cases of interest such
a ¢ may be taken as max |J(k) [ +1. Adding this
constant to J(K) amounts to changing Jy; to J;; +c.
Doing so in our original Heisenberg Hamiltonian
will have the effect of adding to it a constant term
¢22;5;+3; =4cN only (a different constant is added
in the anisotropic case). Henceforth we shall take
Jy; T ¢ as our new Jj;.

Now, define

ope=(2p/m)2 570

and (b *) as the matrix whose components are
b7*. From Eq. (5.5) it follows that
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@m) \1/2 B racna » 1 o tma ,a(2_8>”2 e
(det(J’I) exp; J1;51 7S5 fnd"t exp '2;‘){7 J1iX] +Z£X§ /) Si

[(2‘3)1/2] fde,,aexp[%( ZJ Ypevpes2 Y. vpesy )]

where

Y,”G(Zﬂ/M)l /2 - Xir' o

or

1 (B
7y AQTy & P
exP(E MJ”S Si ) [detJ (Mn

iyirma

Now Z can be rewritten

ay iy

- (5.6)

NaM/z Ty & B 1 rYaynr o Ty XQTy &
f NCE exp[ﬁ< EJ,,Y' Ype+2 3 ypesy )] (5.7)
i

(7% 7% %
r.a

Z(M) G f ay’r adhh ud)‘? ** exp 6 JT lyr, uyr, +2 Y" asr. oy haS" oy T
I @1 M Z 1 42 iz ‘E' ) (5.8)
2T 1 Ty O ’

iyrya
r, u

with

1 B N)3M /2
o~(am i) |-

Thus we have the S7"* in the “classical effective

Hamiltonian” only in a linear form. The procedure

we used is very close to the Hubbard-Stratono-

vich!”!® transformation. For a short-range in-

teraction J;;, the small-k behavior of its Fourier

transform J(%) is proportional to 2%+ %, where »

is a constant so that the asymptotic behavior of

Ji} is given by
ei®i-D

ey dipcce” Il-ilﬁ"

Jip~ [T=F|-= (5.9

i’,f denote the lattice vectors corresponding to lat-

1

I

tice sites i, j, respectively, and translational in-
variance is assumed. As a consequence J;} is a
short-range interaction too. Since the new coup-
ling is (-J;}) the coefficient of £? in the U, term
is kept positive and we stay in a ferromagnetic
problem.

The term in the effective classical Hamiltonian,
containing S}'¢ is

B a
i > @Yo+ hy)Sy e

111’1!!

(5.10)

It is convenient to perform a shift Y *~Y7* — 3hy.
We shall also denote J”— —dJ;] ;- By a proper choice
of the constant C,J;; can be made positive. Now,
Z™) can be rewritten

(M) — r,adhr,adkﬁm* 7 yrayna 7 yrnapa 1 7 papo
z Gf I & (ZJ,,Y,LY,' + Ty eng e Y d ke

tyrya ;:L

i’j Ty &
rra ‘vj

+2 3 vpespes Z T’)] (5.11)

iyryo
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The term This term does not contribute to the magnetization

or susceptibility at zero field and we can therefore
Z fl.jhg‘h;?‘ either disregard it or absorb it in G.
iy § The only term in the classical effective Hamilto-
nian that couples different lattice sites (after we
omitted the h; .}, terms) is the

T
is independent of the integration variables and
multiplies Z by a constant

~ > B ~ A
exp (ﬁ ZJij—Ei -hj> . 7 Z S Ypeyye
i, 7
The term it adds to the free energy is
8 terms. The rest are “single-ion” terms. Equation
Z J i (5.11) can be rewritten in the form

iy 7

AL Gf der,aexp[ (EJ”Yr,ayr,aJr Z J Yr,ah >]

Jy iy 1y @

x H {f I d_"@‘_'i exp{ (Z SV 3 T)]} | (5.12)

The expression in the curly brackets depends only on the index i (or lattice point 7) and since the functional
dependence of S7* and T on the X’s is independent of 7 (see the Appendix for the explicit dependence of
S7:@), the result of the integration can be written as exp[(8/M)f(Y,)], meaning thatf is a function of

Ype, Y0k (r=0,1,...,M~1;a=1,2,3). The form of Z ig therefore

Z“’”:Gfde exp{ (ZJ,J,Y"“Y""’HLZJ Y ens +L fy; )] (5.13)

17
"o T,

The effective classical Hamiltonian here is built Y@= Z eivtyy® o
as the usually investigated classical spin models
are, i.e., it has a quadratic spin-spin coupling w=Q2r/Bm, n=0,1,..., M~-1 (5.14)

"term and a sum of single-ion terms.!® This result
follows essentially from the fact that during the
process of bosonization and the rewriting of the

L=Br/M, v=0,1,...,M~1.

partition function in terms of the coherent states, w are the Matsubara frequencies.®? They corre-
the §; -§; part coming from the original Hamilto- spond to the boundary condition Y# *=Y% %  which,
nian is kept “form invariant.” The next step is to here, follows from A% =2%  Expressing Z’ in
Fourier transform the Y7 * with respect to 7: terms of Y{"“ we get

Z‘”’:GMWN/Zf de?'“exp[(EJ Y@y 4 ZL;Y‘;"”’“’!‘“ +f(¥; )>] (5.15)
i .

iy § iy 7,
Wy w, J

The additional term M*¥¥/2 stems from the Jacobian of the transformation {Y7 *}—={Y¥ *}. It cancels a
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similar term inside G [see Eq. (5.8) thus making it M independent].. We define G =GM3#¥/2, We observe
that the upper cutoff on w is the only reminiscent of the fact that we divided B8 into M segments. In the
limit M —~», w will have the values (27/8)z, where # is any integer from zero to infinity. Thus the limit
M=o of ZM in Eq. (5.15) is achieved by letting w be unbounded as we have explained:

- “ - _ 27

Z=Gflldy‘;"°‘ exp[ﬁ(Z F ey yee 3, yosseps +f(Y,-))], w=gn, n=0,1,2,....
iy @ ) J
[ w, &

Alternatively we could develop a field-theoreti-
cal approach and show that the critical behavior of
the system described by the above given Hamilto-
nian is independent of the cutoff on w, hence one
need not take the limit M - in order to find this
behavior. In the renormalization-group approach
it is convenient to have such a cutoff, since then
we can regard the system as the 3M-component
anisotropic vector model that crosses over to
three-component isotropic vector model in the
process of renormalization. For details of this
approach we refer the reader to Young.?

Another approach within the finite cutoff theory
would be (as has already been mentioned in Ref.

2) to regard the »’s as an additional dimension in
whose direction the system is finite in extent (of
size B). Such a system will crossover to the orig-
inal dimension as has already been explained.?

The common feature of all approaches mentioned
so far is the fact that only the w=0 component sur-
vives renormalization. In Eq. (5.16) we see that
the external magnetic field h couples only to Y{=%%,
We conclude that the Y¥*** component represents
the physical spin. At criticality we can replace
23,4 ;;Y9=%% by a constant ¢ times Y$**, since JA,-J-‘
is short ranged. The constant ¢ can be absorbed
into the magnetic field 2. The interaction with the
magnetic field is now 2, Y9=%*h%.

It is easy to show that partition function of the
isotropic Quantum Heisenberg model is a scalar
in the T\i’s for all temperatures. Thus

327

ah?ahg all ;=0
is zero for ¢ # B and does not depend on @ for a =8.
As a result the renormalized propagator for the
w =0 component in our equivalent classical model
is proportional to the symmetric tensor 6%. On
the basis of those considerations we expect the
general form of the renormalized inverse prop-
agator close to T, to be

[aaskz-nA(Kz)+’V‘5a8+cg:%], (517)

(5.16)

r

where Kk are the vectors in the reciprocal lattice,
n is the well-known exponent. A represents cor-
rections to leading scaling behavior, and C, ,
represent the behavior of w+# 0 components. The
form is correct in the limit of small k. C, , can
be written as

CHE >4 wQP 8 +0(w?). (5.18)

(The other term of the inverse propagator are re-
garded as “zeroth order” in w.) Hence for small
w, k and neglecting corrections to scaling and the
k dependence of @, we have the inverse propagator

B, k2470, +WQ, . (5.19)

o B

As is shown in various references®® ™ 20722 the dis-
crete values of w lead to disappearance of all but
the w=0 term in a renormalization group proce-
dure. Thus we get an isotropic fixed point in d
dimensions. When the temperature goes to zero
the values of the w’s become continuous and then
we have exactly a (d +1)-dimensional system.

The crossover from d +1 to d dimensions is ex-
plained in several references %222 and we shall
not reproduce it here.

We can summarize this chapter as follows:

(a) The classical effective Hamiltonian that re-
produces the partition function of the quantum Hei-
senberg model has been written in the general
form of the classical Hamiltonians that we have in-
vestigated using RG (see Aharony!®).

(b) Using the O(3) symmetry of the problem it
became clear that only an isotropic fixed point
with a n =3 order parameter can exist at a finite

‘temperature.

(c) As T approaches zero we cannot get rid of
the w dependence and the problem becomes essen-
tially a (d +1)-dimensional problem, that is iso-
tropic in the first d dimensions and anisotropic in
the (d + 1)th dimension.

(d) The derivation of the classical effective
Hamiltonian is exact and the only inexact argu-
ments are the RG considerations. But the latter
considerations are inexact in any calculation in
the sense that one can do calculations only in the



4792 I. GOLDHIRSCH, E. LEVICH, AND V. YAKHOT 19

linear range of RG and has to assume the form of
the effective Hamiltonian in this range. This is
usually done assuming universality.

(e) Our “classical limit” has nothing to do with
block constructions in the manner of Kadanoff. On
the contrary, it is correct at all temperatures and
therefore presents a proof that classical Hamil-
tonians can represent the thermodynamics of
small-spin systems, which is a nontrivial result.

VI. ANISOTROPIC HEISENBERG MODEL

Formula (5.6) remains basically correct if J;
depends on o too. One can have J§;=6%/;; with 6¢
=1 for «=3 and 6*=6 for ¢ =1,2. As a result we
shall have J3}/6 instead of J3} in (5.6) and (5.7).
Since the coupling in (5.6) and (5.7) is —J3}, the
corresponding anisotropic coupling is —J3 /9"‘, If
6*>0(X-Y anisotropy) —J3;/6% is bigger in 1,2
directions than in the third and we still have an
X-Y anisotropy. A similar conclusion holds for
% <1. Now using the usual RG arguments we ar-
rive at the conclusion that for §*>1 we have a
X-Y-type critical behavior whereas for 6% <1 we
have an Ising-type critical behavior.

VII. BOSE EFFECTIVE CLASSICAL HAMILTONIAN:
HEURISTIC ANALYSIS

It is instructive to examine the Bose effective
classical Hamiltonian, i.e., the Hamiltonian ex-
pressed in terms of the A’s. Since we know by
now that only the w=0 terms are important close
to T,, we shall restrict ourselves to the analysis
of those alone. In addition we shall mainly focus
our attention on the quadratic and quartic coupl-
ings of the Hamiltonian, regarding the higher-
order couplings as “irrelevant” (in 4-€ dimen-
sions). We assume therefore that close to T,
one can write

Zocf I @i axx, exp <~ B ZC‘C(’\,*,‘M)

+ 3 W(x,-*,xi)) (1)
i
The label w=0 has been omitted in (7.1) and the
w =0 component coming from the norm of the co-

‘herent states is zero. W is the weight function
(see Sec. III) and it is defined here as

W) =- 3 [N+ (= 1)F: ]2 (7.2)
W(x2;) denotes (\;| W|x) as before,
WOEN) == > (4|, [+ 4 |, [2 = 2], [2e2%),

i

In our crude approach we shall take W=4pZ(|x, |2

+[x;]%) only since this is the part that is re-
sponsible for the convergence of the path integral.
H is not assumed to be O(3) symmetric:

H=—a 3"J;;S;Sj= 3 J;;5i85.

Going to momentum space and denoting by U, the
coefficient of A’; A. and by U, the coefficient of
terms of the type x* A* A ik, Ve get (in the small-
k limit):

U,=4p+2dBJ(1 — o) +Batk?a®+ O (k%) .
U,=4p/N +B(4dJ /N)(a - 1) + O(k?) .

a is the lattice constant and N the number of
lattice sites. When a>1, U,>0 and we have a
X-Y-type model. The order parameters are 1
and A* or ReX and ImA. When a =1, i.e., in the
isotropic case we have U, ~4u when k—0. Act-
ually both U, and U, are 4u+O0(k?). As we shall
see this situation reflects the fact that in this
case we have three order parameters. One can
see this formally by defining a variable n;= |, |?
and integrating over it with an appropriate ¢
function expressing this equality.?” In the mo-
mentum space we can use

((nk) -( o >2> : (7.4)

i K +q q
which-can be put into the exponent as

exp[—b (nk)2-< Z h*;;fa?\()z 2] .

Rigorously speaking one should use the b—-«
limit, but assuming universality we can 'keep a
finite b.! We take %; as the third-order para-
meter. The quartic part of the Hamiltonian can
be expressed as 4u +pJk? term in the exponent
will affect only the U, part. The U, part is now

[4p+2dBJ(1 - a)+ aBJKza"‘]A’.EA-k- +(4p+BIR2a%) |, |2
(7.5)

(7.3)

when ¢ =1 we have just
(4 p+ BTFPa®) (NN + 1nE|2)

corresponding to the usual O(3) symmetry of the
Heisenberg Hamiltonian.

When a <1 then the constant (k independent part)
corresponding to |n,|? in (6.5) is smaller than the
constant corresponding to the A%x, part, which in-
dicates a crossover to Ising-type behavior.

Thus we see that an analysis of the U,, U, parts
alone (dropping higher-order terms as affecting
only higher-order corrections in €) already gives
the results we got in the last paragraph.

Several remarks about the analysis carried out
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above are in order: ;

(a) The U, part is not O(3) symmetric. Yet it
is believed from works using the € expansion
that the isotropic fixed point is stable. In this
case there is no doubt that the exact fixed point
is isotropic (see Sec. V).

(b) This remark is concerned with the additional
variable n; = |}, |2 that we use as the third-order
parameter. One should note that the reason one
could bosonize the spin operators is the fact that
only two of them are independent, say S* and S-.
S% is given by 3 [S*,S-]. Otherwise the two indep-
endent operators BY, B would not suffice. The
S§S5part of the Heisenberg Hamiltonian can be
rewritten in terms of the independent S} operators
as

1Y J5,181,8;1s5,851,

showing that the term corresponding to the “third-
order parameter” is a magnon-magnon interaction
term. This explains the identification of #; as the
third-order parameter, and simultaneously shows
why the O(3) symmetry of the original Hamiltonian
is not obvious in this representation.

(c) In spite of (a), one can make the effective
Hamiltonian O(3) symmetric up to any U,,. This
is possible since one can trade a |h,. I‘* term for
a |n;|? term and thus transfer terms between
U,, and U,,,,. Thus any anisetropy can be pushed
into as high U,, as one wishes.

(d) One may note that when o =1 the only k-in-
dependent term in (6.5) is y i.e., a temperature-
independent constant. However, after the first
RG iteration one gets corrections to u that come
from U, and higher-order couplings, all of which
are proportional to 8. Therefore the U, term will
be of the form 4pu-cB and we shall have a term of
type 3-8, as in usual Landau-Ginsburg models.

CONCLUDING REMARKS

The work presented here may be of use in under-
standing dynamical critical phenomena too. Most
of the work done so far in this field®® is based
upon phenomenological Hamiltonians and the use
of linear response theory for deriving equations
of motion. :

Some works (e.g., Ref. 24) have tried to find a
microscopic justification of the above mentioned
phenomenology, but they were restricted to Boson
systems since only there the convenient existence
of coherent states and other methods made this
task manageable. Similar methods for spin sys-
tems lead to extremely complicated®® and non-
intuitive expressions. Furthermore if one is not
interested only in the linear relaxation process

but in cooling a system below the critical point 2
the situation gets much more complicated. Though
it may be true that the phenomenological equations
of motion lead to a physically correct description
of the systems described by them (even in the
nonlinear domain) it is of great importance to jus-
tify them from a microscopical point of view.

This paper is not concerned with dynamical
problems but since it presents a unified pic-
ture of second-order phase transitions as
generalized Bose condensation process it may
leadto a unified picture of dynamics—as soon as
the Bose condensation problem is satisfactorily
solved. An important feature of the bosonized
systems is the fact that certain quantities are
conserved. In the real boson system we have a
boson-number conservation whereas in the sys-
tems corresponding to spin syStem, some func-
tions of the number of bosons are conserved, as
we have seen. Since it is clear that without the
existence of conserved quantities one cannot have
a condensation process, our method leads to an
understanding of the phase transitions in spin
systems from a very general point of view.
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APPENDIX: CLOSED FORMULA FOR THE CLASSICAL
EFFECTIVE HAMILTONIAN

In this Appendix we calculate the part of the ef-
fective classical Hamiltonian (ECH) that comes
directly from the original Hamiltonian, i.e., we
do not include the norm of the coherent states or
the part coming from the weight function. This
remaining part is called henceforth the ECH. The
formula we derive here should be useful for fur-
ther analytical and numerical investigation.

First we note that the ECH corresponding to the
Heisenberg Hamiltonian can be written as

M ==3 0 TSI DS, )
! 7y i

+S§ T HADSIATT D] (AL
Since always i+#j in the Hamiltonian S},S; commute
in the original Hamiltonian and thus one can calcu-
late separately the results for Sj, S;, and Si.

A. Calculation of §7

From (1.27) and (1.28), we have

2z _ 13 (_z)u tvpv
sie-3 3 G- B )



4794 I. GOLDHIRSCH, E. LEVICH, AND V. YAKHOT 19

Hence In what follows we rewrite (A6) in another form,
that explicitly shows the convergence of (A6).
(erl |Sfixr> - 1.& (-Z)V r+LxYw(y 7V
oFT ST 3 ;; ST A From (A5) we have
r+1 %
=—derai N (A3) b= (=1 ~ f dz e~
n ny & 0
B. Calculation of S{(\," * \") neven
From (1.25) and (1.28) we have: (_ )y f az 'Z?i (n) e“z“]
R : T V! L\ K
S;=B!Y_ b,BI"B} (a4) . n
n0 : f dZe'zz[ ( )(8-22)‘L
where: . ‘/—"! Z-O K
1 n 1 "o 1
b= (<1 = : (45) ] 3
n ( n!ueven<“)'/1+l-l ) +§ " ( ) 3

From (A4) we get in a similar way to (A3)

- - dZ e [(L+e ) 4 (1 = ™). (AT)
SO A =TS B, ()" (a6) o L R Cas PN Ry

n=0

(A6) can be considered a closed formula for Sj. Substituting (A7) into (A6), we get

sr(A"* r 7+ 1 ® - 1 =22\ T+ =22\ 7+ n
050 =N [ a2 3 (L N (1

-0

1‘*7‘

1 - 22 a2y 7K,
- 7\1;-»1* e / az e-zz(e-(he £ )h, Y] ye--e 22)); ), (Ag)
{
So we have In any case we write
1:+1 * o 2 .
S = T [ aze e D (A s ) O
% e»e'zza?‘*%%)e-*?”**?. where f is defined through (A10). f is clearly well
. defined for every value of (\]*1*x%).
The last integral can be evaluated by expanding (e) S;(\7*XT) is calculated like Si. The result
e,e-zzhz'”*ﬁ is
. : < 22 . -
in a power series in e™*". The result is Si()(,*l ¥ A7) =F(TRAT,
T+lky rym
iy a3 SN M gt (a10) .
—~ mWl+m where f is the same as in (b).
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