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The predominant hydrogen-containing species in TiO, (rutile) are OH (hydroxyl) ions, in which the oxygen

occupies a regular oxygen ion site, and the 0-H bond is perpendicular to the c axis. It is proposed that

diffusion of hydrogen parallel to the c axis proceeds by a proton jump from one 0 ion to another along the

channel as represented by OH -0 ~0 -.H+" 0 ~ 0 "HO . It is also proposed

that diffusion perpendicular to the c axis proceeds by a rotation of the OH bond to move the proton from

one channel to an adjacent channel, followed by a proton jump to another 0' ion in the same channel.

From a potential-energy model, which includes a Morse function to represent the OH bond, as well as

electrostatic and repulsive terms, the activation energies for hydrogen and tritium diffusion parallel to the c
axis were calculated to be (including a zero-point energy correction) 0.60 and 0.69 eV, respectively, in good
agreement with the respective experimental values of 0.59 and 0.75 eV. The calculated activation energy for

diffusion perpendicular to the c axis was 1.23 eV (no zero-point energy correction), as compared to the

experimental values of 1.28 and 1 ~ 11 eV, 'respectively, for hydrogen and tritium. The calculated equilibrium

orientation of the OH ion in TiO, and the calculated stretching frequency of this species were also in good
agreement with the respective experimental results.

I. INTRODUCTION II. REVIEW OF EXPERIMENTAL RESULTS

The results from infrared measurements on

TiO, (rutile) containing hydrogen, deuterium, and
tritium and the results from diffusivity measure-
ments of tritium in rutile have been described in
two earlier publications from this laboratory. ' '
Based on these studies, we proposed a mechan-
ism' for the diffusion of hydrogen and its isotopes
parallel and perpendicular to the c axis in TiO, .
A model has been developed for OH in TiO, which
provides calculated activation energies for diffu-
sion parallel and perpendicular to the t-. axis in
good agreement with the experimental values. "4
Furthermore, the model accurately predicts the
equilibrium orientation of hydrogen in rutile, and
the calculated OH" stretching frequency agrees
well with the observed value. The purpose of this
paper is to discuss this model and the mechanisms
for hydrogen diffusion in TiO, .

The diffusion of hydrogen and its isotopes in
rutile has been investigated by several groups. '"'
A comparison of the results from these studies
was made recently' and will not be repeated here.
The possible reactions which occur when hydrogen
enters TiO, from a vapor phase of H,O or H, and
the thermodynamics of hydrogen solubility in rutile
have been discussed in detail. ' ' In our study, we
have not considered the mechanism of how hydro-
gen enters rutile, but rather we modeled the pro-
cesses by which hydrogen is transported through
the lattice.

A. Spectroscopic studies

A perspective drawing of the rutile lattice is
shown in Fig. 1. The small open circles represent
Ti" ions and the large open circles represent 0'
ions. Rutile has a tetragonal structure which be-
longs to the space group D,'„. The lattice con-
stants" at 25 C are ap='4 594 A and op= 2.958 A.
The structure is characterized by large open
channels parallel to the c axis as shown in Fig. 1.
These channels account for the fact that light inter-
stitial ions diffuse much more rapidly parallel to
the e axis than perpendicular to the p axis. ' ' "

Measurements of the infrared-absorption spec-
tra of hydrogen and its isotopes in TiO, have
shown ' '~ ' that most of the hydrogen which en-
ters the lattice on heating rutile crystals in an
environment of H, or H,O is bound in the form of
OH ions." It was suggested by von Hippel et gl. '
that the proton binds to an 0' ion of the rutile lat-
tice. The large dichroism found for the OH ab-
sorption" (&99% absorption perpendicular to c) in-
dicates that the transition moment, and therefore
the OH bond, is perpendicular to the t." axis. This
result was verified in an EPR study" of Fe" in
TiO, . From an analysis of the spectra, the proton
was determined to be located at (0.53, 0.11,0.0) in
fractional coordinates, where the 0' to which it
is bonded is located at (0.8053, 0.3053, 0.0). The
0-H bond length was determined to be 1.09 A.
The calculated position of the proton is very near
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1 corresponds to a nearly linear hydrogen bond
with an 0' ~ '0 separation of 3.327 A, and virtually
no shift from the free-ion frequency is predicted
from such a weak H bond. "

The measured stretching frequencies of OH",
OD", and OT were analyzed in a previous study'
using a term-value formula for a diatomic anhar-
monic oscillator, "

G,'(v) = (v+ 2)(u,' —(u+ -', )'(o x,',

FIG. 1. Rutile lattice showing calculated position. of
the proton (solid circle). The large open circles repre-
sent 02 ions and the small open circles represent Ti4+

ions ~

TABLE I. Spectroscopic constants for OH, OD, and
OT iri TiO2.

&, (can ~) +e&e (cm- ) G, (0) (eV)

OH
OD
OT

3545.14
2579.44
2163.95

134.57
71.24
50.14

0.22
. 0,16
0.13

Constants for T = 300 'K from Ref. 1.

to the experimental position (see below) and is
shown in Fig. 1, where the small closed circle
represents H', and the bond is drawn to the 0'
ion located -1 A away. The proton may be bound
to any 0' ion, so that a projection of the OH bonds
onto the (001) plane will show that they are related
by 90' rotations about an axis parallel to c, and
located in the center of the channel. This orien-
tation of OH dipoles around the channel is consis-
tent with the observation of isotropic absorption
from the OH when infrared light is incident along
the [001] direction. '

The origin of the large frequency shift of the OH

stretching mode in TiO„p„=3276 cm"' at 300 K,
compared to a nominal free-ion value of -3600
cm ' was not explained in the previous spectro-
scopic studies. '""" It was noted. ' that, if the
shift is due to hydrogen bonding represented by
OH ' 0, the oxygen-oxygen separation is required
to be about 2.75 A. Therefore, von Hippel et gl. '
were prompted to place the proton along the line
joining the 0' ions that are separated by 2.7'79 A.
This orientation places the 0-H bond out of the
(001) plane, in contradiction to the experimental
and calculated results. Furthermore, the com-
paratively narrow bandwidths observed' for OH,
OD", and OT in TiO, are not consistent with a
linear hydrogen bond having an 0 0 separation
of 2.'l5 A or less.""' The proton position in Fig.

where G,'(v) is the observed vibrational energy for
the gth isotope, v is the vibrational quantum num-
ber, and ~,' and g,' are constants for the zth iso-
tope. The values of the spectroscopic constants
derived from Eq. (1}which are used in the present
study are summarized in Table I. The zero-point
energy for the fth isotope is [from Eq. (1)]

G (0) = p(g 4Q) x ~ (2)

B. Diffusion measurements

The A.rrhenius equations for diffusion parallel
to the c axis as determined from the measured
diffusivities are

Dy(H) 1 8(+0.8)

x 10 ' exp[-0. 59(+0.02}/kT] cm'/sec (3)

for hydrogen, and

D„(T)= 8.5(+9.0)

x 10 ' exp[-0. '15(+0.08)/kT) cm'/sec (4)

for tritium, ' with the activation energy expressed
in eV. The uncertainties quoted for the preexpo-
nential factors and activation energies correspond
to 90%%uo confidence levels. The justification for
comparing the hydrogen and tritium diffision coef-
ficients, which were measured by different tech-
niques, was discussed in detail previously. ' It
depends on the minimization of the effects of in-
ternal electric fields in both experiments. ~ The
difference between the zero-point energies of the
OH and OT stretching vibrations determined at
300 K (Table 1), 0.22-0.13=0.09 eV, is of the
order of the difference between the activation en-
ergies for tritium and hydrogen diffusion paral, gael

to the c axis, O.V5 - 0.59.= 0.16 +0.08 eV consider-
ing the uncertainty. of the latter quantity. This
suggests that the activation energy for diffusion
along the c axis is mainly determined by the ener-
gy required to break the OH bond in TiQ,. The.
diffusion process in this case consists of proton
jumps from one 0' ion to another, as represented
by

OH ' O' O' ' H+' O' -0 '''HO (5)

The Arrhenius equations reported for diffusion
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perpendicular to the c axis are given by

D,(H}= 3.8(~2.0)

x 10 ' exp[-1.28(+0.05)/kT] cm'/sec (8)

for hydrogen, 4 and by

D,(T) = 1.77(+1.0)

x 10 'exp[-1.11(+0.04)/kT] cm'/sec (7)

for tritium. ' The activation energies for diffusion
of hydrogen and tritium perpendicular to c are
much larger than the respective values for diffu-
sion parallel to c. This implies that a different
mechanism is responsible for the rate-determin-
ing step in diffusion perpendicular to c, and it was
proposed' that this step consists of a flip over Or
rotation which moves the proton from one channel
to another.

III. MODEL FOR OH IN TiO2

Our major goal in this research was to devel. op
a model for OH in TiO, from which we could cal-
culate the activation energies and preexponential
factors for diffusion based on the mechanisms out-
lined above. The model was also required to pro-
vide results consistent with other known physical
properties such as the orientation, bond length,
and stretching frequency of OH in TiO, . It was
assumed that the oxygen atom of the hydroxyl ion.
occupies an 0' -ion site of the rutile lattice. The
charge distribution in the OH ion was estimated
from the eLectron-density contours calculated by
Bader" using Cade's" electronic wave functions
for OH . The radius of H' was estimated to be
0.83 A when the radius of 0' was taken to be
1.40 A. From Bader's contours, the electrons
have approximately spherical distributions cen-
tered about the oxygen and hydrogen nuclei. The
number of electrons contained in that half of the
sphere about 0' away from the proton was found
to be 4.68. Thus, based on the assumption of two
spherical charge distributions, there are 9.36
electrons in the sphere about 0' and 0.64 elec-
trons in the sphere about H', since OH has a total
of ten electrons. With Z= 8 for 0' and Z= 1 for
H', this gives a. net charge of -1.36 centered on
the oxygen nucleus and+0. 36 centered on the H'
nucleus.

Because of the strong bond between the proton
and the oxygen ion in OH, we found that it was
necessary to. represent the 0-H interaction by
means of a Morse potential~ or other similar
functions which are ordinarily used as potentials
for diatomic molecules. " The function we found
to give acceptabl. e results is given by

V= g D,fl exp[-a(r, „-r,)])'- Q
i ,.g o

+Q:"'+P w'exp(--b„-z„-a, .)l. (8)
J

This moment is induced by the electric field due
to point charges of all the other ions E, and by
the electric field due to induced dipole moments
on all the other 0' ions. Thus9

p= .[E. (1/u. )V.E, p,E. u.E.)],
where ~,= 2.22 A' is the polarizability of 0' in
TiO,." In Eq. (10), pgp„pgp„and p,/p, are

(10)

The index z labels 0' ions only, where i = Odenotes
the 0' ion in QH", and the index j labels only Ti4'
ions. The distance between the proton and the 0th
ion (k= i for 0' and k =j for Ti") is denoted by

r~, with~, „= g~(= g, -r„~, where r, and r„»e
the position vectors of the kth ion and proton, re-
spectively.

The first term in Eq. (8) is the Morse func-
tion, "which rep'resents the major part of the
O-H potential. The constant D, is the energy mea-
sured from the minimum of this function to its
horizontal asymptote (the dissociation limit in the
case of the free ion), r, is the equilibrium O-H
bond length, and g is a parameter which, together
with D„determines the curvature of the potential
near x+= r,. The value of D, = 3.484 eV was taken
from Cade's calculation of energy as a function of
internuclear distance (Table III of Ref. 20). The
value of g= 2.891 A ' was determined from the re-
lationship, "g=(kg2D, )'~', where k, =9.334 x10'
dyn/cm is the calculated force constant" of OH .
The value of x,= 0.9V A quoted by Branscomb"
gave better results than the calculated value" of
0.94 A.

The second term in Eq. (8) arises from the inter-
action of the charge on the proton q~, with the in-
duced dipole moments on the 0' ions, p,. The in-
duced moment was determined from the following
procedure. ~ A unit dipole p, was placed along the
x axis of a test 0 ion giving a dipole moment of
py pa i on this ion, where z is a unit vector along

Crystal symmetry was used to find the corre-
sponding dipole moments on all other 0' ions.
The electric field at the test ion produced by these
other dipole moments is given by E,=(E,„,E, , E„).
This procedure was repeated with unit dipole mo-
ments along the y and z axes of the test ion, p,

pp 3 and p, = p,k, and the corresponding electr ic
fields calculated at the test ion are given by E,
= (E,„,E,„E„)and E,= (E,„,E...E„). The net di-
pole moment at the 0' ion can be written

p=p„i+p j+pgk ~ (9)
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qoro3' p ] qoqp
+

g&o & ~or r

+Q be„e px[-(1 p/)(r„-B, -R„)], (12)

where the sum over k includes all the ions and
j= 0 and k= 0 denote the 0' ion at r,. The value
of b was found by requiring the 0' ion to be lo-
cated at its equilibrium position in the crystal.
This calculation gave 5= 0.58 eV.

scaling factors which determine the magnitude of
the respective electric fields due to induced dipole
moments along z, y, and z, respectively. A set
of three simultaneous equations is given by Eqs.
(9) and {10).

p„= n, [E,„+(1/p,)(pp, „+pp, „+p,E,„)J,
p„= n, [E„+(1/p, )(p„E„+p,E„+p,E,„)],
p, = n, [E„+(1/p,)(p„E„+p,E„+p,E„)].

These equations were solved for p„, p„, and p,.
From a lattice-sum calculation, ~K,

~

=0.1968
e/A', ~(1/P, )(P„E,+P, E,+P.E,) ~=0.1881 e/A',
and the net dipole moment at the 0' ion was
found to have the magnitude, ~p ~= 0.692 e A(3.32 D).

The third term in Eq. (8) arises from the Cou-
lomb interaction between the charge on the pro-
ton q~=+0. 36 and the charge on the titanium ions
q&=+4. The Coulomb interaction between the
charge on the 0' ions and the Ti" ions was not
included, since this contributes only a constant
energy term under the assumption that the 0'
and Ti4' iona remain fixed.

The last term in Eg. (8) accounts for the short-
range repulsive interaction between the OH and
the titanium ions. " The terms due to oxygen-oxy-
gen, oxygen-titanium, and titanium-titanium con-
tacts were omitted, since these contribute a con-
stant energy when only the proton is allowed to
move. The constants R„and R,. are, respectively,
the ionic radius of the proton and Ti '. The latter
was taken to have the value R&= 0,68 A while,
from the model of OH described above, R„=0.83

The values of p found by Tosi and Fumi" for
alkali halides are in the range of 0.282-0.386 A.
Here its value was taken to be 0.333 A. The pa-
rameter e is defined by e= e»=1+8, /N, +Z„/N„,
where Z and N are the valence and number of elec-
trons in the last closed shell, respectively. For
Ti", Z,.=4 and N,.=8, and for the OH ion, Z„=-1
and +„=8, these give &= 1.375. Using the value of
p= 0.333 A, the parameter b was determined from
a calculation of the perfect-crystal potential en-
ergy of an 0' ion near its equilibrium position r„

TABLE II. Parameter values for the potential energy
model of OH in Ti02.

D,=3.484 eV

a= 2.891 A ~

r =0.97 A

q~=+ 0.36

~p~=O. 892 eA
0

R~.4, = 0.68 Ai
p=O. 888 A

b=0.58 eV

e = 1.375

Rg=0.83 A

The values of the parameters in Eq. {8)are col-
lected in Table II. As noted above these were de-
termined from known properties of TiO, and from
calculations of the electronic structure of a free
OH ion. They were used without further adjust-
ment to give the calculated results described be-
low.

IV. RESULTS OF THE CALCULATIONS

A. Orientation and vibrational frequencies

The equilibrium orientation of the proton was
calculated by finding the minimum-energy position
as the proton. was moved under the potential field
given in Eq. (8). This position was determined to
be~ (0.57, 0.12, 0.0) in fractional coordinates.
The equilibrium 0-H-bond length was calculated
as r, = 1.03 A. The calculated position and bond
length agree well with the experimental values,
(0.58, 0.11,0.0) and r,=1.09 A, determined from
the EPR spectra" of Fe" in TiO, . The lengthen-
ing of the OH bond in the TiO, lattice compared to
the isolated ion (r, =O.N A) is caused by the elec-
trostatic fields in the crystal as represented by
the second and third terms in Eq. (8).

The O-H stretching frequency was estimated by
calculating numerically the second derivative of V
with respect to r near r = r, and using the harmon-
ic-oscillator relation, d'V/dr'= k, = 4m'c'p~, '.
The derivative was calculated in increments of
4r= 0.01 A, and the result gave ~,= 3182 cm '.
The calculated frequency agrees within 10%%uo of
the experimental value determined from the 300 K
data ~,= 3545 cm ' (Table I). The model repre-
sented by Ecl. (8) accounts for the large negative
shift of the stretching frequency of OH in TiO,
from the free-ion value and resolves the previous
conflicts in interpreting the spectroscopic data
(frequency shift and bandwidth) on the basis of
hydrogen bonding. The model shows that the elec-
trostatic interactions of OH in TiO, (second and
third terms in Eg. (8)) are responsible for the re
laxation of the O-H bond resulting in a decrease
in the stretching frequency as well as an increase
in the bond length. Hydrogen bonding, therefore,
does not play an important role in this case.

Frequencies for librational displacements of the
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TABLE III. Calculated and observed equilibrium
properties of OH in Ti02.

Observed Calculated

Orientation'
Bond length (A)
OH stretching" (cm }
Libration, ' & {cm ~)

Libration, [[ (cm i)

(0.56, 0.11,0.0) (0.57, 0.12,0.0)
1.09 1.03
3545 3182

1427
719

Fractional coordinates.
"Harmonic values, u, .
'Librational frequencies for displacements perpen-

dicular (w~) and parallel (u„) to the e axis.
Reference 15.

'Reference 1 and Table I.

8. Diffusion paths and activation energies

1. Diffusion parallel to c axis

Our mechanism for hydrogen diffusion parallel
to the c axis involves a jump of the proton from
one 0' ion to another along the channel, as rep-

OH" ion parallel and perpendicular to the c axis,
+„and ~„respectively, were calculated using a
procedure analogous to that described above. It
is assumed that the OH-bond length remains fixed
and that displacements occur about axes passing
through the center of the oxygen atom. The calcu-
lations gave ~„=1427 cm ' and ~,= 719 cm"'.
There are no experimental values for the libration-
al frequencies of OH in TiO„but the librational
mode of OH in Ca(OH), has been observed" at
680 cm '. The calculated equilibrium properties
of OH are collected in Table III together with the
available measured values.

resented by Eq. (5). In order to determine the
minimum-energy path and the barrier height of
this path, the proton was moved in increments of
0.1I A subject to the potential of Eq. (8) along a
line from a calculated initial equilibrium position
to each of the calculated equilibrium positions as-
sociated with neighboring 0' ions. After each
displacement, the minimum-energy position of
the proton in the plane perpendicular to the di-
rection of displacement was determined. The pro-
cess of displacement followed by location of the
minimum-energy position was carried out until
the proton reached the midpoint of the path between
the initial and final equilibrium locations. The
locus of points generated by this procedure defines
the diffusion path, and the difference between the
energies at the midpoint and the initial position is
the barrier height. The diffusion path determined
from our calculations is illustrated in Fig. 2; the
barrier height for this path is E~= 0.824 eV. All
other paths gave significantly larger barrier
heights. For example, the calculated barrier
height for a proton jump to the 0' ion directly
across the channel from the origin ion is 1.13 eV.

The diffusion path in Fig; 2 describes a helix as
the proton moves along the channel. The geometry
of this path is mainly determined by the orienta-
tion of the induced dipole moments on the 0' ions.
The orientations of these moments are illustrated
by the arrows on the 0' ions in Fig. 2. The H' ion
moves in a direction away from the positive end
of the dipole (point of the arrow) on the origin ion
toward the negative end of the dipole on the neigh-
boring O' in the adjacent (001) plane.

The activation energy for diffusion is given by
the difference in the barrier height and the zero-
point energy:

E,= E~ —Eo. (13)

FIG. 2. Calculated path for diffusion of hydrogen
parallel to the e axis. The equilibrium hydrogen posi-
tions are indicated by shaded circles with a bond to the
appropriate 02 ion. The direction of proton diffusion
is indicated by the arrows along the path. The orien-
tations of the dipole moments on the 0 ions are indi-
cated by the arrows within the large open circles.

(A discussion of the importance of the zero-point
energy to the isotope effect in diffusion parallel to
c is given in the Appendix. ) As noted above, the
difference in zero-point energies between the OH
and OT stretching modes (0.09 eV at 300 K) is of
the order of the difference between the activation
energies for tritium and hydrogen diffusion para-
llel to c (0.16 +0.08 eV), considering the uncer-
tainties in the latter quantities. That this should
be true follows from the diffusion mechanism.
The activation energies calculated from Eq. (13)
using the experimental zero-point energies of the
stretching modes (Table I) are listed together with
the observed values in Table IV.

A more exact calculation of the activation ener-
gies would include the zero-point energies of all
of the modes (lattice and local proton modes) in
the equilibrium state and saddle-point configura-
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TABLE IV. Observed and calculated activation ener-
gies for diffusion of hydrogen, deuterium, and tritium
parallel and perpendicular to the e axis in Ti02.

TABLE V. Calculated zero-point energies for the
equilibrium and saddle-point positions for hydrogen in
Ti02.

(a) Diffusion parallel to c (a) Diffusion parallel to c

Activation energy (eV)
Observed Ca].culated

Mode
k G, „(0)

Energy (eV)
G k(0) G k(0) —G' k(0)

0.59(m.02) b

0.59
0 75(A 06) c

(b) Diffusion perpendicular to c

(1)
0.60
0.66
0.69

(2)
0,64
0.69
0.71

0.197
0.088
0.045

0
0.099
0.052

0.197
-0.011
-0.007
= 0.179

Activation energy (eV)
Observed Calculated "

H
D
T

1.28 {%.05)"
1.28 b

1.11(m.04) '
1.23

'Values under (1) caloulated from Eq. (13) using ex-
perimental zero-point energies for stretching mode.
Values under (2) calculated from Eq. (14) using calcu-
lated frequencies at the equilibrium and saddle-point
positions.

b Reported in Ref. 4.
'Reported in Ref. 2.

Activation energies equal to barrier height within
0.001 eV.

(b) Diffusion perpendicular to c

Mode
Ge, k(0)

Energy (eV)
G,', „(0) G„,(0) G,', (0)

0.197
0.088
0.045

0.188
0,141
0.0

0.009
-0.053

0.045

= 0.001

Calculated saddle-point frequencies are co,' '= 1590
cm and &~3 =832 cm

b Calculated saddle-point frequencies are M,
' '= 3032

cm ~ and &' '=2281 cm ~.

tion:

E,=E, —P G, „(0)+Q G,' (0), (14)
k~1 k~&

where G, «(0) and G,' „(0) are the zero-point ener-
gies of the kth mode in the equilibrium and saddle-
point states, respectively, and N is the number of
normal modes (see Appendix). In the present ap-
proximation we include only the motion of the pro-
ton so that N= 3. The vibrational frequencies of
ihe two modes of the proton at the halfway point
of the path for c-axis diffusion were calculated
from the numerical second derivatives of the po-
tential with respect to the displacements perpen-
dicular to the path. The results are ~,'(2) = 1590
cm ' and ~,'(3) = 832 cm ' for H'. Using these fre-
quencies together with those calculated for the
equilibrium position, the activation energies for
hydrogen, deuterium, and tritium diffusion were
calculated from Eq. (14), and the results are listed
in Table IV. For this calcul. ation, the zero-point
energies were taken to be G, «(0) = «&u, (k) and G,' «

1 I= —,&u,'(k), with ~, and ~,' expressed in eV, and the
frequencies of the D' and T' isotopes were deter-
mined by scaling the H' frequencies with the ap-
propriate reduced mass factor, (p„/pn)'~' and
(pH/p~)~~', respectively. In Table Va, we com-
pare the calculated zero-point energies of each
mode in the equilibrium and saddle-point states

for hydrogen. As expected, these data show that
the dominant contribution to the difference between
the equilibrium and saddle-point zero-point ener-
gies comes from the stretching mode.

2. Diffusion perpendicular to c axis

The mechanism we propose for diffusion of hy-
drogen perpendicular to the c axis consists of a
flip over or rotation of the OH" ion which moves
the proton from one channel to an adjacent channel.
The combination of a flip over and a jump diffusion
along the channel results in a net transport of H'
perpendicular to the c axis. The diffusion path
was calculated by rotating the basal plane con-
taining the proton by 10' increments about an axis
connecting the 0'" ion and a neighboring Ti~' ion
in the same basal plane. After each incremental
rotation, the minimum-energy position of the pro-
ton in the plane was calculated. As a result of
these adjustments to minimize the energy, the
OH-bond length increased from 1.026 A at the
equilibrium position (8= 0') to 1.043 A at 8= 50',
and then decreased to 1.021 A at the saddle point
(8= 90'). The diffusion path calculated by this
method is illustrated in Fig. 3. The barrier height
for the diffusion path is E~= 1.23 eV.

The experimental activation energies given in
Eqs. (6) and (I) have E,(H) & E,(T), and the differ-
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FIG. 3. Calculated path for the Qip over or rotation
mechanism for diffusion of hydrogen perpendicular to
the c axis.

C. Preexponential factors

A random-walk model for thermally activated
diffusion in one direction gives

D = —'pd
O 2 g (15}

for the preexponential factor of the Arrhenius ex-

4

ence between them is larger than the uncertainty
limits; E,(H} —E,(T) = 0.17 +0.09 ev. Based on our
model and the discussion in the Appendix, we
would predict an opposite ordering of the activa-
tion energies: E,(T) ~ E,(H). In contrast to the
case for diffusion parallel to c, there are no ex-
perimental librational frequencies from which to
estimate a zero-point energy correction for dif-
fusion perpendicular to c. The frequencies of the
two modes at the saddle point were calculated by
the method described above. These were found to
be ~,'(1)=3032 cm' and &,'(2)=2281 cm ', for the
stretching mode and a librational mode respec-
tively. The zero-point energies for the equilibrium
and saddle-point states are listed in Table Vb.
The zero-point energy correction to E, given by
the sum of the terms in the last column is a neg-
ligibly small number compared to the uncertainties
in the measured activation energies. Therefore,
we take E,= 1.23 eV as the calculated activation
energy for diffusion perpendicular to c. This val-
ue is compared with the experimental results in
Table IVb.

TABLE VI, Observed and calculated preexponential
factors for diffusion of hydrogen, deuterium, and tritium
paraUel and perpendicular to the c axis in rutile.

(a) Diffusion parallel to c

Dp (cm /sec)
Observed ~ Calculated '

1.8(~0.8) x 10&
(1.3 x10- )"
8.5(+9.0) x 10

4.7 x 10-3
3.3 x 10
2.7 x 10

(b) Diffusion perpendicular to c

D, (cm2/sec)
Observed ' Calculated'

H
D
T

3.8(+2.0) x 10 &

(2.7 x 10-1)
1.77(~.0) x 10-2

4.5 x10 2

3.2 x10 2

x 10 ~

'Observed values for hydrogen and tritium from Refs.
4 and 2, respectively.

The Dp for deuterium was assumed to be given by
Dp(D) =D'p(e)/~2.' The calculated values for deuterium and tritium were
taken to be Dp(Q) —Dp(H)/W2 and D(}(T)= Dp(H)/v3, re-
spectively.

pression, where d is the jump distance and v, is
the number of attempts made at surmounting the
barrier (attempt frequency). Johnson et pf. ' made
estimates of the attempt frequencies for hydrogen.
For diffusion parallel to c, they assumed a jump
distance of 1.48 A (—,'c,) and estimated that D, = 2.3
x 10 ' cm'/sec, in good agreement with the ob-
served value' of 1.8 x 10 ' cm'/sec. For diffusion
perpendicular to c, they assumed a jump distance
of 3.26 A (a,/v 2) and estimated that D, = 3.4 x 10 '
cm'/sec. The latter estimate is about an order of
magnitude smaller than their reported value of
3.8 x10 ' cm'/sec.

The attempt mode for diffusion parallel to c must
cause the proton to be displaced parallel to the c
axis. The librational motion of OH" parallel to c
satisfies this requirement, and, since two at-
tempts are made at the barrier on each cycle of
this mode, v ((~c) 2&g Using the calculated value
of ~„(2.16 x10" sec ') and d= —,'c„Eq. (15) gives
D, = 4.7 x 10 ' cm'/sec for hydrogen and D, = 2.7
x10 ' cm'/sec for tritium. These values are
compared with the observed preexponential factors
in Table VI.

The preexponential factors for hydrogen and triti-
um diffusion perpendicular to c, 3.8 &&10 ' and 1.77
x10 ' cm'/sec, respectively, ' ' are more than an
order of magnitude larger than their correspond-
ing factors for diffusion parallel to c. The dif-
ference in jump distances accounts for about a
factor-of-5 difference between the respective pre-
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exponential terms, so that the attempt frequencies
for diffusion perpendicular to e must be larger
than those for diffusion parallel to c. At the pres-
ent time, it is not clear what mode or combination
of modes leads to attempts at diffusion perpen-
dicular to c. %e have assumed that both librational
modes are involved: two attempts are made for
each cycle of (d„and one attempt is made for each
cycle of ~~. With this assumption, v,(&c}=2&,

~

+ Q)J Using the calculated values of (d ~,
and

from Table III expressed in sec ' and assuming
a= a,/W2, Eq. (15) gives D, =4.5 x10 ' cm'/sec
for hydrogen and D, = 2.6 x10 ' cm'/sec for tri-
tium. A comparison of the observed and calcu-
lated preexponential factors given in Table VI
shows that a reasonably good result was obtained
for D, of tritium, especially considering the un-
certainty of the experimental value. The poor
agreement with the observed D, for hydrogen may
be due to a larger experimental uncertainty than
quoted. The Arrhenius equation for diffusion of H

perpendicular to e was derived from only four data
points measured over a narrow temperature range.
If the observed tritium preexponential factor is
multiplied by &3, the "experimental" factor for
hydrogen becomes D,(H) = 3.1 x 10 ' cm'/sec. It is
seen that our estimate of D,(H) as well as that of
Johnson et gl. » agrees much better with D,(H)
based on the tritium data than with the experimen-
tal value reported:in Ref. 4.

V. DISCUSSION AND CONCLUSIONS

The contributions to the calculated barrier-
height energy for the diffusion mechanisms paral-
lel and perpendicular to the e axis from the four
terms in Eq. (8) are listed in Table VII. It is no

surprise that the Morse potential contributes the
dominant term to E~(llc), since the mechanism in-
volves breaking an O-H bond. The Coulomb term
is necessarily the largest contributor to E~(& c)
since. the positively charged proton moves through
a region of neighboring Ti" ions. The repulsive
term is also appreciable because of the close
nearest neighbor contacts along the diffusion path.

'/he disagreement between the measured activa-
tion energies for diffusion of hydrogen and tritium
perpendicular to the c axis is likely due to ex-
perimental errors in both measurements. ' 4 The
calculatjons suggest that th'e activation energies
should be equal, since the zero-.point energy cor-
rection is negligible in this case. The calculated
activation energy agrees better with the experi-
mental value for hydrogen than it does with that
for tritium. However, we believe the trit:turn ae-
tivatio5 energy to be the more accurse, te, Since the
value for hydrogen was determined from a few

TABLE VQ. Contributions from the Morse, Coulomb,
and repulsive potential energy terms to the barrier
height energies for the diffusion mechanisms.

Morse
Energy (eP)
Coulomb ~ Repulsion

0.8004
-0.245

-0.0451
1.158

0.0688
0.317

'Includes the contribution in Eq. (8) from the induced
dipoles on 02 ions (second term) and from point charge
on Ti+ ions (third term).

data points measured over a narrow temperature
interval. The calculated activation energies could
be brought into better agreement with the mea-
sured values for tritium by modifying the Morse
potential. For example, increasing the D, pa-
rameter (stronger 0-H bond} will cause E~(~(c) to
increase and E~(&c) to decrease How. ever, the
agreement with the measured activation energies
for hydrogen as well as with the observed O-H-
bond length would become poorer.

The results of this work summarized in Tables
III and IV show that reasonably good agreement
with the observed equilibrium and diffusion prop-
erties of hydrogen in TiO, was obtained from our
calculations based on the potential energy model
in Eq. (8). Only the b parameter of the repulsive
term of this potential was adjusted to place the 0'
ion at its equilibrium position in the perfect rutile
lattice. The remaining parameters were fixed at
values determined from other calculations or ex-
periments on the properties of a free OH ion.
This agreement between the calculated and ob-
served properties is strong evidence in support of
the mechanisms proposed for the diffusion of hy-
drogen in,rutile.
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APPENDIX

The activation energy expressed in Eq. (14)
takes into account the zero-point energies in the
equilibrium (EC) and saddle-point configurations
(SPC). The justification for Eq. (14) is based on a
Semiclassical statistical mechanics approach to
diffb8ion. The diffusion coefficient from absolute
rate theory is given by D~ Doexp(-hE/kT), where
AI' is the difference in free energy between EC
and SPC." H E and I" denote the free energy of
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exp (-hc(u, /2kT)
~~~ 1- xp(-a,./aT)

(16a)

EC and SPC, respectively, then, within the ap-
proximation of including only modes of the pro-
ton,

into a single term, Eq. (17) can be expressed
3

(
'Q [1 —exp(-hc(g, /u T) ]

exp
[1 —exp(-Itc~', ./kT) ]

" hex exp

VL 1 —exp(-hc~', /kT).

where T/', and Pp axe the respective total potential
energies of EC and SPC. The last terms in (16)
are the vibrational partition functions (Z„and Z„)
for the modes of the proton in EC and SPC, re-
spectively. The exponential term of the diffusion
equation is then given by

exp(-LE/kT) = (Z„'/Z„) exp[-( V,' —Vo)/kT] . (17)

At this point, the high-temperature approximation
to Z„' and Z„ is usually taken, which gives

2

;, I~'; I
~

g=l

However, because of the high vibrational frequen-
cies of hydrogen in TiO„ the high-temperature
approximation is not valid. Collecting the zero-
point energy contributions to the partition functions

3 , (-pptdg) '

gal

over the temperature range of the diffusion mea-
surements. Combining the exponential terms, Eq.

'(18) reduces to

exp(-sIl/kT) = exp(- [4V- b, G,(0)]/kTj. (19)

where,
3 2

&G,(0)=
2 Q (u, -P (uI~~.
2 ]

&t is seen that b, &= b, V- h, G,(0) is identical to Eq.
(14), since hE= E„bV= E~ and

aG,(0) = g G, ,(0}—P G,' „(0).

x exp( ).
Uslm the calculated values of M ~

and M ~, it can be
shown. that
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